Some Run Problems in Markov Chains

By

Marcel F. Neuts

Department of Statistics
Division of Mathematical Sciences
Mimeograph Series No. 253

April 1971



Abstract

Some run models based on Markov chains and semi-Markov processes
are discussed, with particular emphasis on their numerical analysis.
These models have applications in learning theory and in the study of

certain competitive games.
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l. Introduction

There is no need for further discussion of the many practical uses and
the easy implementation of statistical and probabilistic procedures based
on runs. For an introductory treatment of these we refer the reader to

Feller, Vol I. [3 ].

Properties of runs are customarily discussed in connection with
sequences of Bernoulli, or sometimes, multinomial trials. With very little

extra effort however, the analogous properties for runs in Markov chains can

be obtained. This adds some extra generality and realism to the models, and
this is desirable in a variety of applications such as some educational or

psychological testing procedures or certain types of competitive games.

The theory of runs also provides an excellent example of a common
phenomenon in probability models. The explicit analytic formulas that are
obtainable, are quite often ill-suited for numerical computations. For
instance some of the quantities which we shall discuss below are of definite
practical importance, but cannot be expressed in a usable closed form. At
this stage we shall use the interplay between the analytic results and the
numerical analysis to arrive at accurate tables of the probabilities and

related quantities of interest.

In this paper we specifically consider problems associated with

longest runs. 1In order to keep the notation simple and to concentrate

only on the main ideas involved, we give ample details only for two-state
Markov chains. 1In a subsequent section we then discuss the generalizations

to m-state Markov chains, or to m-state semi-Markov processes.



2. The two-state casec.

Let the sequence of random variables XO, Xl"" form a Markov chain
with two states 1 and 2 and with the transition probability matrix P given

by:

o]
i

1-8 B

where O <o < 1 and 0 < B < 1. The initial probabilities are (p_, 1-p_ )
o’ o’?

where p_ = P{XO = 1}.

The Markov chain spends alternating random lengths of time in states

1l and 2. These time-lengths are referred to as the sojourn times. It is

!

easy to see that the sojourn times are independent geometric random
variables. Given that the chain is in theé state 1 at any given time, the
conditional probability that it moves to state 2 for the first time at

the k-th transition thereafter is given by:

(1)t for k> 1
and similarly, by:

(1-p)85t for k > 1

if the role of the states is reversed.

A realization of the Markov chain is therefore simply a sequence of

alternating runs in the states 1 and 2 respectively.



We now specify two positive integers kl and k.., and define the random

variable T as the waiting time until either a run of length k. in the state

1.

1 is completed or a run of length k  in the state 2, whichever comes first.

Remark

We note that if o + B = 1 and b, =a, the Markov chain reduces to a
sequence of Bernoulli trials with probability o of success (state 1) and

probability l-a of failure. (state 2)

Before we discuss the random variable T, we mention some situations

vhere this problem arises.

Some Applications

(a) Cup Tournaments

Some competitive games, such as football are played each year say,
between two teams A and B. A trophy is awarded to the team that wins the

match a certain number of consccutive times (often three).

If we assume that the probabilities of winning for each team remain
constant over successive years, but depend on vhether that team won or lost
the previous year then we obtain a two-state Markov chain model describing

the outcomes of the successive matches.

In some generalizations the probabilities of winning depend on the
number of successive wins alrcady scored. These are instances of the semi-

Markov model discussed below.

(b) Learning Modcls

The two-state Markov chain model for learning behavior has receilved

considerable attention in mathematical psychology. If the outcomes at each



test are either success and failure, and we identify thesé with the states
1 and 2 respectively, then o is the probability of a success, given that the
preceding trial was also a success. A similar interpretation in terms of

failure is given to B.

The subject now performs a sequence of trials with the objective of

classifying him either as fully trained or as untrainable. He is pronounced

trained as soon as he completes a run of kl successes and alternatively as
untrainable if he has a run of k2 failures. The test continues until one

or the other decision is reached.

A matter of practical importance in assessing the merits of this
classification procedure in relation to others is the probability distribution

of the number of trials until a decision is reached.

Equally important are the probabilities that a subject with given
a and B is eventually put in one or the other category. Both the number
of trials required and the probabilities of eventually reaching one or the

other decision vary considerably with the values of kl and k2.

The associated Markov Chain

Most problems in the theory of runs can be equivalently expressed as
problems in Markov chains. A number of illustrative examples are given in

Feller [3 ].

In order to study T conveniently, we define the random variable Jn as

follows:

Jn = J, where 1 <J < kl-l, if and only if the two-state chain

is in state 1 for the j-th consecutive time at time n

Jn o k], 17 and only if at time n, the two-state chain has bhoen

in state 1 for at least kl consecutive times
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J = =3, where 1 < J < kg-l, if and only if the two-state chain is

in state 2 for the j-th consecutive time at time n.

if and only if at time n, the two-state chain has been in

state 2 for at least k2 consecutive times

Briefly, Jn indicates how much of a run of either type is currently

built up at time n. The sign indicates whether we have a run in state 1

or in state 2 curreht at time n.

It is easy to see that {Jn} is itself a Markov chain with the state space.

{-kg, Skotl, e, -1, 4.l K-l kl}

and transition probability matrix R given by:
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In order to distinguish this chain from the previous one we shall call

L] . a . -



The initial state in the chain R is +1 with probability P, and -1 with

probability l-po.

Tn the Markov chain B, the astutes k] and -k, are absorbing., The random

variable 1" in algo the time tiLL absorption in the chain R, starting from

state +1 or state -1 as the case may be.

The absorption probabilities

The absorption probabilities in the chain R are studied by classical
methods.

We define the following quantities:

Hgn) is the probability of absorption into the state kl, starting in the

state i, with 1 €1 < kl, no later than time n.

Rgn) is the probability of absorption into the state —k2, starting in the

state 1, with 1 <1 < kl, no later than time n.

G§n) is thevprobability of absorption into the state kl, starting in the

state -i, with 1 <1 < kg, no later than time n.

Sgn)_ is the probability of absorption into the state -k,, starting in the
state =i, with 1 <1 f.k2> no later than time n.

By considering all possibilities for the first transition, we see that the

sequences {Hgn)}, {R§n)}, {ng)} and {Sgn)} satisfy the recurrence relations

for n Z o.

(1) (a) Hgnﬂ) = ozHgﬁg_ + (1-a)G§n), for 1 <1 < k-1
(v) Rgnﬂ‘) = aRgﬁ])L + (1-a)s(ln), for 1<i < k-1
() o) s ael®) + e, tor1gagig

(a) S§n+l) = Bs§i% + (l—B)R&n), . for L<i < Ryl



with in addition:

(2) ) =) -,
Rl(:ll) = Gl(:;)=0.

The sequences {H§n>}, {Rgn)}, {G§n)} and {S§n>} are clearly non

decreasing in n.
Their limits as n — « are the conditional probabilities of eventual

absorption in éither the state k

1 or alternatively the state -k

o We shall
denote the limit for each sequence by deleting the superscript (n).
Explicitly, Hi is the probability that absorption occurs in the state
k,, rather than in the state -k,, given that the initial state is i

(1 <ic< kl). Similar interpretations hold for Ri’ Gi and Si'

By passing to the limit in (1) and (2) we see immediately that the probabilities

of eventual absorption satisfy the system of equations:

(3) (a) H; =oH, . + (1-2)G, for 1 <1< k-1
(b) R, = oR, ; + (l-oz)Sl, for 1 <i <k -1
(c) G, =BG, * (l—B)Hl, for 1 < i <ky-1
(a) 8, = BS, ¥ (l-B)Rl, for 1 i < k,-1
with
H =S =1 and =G =0,
oK I

By successive substitutions, the eguations (3) may be written as:
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for 1 <J < kl

(b) R,
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(a) s‘j for 1 < j < k,.

1’ -

and therefore:

-1
(5) (a) Hy = akl-l [1 - (l—otkl-l)(l-Bke-l)]
1
() R, = S P e e 2 )
-1
(c) G = akl_l(l-akz—l) [1'-(1-akl_l)(1-ak2—l)]
-1
(a) s, = Bk2-l [1 - (1-aklfl)(1-ak2_l)]

As is to be expected, we see that:

\
The absorption probabilities for indices J other than one, are immediately

found by substitution in the formulas (4). In view of the original application
the formulas (5) have the most interest, since from them a number of interesting

features of a testing procedure based on runs may be deduced;

For example, for any initial probabilities (po,l-po) in the two-state
chain, the quantity
- @)
p, Hy + (1-p.) Gy
is the probability that a run of length kl in state 1 occurs earlier than
a run of length k2 in state 2. In terms of the learning model, this is

the probability, as a function of « and B, that the subject wili eventually

be pronounced "trained".

In particular, if we asswne that the two-state chain is stationary, we

* *
have the initial probabilities (o . 1-p ) where



and:

(9)

I
et

Hkl(z) - Ske(z)

Il
(@)

5 () =@ (2)

By successive substitutions we obtain:
K -1 k, -1 k,-i

k_-i 1 1
(10) (a) H(2) =« 17,17 1 z

for 1 <1i<k

1
l_akl—l Zkl—l
() R(z) = 2E (1-)z 5 (2),
for 1 <i <k
1-5k2_1 Zk2-1
(C) Gi(Z) = l—BZ (l—B)Z Hl(z),
for 1 €1 < k2
ki Ky g g 2T
(a) 8.(z) =8 z +
1 1-Bz

for 1< i < k.

10

(1-o)z Gl(z),

(1—B)Z~Rl<z),

The four equations corresponding to i = 1 in (10a, b, c, d) are a simple

system of four linear equations in four unknowns.

that:
kl-l kl_l

k. -1
(az) 1 [l _ l-o Z

From it we readily obtain

k-1 k-1 -1
1-B z

(11) (a) H(2) = o7

(l-a)(l-B)zgj

1-Bz
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k. -1 k. -1

1-o L Z *
(b) Rl(z) = T2 (1-a)z Sl(z)

1-Bk2—l Zkg—l
(¢) G (2) = =7 (1-8)z 1 (2)

-1
k-1 k -1 k.-1 k-1
k.- 1 iR 2 2

(4) sl<z>=<sz>21[l- o 2. AP (1) (1))

For other values of i the corresponding generating functions are obtained
by direct substitution in the equations (10). All these generating functions

are rational functions in z. The probabilities ) R§n), G(n), and ()

2 i i
may be obtained from them, in principle at least, by the technique
of partial fraction expansions. This technique is discussed in many texts

on probability, in particular Feller, Vol I, DP. 275 ff.

For all cases of practical interest they may be obtained much more
easily by direct numerical computation from the recurrence relations (1).

We return to this below.

For simplicity of notation we set

-1
kl-l kl—l kg—l k2—l

o(a) = L1 - 22 —= ARt () (1)

and obtain in this manner:

kl-l
(12) (a) Hy(z) = (@) * 8(z)
k-l k-1
1l - Z 2
() B (2) = gz (1-a)z (82) 2 8(2)
ko-t k -1
_BZ
() oy(a) = 22E2— (1p)z (a2) * 6(2)
kg-l
(a) 5,(z) = (B2) © 8(2)
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The distribution of the walting time till absorption starting from the state
1 has the generating function:

(13) ¥y(2) =H (2) + B (2) -

k. -1 k. -1 k -
e(Z){(UZ) T [l-(az) 1 ] (d-o)z (Bz) 2 1}

l-oz
Similarly, starting from the state -1 (cr equivalently from the state 2 in
the two-state chain) the waiting time till absorption has the generating

function YZ(Z) obtained from Yl(z) by interchanging the roles of k; and k,,

o and B.

The conditional mean time till absorption, starting from the state 1, is

found by differentiation:

(14) py = ¥, (1) =
1

- 1
k -1
)(1-8 © )] (1-o

-1

k. -
k-1 [, g2
177y | 1B

Nl

k
1
[l - (Ao 1-8 l-o

Similary the conditional mean time by till absorption, starting from the

state -1, is found to be:

,

(15) wy = ¥ (1) =

k,.-1
[ et has2 ] ae [l'i_i s 1}8]

It is also of interest to consider the mean time till absorption if the

initial state in the two-state chain is chosen with the stationary probability
* * *

vector (po, l-po). We dencte this mean time till absorption by p . It is

given by:
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* * *
= + -
(16) b= D W (1-p.) wy
*
Numerical values of W Ho and u are also given in table 1.

Remark

The practical worker should note the following. In many concrete
situations, such as the learning model or the competitive game, each of the
successive random variables Xo, Xl""’ Xm"" expresses the result of a
trial. We note that X.n is the result of the (n+l)-st trial. Some care

should therefore be given when the language of trials is used instead of that

of Markov chains.

*
For example, for k, = 2, k, = 4, « = .4 and B = .1, the mean p = L.60.

In terms of trials this means that the mean number of trials to reach absorption

*
isu + 1 = 5.60.

Similarly, suppose that we need the probability that absorption in

the success-run occurs at the 10-th trial. This is given by:

pz [H§9) - H§8)] + (l—pz) [G§9) - G§8)] =

(0.6)(.01913) + (0.4)(.06301) = 0.036682.

The appropriate probabilities correspond to L = 9 in table 2.

Similarly XO, the initial state of the Markov chain is the result of the
first experiment. In the absence of other information, the most appropriate
choice for P{X_ = 1} is pi. This is equivalent to assuming that the chance
mechanism that generates the successes or failures is stationary. The
unconditional probability of a success at time n = o or at any other time is

*
then P, -



1h

As noted before, in the special case where @ + B = 1, the two-state
Markov chain reduces to a sequence of Bernoulli trials in which the

*
probability of a success is P, = .

3. Numerical Analysis of the Model

This model offers an example of the use of the interplay between the
theoretically tractable results and others of pr ctical importance, which

are not analytically simple, but are computed numerically.

The author has prepared an extensively documented FORTRAN program,

%
which for any values of o and B and any values of k, <8, k, < 8( ) computes

1L 2

a number of quantities of interest.

The computational work is organized along the following lines:
(a) First the equations (3) are used to compute the absorption probabilities

H., R, for 1 < i <k, and G., S, for 1 <1i < k,.
i i - - L i i - -2

(b) Next the probabilities Hgn), Rgn), ng), Sgn) are computed recursively.
(n)
1

Gl and S

The important probabilities H , Rin), G&n), S§n>, are compared each time

to the values of H computed in (a).

1° Rl’ 1

*¥
An error bound ERR( ) is to be specified by the user, as well as a
maximum value NN for n. Successive four-tuples Hgn), R§n>, ng), Sgn), are

computed wntil either

S(n)} < ERR or until n eguals NN.

mezx  {H- LGN N LD S Gin), S,- S5

121 "1r 2 1

(*) It is easy to modify the program if larger values of kl and k, are needed.
For the applications the author had in mind, it seems that k, <38, k, < 8 are
sufficient.

6

(%) In the numerical example given at the end, ERR was set equal to 10~

so as to insure that all probabilities found are correct to within 0.000005.

This is more than adequate for applied purposes.
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(c) The densities of the waiting time distributions are obtained by

computing at each step the differences

Hgn)_ Hgn—l), Rgn) ) Rgn—l); ng)_ ng-l), Sgn)_ Sgn-l).

(a) Finally the conditional mean absorption times and the probability

% .
p, are computed using the analytic expressions.

Examples of the output are given in Table 2. A listing of the

FORTRAN program is also given at the end of this paper.

L. Generalizations

a. The m-state Markov chain

There is no theoretical difficulty in extending the discussion of the

two-state Markov chain to the m~state case.

We denote the matrix of the m-state chain by P and assume that m

integers k k are given. The random variable T is the waitingtime

1500
until a sojourn time (or run) of length at least kj in the state j occurs

for one of j = 1,..., m.

Tf the Markov chain P is reducible or irreduciblebbut periodic, the
random variable T may be infinite with positive probability. In this case
it is indiéated to analyze the class structure of the Markov chain first and
possibly to reformulate the waiting time problem so as to take advantage of
the class structure.

If the Markov chain P is irreducible and aperiodie, then the only
states i in which runs of length greater than one can occur are those for

which Pii > 0. This limits the sets of states i in which a run of length

k; can occur, at léast if k. > 1.
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Limiting our attention to the irreducible, aperiodic case, we see that

every realization of the Markov chain may be visualized as follows.

Given that the chain enters the state i, it sojourns there for a
length of time which has a geometric distribution with parameter Pii'
At the end of its sojourn in state i it moves to state j (i % j) with
)-l

(conditional) probability Pij (l—Pii

If we denote the successive distinct states visited by the Markov

chain by JO, J Jn,... and the corresponding number of visits (the

1reees
sojourn times) to each of them by Y, Yyseee, Y see. respectively, then the

vector sequence
{(3,> ¥,)> n 20}

in which we set YO = 0 for convenience, is an example of a semi-Markov sequence.

For expository discussions of semi-Markov sequences and related processes, we
refer to Pyke [L,5] or Cinlar [2]. An early reference to them in mathematical

psychology is V. Cane [1].

The semi-Markov sequence obtained here has a particularly simple transition

probability matrix Qij(k) given by:

(17) Qij(k) = P {Jn+l = J) yn+l S lim = l}
= 0, for i = j
l_Pii
= 75— Py for i £ j, k> 1,
11
and Qij (o) =0 for all i and j.

It is easy but tedious to write down the recurrence relations corresponding

to the formulae (1) for this case. These are again well suited for numerical
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computation. In programming them for the digital computer one should make
more economical use of computer memory storage than we did for the two-state
case. This leads to a less elegant display of the results, but this is of

no consequence to the solution of the problem.

b. The m-state semi-Markov process

We now assume that the probability of staying an additional unit of

time in a state depends on the length of the run already completed. We

are then no longer dealing with a Markov chain but with a semi-Markov process.

Formally we consider an m-state process {Jn} with sojourn times {Yh}.
For convenience we set Yo = O,

The semi-Markov assumption is equivalent to :

P{J g =35 Y SX | J =1, Y e, Jo} =
P{J 0 =3 Ypq Sx | 9 =1) = Q)

for all n > o.

The matrix of distribution functions Q(x) is the transition probability

matrix of the semi-Markov process. In the run models of interest here,
the sojourn times are integer-valued. It is hence more convenient to

consider the density matrix with entries:

qij(k) = Qij(k) - Qij(k-l), k> 1.

More explicitely qij(k) may also be written as:

qij(k) = '7;;;@;7- rij(k),
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Note that when Q,ij(°°) = 0, the precise definition of qij(k) is immaterial.
We further note that the matrix Q(w) = {Qij(m)} is an m=-th order stochastic

matrix, which we henceforth assume to be irreducible.

In the study of runs we may further assume that Qii(w) =0fori=1,..., m

since we do not consider transitions from a state to itself.

The quantity rij(k) may be interpreted as the (conditional) probability

that the semi-Markov process jumps from state i to state j after exactly k

units of time in the state i.

The run problem, discussed for the two-state Markov chain, is a special

case of the following more general problem.

General Run Problem

We consider the m-state (irreducible) semi-Markov process with density

matrix {q_lj(v), $ = 1,000, M, J = 1yeea, my v > 1},

We specif& m positive integers kl,..., km. We say that absorption
occurs if and only if for some j, jJ = l,..., M, there is a sojourn time in

the state j which is greater than or equal to kl'

Absorption occurs at time n if and only if at time n the semi-Markov process

has been in some state j for exactly kj units of time and if absorption has

not occurred at an earlier time.

We define the waiting time T as the time at which absorption occurs and
I as the state of the semi-Markov process at the time of absorption. We

shall assume that

L >~18

TR
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for at least one i, which will insure that T is finite with probability one.

T as a first-passage time

There is a simple, but elegant way of identifying T as the first-passage

time from one set of states to another in a semi-Markov process.

To do so we "split" every state j of the original semi-Markov process
into two states j' and j". We define a new semi-Markov process which has
o m states 1', 1", 2*, 2",..., m', m". We shall say that the new semi-Markov
process is in the state j' whenever the old one is currently in the state j
and has been there for at most kj-l units of time. The new semi -Markov
process is in the state j" if and only if absorption into the state j has
occurred in the original semi-Markov process. T is therefore the time until
absorption into one of the states ", 2",..., m" and I = J if and only if

eventual absorption is into the state j".

The absorption probabilities

We define tij(n) as the probability:

(18) P{T=n,I=j|Jo=i}, for i = 1,.e.m3 Jj=21,.., mand n>0

and the matrix t(n) = {tij(n). The quantities tij(n) satisfy the recurrence

relations:
k.-1
m 1 ,
(19) t..(n) = Ej ZJ a (v) t . (n-v), for n < k, -1
H r=1 v=0 T rd T
k.-1
m mn i
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n St
S ) | . >
2 (n) Lo q;,.(¥) ts (n-v), for n 2 k;+ 1
r

for i = l,e.0, m3 Jj =1,..., m and tij (o) = o.

These formulae are obtained by considering all possible alternatives up to
the time of the first transition out of state i. The expressions (19) are
well-suited for nmumerical computation. In the absence of data referring to

concrete situations the author has not performed any such computations.

It is also easy to obtain a system of linear equations for the probabilities

*
tj = P(I = j). These are cbtained by completely routine first passage
arguments for a finite semi-Markov process and we shall not elaborate

further on them here.

In the m-state semi-Markov model there are very few tractable analytic
results. The need for detailed numerical investigations in any concrete

situation is therefore all the greater.
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Table 1

This table lists the following quantities from left to right.

1. k=1 (1) 10
2. k,=1 (1) 10
3. a=.2(.1).9
b, B=.1(.1)a«
5. p:, the stationary probability of being in state 1

6. P (a,8), the probability that in the stationary chain absorption
kl k2 >
2

into the succes-run (kl) occurs.
7. Moo the mean time till absorption, given that one success has occurred.
8. boo the mean time till absorption, given that one failure has occurred.

% -
9. w , the mean time till absorption for the stationary two-state chain.



Remark

Only the table corresponding to kl = 2, k2 = 4 is reproduced here.

The tables for all kl and k2 up to 10 may be obtained from the author

upon request.
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Computer Program

This is a listing of the FORTRAN program which computes the waiting
time distribution and other quantities of interest for given values of

k kz, o and B.

l)

Two examples of the output generated are given in Table 2.

25



OO0 OO DO ONHOOD NOOOO

30O NHOODNOOD

DO DIND

26

PROGRAM SCGCS (INPUT,QUTPUT,TAPES=INPUT)

THIS PROGRAM COMPUTES A NUMRER OF PROAABILISTIC FEATURES
OF THE FOLLOWING MODEL,

A TWO-STATE MARKOV CHAIN IS CONSIDERED,WHOSE STATES ARE

SUCCESS AND FATLURE, THE CONDITIONAL FROBABILITY THAT A

SUCCESS IS FOLLOWED B8Y A SUFCESS IS ALPHA AND THE PROBA-
BILITY THAT A FATLURE TS FOLLOWED BY A FATLURE IS BETA.

WF SAY THAT ARSORPTION IN THE SUCCESS-RUN OCCURS WHEN

AN UNINTERRUPYED STRING OF Ki SUCCESSES OCCURS BEFORE
AN UNINTERRUPTED STRING OF X2 FAILURES,

WE SAY THAT ABSORPTION TN THE FAILURE-RUN OCCURS IF
AN UNTINTERRUPYTED STRING OF K2 FAILURES 0OCCURS
EARLIER THAN AN UNINTFRRUPTED STRING OF K1 SUCCESSES.

THE FOLLOWING QUANTITIES ARE COMPUTEDN AND PRINTED OUT.
«¥ THE ABSORPTION PRORBABILITIES,
ve THE ABSORPTION TIME DISYRIBUTICNS.

#% THE DENSITIES OF THE ABSORPTION TIME DISTRIBUTIONS.
=2 THE MEAN TIMES TILL ARSORPTION.

DIMENSTION HIB),RI{BY;G(R) ,S{8);GG(8),5SS(8),JJ(10),JH(10)
DIMENSTON HX{B,450);RX{R,150%,6X (8,150 ,SX(8,15C)

DIMENSION HY{8,150),RY(8,150),6Y(8,150),SY(8,150)
NIMENSION G1(8,1500,G2(%,150),S1(%,150),S2(8,150)

THE FOLLOWING DATA NEFD 7O BE SUPPLIENS
ver K4 IS THE NUMBER OF CONSECUTIVE SUCCESSES REQUIRED FOR
ABSORPTINN IN THE SUCCESS-RUN.

vve k2 IS THE NUMBER OF CNONSECUTIVE FATLURES REQUIRED FOR
ARSORFTION IN THE FATLURE-RUN,

sv% AL IS ALPHA, THE CONDITTONAL PROBABILITY THAT A
SUCCESS FOLLORWS A SUCCESS,
*v% QFT IS BETA, THE CONDITIONAL PRORABILITY THAT A
FATLURE FOLLOWS A FATLURE,
xsx ERR IS THE MAXIMUM TAILPROBABILITY WHICH IS
NEGLECTED IN THE COMPUTATION OF THE ABSORPTION TIME
NISTRIBUTIONS, :
10 READ (5,1} K1 ,K2,NNN
IF{EOF,5) 11,12
12 READ(5:2} AL,BEY
READ (5,5% ERR

THIS PGRTION OF THE PROGRAM COMPUTES THE ABSORPTION
PRORARILITIES AND THE STATTONARY PRORABILITY PP OF

A SUCCESS.

H{I} IS THE PROBARILITY OF ABSORPTION IN THE SUCCESS-

RPUN, STARTING FROM A SUCCESS-RUN OF LENGTH I.
P(IY IS THE PROMASTILITY OF ABSORPTION IN THF FAILURE-

PUN, STARTING FROM A SUCCESS-RUN OF LENGTH T,
S(TY IS THE PRORASILITY OF ABSORPTION IN THE FAILURE~
RUN, STAPTING FROM A FAILURF RUN OF LENGTH T.
G(IY IS THE PROBASILITY OF ABSORPTION IN THE SUCCESS~-
RUN, SYARTING FROM & FATLURE-RUN OF LENGTH T,



OO0 KO0

THI
TIM

20

21

S
£

Yi=AL®?(Ki-1)
Y2=BET##(K2=-1)
Y=1./(Y1&Y2=V1%Y2)
H{i9=v1%Y
GUY=(4e=Y2YIFH{LY
Siy=yYa*yY
R{1)=(1e=YL) ®S5(1)
TH=¢1.,-AL} /AL
TJ={1.=-BETY /BET
Hi=H(13®TJ
Gi=G(1)*TH
S1=S{1)*TH
R1=R(1)*TJ
PP=(1,=-BETY /{2, -AL=BET)
Kii1=K1=-1

K2i=K2-1

No 3 I=1,Kii
H{I+1)=H(I) /AL-G1
R(I¢1)=R(I)/AL~-SL
CONTINUE

DO & I=1,K21
GII+L)=G(I) /RET=-H1
S(I+1)=S(I}/BET-R1
CONTINUE

PORTION OF THE PROGRAM COMPUTES THE ABSORPTION
DENSTITY AND OISTRIBUTIONS RECURSIVELY.

M=1
HX(Kis,1) =1,
BX{Kis1)=0.
HX{K2:1) =0,
SX(K2,1)‘—’19
Kii=K1i-1
K2i=K2-1

Do 20 I=1,K1i
HX(T,13=0.
RX{T,13=0,
HY(I?iszgo
RY{I,13=0,
CONT INUE

DO 241 I=1,K?%
GX{T44)=0,
SX(Xsid=0o
GY{I,49=0,
SY{Is1i=1.
CONTINUE
Vi=H{1i?}
v2=61{1)

V3=R (1}

V=S {1)

M=M+1
IF{M,GT.NNN? GO TO 17
HX{Ki,M) =1,

27



QOO NOHDIOD

RX(K1,M) =0,
GX(K2,M) =0,
SX(K2y,M)=1,
50 22 J=1,K11
HX(J oy MISHX(J+ L, M=) *LL 402 =AY *GX (1L 4M~1)
RXCJgMIZRX I+ ,M=4 I FAL 471, ~ALY ®SX (L ,M~1)
HY(JM)=HX (J MY =HX {JyM=-1)
RY(JyMI=RX{IyM)=RX (I pM~12
DO 22 I=1,K21%
GXET yMI=GX{T4+LyM=1)8RETH (4 ,~BFETY¥YX({,M~1)
SX(IyM)=SX(I+1,M=1)%RET+ 1L ,~RET) *IX (1, M~-1)
GY(T 4y M)=GX(I yM)=GX{(T yM=-1)

22 CONTINUE

THI< PORTION OF THE PROGRAM COMPARES THE TOTAL PROBA-
BTLITY FOR THE ABSORPTION TIME DISTRISUTIONS ALREADY
COMPUTED TO THE ARSORPTION “ROQABILITIES FOUND IN THE
FIRST PART OF THE PROGPAM AND LOQOOPS BACK TO COMPUTE
ADDITIONAL TERMS TIF NFCESSARY. THE FIRST MOMENTS OF THE
ABSORPTION TIME DISTRIRUTIONS ARE ALSO COMPUTED.

UL1=H (1) =HX{1,M)
U2=G(1)-GX{1,™)
UZ=R{1)Y=-RX(1,M)
Uut=S {(1)-SX{1i,M)
U=AMAX1{(UL1,U2,U3,UL)
IF{U.GEL.ERRY (0O TO 6
GO TO 18
17 MM=M-4
GO TO 19
18 MM=M
19 CONTINUE
XKi=K1i1
XK2=K21
QA=((1,=-Y1)*(1.~-Y2))/ ({L.-AL)*PP)
N=Q=XK1*Y1%(1,=-Y2)=XKZ2*Y2*¥*(1.,~Y1)
nN=Q+%Y
Wi=XK1i+Q
WL=XK2+Q
W2=W141,/(1.-RPET) -XK2®*Y2/(1.-Y2)
W3=WL4EL,, /(L. -AL)~-XKL=YL/ (1.~-Y1)
PRINT 2%
PRINT 2Z,K1i,K2
PRINT 244,AL,BET
PRINTY 32,PP
PRINT 25 ,NNN
PRINT 26 ,W1,W2,K3, WL
ne 7 J=1,K2
JI(N=-K2=-1+
JHLUY==JJ (N
GGLII=L(K2+1~))
SS(JY=S(K2+1-J)
N0 7 L=1,MM
G1(J,LI¥=GX(¥2+1~J,1)
G2, L)=0Y (K241~ ),L)

28



OODOHOO

| 23
S1{J,L)=SX(K2+1-J,L)
SZ(JQL)=SY(K2‘*1'J)L)
7 CONTINUE

THTS LATTER PORTTON OF THE PROGRAM CONTAINS ALL PRINT
AND FORMAT INSTRUCTIONS,

PRINT 31
PRINT 3b
PRINT 27, (JJ(J) 36GLI) 5SS (I) 5 J=1,K2)

BRINT 27, (T,H(T),R(T),T=1,K1)

PRINT 31

00 8 L=1,MM

PRINT 28,L

PRINT 30, (JJ(J) 5G1CJI5L) 362 (IyL) 3SLJyL) S24J,L) ,JI=1,K2)

PRINT 20, (ToHX{TyL) g HY (T 4L) 3RXC(I,L),RY (I,L)yI=1,K1)
8 CONTINUE

PRINT 31

PRINT 23

PPINT 29, (L HX (1LY 3 GX (141} yRX(1,L),SX (1,L),L=1,HM)

GO TO 10

1 CONTINUE

1 FORMAT(2I1,1I3)

7 FORMAT(2F8.6)

5 FORMAT(FR.6)

X FORMAT (X, #THE NUMBER Ki OF SUCCESSES REQUIRED FOR 2
1 2ABSORPTION IS #,I1/,X,2THE NUMBER K2 OF FAILURES #
>#REQUIRED FOP ABSORPTION IS #,I1/)

24, FORMAT (X, #THE PRORABILITY THAT#,/,3X,2A SUCCESS IS #

{#FOLLOWED BY A SUCCESS IS ALPHA = #,FB.6/,3X,
>¢A FATLURE IS FOLLOWED BY A FATLURE IS BETA = #,
2F8.6/)

25  FORMAT (X,#AT MOST #,13, # POINTS OF THE ABSORPTION ¥
{2TIME DISYRIBUTION ARE COMPUTED.2/)

26 FORMAT (X, 2THE CONDITIONAL MEAN ABSORPTION TIME INTO #
1#THE SUGCESS RUN AFTER ONE SUCCESS IS%/,
25Xy F1244/9Xy #AND AFTER ONE FAILURE IS#/,5X,F12.47/,
3¢ THE CONDITTONAL MEAN ABSORPTION TIME INTO THE #
LZFATLURE RUN AFTER ONE SUCCESS IS#/,5X,F12.47,
5¢ AND AFTER ONE FATILURE IS#/,5X,F12.4/)

27 FORMAT(2Xsb (I392X,F705,2XsF7e5,2X)) _

S4L  FORMAT (X, #THE FOLLOWING IS A TARLE OF THE ABSORPTZ?
1#I0N PRORABILITIES IN THE SUCCESS-RUN OR INZ
52 THE#/7,X,2FATLURE RUN, GIVEN THAT ALREADY THE #
22INDICATED NUMBER OF SUCCESSIVE SUCCESSES OR FAILURES#/
44X, 2HAVE OCCURRED.2/)

28  FORMAT (/Xy?L = #,14/)

30 FORMAT (X,2(TL,4F8.5,2X))

29 FORMAT (/(X,2(Tts4FBa53))

31 FCRMAT(21%)

32 FORMAT (X, 2THE STATIONARY PROBABILITY OF A SUCCESS#,
12 PP IS EQUAL TOt2/,10%X,F745)

33 FORMAT(X,# TABLE OF THT ARSORPTION TIME DISTRIBUTIONZ
1% FOLLOWING A SUGCESS, RESP. A FATLURE.#/,3X,# THE #
5¢FIRST TWO NUANTITIES ARE THE PRORABILITIES OF #
32ARSORPTTON IN THE SUFCFSS=RUNZ/,4X,2GIVEN THAT #



LtA SUCCESS, RESP. A FATLURE HAVE OCCURRED.#/,3X,
5¢ THE NEXY TWO QUANTIVIES ARE THE PROBABILITIES OF #

62ARSORPTION IN THE FATLURE-RUNZ/,4X,2GIVEN THAT A ¢
72SUCCESS, RESP, A FAILURE HAVE OCCURRED.,?#)
END

30



31

Table 2

The following numerical information is supplied.

k,

The values of k 9

12 o« and B.

The upper limit to the number of points of the absorption time distribution

that are computed.

« _
The stationary probability p_ of a success. (state 1)
"he conditional mean absorption times.

The conditional absorption probabilities into the states kl and -kz’in

the chain R from any given initial state.

The conditional absorption time distributions and demsities into the
states kl and wkz in the chain R from the initial states +1 and -1.
A table of the conditional absorption time distributions and densities

into the states kl and -k2 in the chain R from any given initial state.
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Absorption time probabilities

The following table lists the conditional absorption probabilities as

follows.

For each value I = n and each given initial state i in the chain R,

-k2 <i< kl’ four numbers are given.

(a) The left-most number is the conditional probability that starting
in state i, absorption in the state kl (the success-run) occurs no later

than time n.

(v) The second number is the conditional probability that, starting in

state i, absorption in the state kl (the success~-run) occurs at time n.

(c) The third number is the conditional probability that, starting in

state i, absorption in the state -k2 (the failure-run) occurs no later than

time n.

(@) The fourth number is the conditional probability that, starting in

state i, absorption in the state -k, (the failure-run) occurs at time n.



-4
-2
1

1

0,00000

0.,00000
0,00000

2

0,00000

0,00000
40000

3

0.,00000
«36000
«4n000

4

N,0n000
« 39600
«61600

S

0.,00000
59040
«63760
6

0.,00000
62928
« 15640
7

0,00000
,73814
.77973

8

0,00000
» 76983

,84621
9
0,00000
JB83177
.B6534
10

0,00000
85497

«90314

0,00000
0,00000
0,00000

0.00000

0.00000
«40000

0,00000
«36000
0.00000

0,00000
«03600
21600

0.00000
«19440
«02160

0.00000
«03888
«11880

0.00000
10886
12333

0.00000

03169
006648

0.00000
«NAE194
.N1913

0.00000

« 02320
» N37RO

1.00000
0.00000
0.00000

1.00000

0.00000
0.00900

1.00000
«01000
0.00000

1.00000

«01000
000000

1.00000
01000
+ 00060

1.00000
+ 01054
« 00069

1.00000

001059
«N0092

1.00000
+N1089
2 N0N96

1.00000
«N1094
«N0113

1.00000

«01111
« 00117

0,00000
0,00000
0,00000

0,00000
0,00000
0,00000

0,00000
01000
0,00000

0,00000
0,00000
0,00000

0,00000
0,00000
.00060

0,00000
00054
0.00000

0,00000
.00005
00032

0,00000
.00003

0,0000n0
.000n6
00018

0,00000
.N0016
.N0003

-3

-3
-1

-3
-1

-3
-1

-3
=1

-3
-1

-3
-1

-3
-1

0.00000
0.00000
1,00000

0.00000

0.00000
1,00000

036000
«36000
1.00000

+36000.

«39600
1.00000

055440
«59400
1.00000

57384
63288
1.00000

«08076
« 714369
1.00000

70176
77557
1.00000

« 76159
«83857
1,00000

« 77881
86198
1.00000

0.00000
0.00000
0.00000

0.,00000
0.00000
0.00000

«36000
«36000
0.00000

0.,00000
«03600
0.00000

19440
« 19800
0,00000

201044
+0388R
0.00000

010692
11081
000000

02100
«031R8
n.00000

05984
006301
0.00000

oN1722
002341
0.00000

0.00000
0000000
0.,00000

.10000
OQOOOQO
0,00000

010000
0.00000
0,%0000

10000
.00190
0.90000

.10060
000190
0.Y%0000

«10084
000154
0.00000

.10054
00159
0,00000

.10083
000189
0,00000

«100R6
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