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Abstract

This paper deals with the'numerical problems arising in the
computation of higher order moments of the busy périod for certain
classical que@es of the M|G|1 type, both in discrete and in continuous
time. | |

The classicdi functional equatioﬁ for the ﬁément genérating
~ function of thé bﬁsy period is used. ;Ihgmhighp:“qggér géiivativeé

at_zero of the moment...generating funttion are computed by

repeated use of.the classical differentiatioh formula of Fda di
Bruno. Moments of order up to fifty may be computedvin this‘mahner.

| A variety éf computational aspects of Fda di'B;gggjg formula,
| which may be Qf‘use in other #reas of applicétiqn,'are'aiso'discuSSed-

in detail.



1. Introduction .

This paper deals with the numerical computation of moments of -
high order of the busy period for several fundamental queueing models.

We shall specifiéally consider the following queueing processes.

The Models

For brevity we refer to the two'models‘as (a) the continuous

model and (b) the discrete model respectively.

(ﬁ) The continuous model.

This is fﬁe classical M(leGll queue in which customers arrive
in grbups of randdm size.in’epochs which fofm a homogeneous Poisson
process_of rate A. They are served, one at the time, and their
successive service times are independent and identicaliy.distributed
random variables with the common distribution H(-). We further assume
that the successive group sizes are independent, identically distrib-

‘uted random variables. The prbbability that an arrival consists of a

! p=1.
L k=1
The n-th moments of the distribution H(-) and of the discrete

group 6f exactly k customers is denoted by Py > where p0=0 and

density {pk} ére denoted by an and n respectively. We assume through-

out this paper that all moments considered are finite.

- The busy period of this queue is defined as the length of time
until a server, starting with a single customer, becomés idle for the
first time. For every 1-3;0, G(x) denotes the probability that the

duration of the.busy period does not exceed x. The function G(-) is

‘then a_(possibly-defective},pggggh;ligzjdist:ibutién. The following



‘theorems are well-known, but are stated here for completeness.

- Theorem 1

For every x > 0, the function G(-) satisfies the nonlinear integral

~ equation

(1) 6= T fo ™0y T p.M6® (xoy)anicy),
" vzo 0° £$¥l L Pr =7 YJ,,'

T=y :

in which G(r)(Q) is the r-fold convolution of G(.) with itself and
{pr(v)}.is the v-fold convolution df the_discréte.density {pf}‘with

itself.

Proof

By an application of the law of totai'p:obability; Let there be
exactly v arrivals during the service of the first_éustomer and lét thefe
be exactly r i_v'éustomers in the v arriving groups. Each of these r
custdmers can be'considered as the initial one of T independent busy
periods. If the first service has a duration y, then the r busy periods
SO generated.cah last, at most for a length of time x-y. .This argument

" is due to L. Takics and may be found in more detail in [7], p. 47.
Introducing the moment gemerating functions v(s), h(s) and o(s) of

G(-), H(-) and {p,},i.e. | |

(2) Y(s)=f;esxd6(x), h(s)=[;esde(x),

8(s)= ) pkeks.
7 k=1



for Re s < 0, the integral Equation (1) may be equivalently written as
(3) " y(s)=h[s-+1re[log v(s)1],
" where lgg_denoteé_the principal branch of the lpgarithmic function.

Theorem 2

- Por every s ‘with Re s < 0, the functional Equation 3) haé a unique
solution in the .unit disk. This solution _y(s) is analytic in the half-
. _Pplane Re s < 0 and continuous on the boundary. Moreover y(:) is the
moment generating _fuﬁction of a ,(ﬁossibl-y defective) pi'obability distri-
.bﬁtionj vG(-).‘ | | |
Proof

'I‘h1s result wh1ch is usually proved by applymg Rouché's theorem,

‘isa classmal theorem in the theory of queues.
Theorem 3

The probability distribution G(-) is proper, i.e. G(+=)=1, i# and
only if o o '
4) Ao <1,

If equality holds, the first moment of the busy period is. infinite.

Proof

See e.g. Takics [6].



-Remark
Throughout this'papervwe consider_only stable~queues, i.e. we assume

hencefomth that

(b) The discrete ‘model

~As discussed by S.,Dafermos and M. F. Neuts [1], tﬁere is a consider-
_able advantage, particularly from a computat10na1 v1ewp01nt, in consider-
 1ng the d1screte t1me snalbgue of the model (a) The time variable 1s
now discrete The numbers of customers arriving dum1ng successxve unit
time intervals are 1ndependent identically d1str1buted integer-valued
random variables with discrete density {pi }. po' is now (usually) positiye
and is the’probability that no customer arrives during a unit of time.

Customers are served singly and the probab111ty that a customer
requires v units of serV1ce t1me is denoted by r for v > 1 " The usual
'independence assumptions are made.

The busy period is again the-length of time until a server, starting

With one customer, becomes jdle for the f1rst time. we shall denote by
_B , n > 1, the probab111ty that the busy per1od lasts for exactly n units

of time. {B } is a (possibly defective) discrete probability density.

Theorem 4

The density {8} SatiSfiés'thef:nonlineaf ‘recurrence relation |



Z I‘ z p|(\’) (k)

-(6)
.vvl Yk

for n > 1. In Equation (6), {p'(v)} -and: {B(v)} are the v-fold convolutions

~of the dens1t1es {pi} and {Bk}

~ Proof . |
By an application of the law of total probability as in the proof of

theoren 1, (6) follows.

We now introduce the moment geherating functions
(M 7 B(s)=) Bnens, R(s)é ) rhens, P(s)=} p|hegs’_
n=1 " n=1 n=0 o
for Re s < 0 and:obtain by using Equation (6) that
(8) 'q/ B(s)= z B, "= 2 Z T, s Z_‘pl@lﬁ'm

v=1 na\) . k'O - e __/ .

= Z T, evs X'eTsVZ;pi(v)BfF)

vel V' 120 k=0

= Z r‘)e"s Z p'(v)B (s) = Z T, eV*PV[10g B(s)]
v=1l : v=1

E =R[s+1og:P[log B(s)1],

for Re s < 0. In both cases log is the principal branch of the logarithmic

function.

Theorem 5

The functional.Bquetion (8) has & umique solution inside the unit



disk for every s with Re s < 0. The solution B(s) is énalytié inside
the region Re s < 0 and continuous on the boundary and the function B(.)
is the moment generating function of a discrete density'{ah}. The

_ ® : ‘

J B,=1, if and only if

density {Bh} is proper, i.e.
: n=1

9) moey <1
where a1=R'(0-) is the mean service time and-n1=P'(0-) is the mean number

of arrivals per ﬁnit of time. When equality holds ih'(Q), the mean of the

busy period is infinite.

Proof
This theorem is proved in its generating function version in S.

Dafermos and M. F. Neuts, [1].

Remark
In the remainder of this paper we shall again restrict our attention

to the case of stable queues and we assume therefore that njey < 1.

2. Statement énd Significance of the problem.

The momentsjof the busy period may be obtained by successive differen-
tion with respéct to s in the Equation (3) for the cohtinuous case and'in'
the Equation (8) for the discrete case. By taking tﬁe limit as s+0- and
by appealing to Abel's theorem, we obtain a relation expressing thé n-th
moment in terms of the moments of orders ome up to n-1. However in view

of the miltiple functional compositions which occur on the right hand sides



of the Equations (3) and (8), this recurrence relatibn‘sdon becomes very
unwieldy and its value for numerical calculations is far from obviousﬂ

The purpose of our discussion is to show that, on the contrary, thev
recurrence relations generated by successive differentiations are practical

for the evaiuation of moments up to order fifty approximately. We substantiate

this claim byvexhibiting the results of a number of actual computations.
Knowledge of the higher moments of the busy period is useful, in
vparticular for the following feason, The equation (1) and (6) are both of

the general form

(10) G= ] Asc,

» : neo M

The former is now a nonlinear integral equation and the latter a nonlinear

difference equation. Both can be shown to be well-suited for numerical -

'sqlution by successive substitution methods. We shall report in a sub-

sequent paper on:procedures for selecting a good starting solution and

on the computer implementation of the method of iterative'solutidn.
However, a very important step in this algorithm is the selection

of a practical upper bound for the support of the distribution G(.) or of

the density {Bn}. iExplicitly, one needs to find a quantity A such that

for a given error term e, (say 10-4), eithér

(11) 1-G(A) < e, or I B, e,
o vah+]

One such procedure for finding A is by application of Markov's

inequality which is easily implemented but rather crude.



3. The RecurrencebRelation.

The functional Equations, (3) and (8) are very similar in nature. We
shall give a detailed discussion of Equation (3) and indicate the appropriate
- changes for appii;afion of our results to the Equétioh (8). The n-th momént

of the busy period will be denoted by gn. Cleérly |

(12) g = v™ -, ;i for = > 1.

n

This leads for n=1 and n=2 to the weil-known formulas -

13) gy = o (-Ange)”

| » 3. -3
g, = [a, + A(ny=-np)ejl(2-Anjoy) =
In order to express the n-th derivative we appeal to the classical

" formula of Fia di Bruno [21], which expresses the n-th derivative of a

_compesite function f[: @(x)] as follows.

F4a di Bruno's Formula

Assuming the existence of all the derivatives involved, we have that .

(14) Y flolf =
_ -
n dr .
L S - —
=1 dy W—m o j1+...+jn ar jlljzl...jnl

j1+2j2+...fnjn =n
jl lo’ll.,jnio



In general, assﬁming the existence,of‘all the derivatives involved,

the n-th moment satisfies

n .

| N oM
(15) 8, = T hs-asaellog y(s)]] = Ja¥
ds o p=} TOT

‘ ) s=0- L

where
1) _ - | 1,392 3,
- Qe Y.’ =3 _ —_ul A Ay ST
. j1+o-o+jn =T jll--.jn!
_jl+zjjf:‘f*"i = n
1j1 3_0,.;Z;jh >0.

The quantities Ai>-«-5A, are given b

o ' : -1
(17) Al = 1+A9'(0)'f'(0) =1+ Xﬂlgl = (l-knl‘“l)‘ P

~and for 2 f_v_j;n'
Y -
A, = 3, 4 e[10g yx)]
. . dxv : .
‘ x=0

The latter derivatives are given by

v v

' e (2)

(18) . o [log v(x)] ) “vam ,

m=1

XaQ 1



for 2 < v < n, where

' i, i i
(2)= 1.°2 v
"11+12+...+1v=m 111121...1vl PR
te il+212+- . 0+Viv=v ‘
. il l 0’..0,1\’ .Z_ 0
The quantities Bp'are given by:
ot rna . 41
(20) By=y' (0)=g=a; (1-Anjay) 7
and for 2 < p<v<n
1 {d° |
B = ";('51%17(") |
p , d | =0
The latter derivatives, in turn, are given by:
' P - ‘ h+1 3
(21) 4 iog v(x) - § co™a-niy &
{ax? =0 M1 e
wherg
. g ' 1 g
3)_ 1 2
(22) th =D p! - [—
'F1+...'I'Tp=h 1:'111:21...1;p| , 171 \2!
_11+212+...+ptp=p :

T .10,...,1-‘) >0



The formulas (15)-(22) may be combined to express g, as a (complicated)

—

-we observe that g, occurs only once among the terms on the right. By
examining the successive conditions on the indices in the three applicétions
of F4a di Bruno's formula, we find that the only term <;on1:a;'u'\ing_g.n which

appears on the right hand'side‘is
(*"191)gn'

It follows that

) ‘ n
. . = m=
. |
- | R )\alnlhz (-1)"”(11 o1 y®.

The, expre551on on the r1ght is a polynomial of degree n in gl,gz,...gn 1° By

%
K

application of the formulas (16)-(23) we compute the h1gher moments of the
busy period recursxvely. It is clear that the practical 11m1tat10ns on

this method depend mainly on the growth of the number of terms appearing

on the right hand side in Fda di Bruno's formula. This matter is discussed

below, but first we indicate the modifications necessary for the discrete

case and for some particular cases.

The case of s1ngle arrivals

When customers arrive singly, we have e(s)=e » SO that the Equat1on 3)

reduces to



(24)  y(s)=h[s-a*ry(s)].
This case requires only two applications 6f.Fag_di Bruno's formula.

The discrete. case

In genefal, the discrete case requires four applications of’Fda di

Bruno's formulag'_Thédggsic.féiﬁulas'innthig_gage:are

o o
(25) gy=a (1-250) 77,

| 82—,' [a2+al (ﬂz-ni‘nl)] (1' nlal)__-sio

and
o n _ :

(26)  g=7Va Z(l), for n > 3,

~ °n L T nr =

r=l _

where

' - ' o J J
27 (1) | 1 ,n
( )7 A > nl AT A,

Jqte e tipeT Jll..,Jnl :

-j1+2j2+...+njnan
el 3_0,...,jn >0

for 1 <r <n.

(28) Ap = (enja)™



. ! : v
(29 A =t (S
_ v. dx¥

for 2 < y < n.

log P[log B(x)] _ ,

x=0

The latter derivative is given by:

aP
dxP

(34) P[log B(x]]

xe0

-

Furthermore
, v v o
(30) {-S— 1og P[log B(x)] =3 ™22,
: dxV o m=1 : v
x=0 ‘
where
(31 @) W,
j1+...+3v =m | j'll""jv!
Jl+232+---wjv =y
jl Z_O,...,jv > 0
where -
. ' ' -1
(32) Cl = “lgl = '“1"1(-1-“1“1) ’
and
(33) ¢ == ]~ Plleg Bx)] . for2<p<vzsn.
' x=0 '.

 5(3)
Z
- %ot



where

(35) (3) ") _ pl E, ...
' B RS P PLEPR I '
jl"zjz '""'Dj ‘
jl >0....,j

~The quantities Eq, for 1 <q <t <v <n are given by

- 1q
(36) E = - d”
q ) &t

log B(x)

x=0

where.

(37) log B(x) % (- l)u-o-l( '1)1 2(4):
. u=1 : s

and

| iy iq
_ (4) 8 g

(38) | un ’ . .gl o "n_ q!

. : Jl+...+jq = u j-ll...'qu

42 4...4Q7 =
,Jl 32 qu q
Jl > 0’0"’j

for u=1,...,q.

A similar observation as in the continuous case can be made here. By

exammat:lon of the conditions on the indices of the Fda di Bruno formulas,

we note that the only term involving gn which appears on the right hand



side is alnlgn".- It follows that thev quahtity u."ﬁ"l“n may be expressed

‘as a polynomial in,gl,...,gn_l.

Reniark
It is often convenient to choose the mean service time o as a new
unit of time. | The normalized n-th moment En corresponding to o = 1is

related to fhe one corresponding to a géne:al value jof‘ o by the formula -

RN L

. 4. The Moments for the Busy Period of the ﬁlM {1 Queue.

Explicit expressions for the higher moments of the busy period are
available in rai'e cases only. As i;s often 'the‘ case, the Ml"“'ﬂfﬁ‘_‘? lea&s'
to tractable expréssions. The moments of the M|M|1 queue were used to
_ve:ify the accufacy and the éorrectness of our general computer routines.
In this se¢tipn, we study the momeﬁf.s in of the busy period for the
M|M|1 queue, first with single arrivals and next for the case of geometricél ly

distributed bunch sizes.

a. Sigle Arrivals

The moment generating function for the busy period of the queue v;rith'

Poisson arrivals 6f rate p and with mean service time pwel is gi\ien by

- % T 1
- (40) v(s) = -1—;%2 - %‘:)p_ 1-3(1-/5)'17 E—s(hv’aﬂ Z - :



After a routine series expansion, using the binomial series, one

obtains

N

1
o reeqrncl L 1-p B ne1n® z
(s) = 1+s(1-p) ~ + . (-1) s

“n Y ; g ﬁnQZ \OZO v n-v

-3 P avp

The moments én of the busy period are therefore given by:

w2 g = a7
‘and _ , ‘ 7
(43) én = nl Llélg)- (-1)”*1‘ g 1 | (1_/3-)-2\)(“/5)2\;-211,
- ) ’ . . wo vi\n-v . . |
for n > 2. | o

Simplified expressions for 2 <n < 5 are

(4) g =207,
| g5 = 31 (1-0)>(14p),
g, = 41 (1-p)" (1+3p4p%),
g = 51 (1-0) 2 (14p) (1+5p+0%).

In order to evaluate §n numerically we wrote én in the form.

. _ n-1
= At ' . ALY
(45) . &y T AnO z A av ¥ A nn’

where



1
2 _
48)  App = i S (1™ ST R
1 -
ar =1 L2yl 4 -y~
nn 20 nl Pl ?
.-and
1\ 1\
| 1zifz} _., |
ar =m et | a7 e,
nv 2p_ v v n-v |

for v = 1 . ,n-l
We further noted the following recurrence relations
) : :.- - : -2
U7 g = AL (/DA

A @32 - Ol |

n,n = n 1 n-
Aﬁ,v = n -1, vnll 7'3—34(1+¢P) for v = 1,...fn-2
A;lsn"l = Al'l-l,n-l 7 (14‘/5-)

For each n, the quantities Aﬁ,v’ 0 < v < n are readily computed in
terms of the corresponding quantities for n-1. The accuracy of the-éingle
precision calculation was checked by eomparison with a double precisien
routine and, for the values computed, agreement ﬁas found for the first

eleven Significant digits. Moments up;tO'order eighty ﬁere computed in

this manner.



b. Group Arrivals

It was further desirable to have explicit expressions for a queue
with group arrivals.

Explicit expressions for the moments gn fbr the queue with exponential
service times and geometric bunch size distribution were obtained. For
this queue, the moment generating function y(s) satisfiés the quadratic

equation
48)  (amq-as)¥i(s) - (A+qrl-s)y(s)+l =

where p is the parametér of the geometric bunch size distributiqn, q.=1-p
and A is the arrival rate of the groups of customers. The solution in the
‘unit disk of this equation is given by
-1

® v G g

AP (1. 93 )-1 1-
T Z0wa) 1T (v’x‘+ - (/r- ok

Using the negative binomial and the geometri¢ series and performingrseveral

multiplications. of series, we found the expansion

(50)

D DA




It is knqwn'that this queue is stable if and only if ) <p. If we

dénote% by e, the_n the mean of the busy"pei-iod is given by -
6 g = -9

The higher moments &, of the busy period are simply related to the moments
Ek(e), k > 1, of the M|M|1 queue with single arrivals and traffic intensity
6. Upon examination of the coefficient of s" in the series expansion (50)

- and by using formdla’(43), we obtain

- ' n n a n-k .
(52) g =nl|3) + ~A_ i (J_ g ()
~®n (m) | A+q k21 Atq Pk’," kT

for n > 2. Formula (52) indicates clearly how the quantities g, can be
‘computed by a routine modification of the algorithm used for the evaluation

pf_fhe’moménts én(e).

5. Numerical Aspects oﬁ.!ﬂ%ﬁﬂi,nrumd?s.Formula ‘

a. The number of terms

In order to study the number of terms appeéring on the right hand
~ side in .Féé'di Bruno's formula,Ylet ¥(a,r,s) be the number of n-tuples
(jl,...,j ) of nonnegat1ve integers satlszing o

(53) Jprigte.4i =1, jl+2j2+...+njh-= s, fors>r.

The quantities ¥(n,r,s) satisfy the recurrence relations



/ . T e,

' ':I,—* - :
(54) ¥(n,r,s) = ¥(n-1,r,s) &3 y(n-1,r-j,s-nj),
| oy :
where:
R f s-r - ' | |
(55) j = min (Ta _n—-"l_)’ for n>2. -

*
If j = 0, then the latter summation is vacuous. The recurrence is
initialized by ¥(1,1,1) = 1.

The number of terms in ¥gs di Brumo's formula is ‘then given by

n v » ,
(56) ! v(m,r,n) =y ().
o r=1 :
' * : ‘ . *
Using (54), we computed ¥ (n) for n up to 100. The growth of ¥ (n)
~is quite slow up to n = 30, is moderate between n = 31 and n = 40 and is
fast from n = 40 oh. The terms slow, moderate and fast are, of course,

X - . 7 *
strictly qualitative. We note the following values of ¥ (n).

(57) ¥ (0) = 42,
¥ (20) = 627,
Y (30) 5,604,

v (40) = 37,338,
N
¥ (50)

204,226.

Again in qualitative terms, and in relation to the speed of present-

day computers, we observe that Fda di Bruno's formula is readily applicableb
for n < 30 whereas n = 50 is very much a praétical upp'ef bound for its

computational use.



b. The mumber of nonzero indices

Computatlonally it is advantageous to use only the nonzero indices in
_Paa di Bruno_s formula, We therefore investigated the maximum number x(n)
 of positive integers jv occun_'ing in an n-tuple v(jl,...,J n) of nonnegative

" integers, satisfying
(58) ' j1+252+...4njﬁ = n.

The btac-tie_al value of Pda/di Bruno's fornula is greatly enhanced by
the slew rowt,_uf x(n). A numerieal iﬁVestigntion of x(n) for n - b0

showed that

| (59) . x(n)_ = 2, ; for

3<n< 5,
3, for 6 <mn< -9,
4, . "’-for _ 16 <n< 14,
5, for 15 <n< 20,
6, for 21 <n<27,
7, for 28 <n < 35,
8, for 36 < n< 44,

9, _for 45 <n < 50.

Knbwledge of uthé values of Xx(n) is very important for designing computer

programs for calculating the busy pei'iod_ lmomenté.'

6. Computer Program Considerations. and Results.




The authors have designed a system of computer routines to implement
~ the recurrence‘relations.for gn, derived in Section 3. The main problem
l1es in the large number of terms occuring in the summations used to
evalute the coefficients Y .. in Fﬁa di Bruno's formula. The considerations
of Section 5 show that the volume of computat1on requlred for the higher
moments, dictates efficient program organization. |

Since Féa di Bruno's formula is applied several times, it is'advantageous‘
to have a 11st of the indices (31,32,...3 ) stored in memory rather than to
, generate them repeatedly. Therefore the computer rout1nes were divided
into two sets. | | v

The first set generstes & 1ist of the nonzero indices (jl,jz....,jn)‘of
summation in Féa di Bruno's formula. This liSthay be stored once and for
~all on a magnetic tape or in a disk storage device.' The indices are sub?
- sequently read. from this storage medium. The second set of programs reads
-the indices from the1r storage medium and performs the computations approp- :
riate for the main recurrence relation.v’v

Not all indices are.read in from the storage medium at once. In order
to conserve memory space, a first set of indices is read.and is used to com-
pute all the quantities an in which they occur. A new set of lndices,
corresponding to higher values.of n is then read in and is stored-in‘the
same locations as those of the previous set. »

Independently, a third set of programs was written to_calculate the
moments for the special queues, discussed in Section 4. The moments were
calculated using the methods given there. The results were used for testing

the general programs for their correctness and numerlcal stab111ty



a. Generation of the Indices

The n-tooles (jl,jz,...,jn) of indices are generated by a subroutine
called INDEx; one at a time according to the algorithm discussed in [4].
A subroutine called PRNT then packs several sets of them into a s1ng1e
computer word for transfer to the external storage medlum (tape or disk).

Thus, the programs take into account the number of bits in each computer

word and are therefore mechine.dependent. This machine dependence was
necessary to make fully efficient use of the processing time and the
memory storege..

An array of.size 10,000 was reserved for'the indices thus generated.
.The indices are formatted into records of as many complete sets of indices
- as poss1ble. A complete set of 1ndices for n is the set of all nonnegative
_ n-tuples (31,3.,...3 ) satisfying the conditions f 1]1 =n. Thus the

i=1
first tape record contalns indices for n=3,...,24 the second for n=25,26,

and 27, and similarly for the furtheri®ecords. A magnetic tape was written
containing the complete sets of indices for n from three to forty nine.
This was the.maximum number of complete sets_of indices thch would fit
. on a singie.2400_foot reel of 7 chanoel_tape, recorded at 800 lines_per_

inch.

b. Computation of moments

The core of the moment computation routines is a subroutine called
FORMY which evaluates the coefficients an in Fda di Bruno's formula. The

~ computations are organized so as tovotilize the Eacked format of the indices



-without’uupackiug then, furthermore, the subroutine ls self contained
i.e., does not call upon the system moutines fbr'functions, such as
raising numbers to powers etc. At each stage necessary indices are read
into memory from the tape and the coeffic1ents Y(l) Y(z) Y( ), given by |
the Formulas (16), (19) and (22) for the model (a), are computed. After_these
computat1ons, the memory SPaGUIis released This approach considerably
shortened the runn1ng t1me and permitted eff1c1ent use of memory space,

.whlch becomes important after n=20. Unfbrtunately, this approach necessitated

‘writing the subroutine in assembly lahguage.' |

The required iaput data for each moment-calculation are N, the number
of moments desired and A the bunch arrival rate, In addition, pairs of
subroutines, called ALPHA and ETA which depend on the service time and
bunch 51ze d15tr1butions, are required to calculate the moments of these
distributions. |

The output_first gives a summary of the input data, as well as the
traffic intensity. If ‘necossayy the service time distribution is normalized
to obtein a, = l.l‘If such a normalization occurs, an appropriate message -
is given in the output. In addition, the moments of the_service time and

the bunch size distributions are given, along with the busy period moments.

c. COmputetiohal accuracy.

The authors have written programs for calculating busy period moments
for the two types of queues, discussed in Section 4. The moment calculations
used the recurrence relationships der1ved in Sect1on 4, rather than pga di

Bruno's formula. Selected results are presented in tables I and II. The



same moments were calculated using the general algorithm and the results of
this calculation are given in tables III and IV. There is excellent
agreement for all forty moments calculated.  This is truly remarkable in

view of the rather large number of summands in:Fda di Bruno's formula.

Exgggles.

The first twenty four moments for queues with various service time and
bunch size distributions have been calcqlated'and are preSented in_tables
_ V_through XIV.

For these exﬁmples we needed recurrence relations for the moments of
lfhe various service time and bunch size distributions.

Specifically, for the geometric dis;ribution with the moment generating

fuhction ¢ (s). pes(l-qes)-l, we derived.ﬁhe_relationship

.}lr ﬂ by T . -_
w1 =gty § P Meger T 2

using the methpds, described in [3] p.122, Similar methods were used for

the negative binomial distribution with the moment generating function

8(s) = p'(1-qe®) ™" to yield

(61) wo =1

up = va/p

o r T _—

o —————

" The Poisson distribution with mean ) hasfhoments Saxisfying




©62) =1
1 A
u.' s :
ur+1=Ajzo (j)uj | T = 1,2,.'..."

The gamma dist‘ribution with the density function x*~1g% %/ 8/ r '_(a.), x> o,

has moments satisfying

63 u, = o/B

L f (a+r)ur/8 | T=1,2,....
The moments fbr the busy period, found in these examples exhibit
considerable variation even for queues ha&ing the same traffic intensity;

but with different service and bunch size distributions.

d. Running_?iﬁeé.

The runhing times required to generate the indices, as well as the
moment calculation times are listed below. The time required by the
system to load and set up the program was subtracted from the running time

to give a better idea of the actual computation times.

Number of ‘Index Moment

Indices Generation Computation
o (Seconds) (Seconds)
10 .066 .189
20 : .568 , 1.263
30 5.888 14,661
40 , 46.802 141.233
50 ' % 300 sec , ?




These are the centfal.prdcessing times for the CDC 6500 computér at Purdoe

University.

7. Conclusions.

Our results adequately substantiate the c1a1m that differentiation

'_of the moment generating funct1on using Fda di Bruno's formula is ent1re1yb
practical for obtaining the busy period moments of a single server queue with
bunch arrivals. Up to thirty moments may be obtalned u51ng a very small
amount of computer time; even up to forty moments may be calculated w1th

" a moderate amount of computing time. Moments. boyond order forty require
considerable amounts of additional computing time. |

The authors furthermore report that no problems of numer1ca1 1nstab111ty
or round off errors arose.

The varied behavior of the moments for various bunch size and service
time distributions, corresponding to the same traffic intensity shows that
these considorations are worthwhile, especially in view of the dearth of
explicit and usable analytic results.

If a large amount of computer time is ava11ab1e, one could read11y
calculate up to fifty moments. .

For further information on the computer programs-described here, one
may contact eithet of the authors at the Departﬁent of,Statistics, Pﬁrdué

‘University, W. Lafayette, Indiana, 47906.
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Appendix I.v

Table I. »

The first fifty moments of the bﬁsy period for the M|M|1 queue with_
single arriﬁais and arrival rafelx = .9 are listed. These moménts were
computed by the special methods of Section 4 for compariSon,wifh those

presented in table III. Note that the traffic intensity is .9.

Table 11,

| The»fiist_fifty moments of the bpsy period for the_MIMIl queue with
group arrivais are'given. The group size distribution is geometric
with\ggf!!gfgy p equal to .2 and the group arrival rate A is .1 corresponding
to a traffic intensity of .5. These moments were computed by the methods
of section 4 for comparison with the results obtaiﬂed_by the general method

. presented in table IV.

Table III.
This table lists the first forty moments of the same queue whose moments
are listed in table I. These momehts wefe'cdmputed'by-the general.methodsv

developed in this paper.

Table IV, ' *
The first forty moments of the queue, whose moments are given in table
11, are lisfed for comparison. These moments were coﬁputed by the general

methods using,gsy_di Bruno's formula.



=yrgh;g§_!;§hg¢ggh“§IY 1list the fir;t twenty four busy period moments
for single server queues with group arrivals and various service time
and bunch size distributions. In addition, four different traffic intensities
are given for each type of queue. The traffic infensities in each caée are

.1, .5, .9 and .99.' In each case, tﬁe,mean-SGrvice time is one.

Table V.
The service time distribution is gXponential with mean one and the

arrivals are single.

Table VI,
The service time distribution is expomential.with-mean one and the

group arrival distribution is Poisson with mean five.

Table VII.
The service time distribution is exponential with mean one and the
‘group arrival distribution is negative binomiai with

(A.1) 7. Pix?k,) ’(‘%-)2(';—)]((1(1:1) :

e e

Table VIII.

The service time distribution is exponential with mean one and the

group arrival distribution is geometric with parameter p=.2.

- Table IX.

"The service time‘distribution is.exponent131 ﬁith mean one and the-



~ group size distributioh is geometric "ith;ﬁiillﬁtitjﬁgiﬁLm'

Table X.

The service time distribution is gamma with density

n.2) . f ==X

The group size distribution is Poisson with mean five. -

Table XI. | |
-The service tim distribution 1is ganma with domity (A.2) and the

group size distribution is negative binomial with distributiom (A.1)

‘Table XII.
The service t1me d15tr1but1on is gamma with dens1ty (A. 2) and the

. group size d1str1but10n is geometric with parameter p-

Table XIII
The service t1me d1str1but1on is gamma with dens1ty (A.2) and the

arrlvals are 51ng1e.

Table XIV.
The service time distribution is a mlxture of gamma d1str1but10ns

-w1th density -



' 2__-2x 23,2 _-3x
a9 £ =X ). Sxe

S | T (2) ] r (3)

and the service time distribution is geometric with pé,z.
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APPENDIX 1II.



- Appendix II. -

The Fortran and Compass (assembler) listings of the programs used to
generate the output in appendix I are given. The program MTAPE generates |
the 1nd1ces for Faa di Bruno's formula and uses the subroutlnes FLUSH
INDEX PRNT1 and PRNT. The program BUSY performs the moment calculatmns
: usmg Faa di Bruno's formla and calls the subrout:.nes GETINDX SuM’ and
FORMY - A typical example of the subroutines ALPHA and ETA are 1nc1uded

together with the subroutines wh:lch generate the moments of the geometnc '

' (GBO), negat:l.ve binonieis CNB@IN), Potsson (POIS) and gamma distributlons
(GAM). | v | | | _
The progra'ms called MOMENTS generat_ed ‘tables I and II. The,s—eeond
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