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Sumary. Efficiencies of one=-sided and two-sided procedures are considered
from the sta.ndpoint of risk., It is shown that the WOgsidéd Kolmogorov~
Smirnov (K-S) and Kuiper procedures, which were shown in [4] to be asymptotically
equiefficient with the median for translation altemé.tives for symmetric
unimodal distributions have efficiencies for sample size.s' in a wide range
in the general vicinity of that of the median, but even if cérta.in standard
asymptotic approximations can be made, the efficiencies are not too close
to that of the median, and in many cases the dominant asymptotic correction
term does not even yield the sign of the deviation for s#mples of size 1 20.
A procedure briefly discussed in [1], for which i;he Pitman efficiency
is zero, has »good"vBayes risk efficiency for transla.t_iOn}a.lternatives for any

distribution and merits further work for two~sided testing.
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In the one-sided case, the one-sided K-S procedure appears to he somee
what worse to n_iuch worse than a procedure introduced by the author in [3].
Also, the K-S procedure involves & chicice of significance level which is

highly distribution dependent.

Introduction. We shall consider the "moderately large» sample" efficiencies
of certain well~known and not sufficiently well known non-para.metric procedures
from & decision-theoretic standpoint. By "moderatleyi large sample"” we shall
mean that centra.-l' 1imit type theorems yield adequaté "a.ppro:d.m.tions to the
distributions involved, but that the further ésymptotié approximations of
the type in [4] are not necessarily very good. We sha.ll also assume that
the sa.mplesv und.er consideration are sufficiently large that the large sample
form of the risk camn be used. |

That is, we shall carry out our computations as if_ the observations can

be considered as a stochastic process on [0,1] such vth.at
(1) X(t) = 6 h(t) + ¥(¢t) ,
where Y is a separable Gaussian process with mean O and covariance fwmction

(2) (t,u) = b(min (t,u) - t ),
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and h(t) is a mmltiple of fpﬁl(t), chosen so that h(.5) = 1. The choice
of these normalizing fa.ctoré is for computational convenience; the medien |
corresponds to -X(.5) in standerd umits. For simulation purposes, we
have chosen five dj.stributions: |

normal, with
(3) hy () - exp(-.5 {TH(o, ()1 ;
logistic, with

O B (8) = be(1-t) 3

double-exponential, with
(5) B(t) = {

Cauchy, with
o 2
(6) Bo(t) = sia” m ¢ 5

and a distribution with demsity C/(1 + 7|x - e|:)1°/ 9 , 4n which case

=“{<at>1-° t<.5,

" " e s s
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The loss structure was taken to be [2] 2|e|de. for a wrong decision
in the one-sided k'testing problem =~ it can be stromgly a.fgned that for
"reasonably large" samples no other loss fumction is r'ea.somble for this
problem. For the two-sided problem the weight fumction was taken, as in
[4], to be 1 if a type 1 error is made, and |e|kde//5?. p‘k for a type
2 error, where Wy is the k-th absolute moment of 'I'.he. nprmal distribution.
~ The choice of multiplicative constants was chosen sd tha.t if 7 is N(e ,02),
then it will neﬁrer pay to aceept the null hypothesis if o > 1, but for Z
sufficiently small it will pay if o < 1.

In the two-sided case these normalizations correspond to establishing
& base for the sa.mple. size. In the one-sided case, if ithe value of the
translation parameter at which there is indiff‘erence‘ is 0%,_ the risk is
E(0"2). - "

The procedures we have evaluated by Monte Carlo are, for the two-sided
problem, Kolmogorov-Smirnov and Kuiper, and we have cémpa,red them to the
median, for which it is kmown [4] that they are asymptotically equi-efficient.

For the one-sided case, the Kolmogorov-Smirnov statistic has been ce

with a symmetrized version introduced by the author in £31.

Two-sided tests - asMotié treatment. The procédures. that we shall

~ consider are the median, Kolmogorov-Smirnov, and Kui:_per,»- We shall also con-
sider a test, suggested in [2], for which the Pitman '.e'f‘ﬁciency is 0, but
whose Ba.yes riék efficiency is that of the best order 's;‘tatistic. For the
medien (in our approximation: X(.5) + 6 h(.5)) the probability of exceeding

C under the null hypothesis is

2
8) Bem 2= | B a2 o
- 11



For the K-S statistic (sup(X(t) + 6h{t)|) the carrespomding probability
is

. 2 2 2
(9) PKS = 2 z (_1)11-1 e-c n /2 ~ 2e-c /2 ,
and for the Kuiper statistic, the probability is

2 2 : 2
(10) Bo=23% (i 2 - 1)e™ B/2 22 /2

(Wote that there is & scale factor of 2 in the expressions for Pp and PKS)'
Now let us examine what happens under the alternative. Let

X (9) = sup (X(t) + 8 h(t)). For © reasonably La.rg'e, if

(t)~m1-1 |t -23Y, y>3, X' (8) is approximtely' e + x"l/"f' e‘l/"‘f Y‘?mz,

where Z is normal (0, 1) and Y‘Y is & positive ra,ndom variable whose

distribution is not known except for y = 1, Hence that 6 for which

X (9) = ¢ 1is approximatély
(11) 0, =c+2 - NATSA r.

Therefore

(12) EKS(B ) ~cF o+ ( 5 ) k2 KY K11/ . |

For the Kuiper statistic we also meed X (8) = inf (X(t) + @ h(t)). Here

if © is reasonsbly large and h(t) . ptb, B > 4, X"(0) _ -p~L/B ¢-1/8 Wy



k k k k=2 Ewl=l Ek=l=1/8
(13) EK(ac),...c +(2)c -kKYc /Y-kHBc} /.

For the distributions we are considering, the values_ of v and B are

‘ Y B
_normal 2 1t
logistic 2 1l
double-éxponential 1 1
Cauchy 2 2
1 10 .

long-tailed

(For the normal, the tail behavior is slightly more. cdmplicated, but since
for the Kuiper statistic the larger of B and « is vhat counts, this is
not a problem,)

Incidentally, in the case of the median,
: k k k ka2
(1%) By(8,") ~ ™+ (3 ) &2,

Note that for the K-S and the Kuiper statistic, E(fgck) is smaller
than for the median, However, the ¢ required to obfain_ & given type I
error is somewhat ‘.larger. ‘

Now let us investigate what happens for me-th power loss for samples of

size n if the cut-off point is c¢. We obtain for the type II risk

(15) R, = 2E(9cm+l/m+l)/m g,bmh(m-l.x) R



Hence our combined risk is

m+). : )
(16) B=P () + ( S +3 ™lonr ALy ) p p-(®L)/2
mtl .
. -02/2 '
- where PI(c) ~Ac+e . Now a lengthy calculation shows that the

dominant correction term to the asymptotic expression

- : 1)/2
(17) R . B(m+1)(m"l)/2 ( lons n >(m+ :‘ )/

has the relative value

(1) c, =% ',(q+l-m) log log n/((m+l) log n)%,

1
vwhich of course increases with gq. Thus, for extreméljr large n, the
medien is better than the K-S test, which is better than the Kulper test.

However, extremely large depends om log log n. Since log log 1020 < k,
for practical purposes the next term (which depends on A) comes into effect;,
and the =R ¢®Y/Y tern may actually be dominemt.

Two-sided tests. Moderately large ssmple and empiricel results. A

computetion based on the likelihood ratio shows that for small n the K-S
and Kuiper statistics sre approximately equivalent to the best procedure.
(This requires the probability of type I exror to be fpe&rly l..) Appa.réntly
this effiéiency drops off rapidly. Let us look at the results of Monte

Carlo computations,



Normal

Logistic

. Double=-

exp

Cauchy

Long~-
tailed

constant
loss

127
129
122
19
115
117
1k
112
108

11
117
11k
111
110
111
110
109
107

79
78

79
82

85
88
92
ol

87
88
89
93
9T
%8
103
102

70

61
66
Th
83
93

Kolmogorov-Smirnov
absolute
error error
123 123
126 119
118 119
119 118
116 11k
114 113
112 110
109 107
106 105
114 116
117 111
112 113
13 113
112 111
111 110
109 108
107 106
105 104
79 80
80 82
82 83
86 87
88 90
91 93
9% - 96
96 97
90 92
91 91
93 9k
97 98
99 100
101 101
102 102
102 102
73 7
65 65
61 64
68 73
Th 79
82 86
89 g2

Efficiency (%)

squerdad

constant
loss

70
65
68
Th
75
80
88

93

73
69
72
75
7
82
89
A

6k
60
61
64
67
72
79
86

85
80
81
8k
89

Kuiper

absolute
error

87

8l

85 -

89

93

101

105
86
93

103
107

108

T2

96
86 .

squared
error

T2
71

80
85
91

101
102

102
91

100
104
107
109
108
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The values are independent for the different digtributicms, but depenw
dent within any one disbribwiiom, The stendard deviaticns (estimated from
1000 sample processes) of these efficiemcies are 1-2%for semples of size 10
end, with very few exceptions, .1 - ,29 for samples of size 1020. Thus,
while individual figures for smsll sample sizes are not too reliable, the
general picture is clear: for the Kolmogorov-Smirnov test, the flatness at
the median determines the efficiency, and for samples of size 1020 relative
to the base, the dominant asymptotic error has yet to make its presence felt.

The results are also similar for the Kuiper sté.tistic. Several cases
alsc clearly show the dip for smsll samples in the efficiencies. These
results also a.greé with the exact calculations for K-S with O-th power loss
for the double-ekponential in [3]. The optimal significance levels also
&re not much affected by the test. |

A test occasionally considered (see, e.g. [1]) 1s to use .
F =-F
n

VF(I-F)

in the tails than the K-S statistic., Now examination of

T, =/o sup | |. The statistic T, 1s more sensitive to deviations

Fn(x) - F(x)

/FE)(1-F(x))

(19) Tn(x) = ,/i;-—

by the usual methods shows that

(20) | T, ~

/2 log log n.
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A further examination shows thet the statistic cannot be very semsitive
to Pitman alternatives since that x for which T, = ‘-Tn(x)ﬁ is likely te

be near O or 1. Of course,

«/ 2 ldg log 1020 < 2,15 «/ 2 log log 10 , so that even this argument may
not be too serious for reasonable sample sizes. But we note that for k-th

power loss, for the K-S test the critical deviation is approximately

1 /Tk+1) log n , which grows much more rapidly. However, if we break the
ordered cbservations below the median into groups of size 1, 2, 4, 8, ...,
and exemine the distribution of T (x) in the corresponding intervals, we
find that .

1.2
(21) P(T, > c) < K log (n+1)e™2°

This shows that from the Bayes risk standpoint, this statistic bears mch
the same relationship to the best order statistic as the K-S or Kuiper
statistic does to the median! This test consequently merits imvestigation.

One-sided tests, If the weight fumctiom is 2‘0[&9- ._for a wrong decision,

and ;f the structural model is such that the observation Yaqp(e,x), and for
8 < s(x) the decision is made that © < O, the risk i_'s E[(s(x))a'_]. This
calculation can be applied in our model to the one-sided K-S tests and also
to the symmetric ﬁest given by the author in [3]. The symmetric test has
similar propertiés to the median for all symmetric umimedal distributions;
its reciprocal efficiency relative to the median is between 2-11'2/6 = ,355
and a number bounded by (-‘/-—%—_ +1 >2 ~ 19,

The one-sided K-S test doess mot fare so well. From equation (1),
note that if & is large the waximmm of X(t) will be large with large

probability since X(3) = & + Y(3), but the minimm may still be quite



vegative i¥ @I is not very large, especially if h ié swall some distamce
awey from O. This is indeed borme out by the empirical results. Un=-
fortunately, it was not anticipated just how bad things wofgald get, and hence
it is necessary to crudely estimate some numbers. The results are as follows,

with standard errors in parentheses:

Variance of Indifference Point

Normal Logistic D-E - Cauchy Long-tail
Symmetric, .735(.033) .796(.03k) 1.405(.061) 1.386(.062) 6.13(.19)
K~-S,one~sided .851(.027) .9k2(.029) 1.737(.057) 1.902(.073) . 11(.3)
K~3,one-sided .852(.017) .950( .029) 1.931(.07) . 4.5 ~ 160
50% - |
Optimal level .49 : Ry .39 . | .28 .008

Again, the values for the one-=sided K=S at optimal level for the doukle
exponential and the optimal level agree very well with the thecretical velues
of /1 - 2 = 1,7T4166 and RE .3924) respectively, HNote that for
not toe bad distributions, the cne-=sided K-S test 1s fairly goed if used at
the optimal level, which varies considerably with the distribution. If the
50% level were ﬁsed, as is optimal for any symmetric tesf statistic, the
tail of the Cauchy is already bad enough to cause pro'bJ.ems. It was not
anticipated in the empirical procedure that when @ was chosen to make the
maximm of X(é) greater than 12.8 (or the minimm less than -12.8),which
is beyond the 10"33 level for the Kulper statistic thé.t-'there would be any
significant problems with the minimum (maximum). A few values for the
Cauchy distribution were far enough 'out to glve questionable accuracy at
the 50th percentile; for the long-tailed distribution the figures given are

probably slightly conservative.
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