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ABSTRACT

Young, Dennis Lee. Ph.D., Purdue ﬁhiversity3 January 1971. Some
Tests of Equality of Several Covariance Matrices. Major Professor:
K.C.S. Pillai.

This dissertation deals with the distribution problems of certain
criteria for testing hypotheses concerning covariance matrices from sev-
eral p-variate normal populations where the random normal variates are
real valued (Chapters I to IV) and complex valued (Chaptér V).

The first three chapters deal with testing the hypothesis HO:§l="'=
Ek where Eﬁ is the unknown covariance matrix of the ith bopulation,
i=1,...,k. Chapter I considers the U(P) statistic (a constant times
Hotelling's generalized Tg ) and gives a general method of obtaining
the distribution of = UP) by inversion of the Laplace transform of U'P).
U(p) »can be ﬁsed to test HO for k = 2 as well as the general linear
hypothesis and.that of the independence of two sets of normal random
variates. Approximations to U(p) are discussed and percentage points

given. Chapter IT introduces the max U-ratio (Rl) test of H. and

(¢}
provides exact (k = 2, p = 2) and approximate (x = 2) gistributions of
Rl using results found in Chapter I. Chapter IIT considers the likeli-
hood ratio (LR) criterion for testing H, for k = 2 and develops the dis-

tribution of the LR criterion for p = 2 and L. Power comparisons of the

LR and R, tests are made for selected alternatives and p=2.
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~L
Ei;x Eb, where EO is known and )\ is unspecified. The max trace-ratio

Chapter IV develops the max trace-ratio (R2) for testing HytE =...=

has the same distribution as Hartley's anx test of the equality of
several variances from univariate normal populations. Distributions of
R2 ‘are obtained for k = 2,3 and 4 and the power function studied for
k=2,

Chapter V deals‘with the approximation of the largest characteristic
root of a complex Wishart matrix using a technique due to Pillai. Com-
parison of the approximate and exact distributions are made and percent-
age points tabulated.

Finally Chapter VI summarizes the studies of the first five chapters

and presents suggestions for future research.



INTRODUCTION

Let 'rrl,...,ﬂk be k populations.having the p-variate normal dis~
tribution N(E,i’ Ei)’ i=1,...,k, where h(p' x 1) and E_L(p X p) are
unknown, * The problem of testing the hypothesis h T eee = E'k’ the simple
multivariate analysis of variance (MaNwOVA) problem, has been considered by
many authors (see Anderson [1] or Roy [40], for example). One of the bas-
ic assumptions underlying MANOVA ié the equality of the covariance matrices
by

~L
Ek of the equality of covariance matrices is of ba.sic. importance in mul-

,...,5{. Thus thg problem of testing the hypothesis Ho: 5_ = e =

tivariate a.nals;sis. This problem is the primary theme of this dissertation.
When k =2 there are a number of test criteria available for test-
ing E’.l = 5‘2 against the so-called one-sided alternatives (namely each
characteristic root of El &-l > 1 and ¢tr El E;l > p; reversal of the in-
equalities gives the other hypothesis), A discussion of the distributions
" and merits of four such criteria - Roy's largest root, Hotellmg 5 trace
(or U(p)) Pillai's trace V(p) and Wilks' criterion - may be found
in Pillai and Jayachandran [36] for the bivariate case. .W. F. Mikhé.il
[27] and Anderson and Das Gupta [2] have studied the monotonicity of the
power functions of some of these tests. Giri [12], [13] has shown that
V(P) is locally'best invariant and unbiased. For k > 2 and two-sided
alternatives, the only test which appears available is the likelihood ratio
(LR) criterion first introduced by Wilks [ 4b2], later modified by Bartlett

[3] and studied by Box (4], Korin [26] and Sugiura and Nagao (k1]). For
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k =2 and two-sided alternatives, Roy's largest-smallest root test is a=
vailable but it has not been explored in any detail.

In this studj, first a new test proposed by Pillai [39] to test HO
against two-sidéd alternatives is investigated at lgngth (Chapters I - III).
The test is based on the maximum of ratios of indeﬁendent Hotelling traces.
Later a second test also proposed by Pillai [39] is studied for testing the
hypothesis Hé; Eh.= ces = Ek = A ED where ED is given and A is un-
specified (see Chapter IV). This is a generalization of the sphericity
test. Both of the proposed tests are based on the union-intersection ap-
proach (Roy [L0]).

The topic of discussion of Chabter I is the distribution (exact and
approximate) of Hote;ling’s_generalized To2 statistic (or equivalently
U(p)) in connectionkwith testing equality of two covariance matrices as
well as two othér tests which have the same distribution problems. Chap-
ter IT introduces the new test for HO based on the max U-ratio which
" will be denoted by Rl' The null distribution problem for Rl is studied
and for k = 2 the non-null problem is considered and power tabulations are
6btained.

The LR criterion is considered in Chapter III. The distribution of
the LR criterion is obtained for p =2 and & .and k = 2. The power
of the LR test is determined and compared with that of the power of the

1
Chapter IV considers the hypothesis HY: g = cer = I, =\ I, vhich

test based on R .

as mentioned earlier is a multipopulation extension of‘the test of spher-~

icity (see Anderson [lj). The test proposed involves the ratio of the max-
imum to the minimum of the traces of 551 S;, where the S; are the sample
fums of producl; matrices. This criterion, max trace-ratio to be denoted



by R2, has the same distribﬁtion as the Fmax sﬁatistic introduced by
Hartley [16] as a short cut test of the equality of several variances.
(It should be noted that the multivariate hypothesis considered here re-
duces to the hypothesis of the equality of variances when p = 1.) The
null distribution of R, is cénsidered for k = é, 3 and 4, and the non-
null distribution for k = 2. -

Finally Chapter V deals with a problem in complex multivariate anal-
ysis « that of the distributionvof the largest characteristic root of a
complex Wishart matrix and an approximation to it. Some applications are

discussed.

It should be noted that the classes of alternatives for which the max
U-ratio and the max trace~ratio have reasonable power are at this time un-
known. It seems possible to invent alternatives for ﬁhich the tests pro-

posed here are insensitive. These problems will require further study.



CHAPTER I

THE EXACT DISTRIBUTION OF HOTELLING'S GENERALIZED T02

1. Introduction and Summary

Let 8, and §, be two symmetric matrices of order p estimating

the same covariance matrix, where S, is positive definite having a Wis-

~

5 degrees of freedom, and El is at least pos-

itive semi-definite having e non-central Wishart distribution with n

hart distribution with n

1

degrees of freedom. Then Hotelling's generalized T 2 statistic is de-

0
fined by [17]:

- 2 -1 (s)

TO = n, tr EIL §2 = n, U ’

where s(= min (nl,p)) is the number of non-zero characteristic roots of
-1 (s) _ 4(») ' s

il 52 . When ny >p, U =U . When n, <7p }the density function

of the characteristic roots of 5, i;_'l can be obtained from that for

ny > p if in the latter case the following changes are made:
(ny5m5,0) = (p,n; + ny-p,n, ).

Hence the density of U(S) can be easily derived from that of U(p) and there-
fore only the case of U(p) is considered here.
The exact null distribution of TO2 (i.e., when the non-centrality

matrix is null) was obtained by Hotelling [17]) for p = 2. Davis [10] has



shown that the null density of TO2

neous differential equation of order p. The non-null distribution has

satisfies an ordinary linear homoge-

been attempted.by Constantine [8] using zonal polynomials and hypérgeomet—
ric functions of matrix arguments. However, his r%sults hold only for
|U(P)]-< 1. Pillai and Jayachandran [35], [36] have obtained the non-
null distribution of U(2) using zonal polynomials up to the sixth degree.

An approximation to the null distributiop of U(p) has been sug-
geéted by Pillai (28], [29] and studied by Pillai and Samson [38]. Tto
(18] has obtained an asymptotic expansion for the null distribution of
T02 which he iater extended to the non-null case [19]. Davis [11] has
further studied the asymptotic nuil distribution. |

Grubbs [15] has provided some exact percentage points for U(z) for
nl and n2 less fhan 50, Using the exact moment\quotients of U(p),
Pillai [32] hag.provided extensive tgbles of approximate percentage points
for U(p). Further, Pillai and Jayachandran [35] have obtained some exact
percentage points of U(z) in connection with power function studies. Re-
cently Davis [11] has tabulated exact percentage points of Toz/nl for
p =3 and 4 using thé differential equation approach [lO]. He also pre-
vides comparisons of the accuracy of several approximations.

It may be pointed out that the null distribution of the characteristic
S Egl (see Eg. (2.1)) is of the same form as those of the char-

acteristic roots of matrices arising in each of the following tests of hy-

roots of

‘potheses except that the two pdrameters m and n involved there (see
below) have to be defined differently in each case [28], [32]: (i) In-
dependence between a p~set and a g-set in a (p + q)-variate normal popula-
tion and (ii) Equality of covariance matrices in two p-variate normal pop-

ulations. In view of this, the null distribution of _U(p) for the three



tests is also of the same form. Piliai[29] considered the use of U(p)
for tes%s of (i) and (ii) as well, and Pillai and Jayachandran [35]; [36)]
have shown that the power functions of the U(P)' test against appropriate
alternatives for tests of (i) and (ii) and the general linear hypothesis
behave more or less in the same manner.

Still, however, there are no explicit expressions-availabie for the
exact null distribution of U(p) (or Toz) for p > 2 except one ob-
tained for U(3) as an infinite series by Pillai and Chang through trans-
formation of variables [34]. 1In this chapter there is presented a method
for deriving the exact null distribution of U(p) employing in%erse La-
place transforms. Density functions are given for p =2, m a non-neg-
ative integer, p=3,m=0,1,2,3, hand 5, and p=4, m = 0, 1 and
2, where n = (pl~p-l)/2. Exact upper percentage pointsvare tabulated
for p=2, 3 ana L, various significance levels, and selected values of
mand n (= (nz-p-l)/Z). Also, two approximations similar to Pillai's
(28], [29] are presented. Finally, the non-null density of U(2) is
given using zonal polynominals up to the sixth degree,

The exact densities and the approximations derived in this chapter

will be used to develop the distribution of Rl.

- 2. The Iaplace Transform of H(P)

The joint density function of xl, 12,...,kp, the characteristic

roots of S st

S, 8,7, has the form [Lko]:

’

. P ; ’
(2.1) £(hseeeh)) = Cpomn) T AT (1 VWP g 4y,
p i= i>j 4

o<xl<.¢<xp<-,
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where C(p,m,n) = nP/ 2 ﬁ I"(%(E‘m+2n+p+i+2))/{F(%(2m+i+l))F(%(2n+i+l))f‘(%i)}.

i=l
. , b
and m and n are defined in §ection 1. Then U(p) =Z A\, =trs, st
. . i ~l .2 ’
i=]
and the Laplace transform of U(p) with respect to (2.1) is:
: P
(2.2) L85 pomn) = E(exp (-t ) 1))
' i=1
P P Y
=c[ . [ exp(-t Y AD T AT@A )T o g
G i Tam YR SIS

where

Q .
v

= { (hl"",kp) | O<)\l< 0.0' <xp<“} s

Q
!

= C (p,m,n) and t > 0.
Upon meking the transformation

X = /(1 + "p-i+1)’ i=1,...,p,

we may write (2.2) as:

R . P
(2:3) 1(t; pmn) =P o [ [orp () xi'l):g’l x, (1, )

i=1
P

‘M (x,-x,) N ax

>y 3 im 1



where

3={(x1,...,xp) | 0<x <x2<...<xp§ll] .

Next we note that I

i>j
determinant
p-1 - p=2
*p )
p-1 p-2
xp_ 1 xp_ 1

1

cen b 4 1
p
L ] p-l l
LN X ) xl l ,

(xi-xJ.) may be written as the Vandermonde

and that the elementary properties of determinants allows (2.3) to be

written:

(2.4) L(t;p,m,n)

bef .é.lj' exp(-tli

i=1

; m _nip-1 e YD
(1 xp) X ees (1 xp) X

(l-ﬁ)m pr'l coe (1-xl)m xln

I ax

If we take m to be a non-negative integer and expand (1—x )

a.s a bmonual series, the determinant in (2.4) is:



. m ' o
Z (m) (-1)® k’P e Y & )L x?qfil

=0 =
lp ‘ il-O |

(2.5) ) | .

o i n+qp+i . n4g. +
GRICHE Sl }:H(l)lxlll

i=0 P
. 1,=0

where q.j = j~1. (2.5) can be further reduced to the form

niq_p+ip n+ql+il
X eee X
p : P
om z J . | .
(2.6) ) ... Z Cn G °
ip::-'O 1—0 J=1 ° ¢
n+q_P+i n+q. +i
D 171
xl L N ] xl

The expansion (2.6) allows us to throw (2.4) into the form [30]:

(2.7) L(t;p,m,n)

m m P Zi

=®c Y .. Y {n(® RGO CLE St

1=0 i=0  J=l1



where

(2.8) R(n;a.p,ai)_;l, ces ,a.l;t)

nte_ t/x_ it nta,  ~t/x
I X e P dx_ ... { X e ax
o P P o P P
X x
2 nta ,_‘_t/xl 2 ntay -t/xl
J‘ Xy e d.xl, coe Xy e d.xl

Now permuting the columns of the determinants so that the indices

form & decreasing sequence, dropping all determinsnts .which are zero and

combining like terms in (2.7) gives

pt ,
(2.9) L(t;p,m,n) =e C) k. . R(n; 4, i .yeee,iost)
- % 1p lp_l se 0 il p’ p-l ’ l

where

3 = { (il’c-o,lp) l osil<12 < see <ip Em'l'p-l}

and the k. 1 depend on p and m. 'Ihe constants k

:|.IJ 1 ip ses ll

have been tabulated in Table 1.1 for p =3, m = 0 (1) 5and p = b,

m=20, 1, 2,




‘1
Thus we have expressed the Laplace transform of U(p) as & linear
combination of the determinants R(n; i ,...,il; t).

P

3. A Rednction Formuls for R(n;ap,...,al; t)

With the expression (2.9) for the Laplace transform of U'P)
need to evaluate the determinants R(n; Breeesdy t). This will be
done by means of a reduction formuls similar to the one developed by
Pillai [30].

We will state here the notation and lemmas that are needed and give

only an outline of the approach as the results are a.na.logous to those of

Piliai [28], [30]. Iet J,x Y -t/xk J‘x el "t/ % ax,
(3-1) V(X; qkf;_ qknl’.“’q'l; t)- . :
X @ ~t/x Xy 4 ~t/x
I x:L e dxl PN I xl e d.xl
0 | 0

(Note that R(n; LSRRV t) =v(1l; n + 500l +ay; t).)

How (3.1) will involve integrals of the type
. . | t
I(x'39,F35t) = Io Y E(y) e gy,

vwhere F(y) is a function of y such that the integral exists and in our
context could be of the form

2 g, -t/
dxk_l...j. x_l_le x"‘ 1’

When F(y) has the form (3.3) we will denote (3.2) by I(x';q,qk_l,...qlgt)..‘

(3.3) j" U1 " e
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The following lemma involving (3.2) is obtained by integration by parts.

Lerma 3.1: The integral
(3.%) I(x's a5 F5 t) = [1/(q+1)] { Ib(x'; atl, F; t)

- I(x's g+l, F'5 t) - t I(x'; q-1, F; t) }

where
_ .
g+l ~t/y
Ip(x's o, F; t) =y F(y) e | o
and F'(y) = =2 F(y)
y dy b4

Lemma 3.2: If o is any permutation of (1, 2,...,k) then
k

Z I(x; qu(k)"i“’qc(l); t) = ng I(x; qji t)
g

vhere the summation is over all possible permutations.

Let V(x; q'y...,q'; t')(l) denote the determinant (3.1) when the

1

indices of the ith row alone are different from those of the other rows,

where the 1nd1ces of the ith row are qk,...,ql, t'. Then we have the

following lennna.



Lemma 3.3:

k .
}E (-1t V(x; QL,...,qi; t!)(i)
i=1

k

=) (-1 1(x; q;; LDA(CC I NTPPYC T Uyseees9s t).
j=1

We now state the reduction formula for the determinant (3.1).

Theorem 3.1:

(3.5) VOx5 qoay 150005055 8) = [1/(q#1)] (%) 4 p(E) _ yo(k)y

where -
q,+1 -t/x
k k
A( ) :x (] V(x;qk_l,.o.,q_l; t) 9 "
()
B ki
k+,
= 2 2: (-1)¥H I(x; a5t 13 2t) V(x3'qk-l""’qj+1’q3-1""’q15t)-
J=1
and

k o
c( ) - V(x; Qe =L 5% _poe 25935 t).

Proof: Expand the determinant by the first column. (Recall that the
order of inﬁegrations mst not be changed). Now using lemma 1 we inte-~

grate by parts the term involving the element from the ith row and first



1k

column with respect to X+l Next add the expressions obtained cor-
responding to each of the three terms on the right side of (3.4) and apply
the above lemmas. The result follows. .

The formula we require to evaluate the Laplace transform (2.9) fol-
lows as a corollary. ‘

Corollary 3.1l:

(3:6)  R(nj &p,eensngs £) = [1/(a )] (0 + 5(P) _ ¢p(®))

where
-t
D(p) =e R(n; a a.; t)
> p-l’”" 1? ’
p-1
E = e z ("l) g(n; aj‘l'&p+3,2; t) R(n: ap-l’.."ad+]_’aj-l’...’al;t)
J=1 ,
where
o
= =t bn+a
g(n; a,b; t) = J. e [J(1+z/v) dz
o
and |

F(P) = R(n; &P-l, a'p-l""’al; t).
Proof: In (3.5) let x =1, 1y = n+aj and meke the change of variable

z = 2(1-y)/y in I(1; 2n+ad+ap+1; 2t) to get
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-2t

1(2; 2nta e +15 2t) =3 ©  g(n; 8 +8 43,25 t).

h. Use of Reduction Formlsa
Now let us illustrate the use of (3.6) in deriving the expression

for the determinant R(n; 3, 1, 0; t). (3.6) yields:

(4.1) R(n; 3,1,0; t) = [i/(n+h)] (o R(n; 1,05 t)

-2t ' =2t o
+e g(n; 6,25 t) R(n; 15 t) - e g(n; 7,25t) R(ny 03 t) -

. - t R(n; 2,1,0; t) }.

-t
But R(n; i t) = I(1; n+i; t) =e g(n; 142,13 t) and a second use of

the reduction formula yields

-t
(1/(n#3)] { ¢ R(n; 1,0; t)

]

(4.2) R(n; 2,1,0; t)

-2t
+e g(n; 5,2; t) R(n; 13 t)

~2t
e g(n; 6,25 t) R(n; 03 t) }

and

-2t '
(k.3) R(n; 1,05 t) = [e /(n+2)] { e(n; 2,1; t) - g(n; b4,2; ¢) } .
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‘?W is

There are no terms corresponding to t F(p ) of the Corollary s,
and (4.3) since any determinant having two columns (indices) ¢y
zero.

. . 4
We now integrate by parts R(n; 2,1,03 t), integrating one 7ﬁ//y0r

. 204 dowin
in each of the terms in (4.2), and in this connection we use the p4/ 8

result:

g(n; a,b5 t) = (1/t) { 1-((bn+a)/p) g(n; a+1,b; t) }.
o ine-
This is done in order to bring the terms to a more suitable fOrm:‘f/ﬁf i

version as shown in the next section,

We thus obtain:
R(a5 3,2,05 +) = [0 /(] { (elos 2,05 1) - glas b2; 1y, )
+ e(n; 6,25 t) g(n; 3,13 t) - g(n; 7,2; t) g(n; 2,15 t)

- [6/(2+3)] [( (1/%) - ((n+2)/t) g(n; 3,15 t)

= ((1/%) - ((n+2)/t) &(n; 5,2;t))/(n+2)

+ ((1/%) - ((2n+5)/(2t)) g(n; 6,25 t)) g(n; 3,1; t)

- (/8) - ((a43)/4) glng 7,25 ¢)) g(n; 2,15 t)] } .
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All terms involving t as a factor and the constant terms not in-
volving integrals can be seen to vanish. This holds true in the general

case, Upon simplification we get:

-3t L
(5.k) R(n; 3,1,05 t) = [e  /(n#4)] { [(2n+5)/((n+2)(n+3))]a(n; 2,1;t)
- [1/(n+2)] g(n; 4,2; t) - [1/(n+3)] g(n; 5,2; t)
+ [(bn411)/(2(n43))] &(n; 6,2; t) g(n; 3,15 t)

- 2g(n; 7,23 t) g(n; 2,15 t) J.

5. The Density Function or u(®)
The uniqueness property of the Laplace transform will allow us now

to obtain the density of U(p) using (2.9). The density may be written:

.
(5.1) £(u) = C z k, vy R(m3i,e.eig;u)
' 8 p p-l 1 p

% : ,
vhere R (n; ip,..., i3 u) is the inverse Laplace transform of
R(nj lp,...,l s t). |
. %
We will illustrate the method of obtaining the. R functions with
the help of R(n; 3,1,0; t) in (4.k4).
If we denote the ivnverse Laplace transform of - g(n; a,b; t) by

" .
g (n; a,b; t) we see that

bn+a

g (n; 8,b; u) = 1/(1+u/p)
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Also the function whose transform is g(n; a,b; t) g(n'; a',b'st) is

given by the convolution o ,
* *
(5.2) g (n; a,b; u) * g"(n'; a', b'; u)

where * denotes the convolution operator. We may write (5.2) as:

u ,
dx
(5.3) h(nsn'; a,a'; b,b'; u) =J- bn+ta b'n'+a’

/o) (+(ux)/pt) :
Then rom (h.4) we find:
(5.0) K5 3,0,05 ) = [3/ ()] L (i) (o) (43001 6o 2,25 w)
- [1/(n%2)] €7 (05 4,25 u) - [1/(n43)] &"(n; 5,2 u)
+ [(4ne12)/(2(43))] Bln,ns 6,35 2,1 u)
- 2 h(n,n; 7,2; 2,13 u) } .

(5.4) may be further simplified by using the expression below which is

obtained by integration by parts.
h(n,n'; a,a'; b,b'; u) = [b/(bn+a)] (g(n'; a',b'; u) - g(n; a,b; u))

+ [b(b'n'+a')/(b"(bn+a) )] h(n,n'; 'a-l,a.::'+i; b,b%;u). |
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Finelly upoﬁ simplification we have
R(n; 3,1,05 t) = [1/(n+h)] { El/((n+2)(nf3))'l s*(n; 2,15' u)
- [Y/(m42))6" (n5 4,25 w) - [1/(243)] &*(n35,2; u)
+ [2/(n43)] g (n; 6,25 u) + [3/(2(n+3))'J h(n,n; 6,3; 2,1; u) } .

*
In calculating the R functions it should be noted that

* - _ *
R (n; BB ysee sy u) =R (n+al; 8,850,035 u) ,

where we may take O < &y < a, € 4es < a.p < mtp-1, so that the only R*'s

which need be determined are those with a, =0,

%
R for p =2 can be written as:

i
B (1,0) = [1/(nr1+1)] { ¥ o, (n) g(nser, 1;u)

| i
- -C ;1 du(n)) g(n; i+3,2; u) }

2-1

Cvhere o (n) = I {(n+k#1)/(n+i#1-k)} if £>1 and a,.(n) = 1.
i4 k=1 0 Tl

% ,
R for p =3 can be written in the form:
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i-2 .
(5.5) R*(n; i,,j,o; u) = [1/(n+i+1)] { z aijz(n) g*(n; 4+2,1; u)
4=1

1 2
+ ) Byyy(n) g%(n; 4 + 5 + 2,25 )
£=1

+ Yij(n) h(n,n; i+j+2,3; 2,13 u) } for i > 2.

If i =2, the last two terms are obtained by substituting 2 for i, but
the first term becomes aen(n) g*(n; 2,13 u). The coefficients
aiu(n), 'Bijg(n)v and Yij(n) for 1< j<i<7 are presented in Table
l.2. These provide the density function of 'U(3) for m = 0(1)5.

%
R for p =14 can be expressed as;

(5:6) K(n; 1,3,5,05 u) = [3/(wri+1)] { ey (n) €¥(ms 2,15 w)

it+j-2 i
+ Z Sijkz(n) gf(n; k+g+2,2;5 u) +Z yiju(n)h(n,n; 4+4,3; 2,15 u)
=] £=1

* 8y 43(m) B(n,n; 143,54435 2,25 u) }

The coefficients involved in (5.6) are given in Table 1.3 for 1<k<j<i<s.

These terms provide the density function of U(h) for m = 0,1 and 2.
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6. The Distribution of U3’ ang yl¥)

The distribution function of U(P), say, G(z; p,m,n) = P(U(p)s z)
may be obtained from the density function (5.1) upon integration. We

have:

Z
(6.1) a(z; psmyn) = CZ K ey Jl R (n; ip,...,il; u)du.
s P 1% |

The distribution functions of U(P) for p=3 and 4 are thus seen
*
to be obtained by the integration of g (n; &,b; u) and h(n,n'; a,a';

b,b'; u) with respect to u. Now

] .
(6.2) I h(n,‘.‘xll’; a,a'; b,b'; u)du
0 "‘z_»,,‘

= [b'/(b'n'+a’-1)]{[b/(tn+a-1)](1-¢" (n; a-1,b; z))
- h(n,n'; a,a'-1; b,b'; z)J.

(6.3) is obtained by interchange of the order of integration. Finally,
evaluation of h(n,n'; a,a'; b,b'; z) makes use of the following method.

Ir

z dx

(e+x)® (a-x)%

P(Zi P>q,c,d) = I
0

where p and q are non-negative integers, ¢ > 0 and d > z then



(6-4) P(25 ,a,e,8) = &) { 1n (142/c) } - B, { 1n (1-3/a) }

-Z 1-1 { - i-l J' Zj-l {(dz)al - d‘]'j--l}

i=2

where

A=l i (a+£-1)1/L1! (c+)%*] ana By = [ 91 (p+4-1)1/C31 (c+a)P™1,
£=1 £=1

(6.4) is obtained by using partial fraction expansions. We can then

write:

bnta b'n'tal!
h(n,n'; a,a’; b,b*; z) =1 b' P(z; bn+a,b'n'+a',b,b'4u),

where we take bn+a and b'n'+a' to be non-negative integers.
*
The integrals of the R functions involved in the distribution of
U(p) for p=3,m=0(1)5 and p=14, m=0, 1 and 2 are provided in

Appendix A in simplified form.

T ’Con'}puta.tion of Percentage Points of U(z)J U(3 ) and U(h)

Tables of percentage points have been prepared for U(p) for p = 3,

|}

m=0(1)5andp=L4,m=0, 1and 2, for @ = .10, .025 and .005, and

n

5 (5) 80 (10) 100 using the exact expressions discussed in the previ-
ious sections. Further, the percentage points of U(2) using the formila
for the distribution found in [17] or [38] are presented for m = - .5

(.5) 5 (5) 50 (10) 100, 130, 160, 200, for a = .10, .05, .025, .01 and
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.005, and for n = 5 (5) 50 (10) 100, 130, 160, 200. These computations
(as well as those described throughout this dissertation) were carried
out on the CDC 6500 computer at the Purdue University Computing Center
using double précision arithmetic. The percenta.ge'_' points are given to

five significant digits in Tables 1.4 and 1.5.

8. Approximation to the Distribution of U(P)

Pillei [28], [29] has suggested an approximation to the distribution
of U(p) which involves an F-type (Type II Beta) distribution with the
first moment of the approximate distribution being the same as that of
U(P). Here we propose two similar approximations by fitting the first
two moments and the first three moments of U('P) respectively to an F-
type distribution.

The density function to be used in the approximation has the form:
. a a+l b
(8.1) f(x) = x /{B(a+l,b-a-1) K (1x/K)"}, 0<x<= ,

The distribution can be expressed as the incomplete beta integral Iw(a+l,

b-a-1), wvhere w = x/(x+K). (8.1) has the first three central moments:
B, = K (at1)/(b-a-2),

bpp = (K2 (1) (b-1)1/[ (b-8-2)°(0-a-3)] ,

and

ey = [2K3(a+i)(b-1)(a+b)]/[(b-a-253(b-a-3)(b-a-h)] .
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The first three central méments of UP) are given in [32], [38) and are:
By = p(21§4'p+l)/ (2n) ,
by = (o (2mtp1) (2ns2ntpi) (2n4p)]/ [’ (n-1) (2041)]
and
by = [p(amm@ﬂ)(am+p+1)(zm+an+p+1)(n+p)(2n+p)3/[zg3(g-1)(n-e)(n+1)(an+1)j.
Pillai's approximatiom () with on.e moment fitted yields

& = 3 p(2mip+l)-1, b = % p(2m+2n+p+l) + 1, and K = p.

P
.,(‘,';‘ .

By setting ”‘Fi = h, and bpo = ko @nd taking K = p, we find the paras % -

'meters for approximation A2
o= Dy 2) + iy 200/ 2 wy)
and
b= (b (g + p)° * By Ho *+ 2p ual/(p Bo)

Finally equating the first three moments Yields the parameters for approx-

imetion A3:
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a = (a‘l 3“2"'3-"1 2”'3 - ﬁ*lplaa - “2"'3)/(“2“3“&]}"22 = By 2'“3) s
b= [(a42)(243) = %up] / [(a#1) = P,

and
K = p,(b-a-2)/(a+1).

Tables 1.6 and 1.7 indicate the accuracy of the three approximations
Al, A2 and A3 The percentage points for p =3, m = O and 3, and p =14,
m=0and 2, and for « = .05 a.na .01 were calculated for various values
of n wusing the exact and approximate distributions. It can be seen that
the approximations A2 and A3 are considerable improvements over
Pillai's original approximation A, as is to be expected, with A, gen-
ére.lly better than A2. A3 provides about three significant digits ac-
curacy in the percentage points for n 2 10, In some cases nz>5 is
suffiéient for this accuracy. A2 provides the same accuracy for n
slightly larger, usually around 10 to 15. A, does not provide this de-
gree of accuracy until n is at least 4O, and often n needs to be
much la.rger; It has also been observed that the distributions associated
with A1,~ A2 and A3 closely approximate the distribution of U(P) not
only in the upper tail but throughout the entire range of U(p) to the
same degree of accuracy mentiomed above for the rercentage points. This
inference hé.s been based both on the study of percentiles as well as prob-
ability comparisons with the agreement in both cases being about three -

places or more. Thus the distribution function for A3 provides a good
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approximation to the exact distribution of U(P) for n > 10 and for

the whole range of U(p).

9. The Non-Null Density of U2)

For p =2 the non-mull density function 6f the characteristic roots
(e §= )‘i/ (1) i) s i=1,2) of the matrix involved in the three different
tests mentioned in Section 1 can be expressed in the following form using

zonal polynomials up to the sixth degree [20], [21], [35], [36]:

3 2 5 3
(9.1) k{1 +4; a; +Z ) Ais 244 +) Z Aig 25

b
+ ) Bos 3gg * o} 8" [(1-8)(1-0,)1" (8, - 0))
§=1

3
o

0<8,<86,<1,

~ b ] Iy
where &y = 91 + 92 and 8, = el 02, the &y 3 s are functions of ay and

ass and K and the Aij's are constants which depend on the non-null

parameters of the hypothesis being tested. Expressions for K, a.i j

and

Ai,j are available in [21].

Now U(z)_ =i ei/ (1-ei), and we proceed as before to take the
i=1 S

Laplace transform of U(z) with respect to (9.1). Thus

| . |
plexp (-4 02)) =x [ [exp(-t T o,/(1-0,))7 (2,,0,)
' 4

i=]

aa"‘[(l-el)(l-ea)]n (6,-6,) a6, ae,,
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where R = {(91,92)| 0<8,<8,<1} and Fl(al,ea) is the summation

. in the braces in equa.tion' (9.1). Upon making the change of variable

X, =1=8,,%=1-8

we have the transfom of u(2) as

. _ 2 ’
(9:2) & k[ [ exp(-t ) a7hIm, 0 )0 (1)) (Lo, ) i )P o, )
R d=1 .

¥
where R = {(xl,x2)|0 < x, <x, <1},
Fplxy ’x)‘l”‘ Z Z Ays iy ZZ Ajy iy
_ im2 j=1 i=h j=1
4
+z AGJ C6J. T oeee
5=1

' =9 o - = (1- - a1
where ¢, =2 -x - X,, ¢, (1 xl)(l x2) and the Sy s are the same

T
functions as the a.j_;j s if we replace ay and &, by ¢y and c, re

spectively. (The cia.'s may be found in Appendix B in terms of d, =
Xt Xy end 4y =x) x,0) |
s . m, . n '
As in Section 2, we write [(1 xl)(l ~X5)] (xlxe) (xz-xl) as a
Vandermonde determinant and expand (l-xi Y, for m a non-negative in-

teger, in & bincmial series and (9.2) becomes:



m m :
(9.3) .62 x ¥ T (™)) Hexp(-tz %), (%, %)

r=0 8=0 A i=1

D(n+r+1, n+s)d.x:L dx,,

vhere | B x2q2 xqu
D( »a. ) (12 q
2 A Sl

(9.3) can then be put in the form

et & Z 2 (2R D™ Lr,8; +)

r=0 s=0

where L(r,s; t) is obtained by replacing 1 with R(n; r+l,s; t), c

iJ
with ‘l’ij(t) and -¢; with Yl(t) in Fz(xl,xa) vhere
2
_ -1
Yﬁ(t) = ‘\'j exp(-t z x; )c:i.;j(xl’x2) D(n-i'r+1,n+s)dxl ax, .
t i=1 ) .

To determine the ¥, (t)'s, Wwe make use 6f the following lemma due to
Pillai [33] on the multiplication of elementa.ry synnnetnc functions and
Va.ndermonde detem:x.nants.

Lerma 9.1: Iet D(gp, &) l,...,gl), 8; 2 >0, =1, eeuy D, denote the

determinant
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Dey gy q50e0s8) = |

If 4, (r < p) denotes the B elementary symmetric function (e 5 T)
in p x's, then

(9-1‘) d-r' D(gp’gp-l"“’gl) = Z'D (g;)’ 35_13“"81'.)

where g5 = gj +6, J=1,2,...,py 8§ = 0,1 and £' denotes the sum over

the ( P ) combinations of p g's taken r at & time for which .r indices
' = ¢ >such that 6 = 0,

& = &

dr dk D(gp’ gp-l"”’gl) =z D(K;’ gp:l’”."gl")’

where h < p, gj" = ga! 6, J=1.00, P, 6 = 0,1 and £" denotes summation

over the ( 1; X 111, ) terms obtained by taking h et a time of the P g's

in each D in E' in (9.4) for which h indices gg = g5 + 1 while forv
the other indices gg = g‘_i .

v
{
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(iii) (dr)k (dk)!’ D(gp, gp_l,...,gl),(k, Lz 0) can be expressed as a
sum of ( f )k ( }1‘;' )‘9 determinants obtained by performing on D(gp,gp_l,
...,gl) in eny order (i) k times and (i) % times with_i = h,

Howevér, if at least two of the indices in any determinant are equal,
the corresponding term in the summation vanishes. ..

As & simple consequence of Lemma 9.1, we see that

| . .
(9:5) 0" Degogy) = ) (5)D (g, + 3, g + 5e)
| oo

and

(9.6) a,t D(gys81) =D (g, + 4, &) + £).

To illustrate the procedure for determining the ¥, j (t) functions

we consider Yzl(t). First we note that

, 2
ey = 8 - 8dl + 3c1l - l+d2.

Now using (9.5) and (9.6) we have
¢ 21 D(ep:8;) =8 Dle,,6,)-8 D(g,t1,e,)-8 D(gy>8,*1)
* 3 D(gy*2,8) + 2 D(gyt1,g,+1)43 D(g,,g *2) .

1
i

. |
By taking & = ntr+l end g, = n+s, we can write Yal(t) as:
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Y21(t) = 8 R(n; r+l,s; t) - 8 R(n; r+2,s; t)
- 8 R(n; r+l, s+l; t) +3 R{n; r+3,s; t)
+ 2 R(n; r+2,s+1l; t) + 3 R(n; r+l,s+2; t) .

The Y functions are given in terms of the R functions in Appendix C.

Finally the density function of U(2) is obtained by inverting the
R functions as done in Section 5 to obtain the R* functions. The
density function of U(Z) iss |

m m
(9.1 2w =% ) Y (2)()(-1 {&%(ns r+1,55 u)

r=0 s=0

. 3 2
Ay () +Z Z Agy ¥y ()
i=2 j=1

5 3,
+) Z Ay ¥y () +
deh j=1

L
Z A6j YZJ (u) +ooo}
ok § 2

J

* *
where Yi;] (u) is obtained from ‘i‘ij(t) by replacing R by R .
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Table 1.5. -Uppgr a Percentage Points of U(3)
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.68529 .83323 .97950 1.12k6
56819 .69057 .81152 .931kk
48523  .58957 .69265 .T9L82
.b23h0  .s1k32 .60412 69312
.37554 L5610 .53565 .61hL6
-33739 .ho9T71 .48111 .55183
.30628 .37188 .L3664 50078
28041 .3hO45 .39970 .45838
25858 .31391 .36851 .L2258
.23990 .29121 .3%18%k .39198
-22373  .2715T .31877 .36550
.20961  .25441  ,29861 .3L238
18611 .22587 .26509 .30391
16735 .20308 .23833 .27322
a = ,025
p=3
2 3 L 5
5.1996 6.2904 T.3737 8.4521
2.2817 2.74L8 3.2031 3.6577
1.4505 1.7408 2.027% 2.3113
1.0615 1.2724 1.4802 1.6859
.83668 1.0021 1.1649 1.3260
.69029 .B2629 .96011 1.092k
58Tl ,70290 .81643 .92858
.5112k  ,61153 .T101k .BOT46
.b5252 54117 .62827 .T1het
40589  .48531 56332 .6L031
.36797 .43990 .51053 .58023
.33653 .Lk0226 .L6679 .S304T
-3100k  .37055 .L2995 48855
.287h1  .34347 .398L9 45276
.26786 .32007 .37132 .42186
.25080 ,29966 .3uT762 .39491
.22246 ,26577 .30826 .35016
.19987 .23876 .27691 .31451

0

(%)

and U .

p=1U

1

2

3.1949 4.3113 5.1454
1.5170 2.0366 2,5485

.9910k
.73534
.58438
48479
.b1418
.36152
.32073
.28821
.26167
.23961
.22098
.20504
.19124
.17918
.15911
.14309

o

L, L223
1.9559
1.2477
.91499
.T72209
.59628
50776
L4012
.39149
.35127
.31853
.29138
.26849
.24894

.23203

.21728
.19277
-17323

1.3280
.98k436
.78180
.64831
.55372
.48320
.heB61
.38510
.34960
.32010
.29519
.27387
.25542
.23930
.212k9
.19107

p=1
1

5.8326
2.5623
1.6308
1,1945
.94205
TT756
.66192
.57621
.5101L
L5765
k1496
.37955
.3k970
.32421
.30218
.28295
.25101
.2255)

1.6593

1.2290
.97558
.80872
.69056
.60250
53435
48005
43576
.39895
.36787
.34129
.31828
.29819
.26475
.23805

2

T.2228
3.1567
2.0052
1.4673
1.1564
.95411
.81198
. T0667
.62553
.56109
.50868
.h6523
.Lk2861
.39733
.37031
34673
.30756
.27?3h

k1



Tarlo 1.5. (Continued)
a = .005
p=3 )
n® 0 1 2 3 4 5
54,2391 5.7062 T7.1391 8.5541 9.9592 11.35k
10 1.7401  2.3122 2.8655 3.4083 3.9445 4. L761
15 1.0830 1.4329 1.7696 2.0988 2.4231 2.7438
20 .78457 1.0359 1.2771 1.5123 1.T7k36 1.9720
25 .6147h  .81071 .998k1 1.1811 1.3604 1.5376
30 .5052k  .66578 .81933 .96866 1.1151 1.2596
35 .L2880 .56475 .69463 .B2084 .9kks2  1.0665
4o .37243 k0031 . .60284 .71212 .819310 .92L4TO
k5 .32915 .43320 .53246 .62879 .72308  .81594
50 .29488  .38799 .u47678 .56291 .64T722  .73023
55 .26707 .35133 .h3164 .50952 .58572  .66063
60 .2LLkohk  .32099 .39%430 46537 .53493  .60322
65 .22468  .295h7 .36291 k2826 .49210  .55498
70 .20816 .273T1 .33614 .39663 .4s576  .51388
75 .19390 .25494k .31305 .3693% .42437  .h78L45
80 .181k7 .23857 29293 .34557 .39699% 758
90 .16084  .21143 .25956 .30616 .35169  .39643
100 .14443 18983 .23301 .274B1 .31566 .35576
Table 1.6. Comparison of Three Approximations to the Upper
Percentage Points of U(p), p=3andk.
P=3,mn=0
5% Points
n Al A2 A3 Exact Al
52,3284 2,5311 2.506k  2.4959 3.1473 3
10 1.1102 1.1564 1.1562 1.1540 1.4432 1
15 .727hl  .ThT23  LTHTTT  .TW702 .93288
20 .5h069 .55162 .55207  .551Th .68865
30 .357T17 .36192 .36218 .36208 J4517h
4o .26663 .26927 .26943  .26939 .33604
50 .21270 .21438 .214hkg  ,21kk7 .26750
60 .17691 .17808 .17815 .1781kL .22218
80 .13237 .13302 .13306 .13306 .16594
100 .1057h .10616 .10619 .10618 .132h2

p=1b

0 1 2
6.0986 T.8971 9.6669
2,4737 3.1758 3.8619
1.5349 1.9654 2.3846
1.1107 1.k4205 1.7215

.86980 1.1116 1.3462

.T1463  .91292 1.1051

60640 .TTHL2 .93710
.52662 .67238 .81342
.u6538 .59409 .T1857
.41689 .53212 .64352
.37755 .48185 .58265
.34k9g 44026 .53231
.31761 .L0528 .48996
.29h24 37545 45386

L2708 .34970 L2271
.25651 .32726 .39556
.22735 .29004 .3505h4
.20415 .26042 .31L4T71

1% Points

A A

2 3

.5804 3,6951
.5321 1.5623
.96959 ,98252
.70852 .71559
.b6023  .46326
.34072  .3b239
27046 .27151
.224k21  .2249)
16707 .167L48
.13314 .13340

Exact

3.6581

1.5581
.98145
.71518
46316
.34235
.27150
.22493
L16ThT
.133k0



5 5.1093
10 2.3850
15 1.5u488
20 1.1L455
30 .75264
ko .56025
50 .4ké15
60 .37064
80 .27689

100 ,22099

"5 3.4776
10 1.658)
15 1.0867
20 .807T7
30 .53359
ko .39833
50 .31776
60 .26430
80 .197715
100 .15797

5 5.8164
10 2.7410
15 1.7870

20 1.3246
30 .87232
ho .6501h
50 .51812
60 .43066
80 .32194
100 .25704

Table 1.6.
Pp=3
5% Points
A2. A3 Exact

5.4501  5.4723  5.4373
2,4651 2.4700 2.46L0
1,5818 1.5845 1.5827
1.1633 1.1649 1.1642
.T6019  ,76090 .760T0
56440  ,56480  .56471
-4L8T6  .hlhgo1  .LLB9T
3724k 37261 .37259
27789 .2T7799 . .27798
22162  .22168 .22168

p=4,

3.8348 3.8146 3.7913

1.7383 1.7419 1.7377

1.1207  1.1230 1.1217
82644 ,82786 .82732
.54169  .5h237  ,s5kopy
40282 .ho321 ko315
.32062  ,32087 .32083
.2662T 26645 ,26643
.19885  .19895 .1989%
.15867  .1587h 15873

p=4,

6.3526  6.3433  6.2964
2.8548 2.8631 2.8558
1.8342 1.8384 1.8363
1.3501  1.3525 1.3517

.88323  .88L428  .8BL0S -

65615  .65673  .65663
52192  ,52228 52224
43327 43352 43349
-32339  .32353 .32352
-25797  .25806  .25805

(Continued)

»y B =3

A

6.5800
2.9285
1.8691
1.3701
.89200
.66088
.52479
43514
.32530
.25845

m=0

4. 4646
2.0579
1.3324
.98442
.64628
48094
.38294
.31811
.23764
.18965

m= 2

T.2646
3.2927
2.1168
1.5577
1.0183
.T5606
.60115
49890
.37223
.29685

1% Points
A Ay
T.3703 T7.611k
3.0762 3.1258
1.9275 1.9465
1.4009 1.43107
.9047T .90866
.66781 .66987
.52912 .53039
.43810 .k3896
.32593 .32640
.25948 .25977
5.1839 5.3980
2.2039 2.2532
1.3925 1.k127
1.0169 1.0277
66012 .66L6L
48857 k9103
38776 .38930
.32143  .32248
.239L48 .24ko0T
.19083 .19120
8.3276 8.6636
3.4960° 3.5626
'2.1982 2.2236
1.6010 1.61k0
1.0364 1.0416
.76593 .76869
.60735 .60905
.50315 .50430
.37459 .37521
.29834 .2987k

_ Exact

T.5217
3.1187
1.9452
1.4103
.90860
.66986
.53039
13898
.326ko
25977

5.3339
2,247k
1.h11h
1.0272
.66455
.49100
.38929
.322L8
.24006
.19120

8.5540
3.5550
2.2222
1.6136
1.0416
. 76869
.60905
.50430
37521
- 29874

43



CHAPTER II

THE MAX U-RATIO TEST OF EQUALITY OF COVARIANCE MATRICES

1. Introduction and Summary

Let X5 (px1) be a random sample of size n,+1 from N(Ei’zh)’
i=1,...,k. Let Ei’ i=1,...,k, be the sample sum of products (S.P.)

matrix defined by

ns+1
S, = cyo= X ) (%, -x, )0
S5 (x; 5 fh)(fia X )
j=i1
By
where X, = fij/(ni+l)' To test the hypothesis HO:EJ_=...=§k
. 1 _

j=
we proceed in the following manner. First divide the sample from the

ith population into two independent subsamples of size n

l,i+l and
n2,i+l’ such that nl,i+l + n2,i+l = ni+l, and»calculate El,i and EZ,i
from
+
Lt ) (8
N\ - =4

j=1 |

where §i§2) is the jth observation from the Lth subsample from the ith

population and EﬁZ) is the mean of the zth subsamplé from the ith

population. Now let

-1 .
(1.1) U, = n s41 tr fz,i El,i+1 /nz’i s i=1,...,k-1,



L5

and

-1 . R
D) x tr f’.l,l fz,k /n_l’l , ifk>2,

-1
21,1 % S0 Sl,l/n2,2

Uy “l{

, if k = 2.

(Note that the definition of U, does not agree with the previous Chapter.
Omitting the upper suffix is of course a notational change.) Next com-

pute the statistic

R, = { max  U;}/{ min U},

gige U Igick

the max U-ratio statistic, and reject Ho if Rl>cc¢’ where €y depends
upon the subsample sizes, the original sample sizes, the number of varia=

tes and the level (&) of the test.

If we ha.ve" 2k populations and have prior knowledge of the equality
of pairs of covariance matrices, i.e., E'ai-l = &i’ i=l,...,k, then to
test the hypothesis Hg: El = oees = ,2.:21:’ we consider the statistic based

on 2k independent samples:

B = {12; Ui}/{lnéji_gk Ul

S .
(1.2) where Uy =15, tr fzi §21+1/n2i. s 1= 1,...,k1,

and ‘ -1
%ktrifzk/nl,ifk>2 R
Uk={

nl'tr'f)} f’,{l/nh , if k = 2,
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end S, J = 1,...,2k, is the S.P. matrix of the §® population. Again
H0 is rejected if Rl > c;.

Here we will consider the exact distribution of the ratio of the max-
imum to the minimm of two U statistics for p = 2 vhen the U s.tatistics
arise _i‘rqm samples of the same size., Also to be .considered is a.ti approx-
imation to the distribution of the max U-ratio employing the F-type
approximation to U(p) introduces: in Chapter I. A comparison is ma;de
between the exact and approximate percentage points. Percentage points
have been tabulated for selected parameter values. The non-mull distri-
bution of Rl for k = 2, p =2 in the identically di‘stribtrbed case is also
consid,erec_l by using the non-null ciensity funct;an of U(p) obtained in
Chapter I. | |

Before we proceed ﬁth investigation of the distribution problems

involi(ed here, a short discussion of the rationale behind the mex U-ratio

test will be undertaken.

2. Preliminary Remarks

The max U-ratio test introduced here is based on the mlion-inter-?
section approach to hypothesis testing due to Roy (see [hoj). First let
us consider the subsampling scheme and define the U;'s as in (1.1). We
- see that each Ui may be used to test the equality of a pair of covariance

matrices, namely L, =%, ., if i + k, and I, =5, if i =k Now if

~l ~L
. . . l
i 4 j, the ratio Ui/U' will simultaneously test I, =a; j~1+1( 4] =
-1
8551 I) and EJ = 8y ~D+1 (Z‘. ,.J+l"a I) fori,.j=|=k end if i or j

is k, ‘the appropriate equality is replaced by i P J(B& =8,

The introduction of the constant a. becomes necessary vhen the ratio

ij

of the two U statistics is taken, and the a disappears in consideration

ij



k7

of the distribution problem. Now the pair of equalities given above
. = -1
Vields B T T % Ba -

Now if Qij = Ui/Uj, i % J, we see that
Uiy /Uy = L/max Q. =min Q. < Q. , <max Q,, = Uy /U
where U(l) < U(2) L eee £ U(k) are the ordered ;. Thus all ( g )
possible ratios of pairs of Ui's lie between l/Rl and Rl(=U(k)/U(l)),
and we can use Rl to simultaneously test the equality (up to a mul-
tiplicative constant) of the pairs of covariance matrices (&,E),
(3,,53),..., (5’5:) and equivalently determine if there are any diff-
érence$ between all possible pairs of 5551’ &Egl,...,ﬁgl.

To illustrate how thesé tests lead to the equality of all the co=
variances matrices, we consider the case of k = 3. If Rl < Cop? we See
that by taking all possible ratios of Ul’ U2 and U3 the following equal-
ities _hold: EJ- = a., §2 and E‘z = 8y 53, E’Z = a.23‘§3 and §1=a23§3,
5__= a.l3 EZ and '7:‘:'_ = a.13 33, and 2 similar set of eqya.tions with a‘;ji

replacing a'ij which we do not write since a 34 = a’i;j' By using these
three equalities it is easily seen that: (1) 81p = 8p3 = 83 =1 and
(2) 5_ =5, = §.3 The same conclusion is also reached if we comsider the
equivalent equalities cbtained from above, namely %'1 = I, 23'1,

-1 =1 -1 -1 . . eas
2’253 =Z‘1§3 and EIZ:Q =§1§3 . So if Rl is not significant,
we can conclude that the covariance matrices involved are all equal.

Although the above discussion centered on the subsampling scheme and
k = 3, similar arguments will hold for the case when we have prior know-:

|
ledge of the equality of pairs of covariances matrices and also for ar-

bitrary k.



3. An Alternate Expression for the Density of U(2)

In order to consider the exact distribution of the max U-ratio for
P=2and k = 2, we will derive an expression for the density function of
(@) _ -1 .
U = tr El 52 s where ii is an S.P. matrix m@ n, degrees of freedom,
for m = (nl-3)/2 an integer. The joint density function of the charace

teristic roots of El §2-1 for p =2 has the form (see (2.1) of Chapter I.):

£(hh,) = C(a,ﬁ,n) A xam/{(lﬂl)(1+x2)}m*n+3(12-x1)

vhere 0< }‘l < 12 <eandn-= (n2-3)/2. )

Now let U = }.1+x2 and G = 1112 to obta.in:

| n _\In+
£(u,g) = €(2,m,n) g%/ (Liurg)™™*3 |

T  O<u<e,

2
0< g<u/k.

Next assuming that m is a non-negative integer, in order to inte«.
grate out g we use the following result which is obtained by integration
by parts: »

‘ob
[ x%/ (@) ax

a

9-1
= @Y ca,1)a% Y (asa)PriL a1,
i=0

(an)Pi ]

where q is a positive integer, d > 0, 0a<b<ae,



. i
a'ndc( P9Q,O) =1 ’ c(p,q,i) =J“I¥1(q-j)/(P-J-l), i>o.

Thus we find

c(2mn) B (Pt
3. f ) = - . 5
( l) (u) min+2 (am/(lm) ' 2__:0 cl (l_m/a)2(m+n+2-i) )

where c; = c{a,m,i), q = m+n+3.

4. The Exact Distribution of R, for p=2 and k =2,

Let U](_z) and Uz(a) be independent identically distributed random
variables having the density (3.1). Let U(l) and U(2) denote the

(2) (@) . . . ‘.
ordered Ul and U2 .- Then the joint density of_U(l) and U(a) is:

- Hlu) v)) = 2 fug)) tlug)

Now let Z = U(l)/U(a) and T = Ui2)* (Note R,= 1/Z. We will consider
Z = 1/R1 for convenience throughout.) Then

_ 0
0(2:m3n) P + .
flz,6) =2 (- { ¢
’ mn+2 - (l+zt)n+2(l+t )n+2_.
‘m
- . 2m-2i+1,
‘ nm-i t
- mz c.l./ b

i=0 (1+zt )n+2( 14t /2)2(m+n+2-§

z2m-2:‘. 2m=2i+1

%
(1+6)M*2 (142t /2 )2 (mH0¥2-1)

- .
= cmz 01/ L

i=0
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o = _ h&n—i-: 3 | ,2m=21 1+m--23.-2,] +1
+iZno jg.o cicj/ l+Z't/2 )2(m+n+2-17 (1%/2)2(m+n+2~j ) } y

In order to integrate out t for 0 <t < o,'w"e' make use of the
following lemma.

Lemma 4.1l: Let a > O and q+r >p+l. Then

tP - L oororsan” i
(h & j.o (1+zev.t)g}f(:l-i-zt)r i apil izo ( i D) Bl pa)Qea/e)

for 0« z < 2a,

£P dt X' £Pat

Proof: j = i
= 0 (1+et)4(1- (a-2zt )/ (1+at))T

0 (1at)d (14gg)T

oY - y ("')(-1)1(‘1'9—) at

0 (1+at)¥'T o 1+at

Now let x = at/(l+at) and interchange the order of integration and sum~

mation to obtain

p+l 2 (77 -1 (1-z/a)1j £ x)q-l'r-p-z
i=0

Thus (L4.1) becomes

=T ) (1D Blers qsrp-1)(1-z/a)t,
¥ i=0




From the condition for convergence
-1<-1i%2&<_1 ; forallO<t<m,

we have: 0< z < 2a,

Then using Lemma 4.1 we obtain

. | |
2(z) =2 (HBRRY (o BT =(m2) )03 giyn pnip)(1o0)k

min+2 k=0

n Ld .
“hey ey ) OB ) p(a(aesan) ek, ueh) (1-22)
i=0 k=0

n ©
Sy ) oW SPEL Y (Rl 3K g atmes 1), 3n0h)
i=0 - k=0 (1-2/2)%

n n

+hy ) oy ey 2RELY (RRD)) g o on s 5a1) sk, bue6)
i=0 3=0 k=0 i

0<z<]l,

_ Then

(4.2) P(Z < x) = _\‘x £(2)dz
. . 0

- 2(0‘2,m2n2>2 { °m2 i ( -(nl-l;2) )(-l)k

min+2
k=0 (k+1)

m -
2c, ) ey Y ('(nf))(-l)k B(2(m-1+1)+k, 3044 )[ 1~ (1-2x) T*Y/ (k41)
1=0 k=0

51

»a(k+2,2n+2)[1-(1-x)k+1]/
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- 2
o Z '2“““"*2'”>< R T R
. Y .

E
o
gl\/lﬁ

m m -
£Y L esey y, (RO K gla(onatoge1 ot bnse)
i=0 j=0 k=0

Ix/222m92i(l_z)k N
0

(4.2) is then the distribution function of 7 from vhich the dis-

tribution of Rl is found by using F'

P(R; <x) =1 - R(Z< 1/x).

5. An Approximation to the Distribution of R, '

In Chapter I approximatiocns to the distribution of U(p) were cone-
sideved. They were obtained by fitting the exact moments of U®) to
the moments of an F-type distribution. The form for the approximating

density function is:

£(u) = u/{ (a+l, v-a-1) ' (14u/K)P)

O<uc<e,

By assuming that the U statistics have this epproximate distribution, we

will proceed to derive the distribution of 1/Rl.
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In general let U,,...,U; be independent having density functions

! 2+l by
f(ui) = ui /{B(a’i+1 ’bi"a'i'l) Ki (l-*‘ui/ki) - },
. 0< ui <o 3 is= 1, o - ’ko

Let y, = Uj_/]:ii > where h, > 0. Then

| -1 8, +1 a.i' b,
£(y;) = [B(a;+1,b,-a,-1)] (b, /X;) v, /(1 v, /)

O<y; < &, i= 1,000,k

1
Now let %l) < «oe <Y(k) be the ordered Y, s and let
Mi= Ri)/l%k), 1=l,...,k-l avnd t= Rk).

i

Then with the Jacobian of transformetion being -

l, simplification
yields:

k-1 a
g8+k=1"g M_o(i)

£ ,;.., ) = ¢ izl
Ml Mk-l k g v }{:ﬁl(l'l‘hw(if)/xo_( )tMi)bc(i)}(l'*' 20'§k2 t)bc(k)
' i o(k)

?

=] i

-~k ai+1 |
where C, = :151 {(hi/Ki) /B(a.i-f-l,bi-a.i-l)} ,

O<Mj<...<M ,<1, 0<t<w a=3Ia,b=3%

1’ i

and the summation is over all possible permutations o of (1,e..,k).

Ifr hl/Kl =h,[K, = «iu = hk/Kk = L, we have



a .. . o
k-1 °(1) a+k-1

=

(141t )Bc(k)

ot ) = CkX{

i=1 (1+LM ,t) P (1)

Let z = Lt/(1+It) , 0< z <1, and simplify to obtain

0(1) .
. ) etkel . \bea<k-1
i=1 (l-(l—M ) ) 0(1) }z -z)

f(M:L, oo sMk l’z) = CKZ{

where Ck = 1/{ H B(a. +1,b

i=] i-a‘ -l)}

=b .. .
Now expand (l-(l—Mi)z) a(1) in a binominal series to get

, ' k-1
e Y Y ey {n & o(a))(-l) *"(1-M X M, "o(3)
o iltO ik- =0 .
k-1 -
za.+j§1 i j+k-l(l_z )'b-a.-k—l

Integrating out z yields

20y 1) Y Y..y O o) EIRRE RO
J=1

o] 11—0 lk 1-0 3
kel

B(a+ z 1, +k,b-a-k)
J=1
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To integrate out M2 sees ’Mk-l’ where M1<M2< . .<Mk_l<l', we need to
evaluate ' |

Lol ikﬁl“"(")(”)jl% d'Mkl
M M, =2

The first integration yields:

1
IMk-é -§k Y- 1) e My \
- i . & -
_ .[: Me-2 S EL oy folkel) o
1Mo
= 2 <G(k-l)> (-1) %L I 2 y R
ik- b1t
= 2 ( G'(k"l))( ) k-l (l Mk-2 w ' .
4 =0l leatheat

The series is finite if a'o(k-l) is a non negative integer. We can con-

timwe in this manner to obtain
(5 l) i(Ml) =C zz -ooz z z Y('J:-" ‘&, a, b’ o, k)
- =0 =0 _ ~ o~ |
G310 i 1%0 40 by y=0 ey w1
Zli_fz 14#ic-2

=1 3=2

0, W) ,
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. a; 6 - "o(3)y 0y ) 6 )
where v(l, 4 b, o k) {nl( )(-1) } (a.+21 +k,b-a-k)

i3 =L

:152 { ( c(;j)> (-1) /0 Z (e 4 l)+j-1]}

Then

PQY, < x) = c;z z 2 z z ¥(i, )z, 8, b, o, k)
G 1)=0 1 4=0 g=0 4 -0 -
k-l k-1
c(l)ﬂ' Z 2 l,j+k-l) ‘g
J=1 J=2

. X
where B (c,d) = j 2871 (1-1)3-T 44
| 0

If k=2, but the h's and K's are different so that

hl/Kl $ ha/K2 » We can write the density of M as

(5.2) czzj. =

g O (l-lh (1)/1%(1)1"“1) °(1)(1*hc(a)/K @)% %a(2)

Using Lemma 4.1, (5.2) yields

: a2 > b | o
(5.3) £(m) = Caz Ks(2)/Bs(2)) z( i"(l))( -1)* p(ati+2,bea-2)
° 1=0 wo Y1) 0(12 a(2) 4t

By(2) o(1) T
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where a = a.ln+ &y » b = bl+b2 and

O<h (2) 0'(2)/( (1)1(0(2)) <2 y for a-ll.o,
=%<th2/(h2Kl) <2,

=K =]
If Kl. o and hl h2 we have

(5:4) 204) = ¢, % T :‘1))( -1)* B(artez b-a-eml W)y

¢ i=0

a:gd if a, = ‘a.2, bl =b,, hl = h2,K1 =K2 we get

(5. 5) 200) =2/(B(ay b -2, 1)) Z ot ) p(ais2,benn2)
i=0

8
)
Then té.kiné (5.1), (5.3), (5.4) or (5.5) for the density of M

under various conditions we ecan approximate the distribution of l/R_L

using the distribution of Ml’

6. Comparisan of Exact and Approximate Percentage

Points of Rl for k=2 and p=2

By using approximation A3 of Chapter I for the distnbution of
U(e) percenta.ge po:.nts for R1 have been computed for n =3 5and 7
a.nd various n,
(5.5). Exact percentage points were also calculated using (4.2). Compar-

in the identically distributed case by using the density

ison of the approximate and exact percentage points may be found in




)

Teble 2.1. As can be noted from this table, as n, (or n) increases,
the approximate percentage points become more accurate. This is to be
expected since it is the nature of the F-type appro#imation to U(p) to
improve as n2(0r~n) increases. Also as n, increa;es the accuracy of the
approximate percentage points increase. This woﬁl&_seem to indicate that
for»ni moderately large (around 10 or 15) the approximate percentage
points should agree with the exact ones to three significant digits for
n2 as low as 10 or 15, |

It should also be noted that the approximation to the distribution of
Rl holds fbr P > 2 and thus the thest can be used for more than the bi-

variate case by using the given aéproximation.

Table 2.1. Comparison of Exact and Approximate Percentage

Points of R, for k=2, p=2 and o= .05

1
nl=3 nl=5 n1=7

n, Exact Approximate Exact Approximate Exact Approximate
10 | 8.566  8.013 5.870 5.518 4,963 4.658
15 | 7.406 7.229 4,951 4.850 4,099 4,027
20 | 6.932 6.848 4,580 L. 534 3.762 3.731
25 | 6.676 6.627 4,380 L.354 3.581 3.563
30 | 6.515 6.483 k. 256 4,239 3.468 3.456
35 | 6,405  6.383 4,170  L.159 3.390 3.382
4o | 6.326 6.309 4,108 4,100 3.334 3.328
50 | 6.217 6.207 4,024 4,019 3.257 3.254
60 | 6.1k47 6.140 3.970 3.966 3.208 3.206
80 | 6.061 6.058 3.903 3.902 3.148 3.147
100 | 6.011 6,009 3.865 3.864 J3.113 3,112

_ 7. Computation of Percentage Points
Uﬁingw(5;5), approximete percentage points have been calcufated for
Ry for k = 2, and p = 2, 3 and h; They are found in Table 2.2. Due to
the poor ratelof convergence of the infinite series involved for certain

variations in the degrees of freedom, some percentage points were
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unobtainable. The percentage points are giw}en to three significant
digits. For p = 2 adjustments have been made in Percentage points where
exact percentage points were available. The error in the approximate
percentage points is believed to be no more than several places in the

last digit given.

8. The Non-Null Distribution of R, for p=2, k=2endm=0

The density function of U(z) under the alternative hypothesis for

k=2 (}:1 i 2:2) was considered in Chapter I using zonal polynominals up

to the sixth degree. When m = 0, this density may be written:

7 4
*
f(m’n)Yl’Yasu) = Kz z gij R (n; i+j, Js U.)
© i=1 §=0
where ql$3,q2=q3=2,qu=q5=l,q6=q7=0,the

yi's are the characteristic rootsoof 2y 52'1 end the g, j are functions
of the A, .'s and may be found in Appendix D,‘and K= ( )'3/2

'3 S Y
c(2,0,n).

Now let U, have the density f. (m, ,Yl,ya,ul) and U, have the

density f(m,n, l/Yl’ 1/Y2’ u2) Then the joint density of U ) and

(1
U(2) is given by

LeomP{) ) ey e R (m5203,35m1) R (5143 1,3 53 )
(1303037

+ R*(n;i+d,3;u(2)) R*(n;i'+d',d';u(l))]}
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Making the transformation =u,.\/u,y a8nd t = w,.\.and inte-
» (1) 7(2) (2)

gratingout t , 0<t <e we get:

f(Ml) = Le(z,0 ’n)]2 {z 2 gij gj'_';j'
| (1,3)(i',3") -

- * %
[ ] Bmsing,am ) RM@,amg7,5050)6 at
o .
S X . sttt a1
+ IO R (m3443,5¢) B (msi'437,3%30 £)6 as]}
A typical term in the integral

T @5,35053 ") = [ Ra3i49,356) B¥(nsitegt,at o)t e
. : 0 .

is of the form

(8.1) I t dt s where c¢,d are 1 and 2.

0 (144,/a)° (1442 /c)®

But (8.1) is

.2 J‘ % dt
0 (1+c/at)b(1+Mlt)a

and we can use Lemma 4.1 to perform the integration. Thus
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(8.2) -200) = [e(20mP { ) ) gy &50ge [T (m51,350%,8%5m,)
(£,3)(x",3")

+ Hmsit,3%55,3)] }

The distribution of Ml is found upon integration of f(Ml) from O to

X.
The power of R, (-:l/IvL_L) has been computed using (8.2) for various

yi's and different sample sizes. The power will be compared with that

of the power of the likelihood ratio criterion for testing K. :f.= L. in

0°dl X2
Chapter III (see Table 3.2).
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Table 2,2, (Continued)
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CHAPTER III

THE LIKELTIHOOD RATIO TEST OF THE HYPOTHESIS El = &

1. Introduction and Sumary

Let ﬁl

tributions N(&i’ Ei)’ i =1,2, respectively where by and Eﬁ (pos~

and ™ be two populations having the p-variate normal dis-

itive definite), i = 1,2, are unknown. Let El and 52 be the in-

dependent sum of products matrices from samples of size Nl and N, from

2
ﬂl and ™ respectively. Then the likelihood ratio criterion for test-
ing the hypothesis Hy: g, = I, egainst the alternative 3 ¢ L, is
given by [k2], [1]:

n/2 /2 ~(N,+0,)/2 p(N,+,)/2 -pN, /2 -pn./2
-

Y R A I A (3, #3) , w2

This criterion has been modified by Bartlett [3] to

' /2 2 -(n,+ >V2
(1.1) vy 1, 5] L2
where ni.= ;- 1, i =1,2,

The distribution of V for p =1 and 2 and nl = n, and the moments
of V for general p,n, and n, may be found in Anderson [1]. Box [4]
has given a review of work done on V wmtil 1949 and has given aPpProX=

imate and asymptotic distributions for log V. Korin [26] has used a
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series of central chi-:squa.re distributions for approximating the distri-
bution of log V and has underta.ken some computer simulations of the power
of the test empioying log V. Sugiura and Nagao [41] have shown thet the
test using V is mbiased. ' . |
 Using the method employed by Anderson [1] to obtain the distribution
of V for p =2 and ni = Dy, namely, by identifying the moments of V
wi’gh their appropriate distributions, we find here the density of V for
P= h and nl = N, Also an alternate derivation of the density of V for
p =2 and n, = n2 is given by reverting to the distribution of the char=-
acteristic roots of fl(i.l_+§2)-l. Lastly the non-null distribution of V
forp=2 and n, =n, is determiﬁed by using zonal polynomiels up to the
sixth degree, Tabulations of the power of V are given for various de=
grees of freedom and various alternatives, Comparison is mede with the
power of the Rl test introduced in Chapter II. Percentage points for a
function of V for p =2 and n, = n, are provided.

2. The Distribution of V for p = 2

(1;1) may be rewritten as
' /2 ‘ ' 2
- R R

Thus we can express V as the product

p Mf2 2
(2.1) v=1 ¢ (1-8,) o,
: i=] .



67

vhere 0 < 8) <...<8 <1 are the characteristic zoots of § 8,(5,+5, )'1

Under the null hypothesis the distribution of the ei's has the form
[ko]:

(2.2) f(el,ooo,ep) = C(P’msn) izl ei (l-ei)n HJ (9 -0 )’

where m = (nl-p-l)/2 , N = (na-p-l)/z and C(p,m,n) is given in (2,1)
of Chapter I. |

The moments of V follow readily from (2.1) and (2.2) since

/2 -2
E(vh) o2 hmy/

E( n 0, (1~9,) )

i=]1
m+hn1/2 , n+h'n2/2
ac(p,m,n)j oo [0 8, (1-8,) 1 (o,

) n de
R Yi=) 53 %

vhere R = {(el,...,ep)|o <8 R..< ep < 1}.

(2.3) &)

c(p,m,n)/c(p,m*hnllz » n+hn, /9.

When p =1, V has the beta distribution with parameters m+l and

n+l, For p=2a.ndnl=--n2

by transformation. In (2.2) set men, p = 2 and let g =0,0
v=(1a- Bl)(l - 62) to get

oy, the distribution of V can be found

and




(2.4) C tem scam) A,
0< ."'% ref gL
Now if we let .z =gwand t = w, (2.4) becomes
£(2,8) = c(2,mm) z"‘/t.,
vhere [% - (ﬁ-'- z%')'%]2 <t<[i+ ($- z%)%]2 and ng z 5_“1/1'6.
Now integrate out t to obtain

(2.5) £(2) = 26(2,m,m)a" w{{r+a-badP) 1-oaadylyy

Finally (2.5) can be integrated by parts and a change of variable can be

made to get the distribution of z = 9182(1-91)(1-62) as

, (no-l)/a 11
(2.6) P(z2 < z) = [2/5(n0-1,n0-l)] 2 ln{(l+(1—hz%)%)/(1-(l-hzz)2)]
+21, (no-l,no'-l),

0

vhere
o |
- I(a,b) = (1A (a,b)] X 27 (1-4)" at
| ’ o

and | Zo = (l-(l-hz%)%)/a.



69
n0/2
We need only note that v =2 to obtain the distribution of V. This

result agrees with Anderson [1]. .

3. The Distribution of V for p = k
By using the expression for the moments of V~ 'given in Anderson

[1] or (2.3) above, we have

E(vh)% E (3 r((nfhnfl‘i)/z)} T((v+1-i)/2)

it {n
i=1 “j=1 F((nj+l-i)/2) . D((v+avt+l-i)/2)

where v = n,+n,. Since 0 <V <1, the moments of V determine the
distribution uniquely.
Now by us'ing the duplication formmla for the gamma function, namely,

o 1 -
F(ed) T(atl) = 12 T(2a+1) 272

we can write the moments of V for p = 2r as

2 I‘(ni+hni+1-2 jﬁ } I'(v+1-2j)

E(Vh) = E {
, J=1 " i ['(vv+l-23)

=1 I‘(ni'+1-2;;)

r g (hl+hnl+l-2,j,n2-+hn2+l-2:j) g (v+hv+2-hj,2j -1)
= 1 *
3=1 B (nl+l-2;j,n2+1-2;)) B (v+2-4j,25-1)

. .
- T E_({xz.13L (1-x )n2} ) E({Ynlm?} )
Pl J J
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vhere
(3.1) Xy ap(npaeeg,nyneg),
3 ~B (n +n +2",+J ,23'1)9

and all XJ's and J.s are independent. Thus if p = 2r, the distribu-

tion of V is the same as the distribution of the product

| P2 1 o
(3.2) n x‘_j (1x) J -

where xj's and Yj's are defined in (3.1).

Here we will attempt to obtain the distribution-of V for r =2
(p = 4) and n,=n,. The following lemmas are needed in this connection.
Lemme 3.1, If X is distributed g(a,a), then 4X(1-X) is distributed

B (ax/2).

Proof: Let
£(x) = [ 8(e,8)]" *(1x)>2

and 1et ¥y = bx(1-x). The Jacobian is l/(2(1—y)2) and

#(y) = [28(e, a)17t (y/h)a'l (1-9)"% = [p(a,2)]2 “(1- )" 5,

Lerma 3.2. Let X . 8(a,b) and Y . g(c,d), where X and Y are
independent. Then the density of Z = XY is

f

(3.3) £(z) = % 2 X124y ()t ga,o)(a-0)?,
i=0




7

where 0<z<1, K= l/{g(a.,b)a(.c,d)}, f = a-c-d, and the sum is finite
if f 1is & non-negative integer and infinite otherwise.
Proof: Let 2z = xy and v = x with the Jacobian being 1/v and

0<z<v<1l, Then if the density of X and Y is

£6ov) é-[B(a’b) Bley@)] x*~H(1-x)° yc'l(lfy)d'l
we get

£(z,v) . X zc"lva'c'd(l-fv)‘?fl(v-z)d'l,
vhere K = [B(a,b) B(c,a)]~2.

| £
| on £

Writing vo-cd = (1-(1+))*"° : =z (1) (-1 a0l
1=0

where f = a-c-d, and integrating v from 2z to 1 we get

1 f ; ol 1 |
[ tver = x50 ) (D)0 [ (/a2 e2)? o
2z _ i=0 z .

But
1 b1,  \d-l bra+i+l (L b+i-1 d-1 ‘.
_‘. (1-v) (v-2z) “dv = (1-2) j (1-x) x dx
z , 0 o

(Let v= z+(1l-z)x.).
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Thus

£(z) = K 267 1(1-z)P*9"1 }; ( f )(-1)t B(d,b+i)(l-z)i.
i=0 '
Lemma 3.3. Let Z have the density (3;3) and vle~t X ~ 8(g,h) where

Z and X are independent. Then the density of W = X2 is given by:

' L f2 ¢ ¢
(3.) £(w) = KB L)LY Y (1 -0 p(a,pe)
- " 4=0 3=0

B(h,b+d+i+) ) (1-w) ™,

where

K = 1/(8(a,0)8(c,0)B(g,1)}, £, = amc-d ana £, = c-g-h.

Proof: The proof is similar to that of Lemme 3.2 and is omitted.

We now proceed to the density function of V for p= L4 and
| n, = Vnz = n,. Using (3.2), we know that V has the seme distribution
" as
Ty oy 2, By 20,
X (l-Xl) Y, (1-x2) Y,

where xl, x2 R Yl and Y2 are independent and have the following distribust

tions:

X~ e(no-l,no-l)
x2 ~ B(no-3’n0-3)
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Y, ~ a(éno-a,l)
Ya ~ B(2n0’6,3)'
i/n

0

We will consider the distribution of W =16V O, i.e.,

W= 16X (1-X,) 1‘? X,(1-X,) Y22.

By using Lemma 3.1 we have:
b (1-X)) ~ B(ny-1,3)
and %, (1-X,) ~ B(ny=3,3).

Then using Lemma 3.2, the density of X = 16X, (1-X, )X, (1-X,) is

-2 o
(3.5) 2@ =k £ Y (32 ) pehnt,
el Lz

‘where 0< x < 1 and K' = 1/{5@0-1’%)3(110_3’%.)}.

Lemma 3.2 also gives the density function of Y3 = Yle, as:

2no-

-
.
fyg) =K' y3 0w ) ()0 a3 vyt

i=0

vhere 0 < 3 < 1 and X" = 1/{&(2no-2,1)5(2no-6,3)}. The density of

2 _ 2
Y=!3 —(Yle) is

\ D~k 1 2
(3.6) f(:r)_ = (K"/2) y © (2/3 ¥y +y/2 - ¥ /12),

0<y<1,



™

Now since X and Y are independent the Joint density of X and

Y is the product of (3.5) and (3.6). Then make the transformstion

W=XY and Z = X, vhere 0<W<Z<1, Thus
‘ ng-h  noek .
f(w,z) = (K'K"/2)z (w/z) © [% - 2/3 (w/z)2-w/(22)
- 1/12 w/2)2] Y o, (12},
=0

‘vhere a, = ( 3{ 2 ) (-J.)i B(%,i+3). Finally we integrate 2 from w to

1 using the method illustrated in Lemma 3.2 and interchange the order of

summation to find:

» i '
f(w)=Kw ,{ 2 z 2 (1) L/ (142)

1=0 j=

w[_ml

o i '
2. & }j L CYE? o 'ty s

B ) ) () ey ()Y (1)

i=0

e D b

j=0

- ‘él:'t“'"zz 2 (3+1)(342) oy (1) L/ (142)3,
i=0 3=0

vhere K =K' K"/2
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4., The Non-null Distribution of V for p =7

Khatri [25] has shown that the characteristic roots of il Eél s
se e < . = - 3 =
0 <Ay <A, < < hp, ®, where A\, ei/(l ei), for testing L, EE has

the non-null distribution

-(2m+p-1)/2
1) clomm [l Al zea ™

JFov/2, 1 - L a@+™ (hyry)

where G = diag (yi), yi's being the characteristic roots of 2322-1,
A= diag (ki), v ='n1fn2, m, n and ¢ (p,m,n) are as previously defined,

and the hypergeometric function of a matrix argument is defined by James

[20]:

S‘F;t (al,'-}'n’,avs;. bl,lnn,bt; E s T)

~

' i 5 (3))¢ - (a)¢ Gy (8)Cy (T)
0 K

K (bl)K (bt)K CK(E) k!

where a15‘°‘as’bl""’bt are real or complex constants and the co-

efficient (a.)K is given by

I

T (a - (1-1)/2)
s=1 ky

(8),

where

i}

(a),

a(a+l) ... (a+k-1) ,
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and K of k is a partition of Kk,

K= (k.l.’""kp) Sk 2k > 2 k20

such that ki+ ere +kp = k, and the zonal polynomials, CK(S), are ex-
pressible in terms of elementary symmetric functions of the characteristic
roots of S.

~

For p =2, (k.1) becomes

¢ (2m,m) () PR320 0,8 () (1 )12

@ .
- -1 -1
(4.2) Folv/2, I - G55 AT + A7) (hpmhy)e
Pillai and Jajache.ndran [36] have shown that using zonal polynomials up
to the sixth degree the joint distribution of g = 9192 and

w = (1-91)(1-92) by making transformations in (4.2) can be written as

, 6
(1}.3.) f(g,w) = K" 2 C;'.j gjﬂn(l—vﬁg)i L ’
1+23§=Xk=0 |

i 1 .
0<g®+w <1,

" '
| 3
where the Cs 4 8 are i‘u:ncthns of Y1s¥poRy and n,

also available in [21], and K" =

as given in [21]
1
in terms of constants Ai

J
- " : . )
('Yl'Yz) (2mt3)/2 ¢(2,m,n). ‘The Aij's and cij"'s are given in Appendix E,.

In order to determine the distribution of V we set n1=n2=no(m=n)

and seek the density of Z = v2/ 10 (= 9162(1-91)(1-92)). Thus in (4.3)



the following change of variable is made: z =gw, t =w with

Jacobian 1/t; and we obtain

6
11 . _'_ -
£(t,2) = K" ) c,. 29 ¢ (atazse)te .,

and O <z < 1/16.

Then
6 b
(h.k) f(z) = K" }: C; 5 z'3+mj £79°1 (1-trz/8)t as,
b 1423=k=0 a
115 il-
where a=[3-(5-2%)2) and b=_[(%+ (3-22)2)°,
It
(4.5) h, . (z) = jb £73"1(1 t+z/t)i at
(k.4) can be written
6
f'(z) = K" z Cij zd hij(z)'

1+23=k=0



8
Simplified expressions for hi' J(z) may be found in Appendix F. The

method for determining the h, 3(2)'8 will be illustrated by considering

hlo(z). Now

b
hlo(z) j t‘l(l-t+z/t)dt
a

In b/a - (b-a) - z (1/b - 1/a)

1n b/a,
where we have made use of the relation
b" - a® + 2" - 1/a") = 0

for n a positive integer.

The formmlae
bz (1/0"-1/a") = 2(b%-a"),

. n
- Lo 1
and pPa® = 2 2n+lz ( 2n ) (1-bz2)i-2
2i~1 o
i=1 '

are also useful in determining the remaining hiJ(z) functions.
Then the distribution of 2, say F(z) = P(Z < z), is written as
6

z
' ] " Jim )
, (4.6) F(z) =X z Ci;j Io x hid(x)dx.
' T 1+23=k=0
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Now integratibn of xo hij(x) involves integrals of the following

types:
z
(4.7) XO x% 1n (a/b) ax , where q = m+j,
and
Z r 1.s/2 |
(4.8) S x¥ (1-4x2)"/ “dx, where r > 0 and S = 1,3555e00

0

For (4.7) integration by parts yields

g+l e e (1o)2
(b.9) 2z /(a+1) In {[1+(1-4x2)2]/(1-(1-lx )27} +2/(g+1) BZO(2q+2,2q+2),

13 X ool ,yd-l
where Zg = *(;-(1-uz2)2)/2 and Bx(c,d) = X £57 (A1) at.
S . O

(W]

hx

For (4.8) the change of variable t = gives

~2r-1

(4.10) : 2 le (2r+2,s/2+1) ,

where zl =

Now since 2 = V2/n0, we have the distribution of V under the

alternative hypothesis Ei % 22'

rcentage Points for V and Power Function

5. Pe

Tabulations for Vv and R1

2/n,
v have been determined

The lower tail percentage points of 2 =
= 3(1)20(2)30(5)50(’10)100 and o = .10,

for p = 2 using (2.6) for ny,
The percentage

,05, .025, .01 and .005. They are found in Table 3.1.




points for o = .05 were then used to determine the power of the LR
test for verious values of vy, y, the characteristic roots of 55;1
using the non-null distribution (4.5). Power tabulations have also been
obtained for the R test using the distribution given in Chspter II for
the same non-null parameters and degrees of freedom as used for the LR

criterion.

6. Power Comparisons of the LR and R, Tests

Table 3.2 provides & comparison of the power of the LR test and
the R1 test of the hypothesis 5_ = & In this connectlion if the IR
test is based on samples of size no+1 from each population, the R1
test, using the subsampling proéedu.re » divides each sample into subsamples
of size 4 and n,-3. (The subsample of size 4(m=0) is necessitated by the
complexity and slow convergence of the non-null distribution.) On this
basis power ;éompa.risons of the two tests are found in Table 3.2 for n =
11, 1h and 19 and for « = .05. |

As the table indicates, neither test is uniformly better than the
other. The LR test shows better power tha.n Rl when the difference
(yz-yl) is larger. With both vy's greater than one (or less than one)
and their sum constant, the thest seems to provide more power than the

LR test as the non-null parameters tend to be equal and as the subsample
sizes come closer together. It should also be noted that as the sub-
sample sizes move farther apart, as in the case of n, = 19, the Rl
_‘Eest provides I1ess power than the LR test for all deviations from the
nall hypothesis considered here. This leads one to conjecture that the

Rl test will show maximm power for a given sample size when the sub-

samples are of equal sizes,




One remaining point which can be brought forth is that if the sum

or the product of the yi's remains constant, both tests will provide the

greatest power when the difference (yz-yl) is largest.




One remaining point which can be brought forth is that if the sum

or the product of the yi's remains constant, both tests will provide the

greatest power when the difference (ya-yl) is largest.




Cc

.01 .005

Lower Tail Percentage Points of 2z,
.025

.05

Table 3.1.
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1.
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2
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3
3
3
3
3
L
L
L
Y
L
n
5
5
5.
5
5
5
5.68
p
5
5
5
5
Ihe nunbers in parentheses indicate the power of 10 by which the tabulated

values are to be mltiplied.
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Table 3.2. Comparison of the LR and Rl Criteria for Testing

HO:El = Eb for p = 2 and d-= .05,

n. = 11 n

o 14 [ES 19

<

LR Rl IR Rl IR Rl

&

.
NN
\

leNeNoNoNoNoNe! | o)

\n

alalalie el el oo

. e

EBEPHOREREER]EC

PR EE,

1.01 .05001  .050008 | .05002 .05001 | .05002 .05001

1.05 .05028  .05020 | .05038  .0502L4 | .05056  .05027
1.04 .05019  .05018 | .05026 .05022 | .05037 .05026
1.03 .0501%  ,05018 | .05019 .05022 | .05028  .05025
1.025 | .05013 .05018 | ,05018 .05022 | .05027 .05025
1. .05108  .05075 | .05147 .05091 | .05213  .0510k
1.05 .05053  .05069 | .05072 .05084 | .05106 .05096
1.1025( .0513 .0508 .0517 .0510 .0524 .0511

.05009  .,05012 | .05012 .0501k4 | .05018  .05017
.05012  .05012 | .05016 .05015 | .05023 .05017
.05020  ,0501% | .05027 .05018 | .05039  .05019
.0507 L0501 .0509 .0501 .0513 .0501
.0505 .05006 | .0506 .05007 | .0508 .05008
.0501 .05002 | .0501 .05002 | .0502 .05002
.05L0 .0528 .0554 .053k .0580 .0538
.0520 .0527 .0528 .0533 .0541 .0537
.0584 .0595 .0613 .0615 .0652 .0631
.0569 .0580 .0593 .0596 .0633 .0610
.0549 .0557 .0566 .0570 .0595 .0580

GRPFPRRZOBRESH

*

PR R
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CHAPTER IV

THE MAX TRACE-RATIO TEST OF THE HYPOTHESIS
' H = o e e = = ‘
H0 ) E:L 5: A 50

1. Introduction and Summary

Let X 5 (px1), i=1,e.c,kand j= 1,...,n,+1, be a random sample

from N(&i’ zh).where by and Ei are wnknown., Let‘ Ei (p x p) 'be the

sample sum of products matrix from the ith population, i.e.,

n.+l

o -— — 1]
S. ==§i cs = X )X, . - X,
ol (f.la f.l)(....la ...1)’

J=1

where

where ZI. is given and A 1is unspecified, we consider the following

~0
test statistic:

R, = {ism?;k Ti}/{i"g?%; T},
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where Ti = tr 251 Ei/ni' The hypothesis Hé is a multipopulation version
of the sphericity test §'= A ED' The critical region of size o to0 re-
ject HJ is {f.i’ i=l,...,k]R2 >Ka}.

It is known that if T, = 5, then n,T./\ = tr Ef)l S; has the szni
distribution (the chi-square distribution with pn, degrees of freedom).
Thus the distribution of R2 is the same as that of the Emax statistic
introduced by Hartley [16] as a shortcut test of the equality of var-
iances from k univariate normal populations. Hartley [16] has given
approximate distributions and percentage points for Fmax vhen the sample
sizes are the same and for k = 2(1)12. Further approximate tabulations
of percentage points have been carried out by H. A. David [9] for equal
sample sizes._

' In this Chapter the exact distribution of Ra(or Fmax) is obtained
for k = 2,3 and b and unequal degrees of freedom. Using these exact dis-
tributions, percentage points have been obtained for k = 2 and 3 and
various degrees.of freedom. The distribution of R2 under_the alternative

hypothesis is also considered for k = 2, The power of the test has been

calculated for various alternatives.

2, Preliminary Remarks

In the max trace-ratio test described above, which is based on the

union-intersection approach to testing hypotheses as is the max U-ratio

test, we seg that each Ti can be used to test Eﬁ = Eb, where EO is kpown.
When the ratio Ti/Tj is formed, we can use it to test §i=aijED and
ZS = aij 20, where aij is an unknown constant and disappears in the null

distribution of the ratio., These two equalities are equivalent to:
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Iy = 235 Zor
Now if Qij = Ti/Tj » i ¥ J, we have:

.
~

1)/ (k) = l/??§ %j = ?f? Qs S Qyy Smax Q. ="T(y/T(1)s

' <.I.< ' . s o
where T(l) < T(2) < < T(k) are the ordered Ti s. Thus all Q,lJ

lie between 1/R2 and R, (=T(k)/T(l)), and if R, < K , we have that

Eﬁ = a.ij EO and Eﬁ = aij EO simuiltaneously for i,j = 1l,...,K, i + Je

This is equivalent to &, = %, = a, .
_ ~ A iJ
= a.., and a little algebra shows that (1) all the aij's are equal

EO for 1, = 1,...,kK. Now however

a, . s
1J Ji

(say to A, unknown) and (2) Eh.= cee = Ei = A EO' Thus R, can be used

2
t
to test HO.
It should also be noted that if p = 1 Hé reduces to the hypothesis
of testing the éQuality of variances from k univariate populations, which

is the hypothesis considered by Hartley [16].

3. The Joint Distribution of T(l)/T(k),...,T(k_l)/T(h)

. : . . . 2 . .
Since n.T./\ is distributed as Xpn, Rp is the ratio of the

largest to the smallest of k independent ¥ v random variables divided
i .
by Vs where v = pn.. Thus let us consider Xl,xz,...,xk to be k in-

dependent X2 random variables with v degrées of freedom respect-

l,no-,vk
ively. The dénsity of Xi is ¢

. . /2 ./2 -X, [2
: ggxi) = [F(vi/2)2vl/ ]-l xivl/ -1l xl/ » 0<x, <=,

Let Y, = Xi/vi, i=l,..,k, then Y, has the density function
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3 Yyl -ry¥y

where r, = v,/2.
i i

Iif Y(l) < Y(2) < o0 < Y(k) denote the ordered Yi's, the joint density

of Y(l)""’Y(k) becomes

k k rb(i)-l
) To(1) y(i))ir_I V(1)

k Ty
2(y)see i) = LT 75 /00)) ), emp(- 1 n
o) i= ;

0 <Y(l) < e < y(k) < ®»,

where the summation is over all permutations o = (oi,...,ok) of (1,2,..,

k). For the sake of convenience we will consider the density function of

Y(l)/Y(k) = 1/R,. Now make the transformation
M, = y(i)/y(k) » i=1,...,k-1,

t= y(k).

The Jacobian of transformation is tk-l. Then

kK r, k-l |
£ M g8 = L e /0T ), foml -t ), my (s )]
= o i=1

k-1 r s.\-1
m oy, o) 7y gl
=] 1

i
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k
where r =Y§: r, and 0< Ml < .00 < Mk-l <1, O‘< t<e .
i=1
To integrate out t from O to ® we use the'fact that

_[ et 271 gt = r(a)/p®.

0
Thus
k-1 1r_,.\-1 k-1 ;
(3.1) £(M50.050 ) =ckz {n Mi"(l) }/(ro(k)+2, To (1 Mi)r ,
o = | i=1
‘ k r,
where | Cy = I‘(r)il'=ll{ri /F(ri)}.

.

To obtain the density function of M1 we need to integrate out the
remaining variables Mé""’Mk-l’ where 0 < Ml < M2 <...< Mk-l < 1.
From the distribution of Ml we obtain the distribution of R2 through

the relation
P(R2 <x)=1- P(Ml < 1/x).

The distribution of Ml will be treated in the following sections for

k=2, 3and k.
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4. The Distribution of M1 for k=2

Let us denote the density function of M, by fk(Ml) and the dis-

tribution function by Fk(x) = P(Ml < x). Then-for k=2, (3.1) yields:

T A -1 \r
(M) =G5 ), " MMrg(ey Mgy /Te0)) 1
o}
0 < Ml < 1.

Then r el
x . (1)

(4.1) Ey(x) = 022 j 1 M

. 0 r;(E)(l+rc(l)Ml/rc(2))r

Upon making the transformation

& = U ()M To(2)/ 75 (1 )/ 7 (2}

Wwe have

- oy - *(rg2)/ To(1)™) v, | a1
(h2) Fpx) = ¢, x, Y ro?é§2’ fo R
e

rc(z)-l 3

(1-t) t.

o

= 2.- Ix/(r ) (ro(l)’rc(2))’
g o) .

(2)/1‘0‘(1)-"x

where I_{a,b) = [g(a,b)]"* Xy 21 (1-6)PT gt
. y 0
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We will also provide an alternate expression for Fz(x) by way of
the I“o].'l.owing expression vhich will be needed in the next section and
which has peen used in Chapter II, Section 2. |

Let q@ be a positive integer and let O 5 a<b<e andd>o0,
Then »

q-1 i-1 wiel
()4 3) j = -;l- {2 c(P,q,i)‘: ?nti-l (d+:);l-l ] }

a (d+x)p (a+a

i ) : . i
where ¢(p,9,0) =1 and c(p,q,i) =JH1 (a-3)/(p-3-1).

Now if Ty and r, are positive integers, i.e., the degrees of

freedom are even, we can write (L4.1) as

’ r
Ca(r-1) IZ c(l) (eesmg(2) To(2) 1 () o)) * )

.11(1)'

R TR R S et
i=0

But c(rl o(1)°7, (l)-l)/(r-l) = [(r (l)) I'(I‘ (2))/I‘(r),

and further simplification yields

C Yot il
Fplx) = 2 - Cz(r-l) Y Y el -2 ),i)x o(1)™,
o i=0 :

(35 2) (o) oy ™ -



5. The Distribution of M:1 for k=3

When k=3 integration of M2 from Ml to 1 yields

rt:>'(2)"l

1 % M,
%“e)u%Vmﬂﬂ

: -1

Using (4.3) above and assuming the r; are integers, we write (5.1) as

l ,
-1 -i-i
(5.2) "'j 2 To(2) M,° o) {Z e(rs7y(p)s1) M° o) /

i=0

rei-l

[Cra(3) o 0 ooy 4]

% Ts(2)"t

iﬁ d”wwm‘momW%mMMﬂ-

Upon rewriting (5 2) we have

< z { i(a)‘l , rei-l Mlc(l) Ty (2)-i-1
£.(M;)= c(r,r i -—LL-—G -
> ™l o2 1=0 °(2); )gc(l) (2) O
To(2)™t r-i-l . Tt
- - e(r,r i —-i—) ! -
| iZo (2), ( > (Q2+Ml)1‘-l-l}

where Ql= (3)/( (1) 5(2)) and Q'a" (x (2)+r0(3))/ 0'(1)




Now integrating Ml from 0O to x and making ,é. change of variable we find

Ta(2)~1 rei-l _

Pyl - Zom{i c(rr@),ﬂ(—-‘-L-—) o 7

| o(l) o(2) ¢

IQ_lqi yro(l)'+ro(2)-i-2 (l_y)rc(3)'l
0 |

dy
To(2)™ gy T e (g ie
2
-Z cr,r (2),i)<££.l> Q2 ( ) “o(3
1=0 To(1) |
X
(%

I y o (e o Ry

Further simplification gives

0(2)'1 N
3(x)3—12{z e(rr, (2)’1)/{ 6(2) c(g) (T(1) o(z))c( at)™ }
' ¢ i=0
B/ (a40) o (1) o (2) 11070 (3))
r'a(2)-l

=i=l
)) () 0(3)1 }
i=0

Colryr pyoi)/fr BT o0 (o
*Ta(2)° (2) Ta(1) To(2)™ (

x/(q2+x)( 2(1)%o(2)To(3) 1) }

_ Y
where B,y(a.,b) =j g1 (1-1;).""l dt
_ 0
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6. The Distribution of Ml for k=4

By assuming that r, s1=1,..,4 are integers and starting with (2.1)
and integrating out M3 and then M, using (4.3), we can write the dis-

tribution of M, for k=L as

1
6 < T9(3)™ To(2)*o(3) |
B, ()= = g,ro(3) ) 23,00 P 2008, P r,0,0)
i=0 j=0 ~ ~ ~
- K:g?)(z,o)Bi§2)(£,o,x))

o) -

1 0, ¥ (.00, P 008, (B (0,005, M (2,008 (20,2}

j= .
where E’: (rl’ I‘ 3 r3> rh)s

(l)(r O‘) = c(r,r (3),1) c(r-i-1,r (2)+r (3) -1-1,;}),
Dij(Z)(,I;’c) = c(r,rc(3),i) c(r-i-1, rg(z),;j ),

K, (l)(r,c) = 1/{r (h) (rc(2)+ro(3))

Y5(1)To(2) To(3)TLI-2

(o(afa(2) a(3)) b

( )(T;O') = l/{r (l) (2)+r0_(3))j+1

o (2) o (3) o (u) 1732

(25 (2) o(3) o (l) b



+1 r +r V =j=1
Kﬁ(S)(ﬁ:a) = 1/{r6(2)(r°(1)+r0(2)) o(1) "e(2) |

i

r +r N -i-l
(ra(3)+ro(]+)) 0'(3) 0'( ) }’

L ' r g+ T o) s (3) 4T ()-8
Ky e0) = 1/ 385 o) gy gy oy 0 OO

H

By ™) (008) = By 1) (1) ote) To(a) HI L g a2

vhere Q) = o4/ (x5 (1)+0(2) T (3))
B (2)(r 0,x) = B (r | r +r +r ~i-j=2)
i3 02 x/(Q_z-Px) c(l?’ a(2) “o(3) To(k) | >

where @ = (2o (o147, (31470 4))/To(1);

3 - ;
.Bm( )‘i"’”‘)_ " By (ag#0) o (1) o(2) I (3) T (1)1

Mhere & = (7g(3)*5 (1)) (%(1)*o(2))»

and

b | .
B:lJ( )_(i,o,x) = Bx/(Q,*-kx) (rc(l),ro(2)+ra(3)+ro(h)-1"j'?)’

where Qh=Q2.
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7. The Non-Null Distribution of R2 for k=2

In this section we first consider the distribution of nT/A =
tr Eal i, where E (p x p) has the distribution W(p,n,E), and then ob-
tain the non-mull distribution of R2 vhen k=2. We will use two results
due t; Box [5] which are stated as Theorems 7.l and 72
Theorem 7.1l. If 2z (p x 1) has a p-variate normal distribution with mean
0 and covariance matrix ¥, and if Q =z' M z is any real quadratic form

~ _ (4 ~ oo~

~of rank r < p, then Q is distributed like the quantity

X=) Y5 X
31

vhere each X?_ variate is distributed independently of every other and

the YJ'S are the r nonzero characteristic roots of E E

Theorem 7.2 The exact distribution of X = z Yy xv , where v, =2gJ,3=1,

...,r are even integers » 1s a weighted f:.n::.%e sum of X2 distributions.
r‘ g:j

(7.2) P(X>x =5 Y« @y, Plxgg > %o/v;)

J=1 s=1

where the °’;) s's are canstants involving only the vy j’s and are given by

L]

| (s |
a =2 9 (0)/(ggme)!

vhere fd(h) (0) is obtained by differentiating f 3 (¥) b times with re=: |
spect to y and then putting y = 0 and



r » Vj/2
£,(y) 8133 Clyy = vy )y + vlvi/vjl .

It can be shown (see Roy [40]) that S can be written as Y Y

~ ~

where Y(p x n) = ('3['1,...,'3:'n ), and the Y 's are independently and iden-

tically distributed as N(O,I). Thus the distributicns of S and Y Y

~

are the same and

i=1
n
-1 '
=, =z I LY
i=1
n
[ §
’Z i Zo %
i=1
P
But Theorem 7.1 states that 5’_ '251 Y3 is distributed the same as _Eiji
J=1
for each i where the Y;j's are the characteristic roots of £ ¢ ,.,O Thus
tr E‘.O S has the same distribution as i Yy xn since the sum of in-

J=1
dependent x2 random variables is a x2 random variable with degrees of
freedom the sum of the degrees of freedom of the summands. (Note: if

D

= 2
Zr, =1, '?"Eo S is distributed xpn.)
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In order to detemme the distribution of 1/ R, we need the density

function of X = z Y:] xv since we have shown above that tr T .D S has

- the same distrlbutlon as x if r<pand v, =n,. Thus we write (7.1) as

i i’
R #
P(X<x)—z z P{x28<x/ydl, noting tha.tz 2 ;)sﬂ .

3=l s=1 J=1 s=1

(Let x = 0 in (6.1).).

The density function. is then

o r gd )
h(x) = g;{- P(X Z x) =2 z “js/”;) fzs(x/Yj)’
§=1 s=1

vhere £, (t) = [(s) 2°17 51 %2 ooy < a,

-1 _ -1
Now let X, = tr 50 fl/nl and X, = tr Eo fz/“a be independent

with 51 having n, degrees of freedom, i = 1,2, ILet z, } ED and
P8 } T, be the covariance matrices associated with S5, and S, re-
spectively and let YooYy (r <p) and TyseeesT (r' < p) be the
characteristic roots of E’.l /n and & 51/n2 respectively. Then the

- t
distribution of Z = x(l)/x(‘2 )s where x(l) < X(a) are the ordered X,'s,
will enable us to determine the power of the test using R2 '

Thus let X, end X, have respectively the density functions

L
By xy) ) % el ¥y Tag(xy/vy)

J=1 s=1




and
- 851

b, (x,) =Z Z BTy Togr (xpf750)s

J'=1 s'=1

where the dJ 's and BJ 5t 's are determined as in Theorem 7.2 and g 5 ‘=
mltiplicity of the j roots of 5_ Eal times nl/2 and g 5t is defined

. < ' t
similarly. Let 0 < x(l)_x(a) < o De the ordered Xi s and let Z =
x(l)/xca) and W= X(z). Then the joint density function ofc‘ Z and W is

r r! gj Sjt - | ’ '
B(zw) =) ) ) ) -—L—J—w{ ACAREMICTN

J=1 §'=1 s=1 s'=1 Y3 T3
+ fzﬁgw/yd)fas, (zw/'rj,)}.

Integrating w from O to e yields

el 3% Y e gy -

J=1 3'=1 s=1 s'=1 KS S') 3! (Y.'j/j'

0
( ) = — +z)s+s

. €y
Z 2 2 L s Bgill /(argy /1y ) (O Mt )2,

J=l §'=l s=1 s'=1l
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The distribution of l/R2 under the altérnative hypothesis when the n,
are even and k = 2 can be expressed as a finite linear combination of

incomplete beta functions.

8. Computation of Percentage Points

Using the expressions derived in Sections 3 and L4 for the distribution
of l/R2, percentage points have been computed for R2 fo; k=2,
v; = 2(1)20(2)30(5)50(10)100, i = 1, 2 and @ = .10, .05, .025, .01, .005,
and for k = 3, v; = 2(2)12(4)30(10)60(20)1k0, i = 1,2,3 and @ = ,05,

These percentage points may be found in Tables L.1 and 4.2 respectively.

9. Remarks on the Power of R2 for k=2 and p=2

Table 4.3 provides.some tabulations of the power of R, for testing
H6 for k = 2, p = 2 and some selected alternatives.. These tabulations
indicate several things. First we note that when the characteristic
roots of Zh_zgl end %, 551 are equal, i.e., y] = 717 and Y5 =TS
(v]  v5 and T {1 71), the power of R, is rather low even for larger
differences in the Yi’s and T{'S. Also for (nl+n2) a constant, the power
appears to be better when n,=n,. In fact for a given pair of y{'s and
Ti's, the power of R2 is often greater with equal degrees of freedom

than unequal degrees of freedom. The test also appears to be unbiased at

least for equal degrees of freedom.
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Teble 4.2. The Upper 5% Points of R, for k = 3

v,-=2
v3N2 2 I 6 8. 10 .12 1k 18 22
2 87.49
4 58.38 33.02
6 55.67 30.03 26.88

8 55.01 29.25 26,03 25.14

10 5hk.69 28.92 25.686 24,76 2h.37

12 sh.h9 28.7h 25.48 24,55 24,1k 23.90

14 54,35 28.61 25.3% 2h,h0 23,98 23.73 23.56

18 5k.16  28.45 25,17 24.21 23.77 23.51 23.33 23.08

22 54,03 28.34 25.06 24.09 23.6hF 23.37 23.18 22.92 22.75

26 53.94 28,27 24.98 24,00 23.54 23.26 23.07 22.80 22.62

30 53.88 28.22 24,92 23.94 23,47 23.19 22.99 22.71 22.53
- ko 53.77 28.13 24.82 23.83 23.35 23.06 22.85 22.56 22.37

50 53.70 28.07 24,76 23.76 23.28 ©22.98 22.76 22.L7 22.26

60 53.66 28,0k 24,72 23.72 23.23 22.92 22.71 22.b0 22.19
80 53.61 27.99 24,67 23.66 23.16 22.85 22.63 22.32 22.10
100 53.57 27.96 2L.6h 23.62 23.13 22.81 22.59 22.27 22.05
120 53.55 27.94 2hk.62 23,60 23.10 22.78 22.55 922.23 22.01
140 53,53 27.93 2L.61 23.58 23.08 22.76 22.53 22.21 21,98

v_A 26 30 Lo 50 60 80 100 120 1ko

26 22.h9

30 22.39 22.29

o 22,22 22,11 21.92

50 22,12 22.00 21.80 21.67

60 22,04 21.92 21.71 21.58 21..48

80 21.94 21.82 21.60 21.46 21.36 21.22
100 21.88 21.76 21.53 21.38 21.28 @ 21.13 21.0h
120 21.84 21.71 21.48 21.33 21.22 21.07 20.98 20.91
140 21.81 21.68 21.45 21.29 21.18 21.03 20.93 20.86 20.81



Table 4.2, (Continued)

v, = h
2/v3 Y 6 8 10 12 14 18 22 26
4 15,46 '
6 12.98 10.58
8 12,17 9.754 8.908
10 11.81 9.374 8.513 8.107
12 11.62 9.169 8.297 7.884 17.655
b 11.50  9.046 8,166  7.7h47 7.51%  7.371
18 11.38 8.908 8.020 7.594% 7.355 7.207 7.035
22 11.31 8.833 7.941 7.511 T7.268 7.117 6.9%0 6.8Lo
26 11.26 8.786 7.891 7.456 7.21%  7.060 6.879 6.776 6.710
30 11.23 8.753 17.857 7.423 7.176 T7.021 6.837 6.731 6.663
ho 11.17 8.701 7.804 7.368 7.119 6.960 6.771 6.661 6.589
50 11,1k 8.671 7.77h 7.336 7.086 6.925 6.733  6.620 6.545
60 11,12 8.651 7.754 . 7.316 7.06k 6.902 6.708 6.593 6.517
80 11.09 8.627 7.729 7.290 7.037 6.87h 6.676 6.559 6.481
100 11,07 8.612 7.715 7.275 7.021  6.857 6.658 6.539 6.459
120 11,06 8.602 7.705 7.265 T7.011 6.846 6.645 6.523 6.4k5
%0 11,06 8.595 7.698 7.258__7.003  6.838  6.637 6.516 6.43k
v2/v3 30 Lo 50 60 80 100 120 1Lo
30 . 6.61L
Lo 6.537 6.455
50 6.l92  6.405 6.354 -
60 6.461 6.313 6.319 6.283
80 6.h2  6.331 6.275 6.236 6.187
100 6.401 6.306 6.248 6.208 6.156 6.124
120 6.386 6.289 6.229 6.188 6.135 6.101 6.078
140 6.375 6.277 6.216 6.17h 6.119 6.085 6.061 6.043



Table 4.2, (Continued)
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v, = 6
v3/v2 [ 8 10 12 1k .18 22 26
6 8.363
8 7.567 6.776
10 7.183 6.388 5.995
12 6.968 6.167 5.769 5.539
ik 6.835 6.028 5.626 5.393 5.24% _
18 6.685 5.869 5.h461 5.223 5.071 L4.893
22 6.605 5,784 5,372 5.131 k.977  bL.794  L4.693
26 6.556 5.732 5,318 5.075 4.918 L.733 L4.630 L4.565
30 6.523 5.698 5.281 5.037 L4.879 L4L.692 L4.587 L4.520
Lo 6.k7h 5,646 5,208 4L.981 L4.822 L4.631 . L.522  4.hs3
50 6.446 5.618 5.199 4,951 L.790 L.597 4,487 L.h15
60 6.428 5.600 5.180  4.932 4.770 L.576  L.464 4,391
80  6.406 5.578 5.158 4,909 k.77  L.550 4,437  4.362
100 6.393 5.566 = 5.145 4.896 L4.733 L4.535 L.kl L.345
120 6.384 5,557 5,137 4.887 k.24 L.526 4 h1o  L4.33h
140 6.378 5.55L  5.131  4.881 k.718 L.519 L.bos 4.3
YS/“Z 30 Lo 50 60 80 100 120 150
30 4 L7k
ko 4,405 4.330
50 L,365 4.288 L4.243
60 k.34 L.,260 L4.21h 4,183
8o 4,300 4.226 4,177 Y.1ks L.io4
100 L.,291  L4.206 k4,156 L.122 4,019 L4.054
120 h.279 4,193 4.1k41 L.,107 4,063 L4.036 L.018
140 L2712 4.183 4,131 . L, 096 L4.051 L4.023 L4.005 3.991



(Continued)

Taeble k4.2,
vy = 8

v3/ v, 8 10 12 14 18 22 26 30

8 6.002

10 5.616 5,230

12 5.393 5.004 4,775

1k 5.250 L4.858 L4.627 L 77

18 5.084 4.687 L.hs2 4,299 L4.116

22 h,o9h  k4.593 4.355 .,200 L4.014 3.909

26 4,938 L4.535 L.295 4,138 3.950 3.843 3.775

30  4.902 L.k96  4.255 4.097 3.906 3.798 3.730 3.683
Lo 4,848 L.hho k4,197 L.,037 3.843 3.732 3.662 3.613
50 4,819 L.bh10 k.165 L.o05 3.809 3.697 3.625 3.575
60 L4801 4,392 L4,1k6  3.985 3.788 3.675 3.602 3.551
80 Y779 k.370 Lh.12Y4 3.961 3.763 3.649 3.57hk 3,522
100 L.767 L.357 L.111  3.948 3.749 3.63Lk 3.559 3.506
120 4,759 L.34k9 4,103 3.940 3.7h0  3.624 3.548 3.Lk95
140 L.753  L4.343 L4.097 3.93% 3.734 3.617 3.541  3.487
v3/v2 e 50 60 80 100 120 1Lo

Lo 3.540

50 3.499 3.456

60 3.473  3.428 3.399

80 3.1 3,395 3.364 3.326
100 3.k23  3.375 3.343 3.304 3.280
120 3.411  3.362 3.329 3.289 3.264 3.248

3.4b03 3.353 3.320 3.278 3.253 3.236 3.223

ko
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CHAPTER V
AN APPROXIMATION TO THE DISTRIBUTION OF THE LARGEST ROOT

OF A COMPLEX WISHART MATRIX

1. Introduction and Summary

Let ')s(qxr) (r > q) be a complex valued random matrix whose columms
are independent and have the g-variate complex normal distribution
NC(E,E) (Wooding [43)], Goodman [l’*a)', The distribution of X E' is then
complex Wishart wc(q,r,E) (Goodman [14], Khatri [23]); If M= 3 and
E = Zq (the qgxq identity matrix), the distribution of Osfl_<_f25..._<_fq<“’,
the characteristic roots of X z', is given by (Khatri [23], James [20]):

' . q q 5
Ly cl(jr=1l £3) exp (331 £;) RS
where
| q
(1.2) , - C = /(0 T(mtj) I'(§)) and me=r-q.
j=1 .

This distributional form also arises in another manner. Suppose
that X(axr) is distributed NC(O, }.ﬁl ) and that S(gxq) is indepen-
dent of X with distribution Wc(q,s ’Eq_ ). Then the distribution of the

characteristic roots of [X X'(S+X T{')_l], say 0 <wy -

<SW, <. wqg 1,

has the form:
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. o .
(1.3) R jgl [w?(l-wj)n] jgk (Wj -w )%,
where

q

(1) Co = 1 Flwtmiag)/(Dueg JU(n43)0(3)),

=

n=r-q¢- and n=s-q,
By making the transformation fj = nwj; J=l;...,4, and allowing m*s, the
distribution of 0< f, < N fé < e is that given by (1.1)

1
(Knatri [23]).

Because of the similarity of handling the classical problem of point
estimation and hypothesis testing for normal populations in the complex
case with that in the real case, the largest (or smgllest) characteristic
root has been proposed &5 a test criterion by Khatri (23], [24].

The distribution of the largest characteristic root (fq or wq) has

been given by Khatri [22] as follows:

~

(1.5) BT R I (C7PO]
where C, is defined in (1.2),

X
. mtitje2 -z . .
(1.6) | Vitgoz = | R I PSP R
200 o

and (Yi+j-2) is a gxg matrix; and

(1.7) | P{wq < x; m} = CZI(Bi+j-2)|’
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where C, is defined in (1.4),

: Fitj-2 n s s
(1.8) Bi+j-2 = J W (1-w) aw, i,j=1,...,q,
o .
and (Bi+j-2) is a qgxq watrix.

Pillai and Jouris [37], using an approach due to Pillai [31], have
suggested an approximation to the distribution (1.7) and have obtained
various percentage points. The purpose here is to suggest an approximation
to the distribution of fq (1.5) using a similar approach and to tabu-

late upper tail percentage points using this approximation.

2, Approximation to the C.D.F. of fq

By using integration by parts for integral values of m, (1.6) can

be written as:

X
(2.1) ve=] 7 e az = (me)t - T,
o o
where
] m+k
T = (mk)! ™ ) xI/5n
j=0
By definition
: ' q
(2.2) | (Vg450)] =), sien (5) 0 (y )
_ +i- s >
i+j-2 Z ~ =1 k+Jk 2

J

~
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where ¥ denotes the summation over the permutation J = (jl,jz,...,,jq)

J

o~

of (1,2,...,4). Using the expansion of Y in (2.1) and neglecting

terms of the type T,T, (that is, all terms involving e for b > 2)
we find that:

Y -1 Yj

2 (mtj.-1)! v, + (m+j ) vy o= (m+j =1)! (mt3,)!,
Jy 1 Jo 2 Jl-l 1 2

2

Yi 7 Y5 Ys 49 = (3.-1) 5,0y ot (3-1)i(3,+1)! v,
,]ll h P J3+l 1 .2 33+1 1 3 Jo

Ny

+ 3ot (agH): le_122(jl-1)!‘3'2!(33+1)!

and in genefa.l _

. 1 q ) : ’ q . '
o = 2 (kI~Il(m+k+Jk-2).) Yd+ja-2 - (q-l)kgl(m+k+ak-2)..
o=l .y =
kfor

q .
(203) i Y: .
- k=l STk

Upon using (2.3) in the definition of | (Yi+j-2)| given in (2.2),

we can approximate (1.5) by

a a -
Colvg4y.001 = c,) ¥ sign(3) (I (mkj=2)i g,y p=Cy(a-1) | ((mHing-2)1)]
o=l ﬁ;(]; « '

2q-2

= Cl 2 Gl'{'Yk - (g-1),
k=0
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since |((m+i+j-2)!)‘ = Cil and where 'G]'{ is the sum of the cofactors

of (m+k)! in the . gxq matrix

- : N
' m! (m+1) ¢ (m+q-1)! -
(m+1)! (m+2)! cee | '(m-l-q)l
G =
] (mtg-1)! (mrq)! vee (mt2q-2)! .
\ v
Thus for g > 2 we have
2q-2
(2.4) o P{fq < x; m} & ¢, z Gy vy - (g-1).
k=0

Explicit simplified expressions for (2.4) when g=2,3,4 and 5 are given

below in (2.5), (2.6), (2.7) and (2.8) respectively.
(2.5) | P{f2 < x3m} = Gn+—]l.)_1 [(m+l)2yo-2(m+l)yl+\{2] -1, -

‘ where (a)k = a('a+1)> eee (akal).

(2.6) Pley < xsm) = sTaayT [(m42) (b ) gy g-lme )y, #6(m1) ol W5

| + Yl-l-] -2,
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(2.7) B{f, < xsm) 2 gErT Ll )p(mi2) y(me3) g = 6(med) (mwe2), (m43) v,

+

15 (mt2) (m43),,(m49/5 )y, = 20(m+2) (m+3) (m+17/5) 4

+

15(mt3) (mr1h)5) vy, = 6(mt3) 1{5 * ¥l - 3.
(2.8) Pz < xjm] 2 m [ (mr1)y(m2) (mt3),, (m) 5 v,

- 8(m+1) (mi2),,(m3), (m#h ).y,
+28(m+2) (m#3) 5 (w4 ), (m12/ )y,
~56(m+2) (m+3) (e ), (m422/ )y,
+70(m+3) (melt) (' 451/ 86/ 7 )y,
-56(m+3) (wth ) (m+29/T)yg + 28(m+h ) (m+26/7 g

- 8(m+j-l—)'\l7 + -Y8] -4,

The approximation is thus a linear combination of incomplete gamma
functions and is simpler than the exact C.D.TF. which involves products of

q incomplete gamma functions.

3. Computation of Percentage Points

By using the approximation obtained in the previous section, upper
10%, 5%, 2.5%, 1% and .5% points were obtained for the C.D.F. of fq for
q =2 (1) 11. The percentage points are given to five significant digits
for m =0(1)20(2)30(5)50(10)100 in Table 5.2. )

Some exact percentage j)oints were also tabulated for comparisons with
t1_1e approximate ones.Table 5.1 below displays some representative values

of both the exact and approximate percentage points. As can be seen from
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this table, the approximate and exact percentage points usually agree
through five significant digits. This same degree of accuracy has been

found in the approximation suggested in [37] to the distribution (1.3).

Table 5,1
Comparison of the Approximate and Exact Percentage Points for the C.D.F.

of the largest Root fq.

1% : -~ 5%
q m Approximate Exact Approximate Exact
2 15 32,6968 32.6968 | 28,9562 28.9561
3 30 58.6083 58.6083 | 53.8994 53.8992
L 60 | 103.527k4 103.5274 | 97.5795 97.5791
5 100 | 160.1230 160.1230 |153.0122 153.0118
6 20 59.6795 59.6795 | 55.2224 55.2221
7 10 48,2632 48,2632 | Lk,2295 Lk 2293
8 70 | 139.8957 139.8956 |133.5577 133.5572
9 30| 88.6527 88.8526 | 83.5302 83.5298
10 5 52,0095 52,0094 | L47.9146 W7.9143
11 18 78.7225 78.7205 73.9145

73.9153

Applications

The complex multivariate normal and related distribution have been

found useful in such areas as physics and time series analysis.

Under

certain basic assumptions Bronk [7] has found that the distribution (1.1)

is that of the energy levels of atomic nuclei.

Goodman [14] has noted

several appiications of complex multivariate theory to time series anal-

ysis. Brillinger [6] has shown that the asymptotic distributions of the

matrix of second-order periodograms and the matrix of spectral densities

of a strictly stationary time series are complex Wishart (the distribution |

of whose characteristic roots is given by (1.1)). It has been noted in

Section 1 that many hypothesis testing problems in the complex case can

be handled as in the real case, It is hoped that the findings here will

be useful in the areas mentioned above as well as in other fields.
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CHAPTER VI

SUMMARY AND FURTHER STUDIES

- 1. Summary

This dissertation has been concerned with the null and non-null dis-
tribution problems of certain criteria for testing hypotﬁeses about co-
variance matrices from several multivariate normal populations. Chapters
I to IV considered problems dealing with real valued normal random variates,
while Chapter V dealt with complex valued normal random variates.

In Chaepter I a general method employing Laplace transformations was
developed in order to obtain the distribution of U(p) (a2 constant times
Hotelling's Tg statistic) which can be used to test HO:El=§2 as well
as the general linear hypothesis and the hyﬁothesis of' independence be-
tween two sets of multivariate normal variates. The exact null distri-
bution of U(p) was obtained for p=3, m=0(1)5and p=L4, m=0, 1
and 2. The exact non-null density function of 'U(2) was developed by
using zonal polynomials up to the sixth degree. Several approximations
to the distribution'of U(p) were given. Percentage points were calcu-
lated. using the exact distributions.

Chapter iI introduced the max U~-ratio (Rl) criterion for testing
Ho:El=...=§k.‘ Exact (p = 2, k = 2) and approximate (x =.2) distributions
for Rl were considered. The approximate distributions rely on thé F-

type approximation to U(P)_given in Chapter I. The non-null distribution

of Rl for k=2, p=2andm=0 was found by using the non-null
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density of U(a) developed in Chapter I.

Chapter III undertook the discussion of the LR criterion for test-
ing El=zé' The exact distribution of the LR'criterion ﬁnder the null
hypothesis was‘given for p = 2 by considering transformations of the
characteristic roots of El (Elfge)-l, and for '5 =4 by identifing the
moments of the LR criterion with those of the product of certain inde-
pendent beta variates. The non-null distribution of the IR criterion
was found by employing zonal polynomials upvto the sixth.degree. Per-
centage points of the LR criterion for p = 2 were computed and the
power of the Rl and LR tests compared for selected alternatives.

Consideration of the hypothesis Hé:Z =...=Ek=l2 s Where EO is
given and A\ unknown, was undertaken in Chaﬁter IV where the max trace=~
ratio (R2) test for Hé was introduced. The distribﬁtion of R2 wa.s
found for k = 2, 3 and 4 and the power function was obtained for k = 2.
The distribution.of R2 is the same as Hartley's Fiax test of the equal-
ity of several variances from normal populations. Selected percentage
points of R, were obtained for k = 2 and 3.

The approximate distribution of the largest root of a complex.Wishart
matrix is found in Chapter V by using a technique due to Pillai. Selected
percentage points were tabulated, and comparisons made between the exact

and approximate percentage points.

2. Suggestions for Further Work

Although this dissertation has considered and solved a number of
problems, several more need further study. Listed below are problems

for future research.

(i) The distribution of U(p) for p=3and 4 and larger m
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" needs t6 be considered, as well as p > L, Development of ébgeneral for-
mla may be_possible. »

(i1) To make the max U-ratio test more applicable the exact and
approximate distributions of R1
(iii) The distribution of the IR criteriéﬁ for larger p needs

for k > 2 need to be found.

to be determined.

(iv) Further work needs to be done on the R2 test of Hé using

the techniques developed in Chapter IV.
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APPENDIX A

¥* .
INTEGRALS OF R FUNCTIONS FOR THE DISTRIBUTIONS OF U(3) and U(u).

In order to obtain the distribution of U(3) and U(u) the inte-
grals of R*(n;i,j,o; u) and R*(n; i,3,k,0; u) are required. These
integrals are given below for p=3 and 1< j<i <7 and for p = h
and 1< k<j<i<5. The following notation is used: r, =n+i,

s; =2n+ i and g*(n; a,b; u) and h(n,n'; a,a'; b,b'; z) are as de-
fined in Chapter I. | |

Z
J

* * *
o R (n; 2,%,0; u)du = le{l - Ty 538 (n; 1,13 z) + 2rlr255 g (n3 3,23 z)

*
- T1835: & (n; 4,25 z) - T To8; h(n,n; 5,2; 2,1; z)},
where By, = trlr22r3s355]-l.
J‘ZR*(n'310'u)d—B{3 *(-il- ) + 2 *(- 2; z)
o 3 Jaseth M u_' 31 = 5335 g \n; 1,15 z rlr355 g (n; 3,2; z
* *
+ myegeg € (s 1,25 2) - (bn + Wnys, o 5, 2,2)
- 3/2 r 5385 h(n,n; 6,2; 2,1; z)},

where By = [rlr2r3rhs355]-l.



139

Z
*
s, g (n; 4,25 z)

* * .
R (n; 3,2,0;_u)du = B3o{3 - TpSs € (5 1,1; z) + 2rys,

0

* *
- 2r.r,s, g (n; 5,2; z) - g (n; 6,2; z)

17257 rlsss7

- 3r) T8, h(n,n; 7,2; 2,1; z)},

where By, = [rlr2r3rhsss7]-l.

Z % : | * o *
Io R (n; 4,1,0; u)du = Bh1{6rh - 3r T)S3 8 (n; 1,15 z) + 3T 5358 (n;2,132)

3

* *. ‘ *
+ 2rlr3r)+s7 g (n; 3,2; Z) + rlr35357 g (n; ,'|'>2; Z)+rlr233s7g (n,5,2,z)

- (6n + l9)rls3s7 g*(n; 6,2; z) - % (bn+15)r r,s, h(n,n;7,2;2,1;2)},

17373
vhere B, = [r,r,r rhr5s3s7]-l.

123
Iz

% ¥ *
o R (n; 4,2,0; u)du = Bh2[2 - TpTy 8 (n31,1; z) + Ty 8 (n; 2,13 2)

* * %
+2ry rsT) 8 (n; 4,25 z) + 2rlr2r3 g (n; 5,2; z) - T)To808 (n;6,2;2)
- T8, 8 (n; 7,2; z) - (8n + 25)rlr3 h(n,n; 8,2; 2,1; z)},

wbere By =I[rlr2r32rhr5]-l.
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Z - _ :
JO R (n; 4,3,0; u)du = Dh3{6r2 =TTy 8 (n; 1,1; z) |

* ' *,
+ -3— T)8555 & (n3 2,15 2z) + 2(3n + 8)rlr2§9 g (n; 5,25 z)

¥ * .
- T)TpSs8g g.(n; 6,2; z) - T Tp8c8g g-(n; 7,25 z)

- 1 ry5:8,8 g¥(n; 8,2; z) - %(hn+l3)r

55759 h(n’n; 9,25 2,1; Z)},

lr-qs5

.

-1
whe?e D)3 = [rlr2r3rhr555s9] .

j‘

Z

* , %
R (n; 5,1,0; u)du = D5l{10r Tg - 2rorosss, g (n; 1,1; z)

35 3537

0

* *
r.r.s.s, g (n; 2,13 z) + 1 r.r_s_s, g (n;-3,1; z)

+ 2

2 "1737377 1727377

2 * o 2. * )4 .
‘+ T TT) TS, 8 (n; 3,2; %) + T T3T) 835, & (n; 4,25 z)

* * :
ryT,ros.s, gi(ng 5,25 z) + 3 g (n; 6,25 z)

3%3%7 172%3%5%
- l(l6n2 + 116n + 213) r,r.s g*(n- 7,23 z)
2 1 3 3 H &

- .Z- (m + 17) rym 5357 h(n,n; 8,2; 2,13 z)}

where D51 = [rlr2r3 T)TsTg s3s7]'1'
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z * ) . ) '.'— 5 { 5 . .. '
R (n; 5,2,05 u)du = 52l 157 Tg - 3rpryres, g (03 1,15 2)

J’

0

3 P x *
+ 5 r) Sy 3 & (ny 2,13 z) + rlr23759 g (n;'3,l; z.)

+ 2rlrhrss739 g*(n; h,2; z) + 2rlr2rhs7s9 g*(n; 5,23 z)

. *(n3 6,25 2) - (602 + hén + 89) *-'e-)
1‘11'2853739 g (n’ ey 2) - ( n -+ n"" 9,rlr289g (n’ 7,23 z
1(6nl . * |

- 2(6n" + hén + 89)rls7s9 g (n; 8,2; z)

- lg{Zne + 16n + 3l)rlrhs7 h(n,n; 9,2; 2,1; z)},

where D52 = [r1r2r3rhr5r6s739]-l.

J’

2 x *
. R.<n; 5,3,0; u)d#‘= D53{1532r3 - r2r3s5s7 g (n; 1,1; z)

S *
+ g TT),S55, & (n; 2,15 z) + % T Tp88, 8 (n; 3,1; z)

+2(3n + 8)r1r2r5s7 g*(n; 5,25 z) + (3n + 8)rlr2s5s7 g*(n; 6,2; z)

* . | :
- (bn + l7)rlr2r3s5 g (n; 7,2; z) - {(m + 17)rlr2s5s7 g*(n; 8,2; z)

: *
- i(kn + 17)rlrhs5s7 g (n; 9,23 z) - ig rlrhsss72 h(n,n; 10,2; 2,1; z)},

vhere Dy = [r1r2r3rhr5r6sss7]-l.
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¥ . L.o- N - 10 * . . )
j R (n3 5,4,0; u)du = DSh{ YTy - TpToT) S 8 (n; 1,1; =

0

* . *
- %(7n+2h)rls7sll g (n; 2,1; z) + 2rlr257sll g (n; 3,1; z)

+h *(n3 6,2; z) - 2 *(n; 7,23 z)
Ty TpT3S,8, gr(n, 323 2) - TIToTT) S ) 8 (n; 7,25 2

* *
- rlr2r3s7sll g (n; 8,2; z) - T TT)SnS , 8 (n; 9,25 z)

’ *
'% lrhs7s9811 g (n; 10,25 z) - g(un + 15)rlrur557 h(n,n; 11,2; 2,13 z)},

. . -]l
where | D54 = [rlr2r3rhr5r6 s7sll] .
* B(n; 6,1,05 )au = D, { *(n; 1,1
Jo (n; 6,1,0; u)du = 61 l5r5r6 - 5rhr5r6s3 g (n; 1,1; z)

+ % (kn + 15)r g*(n; 2,1; z) + 3 r.r.s.8 g*(n; 3,1; z)

153% 2 "172°3%9

1 X ) TpS38g g*(n; b1 z) + 2 T ) TsT s, g*(n; 3,2; z)

-+

. * : ’
+ rlrhr53389 g (n; L,2; z) + Ty Tor) S35y g*(n; 5,25 z)

* o7 D ).
172°3%5°9 17253555 & (137,25 2

+%rr.s s.s g*(n; 6,25 z) iy
12002 - *(n; 8,2
- 4(20n° + 160n +333)r1s3s9 g (n; 8,2; z)

- lg-(hn2 + 38n + 91) rT),53 h(n,n; 9,2; 2,13 z)},

where D¢, = [rlr2rhr5r6r7s3s9]-l.
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7
J R*(n; 6,2,0; u)du = D62{6r6 - 2r,1) 7 g*(n; 1,15 2)
6] .

. * * :
# 3m + 25)rymy €5 (n5 2,15 2) + 3 ryms, €¥(ns 3,15 2)

+

* : *
r)ToTa & (n; 4,15 z) + 2rlrhr5r6 g (n; h,?;“z)‘
2 *(n; 5,25 z) + *(n; 6,2; z)
+ T ToT)Ts & (n; 5,25 2 T TpT) 55 € (n; 6,25 z

*+ ryTyTase g*(h; 7,25 z) - %(8n2+68n+lh9)rlr2 g*(n; 8,23 z)

%(8n2+68n+lh9)rlrh g*(n; 9,2; z) - %(8n+hl)rlrhs7 h(n;n; 10,2; 2,13z)},

where De, = [rlr2r3rhr5r6r7]-l.

I

Z
R*(n; 6,3,0; u)du = D63{27r2r3r5r6 - 3r,r X)TsTeSs g*(n; 1,1; z)

0 2’3
2 * 2 X
+ %(12n + 1053+232)rlrhsssll g (n; 2,1; z) +grlr2rh Ss811 & (n33,132)
+3r v r.rss *(ﬁ- 4,1, 2)+2(3n48)r. v v, v 1, s *(n- 5,23 z)
2 T172"3" 55y &AM sl 1527 s¥651, & (05 5,23

+(3n+8)rlr2rhr535811 g*(n; 6,2; z)+(3n+8)rlr2r3rhsssllg*(n; 7,23 z)

2 e *
-1(én +55n+128)rlr2r3sssll g (n; 8,23 z)

-}(6n° 45504128 )r, romysss,, € (a3 9,25 2)

-%(6n2+55n+128)rlrhs559sll g*(n; 10,2; z)
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- %(36n3+1+86n2+2151n+3136)rlrhrss5 h(n,n; 11,2; 2,1; 2)},

where Dg3 = [rlr2r3ru2r5r6r7s5s11]'l

2 % ' *
. R (n;6,h,0;u)§u = D6h{6r2 - ToTST) 8 (n; 1,-1; z)

+ 3030 + Wryxg 8 (55 2, 15 2) + 3rym,5 67 (0 3,15 2)

' %, *
+ 2rlr2r3 g (n3 4,15 z) + hrlr2r3r6 g (n; 6,2; z)

o %, . %
+llrlr2r3 g (n; 7,25 z) - 2rlr2r3r5 g (n; 8,2; z)

2 -‘* . D ) * + 10.2: )
- rlr2r3r5 g (n; 9,25 z) - rlr2r5s9 g (n; 10,2; z)

% 2 '
- 71y £(ns 11,25 2) - $HBa+65n1133)r x, Bln,ns 12,25 2,15 23,

vhere Dy = [rlr2r3rhr5r6r7]-l.

2 x ‘ *
jo R (n; 6,5,0;u)du = D65{l5r2r3r5 - XT3N TS, 8 (n; 1,1; z)

2 o * *

+ %(Sn +65n+l33)rls7s13 g (n; 2,1; Z)+§(3n+;l)rlr2s7sl3g (n;3,152)

2 r r.r.s s- .*(n' h,1; z)+2(5n2+35n+62) s *( 3 7,23 z)

2 71727377713 g > by ‘rlr2r3 13g n; {s=;
% *

-rlr2r3rss7sl3»g (n; 8,2; z)-rlr2r3rus7s13 g (n; 9 ,2; z)

__l . * . . 1 % *, . .
arlr2r3s7s9313g (n; 10,23 Z)-§T1r2r587s9sl3 g (n3 11,23 z)
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-%rlrss739sllsl3g*(n;12,2;z)_lg(un2+3un+73)rlr5r6s7h(n;n;l3,2;2,l;z)},

where Dgs = [rlr2r3rhr5r6r7s7sl3]'l.

z *

.
o R (n; 7,1,0; u)du = D7l{erhr6r7-3rhr6r7s3s9g'(n; l,l;vz)

| +'g(hn+:rﬁrlrhs3s9 g (n; 2,13 Z)+ﬁ(hn+15)rlrzs3s9 g (n3 3,13 z)
+ %rlr2r38339 g*(n; h,1; z)+%rlr2rus3s9 g*(n; 5, 13 z)

_ +2r1rhr5r6r7s9 g*(n; 3,2; z)frlrhr5r6s3s9 g*(n; h,2§ z)

' *
+ T T T ¥sS35g € (n; 5,23 z)+%rlr2rhs355s9 g*(n; 6,2; z)

. N N
Hr.rr.s.s.s, g (n; 7,25 z)+r.r s_s.s.s_ g (n; 8,23 z)

1°2°3"3'59 8717273757779

- %(§8n3+6hhn2+2962n+h677)rlrus3 g*(n;9,2;z)
- B un®on113)r 1y .5, hn,ng 10,25 2,15 2))
B Ty 359 n,n; s&3 €53 ’

where Dy, = [rlrérhr5r6r7r853sg]-l.
2

jo R (n; 7,2,0; u)du = 72{35rur5r6r7-5r2rhr5r6r7s9g*(n;l,l;z)

+E(hn+17)rlr,+s92sll g (n; 2,1; z)+%(hn+15)rlrzrusgsilg*(n;3,l;i)

% *
+% T T 38,808, & (n; 4,13 z)+rlr2r3rhsgsllg (n; 5,1; 2)



where D72 = [rlr2r3rhr5r6r rgs

I

Z

0

* *,
+ 2r1rhr5r6rvsgsll g (n; b,2; z)+2rlr2rhr5r6sgsllg (n3 5,23 z)

* *
+ X ToT)TeSsS8y) € (n; 6,2; z)+rlr2r3rhs589sll g (n; 7,25 z)

r,S_.S,5.8 8,2; z)

+Hr.r *(n'
2717273%5%7%9%11 & 10

2

.%-(20n3+280n2+1338n+2181)rlrzrhsll g*(n; 9,2;.2)
l(hOnh+780 3 . 6n>+1908 *(n; -‘
- n +575 n-+19 On+23991)rlrhs9 g (n; 10,2,‘,z) 7

- §E—(hn3+60n2+296n+h77)rlrhrss9 g*(n; n; 11,23 2,13 z)},

L,

7"8%9°11

R*(n; 753,03 u)du = D73{1+2r2r3r5r7-2r2r3r5r7s5s9 g*(n; 1,1; 2z)

(n; 2,1; Z)

+.lg (hn2+37n+88)r1r5s539 g*

+ % (l2n2+105n+232)r1r25539 g*(n; 3,1; z)
l ‘ * [l * 3 * L d .
+ g T)TpTIT)SsSg € (n; 4,1 z)+§ T TpTT)S:5g 6 (n; 5,1; z)

+2 (3n+8)r1r2r5r6r789 g (n3 5,2; Z)+(3n+8)rlr2r5r68589g (n3;6,252)

*
+(3n+8)rlr2r3r5s5s9 g (n; 7,25 z)

+1(3n+8) g (n; 8,2; z)

r1r2r3sss7s9

146
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- 3260742360+ 1179041992)r r x5 8%(ns 9,23 2)

- %(16n3+236n2+1l79n+1992)rlrzsssg g*(n; 10,23 z)
- $(16n34236n%+1179n41992)r. 15 s *(n; 11,25 7)
N 1 5 5 9 g n; 9€3 -2
- %(l68n3+239hn2+11193n+173Oh)rlr5sss9 h(n,n; 12,2; 2,1; z),
where Don =[rr r.rr.r.rr.ss ]'1
73 *12°345 67814 -
' R¥(n3 7,405 )au = D, (b2r. 2, ror -32 * e 1.1
Jo (n; 7,4,0; u)du = o rzrhr6r7-3r2r3rur6r7s9 g (n; 1,13 z)
2
+ %(1ln3+161n +781n+1251)r1s9sl3 g*(n; 2,1; z)
+3()4n2+39;1+97)r r. s.s *(n- 3,1; z)43r. r.r.s °s *( 3 4,15 2)
129l3g 5 Jetsy r12r39 l3gn’ -
+2rlr2r3rbrs9513 g*(n; 5,13 z)+hrlr2r3r6r7s9sl3 g*(n; 6,2; z)
2 * 2
+hrlr2r3 T659513 & (n; 7,2; z)+2rlr2r3?s739s13 g*(n; 8?2; z)
2(30%432n487 ) *(n; 9,2;
~2(3n"+32n 7)rlr2r3rhs13 g (n; 9,25 z)
273791

. -(3n2+32n+87)rlr T3858:3 g*(n; 10,2; z)

2
-(3n +32n+87)rlr2r589s13 g*(n; 11,2; z)

-%(12nh+272n3+23l3n2+8752n+12hhl)rlr539 g*(n; 12,2; z)



148

- g%(hn3+61n2+3ohn+501)rlr5r6s9_h(n,n; 13,25 2,1; z)},
where D, = [r.r T, T, T T, T ToS. S ]'1
Th - 1°2°3° 47576 7879713

XZ R*(n' 7,5,03 u)du = D,.{35r r.v r -f T.T) TS, S g*(n' 1,1; z)
0 > A 75 2734757727374 55779 > T

+%(58n2+h95n+1073)rlr6s7s9 g*(n; 2,1; z)

* 1 *
+%-(23n+91)rlr23739sll g (n; 3,1; z)+—grlr2r3r5s7s9g (n3h,1;2)

+g-rlr2r3rhs739 g*(ns 5,13 z)+2(5n?+35n+62)rlr2?3r7sgg*(n;7,2;z)

+(5+35m462)m 775850 € (03 8,25 2)-(ni23)r ryrun ros g (n59,252)

-%(hn+23)rlr2r3rhs7s9 g*(n; 10,2; z)-%(hn+23)rlr2r3r5s759g*(n;ll,2;z)

*
-%(lm+23)rlr2r5s7sgsll g (n3 12,2; z)-%(hn+23)rlr5r6s7s9sllg*(n;l3,2;z)

- ég-(hn2+36n+83)rlr5r6s759 h(n,n; 1,2; 2,1; z)],

. -1
where Doy = [rlr2r3rhr5r6r7rgs7s9] .

'ZR*.G.)d_. 2 *. .
J (n; 7, éQ, u)du = D76{ lr2r3r5r6-r2r3rhr5r689 g (n; 1,1; z)

0

+ 13;(JLa’n2+109n+25h)rlrssgsl5 g (n5 2,1; 2)

, ,
+ %(Sn +h3n+9h)rlr2s9sl5 g*(n; 3,1; z)



l¥9
+—é—(lln+h3)rlr2r3s9s15 g*(n; S z)+3rlr2r3rhsgslsg*(n;5,1;2)
2 *
+(6n"+46n+92)r_r 1 SgS15 & (n; 8,23 z)

1273

e R

.-2rlr2r3rhr5r6515 g*(n; 9,2; z)-rlr2r3rhr539s15 g (n; 10,2; z)

~r. T, r.Tr)Tr.S.S *(n* 11,25 z)-dr. r. r.r.s s .s *(n- 12,25 z)
1273747579715 8 W S5S5 B)maryToTarssys, 85158 (05 12,23

1 * 1 *
=371 o 5 659513515 & (n; 13,2; z)-nrlr5r6sgsllsl3slsg (n3 14,2; 2z)

- g%(hn2+38n+93)r1r5r6r759 hin,n; 15,23 2,13 z)},

- ‘ ’ -1
where D73 = [rlr2r3rhr5r6r7r889815] .
jz R*(n° 3,2,1,0; u)du = D_,.{3-r s.s *(n* 1,1; z)
0 ) JatrLsVy 321 2358 3 a2t

. v
+2rlr2r3ss2 g (n3 3,25 z) - rlr5s3552 g*(n; h,2; z)

* 2 %
+2r1r2r3s3s7g:( n; 5,23 z) - T)TpS385 & (n; 6,2; z)

' 2
-rlr2r3s3s5s7 h(n; n; 5,2; 2,1; z)+rlrzs3s5 s7h(n,n;‘6,2; 2,13 z)

2 | |
r, S35 h(n,n; 6,5; 2,2; z)},

2
~T TpT858, h(n,n; 7,25 2,1; z)-2rl

B 2 2 -1
where D321 —-[rlr2 3 TS 7.

2
3% 7



R*(n; 4,2,1,0; u)au = Dh21[6 - 3r2r3s3 g*(n; 1,1; z)

+2rlr2r3sss7 g*(n; 3,2; z) - 6rlr3s3s5 g (n; 4,2; z)

* 2 %,
~TyTor3Sis, € (n; 5,25 z) + T o838, & (n? 632, z)

* ' |
-3r1r2r3s3s5 g (n; 7,2 z)-rlr2r3rh3357 h(n,n; 5,2; 2,1; z)
-%rlr2r35385s7 h(n,n; 6,2; 2,1; Z)+(5n+l9)rlr2r3s3s5 h(n,n; 7,232,1;2)

- g Y TpT38a8 8, h(n,n; 8,2; 2,1; z)-8rlr22r3s3 h(n,n;7,5;2,2;z)},

5 ]'l.

where Dyoy = [rlr22r32 T)¥5S3555,

Z % ' *
IO R (n; h,3,1,0;»u)du = Dh31{18 - 3r3s3s5 g (n; 1,1; z)

+2rir3285s7 g%(n; 3,2; z) +.3r Y383555, g*(n; h,25 z)

1737375

-3(hn2+h0n+79)rlr3s3 g (n; 5,2; Z)+r18385s789 g (n; 6,2; z)

% *
+-15rlr3s3s5 g (n3 7,25 z) - 3rlr3s3s537 g (n; 8,23 z)

2 .
-%rlr3s3s5s7sf9 h(n,n; 6,2; 2,13 z)+3r1;3 S3855, h(n,n; 7,2; 2,13 z)

+ %'r1r3s3sss7s9 h(n,n; 8,2; 2,1; z)-3rlr3rhs3sss7h(n,n;9,2;2,l;z)

-12r1r'2r3s3s5 h(n,n; 7,6; 2,2; z)},
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- 2 R
where Dy3y = [rlrzr3 rhr5s3sss7sg] .

Z

* %
o R (n; 4,3,2,0; u)du = Dh32{6'" T T385 € (n;rl,l; z)

3 .
+2rlr3rhs5s7 g (n; 4,25 z) - 8r1r2r3s7 g*(n; ?,2; z)

=T17),55575g g*(n; 6,23 z) + 3rlr3rh5559 g*(n; 7,2;-z)

%, '
-2r1r2r3sss7 g (n; 8,2; z) - T T3T) 5o, g*(n; 9,2; z)

séh(n,n;8,2;2,l;z)

-3rlr32rhs5s9 h(n,n; 7,2; 2,1; z)+—§(5n+l6)rlr3sss7

=¥y TpToT) 5o, h(n,n; 9,2; 2,1; z)-%rlrsrus5s7s h(n,n; 10,2; 2,13 z)
-hrlr2r3sss7 h(n,n; 8,6; 2,2; z)},
o 2 2 -1
wh?re Dy3p = [rlr2r3 r), r5s557s9] .
IZ R*(n' 552,1,0; u)du = D_,.{30r_ - 6r.r_s.s *( s 1,13 z)
0 ) Sa==0M0 '521 5 2537gn, =3

%
+6r1r2rhr5sss7 g (n3 3,2; ?)+(2n3-3n?-lohn-210)rls3s7 g*(n; k,2; z)

Xl 5 s 5L *ne 6.0-
-2rlrzs3s7s9 g (n; 5,23 z)-5r1r2s3sss7s9 g (n; 6,2; z)

+(6n2+h6n+89)r ry838g g*(n; 7,23 z)-%(hn+l9)rl

1%253 (n; 8,25 z)

*
r2s3s5s7g

=T ¥pT) 5S35, Sg h(n,n; 5,2; 2,1; z)-%rlr2r4s3sss7sgh(n,n;6,2;2,l;z)




-%rlr2r3s3sss7s9 h(n,n; 7,2; 2,1; z)

+ %(311'*'13)1‘ h(n’n;_ 8,2; 2,1; z)

lr253s5s7s9

- % (hn+l9)rlr2rhs

35557 h(n,n; 9,2; 2,13 z)

- h(5n+2h)rlr22 S35, h(n,n; 8,5; 2,2; z)},

- 2 -1
where Dgoy = ryr, r3rhr5r6s3s5s7s9] .

XZR*(n' 5,3,1,03 u) du = D__.{30s. - 2s5_s_s_5 *( s 1,13 z)
o. 2 37990 "’531 "9 3579811, Lt 2

¥
+ 2rlr3rhsss759 g (n; 3,25 z) + 6rlru2s335s7 g*(n; 4,25 z)

- (58n2+h01n+660)rlsss7 g*(n; 5,23 z)=- s s.s9g*(n; 6,25 z)

3
571,355

+(hn+l7)rlr,_;s3sss9 g (n3 7,2 Z)-%-(2n2-29n-156)rls (n38,2;5z)

¥
355578

-(8n+33)rlrhs3s5s7 g*(n; 9,23 z)- grlrhrss335s7

-'% rlr3rhS3s5s7s9 h(n,n; 7,2; 2,1; z)

T T3S55:5,8 h(n,n; 8,2; 2,1; z)

+1(Tn+32) 55759

+%(7n+32)rlrhs3sss7s9 h(n,n; 9,2; 2,1; z)

S8, h(n,n; 10,2; 2,1; z)

79

-%(8n+33)rlrhs3

55

s9h(n,n;6,2;2,1;z) ‘

e




- 4(5n+21)r h(n,n; 8,6; 2,2; z)},

lr25v3s5s7
where B =[rrrr2rrssss]-l
7531 172°3°h 7576737577797 *

2 x
R (n; 5,3,2,0; u)du = D532{h5rh-3r2rhs5s7 g*(n; 1,13 z)

J’

0

2 %, *
+2r1rlls5s7 Sq g (n; 4,25 2) = 6nr1r2r,+s72 g (n; 5,2; z)

-3(n+12)r1r3s5s72 g (n; 6,2; z)

-(lmh+62n3+368n2+J.997n+10141i)rls5 g*(n; 7,25 z)

» _
+ g-(hn +l+7n+108)r1s5s72 g*(n; 8,2; z)-6rlr2rhs5s72 g*(n; 9,25 z)

--:irrs‘»s 2s g*(n- 10,23 z) -3r.r. 1, r.s.s,s . h(n,n;7 2.-2 13z)
21)*57 9 ’ I<s 13)45579 iyl 56959y

- -g- ;-lr3rhsss7259 h(n,n; 8,2; 2,1; z)

+ 3 (@nPegsni28) 2 5 9,23 2,13
5 T, T, S5 5, h(n,n; 9,2; 2,13 z)
3 2

= 5 TToTS55, Sy h(n,n; 10,2; 2,1; z)
3 2 . . '

= 3 TTTs55Sy Sy h(n,n; 11,2; 2,1; z)

r,s:s, h(n,n; 8,7; 2,2; z)},

- 6(5n+18)r 35557

172

o 2 2. -l
where Dggp = [rlr2r3rh Y5TeSes, S9] .

153
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A %
g (n; 1,15 z)

2z o
lo R (n; 5,4,1,0; u)du = D5hl[60rhs9 - 6r.7),5555

+2fir3rhas72s9 g*(n; 3,23 z) + 3rlr3rhs3s72s9 g*(n; h,2; z)
+ . 2 ¥
3(hn+17)rlr2rhs3s7 g (n; 5,25 z).

-%(hth+1012n3+7212n2+2lh07n+2276h)r g*(n; 6,23 z)

15357

+6rlr3rglsss9sli*(n; 7,23 z)+(2n3+71n2+h17n+636)r 2g*(n; 8,2; z)

15357

. 2 :
- (b 5n-96)ry 7855, " (03 9,25 2)Bn1T)r 1555, % 6 (m310,252)

- 3(um15)r 21y 8.5, 505, 1 h(nyn; 7,25 2,15 )

*357%9°11
, ) ,
+2rlr3rhs3s7?59sll h(n,n; 8,2; 2,1; z)+-2rlr3rhs3s7 sgsllh(n,n;9,2;2,l;z)

| 2 2 .
+ T)T)S35, Sg Syp h(n,n; 10,2; 2,1; z)

2
55357 Sq h(n,n; 11,23 2,13 z)

+ %(hn+l7)rlrur
- h(20n2+158§+309)rlr2r3s387 h(n,n; 8,7; 2,2; z)},

vhere Dy = [rlr2r3rh2r5r6sss72sgsll]-l.
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Z % . x* -
R (n3 5,4,2,0; u)du = Dshe{SOrh 3r,r 3rhs7 g (n; 1,1; z)

j’

o
+2r 1737y s759 g (n, h,2; z) + 6rl T 3T, 508y & (n, 5,23 z)
- 3(1hn+47) rhs7 g (n, 6,2; z) 3r rhs7§9$ll g*(n; 7,2;'2)
+(2un"+4+oen3+2562n2+7038n+7128)rlr3 ¥ (n; 8,23 z)
+(2n +71n+2oh) rhs,? g (n, 9,25 z)- 6r1 5 3rus7s9g*(n; 10,2; z)
-3rlr3rhr5 SpSg 8 (n, 11 2; z)-2(8n+25)r rhs7‘ h(n ﬁ 38,232,132)
+(7n+2h)rlr3rhzs7sll h(n,n; 9,2; 2,1; z)
"%(7n+21+)r:L 3T575g8y, B(R,n3 10,25 2,15 2)
-3rlr2r3rhr557s9 h(n,n; 11,2; 2,1; z) ~3T1F3T)¥5S 7s9slih(n n;12,2;2,1;z)
--8(10n+37)rl oT3 rh h(n,n; 9,7; 2,2; z)},

| -1
where D5h2 =[r.r.v 2y r6s

2
1273 % u“u]



156

2

*
S.s, g (n3 1,1; z)

R (n; 5,4,3,0; u)du = Dy)5(307, - nyras,s,

J’

0

. | _
+2(3n+8)rlr2rss7s9 g (n3 5,23 z) + (n—3)rlr2s5s7s9 g*(n; 6,2; z)

~TyTpTeSsSgS) ) g*(n; 7423 Z)= -g— rlr5s5s7s9sll;'g*(n; 8,25 z)
n) 3 2 *
+(2n " +426n~+2799n +8061n+8580)r1s5 g (n; 9,25 z)

-(3n+8)rlr2s5s759 g*(n; 10,23 z)-2rlr2r5.s5s7s9 g*(n;]l,z;z)

1 *o. . 5}
~2T1T5555,505) & (n; 12,2; 2z)

- -g-(hn+l3)rlrur5s5s7sn h(n,n; 9,23 2,13 z)

+ %(3n+ll)rlrhsss7s9sll h(n,n; 10,23 2,1; z) |

8.5-5,8,,h(n,n312,2;2,132)

. . o L
=T TpTsT 5855, Sg h(n,n; 11,2., 2,1; z) 2T pT 5858508y

-—%rlr5r6sss7s9su h(n,n; 13,2; 2,13 z)

- l&(511+19)rlrar355s,9 h(n,n; 10,7; 2,2; z)},

2 -
~ where D51i3 = [rlrzrssrhr5 _r6s5s7s93u] l.
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APPENDIX B

(2)

EXPRESSIONS FOR C53 FOR THE NON-NULL DENSITY FUNCTION OF U'™’.

The expressions for the cij in terms of the elementary symmetric

functions d{li = Xy o+ Xy and 4, = x1x2 for the non-null density func- |

tion Tof 7 ut2) are given by:

efg=72= 9y
' cCr=’85-‘8ci +3a‘2-hd
2 1 1 2
C,orem™) e @S-
c22'¢ 1 dl_—+ d2

T T T/::--— ‘- E 2 - 3 -
c3y= 16 . 2k, +18d," - 5d; 2ka,, + 124,d,

- — j_- X4 "2 -
¢35 = 2 3§1--+ ;" +2d, d,d,
- ——— N3 - £/ 2 3 h
Clq = 128 - 256«11 + 288d," - 1604, + 354y
oAb 2 2
--33ka, + 38k d,d, - 1204,7d, + 1+8d2

c’imaf&: - 16 d'-l-_+ 11d12 - 3dl3 + hdz - lLdld2
3% a, - ba,?

R - N 2
%3;— 1 gdl + dl + E'd2 2dld2 + d2

26 o LRI A & L AR AR
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L= 256 - 640 4, *+ 960 d12 - 800dl3 + 350dlh |

5 2
- 63 dl - 1280d2 + 1920 dlqz - 1200dl @2

3 2
+ 280 a;7d, 5

‘5

2
+ h80d2 - 2u0dld

2 3 L4
= - )] - -
16 - 40 dl + +2dl 23dl + Sdl 8d2
2 3 2
+ 6dl d, - Sdl d, - 2hd2 + ;2d d

c52
2
+ 12dld

2 12

- 2 3 _ 2

=2 - 5dl + hdl -a,” + hd2 6dld2 + 2dl d2
2 2

+ 2d2 - d1d2

53 1

= 2 3 b
gy = 1024 - 3072dl + Z760dl - 6hOOdl + haooal

- 7680d2 + 15360dlg

.2 3 L
- 1hhooal d, + 6720d1 d, - 1260dl d2

2 2 2 3
+ 1680al 8y - 320d2

5
- 1512dl + 23ldl o

+ 576Od22 - 576Odld2

o = 128 - 38hdl + 5uhd12 - hh8d13 + 195dlh

5 2 3
- 35dl - 256d2 + 512dld2 - 216d4.74, - hoal d

1 9 2
+ 3Sdlhd2 - 336d22 + 336d1d22 - 120d12d22
+ h8d23
_a 2 3 L
Cg3 = 8 5.2hdl + 27dl - lhdl + 3dl + 12d2

: 2. . 3 2.2 3
- 2hdld2 + 18dl d, 6dl d, + 3dl d2 - hdz
- 2 3 2
gl = 1 - 3dl + 3dl dl + 3d, 6dld2 + 3dl d,
.2 2 3
34, - 3dydy *dym
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APPENDIX C

Y{j. FUNCTIONS FOR THE NON-NULL DENSITY OF U(Q)

The - ?ij(t) functions in the Laplace transform of. U(g) with re-
spect to’its non-null density function are provided below in terms of the
R™ functions introduced inSection 9 of Chapter I. For ease in writing we
will usé ‘the simplified notation R(az,al) for R(n;aa,al;t). Note:

. . Y *
to“obtain’ Yijf(u) merely replace R by R in the following expressions.
¥31(£) ="2°R(r+1,8) - R(r+2,s) - R(r+l,s+l)

Ygigﬁ)?==85R(r+i,S) -8 R(r+2,s) - 8 R(r+l,s+1)

+'3°R(r#3;5) + 2 R(r+2,8+1) + 3 R(r+1,s+2)

Ygéif)f=zk(r+158) -"R(r+2,s) - R(r+l,s+l)

+ R{r¥2,s+1)

¥33(t) =16 R(r+l,s) - 2k R(r+2,s) - 2k R(r+l,s+l)
+718  R(r+3,s) + 12 R(r+2,s+1) + 18 R(r+1,s+2)
=5 R(r#k,s)- 3 R(r+3,s+l) - 3 R(r+2,s+2)

- 5 R(r#1, 5+3)




v32(t) = 2 R(r+l,s) - 3 R(r+2,s) - 3 R(r+l,s+1)
+ R(r+3,s) + L(r+2,s+1) + R(r+l,s+2)

- R(r+3,s+1) - R(r+2,s+2)

¥,,(t) = 128 R(r+1,s) - 256 R(r+2,s) - 256 R(r+1,s+1)

' + 288 R(r+3,s) + 192 R(r+2,s+1) + 288 R(r+l,s+2)
- 160 R(r+h,s) - 96 R(r+3,s+l) - 96 R(r+2,s+2) -
- 160 R(r+l,s+3) + 35 R(r+5,s) + eo'R(r+h,s+1)

+ 18 R(r+3,s+2) + 20 R(s+2,s+3) + 35 R(r+1,s+h)

Yha(t) = 8 R(r+l,s) - 16 R(r+2,s) - 16 R(r+1l,s+l)
+ 11 R(r+3,s) + 26 R(r+2,s+1) + 11 R(r+l,s+2)
- 3 R(r+h;s) - 13 R(r+3,s+1) - 13 R(r+2,s+2)
- 3 R(r+l,s+k) + 3 R(r+h,s+1) + 2 R(r+3,s+2)

+3 R(rf2,s+3)

Yhs(t) = R(r+l,s) - 2 R(r+2,s) - 2 R(r+l,s+1)
+ R(r+3,s) + L R(r+2,s+1) + R(r+l,s+2)

- 2 R(r+3,s+1) - 2 R(r+2,s+2) + R(r+3,s+2)

¥, (5) = 256(r+1,5) - GHOR(r#2,5) - GKOR(r+1,s+1)
+ 960R(r+3,s) + 64OR(r+2,s+1) + 96OR(r+1,s+2)
- 800 R(r+h,s) - LBOR(r+3,s+1) - LBOR(r+2,s+2)
- 8OOR(r+1,s+3) + 350R(r+5,s) + 200R(r+k,s+1)
+180R(r+3,s+2) + 200R(r+2,s+3) + 350R(r+1,s+k)
- 63R(r+6,s)-35R(r+5,s+l) - 30R(r+h,s+2)

- 30R(r+3,s+3) - 35R(r+2,s+4) - 63R(r+1,s+5)

- 160



¥53(¢)

¥, (t)

4+

16 R(r+l,s) - 40 R(r+2,s) - 40 R(r+l,s+1)

42 R(r3,5) + 76 R(r+2,s+1) + b2 R(r+1,s+2)

23 R(r+h,s) - 57 R(r+3,s+1) - 57 R(r+2,s+2)

23 R(r+1,s+3) + 5 R(r+5,s) + 26 R(r+kh,s+1)

18 R(r+3,s+2) + 26 R(r+2,s+3) + 5 R(r+1,s+k)

+

5 R(r+5,s+1) - 3 R(r + 4,842) - 3 R(r+3,543)

5 R(r+2,s+1)

2 R(r+l,s) - 5 R(r+2,s) - 5 R(r+l,s+1)

+

L R(r+3,s) + 12 R(r+2,s+1) + b R(r+l,s+2)

R(r+k,s) - 9 R(r+3,s+1) - 9R(r+2,5+2)

R(r+1,s+3) + 2 R(r+k,s+1) + 6 R(r+3,s+2)

+

2 R(r+2,s+3) - R(r+h,s+2) - R(r+3,s+3)

1024 R(r+l,s) - 3072 R(r+2,s) - 3072 R(r+l,s+l)

+

5760 R(r+3,s) + 3840 R(r+2,s+l) + 5760 R(r+1,s+2)

6400 R(r+h,s) - 3840 R(r+3,s+1) - 3840 R(r+2,s+2)
- 6400 R(r+l,s+3) + 4200 R(r+5,s) + 2400 R(r+l4,s+1)

+ 2160 R(r+3,s+2) + 2400 R(r+2,s+3) + 4200 R(r+1,s+4)

1512 R(r+6,s) - BLOR(r+5,s+1) - 720 R(r+k,s42)

720 R(r+3,s+3) - 840 R(r+2,s+i) - 1512 R(r+1;s%5)

{-

+

231 R(r+7,s) + 126 R(r+6,s+1) + 105 R (r+5, s+2)

+

100 R(r+k,s+3) + 105 R(r+3,s+4) + 126 R(r+2,s+5)

+ 231 R(r+1,s46)




Y62(t)

¥g3(t)

¥g,(t)

162

= 128 R(r+1,s) - 384 R(r+2,s) - 384 R(r+1,s+1)

+ 5hh R(r+3,s) + 832 R(r+2,s+1) + 544 R(r+1,s+2)
- 448 R(r+h,s) - 832 R(r+3,s+l) - 832 R(r+2,s+2)
- Uh8 R(r+1,s+3) + 195 R(r+5,s) + 564 ﬁ(r+h,s+1)

+ 402 R(r+3, s+2) + 564 R(r+2,s+3) + 195 ﬁ(r+1,s+1+)

35 R(r+6,s) - 215 R(r+5,s+1) - 134 R(r+h,s+2)

134 R(r+3,s+3) - 215 R(r+2,s+h)‘ - 35 R(r+l,s+5)

+

35 R(r+6,s+1) + 20 R(r+5,s+2) + 18'R(r+h,s+3)

+ 20 R(r+3,s+4) +35 R(r+2,545)

8 R(r+l,s) - 24 R(ﬁz,s‘) - 24 R(r+1,s+1)

+ 27 R(r+3,s) + 66 R(r+2,s+1l) + 27 R(r+l,s+2)

14 R(r+h,s) - 66 R (r+3,s+l) - 66 R(r+2,s+2)
=14 R(r+1,s+3) + 3 R(r+5,5) + 30 R(r+k,s+1)

+ 5h R(r+3,s42) + 30-R(r+2,s+3) + 3 R(r+1,s+k)
- 6 R(r+5,s+1) - 18 R(r+h4,s+2) - 18 R(r+3,s+3)

- 6 R(r+2,s+4) + 3 R(r+5,s42) + 2 R(r+k,s+3)

+

3 R(r+3,s+4)

R(r+1,s) - 3 R(r42,s) - 3 R(r+1,s+1)

3 R(r+3,‘s) + 9 R(r+2,s+1) + 3 R(r+l,s+2)

+

R(r+l,s) - 9 R(r+3,8+1) - 9 R(r+2,s+2)

R(r+l,s+3) + 3 R(r+h,s41) + 9 R(r43,s42)

+3 R(r2,543) - 3 R(r+h,s42) - 3 R(r+3,5+3)

+

R(r+h,s+3)



for

[21].
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m-=
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APPENDIX D

COEFFICIENTS FOR THE NON-NULL DENSITY OF U(2) WHEN m=0

coefficients gij for the non-mull density function of U(z)

0 are given below in terms of the Aij which may be found in

1+ 2A , + BAy + Ay, T 10Ay + 2Ag

+ 1288, + BA, ¥ A4t 256A5, + 168,

+ 2A53 + 1O2hA6l + 128A62 + 8A63 + A6h

= =Apy * By - 6A31 * 3A32 - 96Ah1 * lsAhz

”+_3Ah3ri 320A51 + 3hA52 + 8A53 - 1920A6l

= -2Ahl'— Ah2 + Au3 - 20A51 - 8A52 + hA53

-_2h0A6l - 162A62 + 2hA63 + 6A6u

“5hcy - Phgo ~ Agy T Bg,

fl

-Ajy - 8A21 - Ay - 2hA3l - 3A32 - 256Ahl

- 16Ah2 - 2Ry 5 - 6l+0A51 - hOA52 - 5A53
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8oy = 23y = Ay, +6hA)L - 104, - 28,5 + 320A;)
- 3l+A52 - 8A53 + 256°A61 - 38k, - 52Ac,

- 8A6h

Bop = Shy) +_2A52 - Agy + 120, + 8lA, - 124

- 3Ag,

830 = 34,0 * 18A3l t Ay, t 288A.4l + 14, + A3
o+ 960A51 + thSz + hA53 + 5T60A., + 5uba .,

+

2Thg3 + 3hg),

g3l = -lsAhl + 3Ah2 - 150A51 + 21A52 + 2A53

- 1800A6l + 369A62 + 27A63 + 3A6h

83 = -2lAg; = 15Ag, + 3Ag,

8,0 -5A3l'- 160Ahl - 3Ah2 - 800A51 - 23A

- 6h0OA, - BMBAL, - LhAc. - Ay

52

- As3

gy = 28A51 - 5A52 + 672A61 - 180A62 - 6A63

850 = 358y, * 350.A.51 + ShAgp ¥ hzoOA61 + 195A¢,
+ g3

g51 = -105A6l + 35A62



€60

&0

-6
3, - 15124, -
61 = 3R

P

= 231 A6l
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APPENDIX E
1t ot
. THE COEFFICIENTS Cij FOR THE NON-NULL

DISTRIBUTION OF THE LR CRITERION FOR k = 2 AND p = 2

The coefficients Cij for the non-null distribution of the LR

criterion for k = 2 and P = 2 are given below in terms of the constants
1 ' .
Aij -which may be found in [21] and which are also provided here.

e st L [ ] tt 1

1T [ B |
Coo=1 5 Cp=Ay s Cpu=3Ay » Cp =Ayp -hA,,

1y It ts 11 s

rs 1t
30 = 2831 2 Cyy =Ap =124y 5 Oy =354,

"— ty 1t ";- 1t 1,. [ h8 1t "__6 A

11 Te tt [ B § te t

] 1t
-.931 = 5 Agp - 2801.A51 > Cip = Agg - 1245, + 2ho Agy 5 Cgo = 231Ag

1 1t t

T 1! t e
Cpp = 35Agp - 1260 A, , Cpy =3 Rgy = 120 Ag, + 1630 A

61

Tt

1t [} te

te

61 ?

where

ty
Ay =vb/b



%i=ﬂwﬂbﬂﬂ&M),

Ay, = v(v=1) b2/6

)

Ag = v(v+2) (v+lh) b3l/(2?51) s

A32 = V(V+2)(\"l) blbz/""o 3

By, = 306(v2) .0l (v46)] By /(27.8Y)

Ay = v(vi2) (i) (v-1) B/ (7.2%41) ,

By = v(v¥1)(v2) (v-1) v,%/120

A = [v(vi2)...(v+8)] ®

Ay (3.29.81) ,

51/

11

Ay = [o(vi2)...(w46) (v-1)] b,/ (3.27.61)

A

R B

61 = [\;(\)+2)...(\)+10)] b6l/(33.212'8!)' -,

gy = Au(w2).. (w8) (v-1)] B,/ (112581

hgg = SLV(vH) (w42).e. (v46) (v-1)] bgy/(3.27.71)

g, = w(vi2)(v42) (w3) (wHh) (v-1) B, Y/5.7.9.2

53 = V(L) (v2) (vih) (v-1) b b2/ (5.7.2°)

167



where v=mn, , b =2- (1/v1*1/v,),

b, = [-1/y 01-1/v,] 5, By =307 - Wb, | b, =Dy,

168

o 3 _ ey M 2
by = 55,7 = 12b)b, , by, =Dbib, , by =35by -120b12b2+u8b2 ,

- | _ 32 - 5 3 2
by, = bybsyy s bh3 =b," , b51 = 63bl - 280 b, b2+2u0blb2 ,

- _ 2 _ 6 L 2 3
b52 = b2b31 > b53 =b,b," , bg,=231b, -1260bl b2+1680b12b2 ~320b,,”,

- .2 ’ w3
bgo =Py by 5 Pz =y by o, Dy, =DbyT.
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APPENDIX F

hij(z) FUNCTIONS FOR THE NON-NULL DENSITY FUNCTION OF THE IR CRITERIA.

Tabulated below are the functions hij(z) appearing in‘ the non-

mill density f‘unct_ion of the IR criterion for testing T, =

z §2 (see

(L.5) of Chapter ITT. The following notation is used:

H = (1-4z%)2

o
1

= (1-H)2/h

and

o .
.

= ()2 .
hy,(z) = 1n(b/a)
hio(2) = }n(b/a)
hgo(z) - (HfH3)/2 + (1-22)1n(b/a)
h01(z) =H
hyy(2) = 3(HHO)/2 + (l—6z)l:n(b/a)

hli(z) = (5 H+H3)/h - z 1n (b/a)
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3

hho(z) = (97 H+103H° + TH’ + H7)/32

- 22 (H#H) + (1-122 + 62°) 1n . (b/a)

hzl(z) = 25/16 H + 17/2k w4 H5/16 -z H

- 2z 1n (b/a)
hoo(2) = (HHO)/b

hso(z) = (165/32 - 10z)H + (195/32 - 10z)H3
+ (358 + 5H7)/32 + (1-20z + 3022) In (b/a)

h3l(z) = (125/64 - hz)H + (95/6& - z)H3
+ (907 + H')/64 + (-3z + 32%) 1n (b/a)

h,(2) ;'(5/16 - z)H + 11/2h ¥3 + H2/16

hoo(z) = (4081/512 - 483/162 + 15/2 z2)H
+ (16615/1536 - 501/16z + 15/222)H3
+-(873/256 - 21/162)H + (153/256 - 3/162 )57
+ (5587 + 38 /1536 |
4 (1-30z + 9022 - 2023) 1n (b/a)

hhl(z) = (625/256 - 163/162z +' 2z2)H B
+ (175/64 - 37/8z)H> + (583/6k0 - 3/162)H
+7(28H7 + H9)/256 + (-4z + 1222) In (b/a)
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h22(z) = (25/64 - 5/2 z)H + (1k9/192 - z/2)H3
£ (1580 + H')/64 + z° 1n (b/a)

hoa(z) = B/16 + 5/2k B3 + H7/16
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