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1. Introduction. The distribution of the characteristic roots of 8185

. i.e. non-central Wishart distribution on n

ON SOME DISTRIBUTION PROBLEMS CONCERNING THE -

-1

2 UNDER VIOLATIONS

- CHARACTERISTIC ROOTS OF SIS

by

K.C.S. Pillai and Sudjana

1

« under certain violations was obtained by Pillai [12]. In the present paper

Piilai's distribution has been used to derive the fellowing: 1) the density
function of T, a constant times Hotelling's TS, 2) the moments of T,
3) the moment generating function of T, 4) the m.g.f. of Pillai's trace,
5) the distribution of Wilks' criterion and 6) the density function of the

largest root in two forms. These results are useful in studying the exact

robustness of at least two multivariate hypotheses, namely, a) MANOVA under

~ violation of the assumption of a common covariance matrix and b) equality of

covariance matrices of two p-variate normal populations when the normality
assumption is disturbed. The exact robustness comparisons will be reported

later,

2. The density function of T. In this section we will derive the density

function of T = A tr SISE1 where S1 (p x p) 1is distributed W(p,nl,zl,ﬂ)_

1

covariance matrix 4 and 82 (p x p) independently distributed central

Wishart» W(P’“2’§2’9) where N0, > P and A 1is a positive real number.

2

d.f. with non-centrality @ and



_ -1
in the case of n, <p we have only n, mnon-zero roots of S 82 and the
-..L

density function of T can be obtained from that for n, >p if in the

latter case the substitutions (ni,nz,p) - (p,nl+n2~p,n2) are made.’

1 L
2 2

1 S22 7o

e 1
Let us write él = 5-21 §

1
. 2 1
Iy and A, =31

N —

1 then

applying (29) of James [6] we get the joint density of A1 and A2 as:

_ . 1
- -tr Q 2 2 -tr {‘\ éz ')(nz p- ) '2—(n1'p—l)
Cipomy) e ~[4] 4,17 A, |
I 2 - iy |
tr Z - %ﬂl
) e " |z] exp(- tr(I W)A ) dZ
Re(Z)=XO - R
1 1
oy D) C3pe)
where Cl‘P’hz’ =2 /[ (2wni) chfnz)] s
L L L 1
A= zf Zél Zf , W= 2 7! 92 and Z = XO +1iY with XO p.d. symmetric

matrix and Y a non-singular real symmetric matrix such that (I-W) is non-

singular. Note that the roots are invariant under the above transformations
_ 1 1

= (1-0% A (1-0? and

and also under the following transformation §1
1 1
B2 = (I-W)2 A2(I-W)2. Using these, we obtain the JOlnt density of Bl and
B2 as follows:
-tr o %nz -tr B, %{nl—p-l) %{n2~p-1)
(2.1 G lpony e “[a]" e ~T[B,| [B,17 ° '
trZ - %“1' 'U%{“1+n2) - 1 '%
P e ~|z| |1-W] S “exp(-tr(I-W) 2A(I- W) B,)dz
Re(2)=X, - " T e e ;
Now the Laplace transform of T = A tr glszl = A tr B1B5l is given by g
E(exp(-t A tr B )) So, to find this transform . multiply (2.1) by E
2
2

T T



“exp(-t A tr B B;l) and integrate B, out, we get the Laplace transform of

~ L a

T in the form:

Cchsnl,n'zs)\)e ~I{'\! t
1 1 1
tr Z - =n - =(n,+n,,) =(n,+n,-p-1)
- 271 2¥1 2 2V1 72
e “lz] 21wl B2 1 2
B,>0 Re(Z)=X, ~ - ~
- L 1 L
- |1+ (t;\)'lszl 2’1 exp (-t (I-W) 2A(I-W) 2B2) dB, dz
' 1, 1 1 ,
L ey PP ey g
where Cz(p,nl,nz,x) = 2! chinl)/[(2ﬂl) A Pp(inz)]
L L 11
. 2 2 2,2 .
Now letting D, = A" (I-W) B,(I-W) A™, the above expression becomes:
tr Q - ln tr D 1(n +n,-p-1)
. Tl 2t T2, g2 2R
(2.2)  Cylpnpun) e ClA] TN e D, |
2 1°72 - -2
D,>0
_ ~2 .
1 1
tr Z - 31 - 1
- f e |z 2 1|1 s ) raonatt 1)2| 271 b, dz .
Re(Z)=X ~ ~ DA e
Further, let us write
1 ' -1 -1
- n o C (A" *(I-W)A™T D)
-1 -1 21 1 -k K ~ i~ 2
e @ anaT, | - 1T G, o 3

in (2.2) and integrate term by term with respect to t for sufficiently

large values of Re(t) and then integrate out D, making use of (12) of

Constantine [1] to obtain the density of T in the form:




S 1 -tr @ - %nl %pnl-l
Cy(Pony -1y, T GGl rmyYde - ~[A] i

: 1 i 1 k
tr Z -Zn, = n,) (=(n,+n,)) (-T) -1
T | R e e N (O ¢
Re %=§0 - k=0 ki Fp(ipn1+k)

which is convergent for |T/AA1| < 1, where Al is the minimum root of A

(see [8]). Now (M)_1 being symmetric, can be diagonalized by an orthogonal

transformation H e O(p) and perform the integration over 0(p), then

finally apply (17) of Constantine [2] to get the density function of T as:

.

1 1 - g -t 8 %‘Pnl‘l
(2.3)  £M) = [T GGopn))/r Galae] © te 7T
1 k -1,-1 %'(nl'P'l)
. Gy, (0F ¢ oThh 1 (@)
k=0 ki rp(%pnfk) | c, (1)

Formula (2.3) will give special cases as follows:

_ . . . Y .l I P
a). For 9 = 9 which implies LK(Q) = (inl)m CK(I) where vy = 2(nl r-1),
we have the result of Khatri [8] formula (9). |
b). For A =1 and A =1 we have Theorem 4 of Constantine [2].

~

3.  The moments of T. In order to obtain the moments of T, we note that

Sk 1.k _ .k -1 o .
T = (A tx §1§2 )T = A Z CK(§1§2 )}, where El and ?2 are as in Section 2

and we shall use the joint density of B1 and B2 in (2.1). The kth' moment

of T is E(Tk). Multiplying (2.1) by AK ) CK(BlBél) and integrating out
. K ~e )

first B using (12) of Constantine [1]

2 using (8) of'Khétri [7] and then B

1

we have:




~e -tr
E(Tk) = Ci(p,nz) Ak e ~

: ! 1
tr Z - =N, - =n . -
21 21 1 1 -1
. ~ - T (=n =1, A(I- .
IRe Z=x0e 2] | 1-w| E p (G, GGy »KIC [A(I-1)771dZ

Now transform A -~ H A H' where H e O(p) and integrate over O(p), then

~ o~

the right hand side in the above expression becomes

“otr Q . . C (M)
Cl(P,nz)e Z Tp(fﬂl,K)TP(iﬂz,-K) _E:TTT

i} 1
tr Z -1 - =N
2 1|I-Wl 2

- f e -z Le ca-w™y az
Re Z=X - - - -
- ‘ L §

Replacing W by Q? 771 0® and noting that CK((I—W)-l) = Cr(I + Q(Z—Q)—l)

~ ~ e~

and rearranging the necessary variables,we obtain

X 1 1 C M)
| E(T") = C,(p,ny) E rp(Eﬂl’K)rp(Enz’-K) —E:TTT
o tr U - ln
~ 271 -1
- e |u] C (I+Qu )du ,
| Re U>0 ~ Kimwe o
: where U = Z - Q. Now using (17) of Constantine [2] we have the kth moment
T

.of

1
‘i‘(nl‘P'l)

(.1 B = [1,Ga)]™ ) I GgRg,-)C OGN

(9)/C, (1)

Finally using the fact that Pp(t,-K) = [(—l)ka(t)]/(—t+ %—(p+l))K , we get

: kth moment of T as




1

| c o 21T g
) ‘ A L -Q
k ' k N ~
(3.2) E(T) = (-1)° [ — 2 _ ,
€ (zp+l-n,)), C (D)
which exists only for n, > 2k+p-1.

Formula (3.2) will give special cases fer special values of @ and A.

If we let Q@ =0, (3.2) gives
k k 1 1
E(T) = (-1) Z G, C N/ Glp*ln))

which is the result of Khatri [8]; except that his formula contains an error
in the denominator. His denominator is (%{p—nz-lj)J and the right one is
G%(p-n2+l})J. Substitution of A = I, A = 1 in (3.2) will give the result of

Constantine [2] formula (38).

4.  Moment generating function of T. Pillai [12] has obtained the joint

density function of the roots Tiseees rp of 81851 which has the form:

-tr @ - %nl %{nl-p-l)'
4.1) C(p,ny,m,)e ~|a] |R| T (r;-r.)
: N N 1>j |
n § .1 . -1
. CK(g) ('1) gK,V(i{n1+n2))6C6(§ )CGCE)
Lo L L C.(I) n! ’
k=0 K(iﬂl)KCK(})k! n=0 v,8§ _ 2

where gi v‘ are constants (Constantine [2], Pillai and Sugiyama [14]),
b .

§_= diag (rl,..., rp) with 0 < Ty < .. <1 < ® 61 + ...+ 8 =k +n,
8 = (61,...,6p) and

1 2

c 2P
(4°2) U(Panlxnz) =n

T, G )/ [T, G, DT, G )T ()]




To obtain the m.g.f. of T = Atr SIS';1 we shall take the expected value of
exp (t A tr R) with respect to (4.1), since under the transformations employed

by Pillai [12] to get (4.1), tr SISEI = tr R, Now transform back R >~ H R H'

‘where H e O(p) and the latter matrix R is symmetric, then perform

the necessary integrations (i.e. use (44) of Constantine [1], and integrate

out R > 0), we get:

1
-tr Q - fnl
E(exp(t A tr R)) = C,(p,nj,n,)e "[él

v @D o g, Gy,
L1

. . . L
k=0 «x (-znl)K k! CK(E) n=0 v,38

n!

1.
tr(tAR) §1n1-p—1) -1
- f e “ |R] CoR) &R,
'R>D ~ v .

- 1 1 1
where Cl(pJnl}nz) = I'p(f(nl"'nz))/[I‘p(‘z-nl)rp(znz)]
Let us now apply (12) of Constantine [1]. Upon simplification we finally
obtain the m.g.f. of T as: |

1

1 1 -tr @ -3
(4.3) E(exp(t A tr Ij)) = [Pp('Z_(nl-mZ)‘)/rp(fnZ)] e ~ |-t a 1~\|
5y @ = CDTEn) G, (G T
k=0 k (3n,) kI C(I) =0 K, nl

Again, as before we can put special values of © and A to get special

cases. Making a substitution @ =0 in (4.3) and noting that gg v = 1,
. ~ -~ 3
§ = v we have:
: i : 1
. L 1 1 2N
(4.4) " E(exp(t Aty R)) = [T Gnyn,))/T (Gy) |-t 2 A
1 1 . -1 -1
ZFO (-z-nli '2_(n1+n2) s (tk) ) 1} ) »

7




while'letting A =1 and A =1 and v = 0 which implies k =6 we

obtain:

1 1 - %Pnl “tr &
(4.8)  Blexp(t tr R)) = [[ (G(n;+n,))/T (50,)] (-0) e -

1 -1

01F0(3(n1+n2) E) -t 9) .
or in.an alternative form:
_ 1 . 1

- | 1 1 e T TR 1 R
(4.6) E(eXp(jc tr R)) = [I‘p(g(nl+n2))/1‘p(§n2)](-t) [T+t S}l e .

(r)

5. Moment generating function of V To obtain the m.g.f. of Pillai's

s -
criterion VP which is defined by VP) = tr[(AR) (I+AR)™}] where

. . -1
B = diag (rl,..., ?p), Tiseees rP being the roots of §1§2 , we start from
1

the following joint density of roots of Sls; (Pillai iz2n:

- 1 1 1
-tr @ - 30 E—(nl—p—l) - -2-(11

s +n
Cyesmpsmyle 7|4 IR| | 1+3R|

)
172 _H.(ri-rj)

i>j
1 1 1
tr 2 -3 -1 7 -1 7 -1
1FO(§{n1+n2); I-2 "(I-W)"A “(I-W)7,AR(I+AR) 7)dzZ

) e ~|z|
Re Z>0 ~

~ o~

where 1

21 1
5P 5p(p-1) 1 _5p(p+l) 1 1
Cl(P,nl,nz) =T 2 Fp('z-(nl+n2))/[(27r1) FPC?Z)TP(EP)]

Let L = AR(I+AR)—1, then the above density gives the joint density of

roots %.,..., zp of L as:

1’
i
-tr Q - 71'].1l

1 1
5(n,-p-1) 7(n,-p-1)
Ci(p.ny,nyde  ~|ad] |1

L] -L| R (zi-zj)
- T i>j
1 1 1
. i tr % , - -é-nl . 1 7 -1 . -i- -1 -2-
/ e lz| FoGypm,); 177 (-7 477 (1-0%, 1) az
Re Z>0 ~ ' . ~ ~ o~ ~ ~ o~ ~ ~

-~




whcre‘_O < 21 < 22 < ... <8 <1.

The expected value of exp(t V(P)) with respect to this density is

-tr Q - %nl
Cl(p,nl,nz) e ]xél
1 1. ..
I t tr L i{nl—p-l) E{n?-p-l)
- [ e ~ L] |1-L|¢ < I (L,-2,)
L>0 - ol i>j
1 1 1
tr Z - =n 5 =5
e “~lz| 21 lFO(%{n1+n2); -2 -2t r-w 2, Lydn az

Now use (31) of James [6] and rearrange the order of the integration to get

1 1 1
o (p) sp(p-1)  Zp(p+l) -5, -tr @
E(exp(t V7)) = [2 -/ (2ri) 1{ra] e -
-tr S %{nl+n2—p-1) ‘ tr Z - %nl
e TS| / e |z
S>0 , - Re Z>0 ~
1 1
I 1, Z-1l 7
« [~ exp[tr (tI+S{I-A""(I-W)“A™"(I-W)“HL]
L>0 e R

1 1
5(n,-p-1) 5(n,-p-1)
2\ II-L|2 2

1|

dL dz dS

After integrating out L using (47) of James [6] we get:

: ) -tr - %nl ' tr Z - %n
E(exp(t V*¥/)) = C,(p,n,,n,)e ~|aA| f e ”]Z|
2 1272 - ~
- Re Z>0

1

1 1
1.1 T -1 2,-1 2
1F1 (Gys7(ng#ny) st +STT-A T (I-W) "4 7 (I-W) ") dS dZ

~ o~ o

1 :
-tr §  3(n,+n,-p-1)
.f e ~!Slz 12
S>0 ~

~

vhere




1 S | .
3p(e-1) 1 o 5P (p+1) 1
Cchrnlsnz) = [Z I‘p('fnl)]/l(z'nl) rp(?(nl'fnz))] .

Now expand 1F1 in terms of the series of zonal polynhomials and use the

relation:
CK(I+A) li z

(5.1) . T = a C.(A)/C (1)
CK(E) deo & K,8 8. K-~

where a g are constants (Constantine [2], Pillai and Jouris [13]), and
t

then integrate out S to obtain:

~

1 1 1
Py 2@ g Pl o -gmy -tra
E(exp(t V**7)) = [2 r, (Gny)1/1(2ni) 1{xa] e
trZ _%-nl o (_;-nl) ¢ (D k kdl
.-jr _ e "|Z| _4 T K_K Z 8 4 ( (n nz))
Re Z>0 ~ k=0 K'k!(i{nl+n2)) d=0 § »§
- K
1 L
CGCI-A'I(I-W)ZA'I(I-W)Z)
¢, dz

Finally, applying (5.1) and transforming A > HAH' and integrating over

~ o~ .~

O(p) and using (17) of Constantine [2] we obtain the m.g.f. of V(p) as

follows:
o | tr @ -ia, e (Ga) C (D)
(s.2) E(exp(t V®))) =e  ~|aa] 21 2 p 2Lk k=
- k=0 k!(z{n1+n2))
énﬂl -p-1)
.1523 G, *n,)) “dZZa”C“HA)L 2
gm0 § <872 § n2 6 =0 1 C (1) C (I
= | n=0 v (?Z‘nl)\) \)(..) v(~)

For @ =0, (5.2) gives the result of Khatri [8] with a correction of his

~

expression given by Pillai [11]. Another special case which can be derived

10




“from (5.2) is formula (3.5) of Pillai [11] if in (5.2) we let A =1, A =1

and we use (Constantine [2])

1 ]
Z(n, -p~1) (-1)° a_, . C_(2)
o 12 ey = o) ] ] e

v - 5=0 o (n,), C (D)

f ’ and finally we let & = v =0 .

6. The density function of W(p).' In terms of the characteristic roots

(»

1,2,..., p) of 5182 , the Wilks' criterion w

W(P) = |I + ARI—l. However, in the derivation of the density of W(p) we

. ri(i is defined by

consider WP - [T - L], i.e. we let L = AR(I+XR)_1 in the formula (3.7)

Theorem 2 of Pillai [12]. The joint density of characteristic roots

21, 22,..., lp of %, then, is
-tr Q %nl %{nl-p-l) %{nz-p—l)
(6.1) C(p,ny,m,) € IAAI |L] | I-L]
+n c (L
! 2 ~
-n(zz)ZZ( T
i>j k=0 «

d=0 ¢ (%“1)5 Cs(1) Cs(D)

whera C(p;nl,nz) is as in (4.2).
To obtain the density function of W(P), first we find the kth -moment
of it and then use the results on inverse Mellin transform [3,4,5]. The kth

moment of W(p) with respect to (6.1) 1is

11




' 1
h -tr - Eﬂ

R s e ) e ] 2
1
- %{nl—p—l) §{n2+h—p-l)
- [ L] |1-L| T (2;-2.)
L>0 ~ - i>j J
o0 n,+n,) C (L)
172 K.
: kzo I 9, —F— @
o L -p-1)
i,-1, (241
k a5 Cs(-2 A7) Ly )

d=0 ¢ (%“1)5C5(f) Cs(D)

Now\transform L+>HLH', where H e O(p) and L is a symmetric matrix.

~ o~

Integrating out H using (44) of Constantine [1] and then L wusing Theorem 3

of Constantine [1], we obtain the hth moment of W(p) in the form:

1

-tr Q - =0

(6.2 EHPH - 1 Gmn))/r Gaple a2
- 1 1 g r(r+b.)
v Gy ) G 6D 5o :

Z Z k! P

k=0 « I F(r+ai)

i=1 -

1
Z(n,-p-1)
-1,-1.. 7'M
: 2 Cs(-A"TAT)LY )
s

5
1
(707)5 Cs(D) CS(I)

k
!

d=0

- 1 _1,. , 1
where r = 1, + h - i{p'l)’ b; = 5{1-1) and a; = §n1+k

N__Li-l

p--i+1+ bi'

Finally, on (6.2) we apply results on inverse Mellin transform [3,4,5] to

obtain the density of W(P) of the form:

12




o - 1
T ' -t Q ~ =N
6.3 £w®) = [Pp(%{n1+n2))/rp(%n2)] e “la] 2P

1
k=0 «k k!

p
P(r+bi)/ I P(r+ai)]dr
1 i=1

N =

zni)”t Pyt

c-jw i

2(n -p-1)
k a_, Csl- -2 A )L ()

d=0 ¢ (5“136 Cs(1) C(D)

A Y

The density function (6.3) can be expressed in terms of Meijer's G-function

since the integral in (6.3) is expressible in terms of that function [10]. The

density function of W(p) is therefore: N

l

-tr Q - (n -p-1)
(6.9 £0®) =[x Gy /T Gayle [l 271 42,2
1 1 |
E ) GGlapn)), oy 6D 0 (@) #10 %y
oo L KT , Sp byseeesb,
(n,-p-1)
a .C (-x'lA'l)L2 1F ()

08 (%“135 Cs(1) C5(D)

As in the previous sections, formula (6.4) will give special cases as

follows:

a) Ifwelet =0, LY(0) = (), C,(I) where y = 3(n -p-1),
-~ ey
and after making use of (5.1) we obtain formula (4.7) of Pillai,

Al-Ani and Jouris [15] for testing the hypothesis HO: YA =1,

A > 0 being given.

13
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'b). For A =1 and A =1, and after making use of (5.3) we let
k=8 =c¢ (0 being the paratition of s “in the expansion of LG)’

then we have formula (5.2) of [15]. Note that in this case

2’...,
|S1 - £[Sl+82)| = 0, and wP)  is the Wilks' criterion for

21,2 2 are the roots of determinantal equation

v

MANOVA.
7. The density function of the largest root. Ih this section we derive two
expressions for the density function of the largest root rp of 818;1. In
obtaining this density we start from the joint density of the roots Tiseees rp
which is given in Pillai [12] by the formula:
-tr @ - %nl %{nl-p—l) P
c,(p,n,,n,) e ~|a] IR| I (r,-r.)
1 1°7°2 - s i
. 1>J
1 1 1 1
trZ - =n = = - =(n,+n,)
- f e ~|z| 2 1}’ 2-p|I+HRH'(I—W)ZA-I(I—W)ZI 2717274 az s
Re Z>0 ~ 0(p) vy s T
where- R, Z and W are as in the previous sections,and
1 _ 1
| -1 P+l
Cl(psnlsnz) = 2 rp('z—(nl+n2))/{(2ﬂl) FP(E-HZ)]

Now wuse lemma 2 of Khatri [8] by taking g(F) = rp and also apply formula

(44) of Constantine [1], then the second integral in the above expression

becomes:
1.2 1 1 1
2P 1 7 7 " zngmy)
[« /1 G+ ATt aan? e | 22
p ~ ~ T e e s p
1 1
] 1 -1 2 N 2 _-1.-1
1Fo(giny'my)s 7 (1 + (-0 “ACT-W) “r 7%, o T-R)

~ - P P~ -

14




joint density of rp, hl’ hz,,.., h_,, where 0 < rp <

Let hi = ri/rp, i=1,2,..., pfl and H = diag (hl""’ hpnl)’ then the
p-i ’
0 < h1 < h2 < ... < hp—l <1 1is given by:

1 1 1
-tr @ - 37 §pn1—1 Q{nl-p—l)

Cpsmpomy) e T[4 |H] [T, q-Hl T (hy-hy)
_ i>j
1 1 1 1
. tr 72 - =n = = - 5(n,+n,)
cf etz Pl awAilaom? | 2v12 §

Re Z>0

1 1
1 ) w2ty 2 -li-1 )
1FoGlnyany)s (T (I-W) “ACI-W) = x ) 7, I ,-H) dZ o,

~ o~ A

.

where Ip—l is the identity matrix of order p-1 and I is that of order

-~ ~

P and

-

1 . 2 1
sp(p-1) 5p 7P (p+1)

C,(p,n;,my) = 2 "t TGy my))/ [(2r) L, Gar, )]
Expand 1F0 in terms of zonal polynomials and for integration with respect
to g apply lemma 3 of Khatri [8], then we obtain the density function of the
largest root rp of the form: |

-tf f - En lpn -1
(7.1) Cs(p,nl,nz) e "IQI 271 r2 1

1 1
("2"(n1+n2))l< Fp_l (7?"‘1,'() CKCEP"I)

& 1
k=0 « k! Fp-l(f{nl+p+1)’K) CK(E)

[

1 1 1
tr Z - =n = = - =(n,+n,)
e -lz] 1+ gwihtawm?e] 2712

Re Z>0

| 1 1
cC [+ @w Zagow 2 rél}-l] az

~ o~ o~

15




where
B 1

_ 2
- 1, . 1 2(P-1)
C5(pomymy) = ColpomynpdT (5101, (G(p-1)/m

Now, the integral in (7.1) can be written as:

1 | 1 1 11
tr Z - =1 - =(n,+n,) -5 - 5 - =(n;+n,)
h e ~lz] FMaweal 271 P Ztagewy ) 22
Re Z>0- - -~ P~ R R
~ o~ _ 1_- ) _ l .
C (I + (1-) ? r;IA(I-W) 2371 a4z

Applying (12) of Constantine [1], the above integral becomes:

1
1|' 7(n +n,)

- 1 1,
|r A tr Z - n - =(n,+n.)
P.,l e ..IZ' 2 llI'wl 251 2
I‘p (-2—(nl+n2) ’ K) Re §>9
1 1 1
"7 -1 "7 3(ny*n,-p-1)
- { exp[-tr{S(I+(I-W) r_ A(I-W)  “)}1|s]
S>0 St P~~~ -
* € (8) ds az
1 1 1
"3 "3 2(p+1)
Let B = (I-W) S(I-W) and compute its Jacobian, which is J(S;B)=|I-W]

~ o~ o~

After making a substitution and necessary rearrangement, the above expression now

can be written as,

1 _
e A-1|‘ 7(ny+n,)
(7.2) —E= ’

1
rp("z‘(nl+n2)’ K) n 0

1
n tr Z - =n
-1 ) - 2
R S S| e lz|
\) .

§ - Re Z>0

1

.1 tr B %{n1+n2—p—1}
- f exp{-tr{(I+r_"A)B}] e ~|B| : C.[(I-W)B] d8 dz ,
B>0 ~ Pt ~ 6" ~

~ o~ A
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o

4

where gi , are constants (see Khatri and Pillai [9]) and Z'Gi =k +n,
R .

§ = (61,...,6p). The second integral in (7.2) equals

-1 1
('l)a COL(P-I‘P {}) COL(]E) etr %lBlg(nlﬂlZ-p—l)

(7.3) / I e 5

"B>0 a=0 q

c,[(I-MB] aB

~ o~ o~

where now (1+r;1A) is a diagonal matrix. Transform B -~ H B H! where

~ o~ A

H e 0(p), then the volume element

(7.4) d? = I (bi-bj) dbi(dgj R

i>j

n 9%

i=1

where bi’ i=1,..., p, are the rcots of B. Making substituticn in (7.3)

and integrating over H, (7.3) now becomes:

-1 . 1
(‘l)a CQ(I‘FTP {'\) La(g) tr B |2(n1+n2'P‘1)

——
<
i~ 8

Z 7 = e "]B
a=0 a a: La(z) : -
) CG(I-W) P .
* C.(B) I (b.-b.) ——==— I b. ,
S . i>j i’ CG(I) i=1 i

where now ? is a diagonal matrix ? = diag (bl,..., bp).
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Nowhlet us transform the diagonal matrix B back to the symmetri¢c matrix B

~

and use (7.4} then integrate out H. Then we have

: 1
tr B Ii{nl+n2-p-l)

/ exp[-tr{(I+r:1A)B}} e ~|B
B>0 - P~ -
s® cym
CS(E) ~

C.(I-W = '
e Tidn e
S+ t=0t " u » T

-1 12"(“1*“2'1"1)
- f exp[-tr{(I+r_"A)B}]1|B|* C. (B) dB ,
B>0 ~p - ~ TR ~

-

u = =
where gG,T are constants and Z Wy = Zéi +t, u-= (ul,..., up).

Applying (12) of Constantine [1] to the above integral, we see that (7.2)

becomes:

- l{n +n,)
1,” 2\M™ . 1 |
| 1" 5 tr 2 - Sn,
) =) f e “~|z| © “c.(I-wydz
v ’ 8 ? Re Z>0 ~ -

~ o~

|T+x A™
~ P

.
Ip(i{nl+n2)’K) n=0

. _1 o
SR CHCO) )

1 H 1, -1,.-1
LD e Do o mpGOymy) e [ 0

o
1

Nof =

Replacing W by @ Z_1 QZ and making use of (17) of Constantine [2] and

-~

combining the result with (7.1), we obtain the density function of the largest

s-1 as:

T00t T of S
P ~1.2

1
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: ~tr @ - 30 - =(n,+n,) spn,-1
; X | -1,” 7\ Ty) 2Py
(7.5) C(p,m ,ny)e Al |E+rp§' | . p
5(n,-p-1)
1 1 . 7y
5 @DEE 2 s L @)
k=0 ¢ k! (E(n +p+1)) (5p) n=0v ™' § ®e,v (3n.) .C. (D)
VA I SRR 2 21766

. 1 n 1 -1..-1
U g gy . Gym)), €I 7],
where
1., .1 1
. '(r_(zn,+n, )T . (5p+1)
(7.6) Cp,ny,m,) = ——22 1 2 pri2

PGPITGnyIT, Gyt Gy pel)

Note that in obtaining (7.5) and (7.6), the relations Pp(a,K) = (a)KFp(a)
1 1 .
and CK(Ep_l)/CK(EP) = (E{p—l))m/(ﬁp)x have been used.
The density in (7.5) will give (16) of Khatri [8] if we let Q =20
and « = § = u.
Alternately, starting with (7.2) and directly integrating the last

integral there using (12) of Constantine [1], we get

o n
1 -1 8 1
(7.7) 1 &1 @ Gmyny),e)
- T (l{n +n,),k) n=0 v noog VP 2712
p2vi1 270

tr Z - %ni 1
f e ~|z] Cg[(1-W) (x_A"")]dZ
Re Z>0 ~ ~~ P~ ~

Diagonalizing (rpA_l) by an orthogonal transformation H and integrating

~

over O(p) and finally applying (17) of Constantine [2], we obtain the density

function of the largest root rp of S.S as:

SR oA R e ot T TSt e o s

R A R T T T R T T T T e o e C PR P T



G G0,

'(-{P 1*PH)) (-P)

\ tr @ - %“1 %?nl' .
(7.8)  Clompmpe  ~[a] 27 X )
k=0 «

3(ny-p-1)
: (%(“1*‘“2)) Corp Ly @

___l_“
ni

O i~~1
[4e]
-

IIM8
< b~

(2 s Cs(D)
where C(p,nl,nz) is as in (7.6).

For © =0 and «k =6, the density of rp is

~

- © (2(n +n2)) G 5p+1) ( (p-1)) C (r A Y
(7.9) £z = Co.mpun) [a] e -
- k=0 k k! (—{n +p+1)) (—p)
i %“1 %Pnl'l 1, .
= C(p,ny,my) [4] T S, 3, #n,) ,2p+1,2 (p-1);
20+, 35 7Y
20
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