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Abstract

Bulk queues have been studied by several authors. Neuts(1967)
discusses a general class of bulk queues and studies the quéue length
and busy periods. Because of the computational complexity the distri-
bution of the occupation time and the virtual ﬁé}ting time has not been
studied so far. In this paper we closely followgthe notation and ter-
minology of [6]. We study the occupation time and virtﬁal waiting time
with the help of a simple lemma proved in the Appendix. |

1. Introduction

Let us recall the definition of the bulk queues studied in [6].

Customers arrive at a counter according to a Poisson process of parameter A

and are served in groups according to the folldwing policy: 1If at the time

_of a departure, K or more customers are waiting, a group of-chustomers is served
and the others must wait. If the number waiting does nof exceed K but‘is greater
than or equal to L all aré served together. If the number 6f customers is less
than L, the server waits until L customers are present; Préctical applications
of this model are.discussed in [6]. Here we study the distributions of the oc-
cupation time and thé virtﬁal waiting time (and their limiting moments) for this

queue.

¥ This research work was partly supported by the Office of Naval Research
Contract NONR-1100(26) and the National Science Foundation Grant GP-7631.



We assume that the successive service times are conditionally inde-
pendent, given the batch sizes, but their distributions may depend on the
batch size. The different batches are formed according to first-come,
first served rule. |

2. Distribution of Occupation time

As defined by Takacs [7] n(t) denotes the occupation time of the‘server

at the instant t. n(t) is the time until the server becomés idle if no cus-
tomers join the queue after t. Let £(t) be the queue length at time t. We
assume that £(0)=i > L. If i < L the process starts with an idle period hav- .
ing an Erlang distribution of order L-i. |

Denoting:

(1) W (t,x) = P{n(t) < x[g(0)=i}

and

(2) A (t,x) = P{O < n(t) < x,n(x)40 for all te(0,t]|£(0)=i)

we obtain by a standard renewal argument:
. o . _
(3) Wi (t,x) = A (t,x) + oA (t-1,x)aM, (1)

+ P{n(t)=0|£(0)=1}U(x)

where Ml(-) is the remewal function of the general renewal process formed by
the beginnings of busy periods and U(.)is the distribution degenerate at zero.

Let ml(E) be the Laplace-Stieltjes Transform (L.S.T.) of Ml(;) and:

* % [~ - . 00 -
(4) W, (€,5) = [pe *tfge SXaw, (t,x)dt

%k O - © -
(5) £ (5,5) = [pe ™t [Te SXan, (t,x)dt

Let G(j,n,x) be the probability that a busy period consists of atleast

n services which lasts for atmost time x and that at the end of the nth ser-



vice there are j customers waiting. Let Hj(-) denote the distributiocn
function of service time for a batch of j customers, j=L, L+l,...,K. For

the sake of easy notation we define:

(6) H(") 2UC) , 0<v <Ll

Further let hv(S) be the L.S.T. of Hv(x) and T'(j,n,s) the L.S.T. of G(j,n,x) and:

(7) E(]-:E) = z r(j’n’g)s j=0,1’-°°)K'1
] -n=1
%%
Lemma 1. The transform Ai (E,s) is given by
K-1 =
IR NO DI
&% 1 K'_l\)=0 p K v X i
Ay (B,8) =g L {(w hy(s))

p=0 %

§-s+A-Au_hy (s)

=

X-1

+
~

I Thy(s) - (w hy(s))7108; 5 + E5(1,E]]

j=L

1

L-1 X j
Ej (1,8) (w by (s)) ¥

!

j=0

where 1=w0ym are K-th roots of unity.

1°° .\av,mK_l

Proof

In terms of G(-5->-) we have:

. . o K-
(9) By(e,x) =[5 [ £§+x"zo°-§L 46 (j,m, ) dH, (v-u)
W wp T

AAew 5SS peew )™
) (mK + v)!

M) 4y 4
dH:""*H (v,-v)
m=0 v=0 K vl



© o K-1
# JELERERT ] 1 6@+ (r+1)K,n,0)
@ (" T I

ey @ K=l o qmK=§+v
- dig(v-u)e Mewd g %%%27%%%! dHK(m+r)*Hv(V1“V)

m=0 v=0

where Hém)(-) is the m-fold convolution of HK(-).

The probabilistic argument to get the first term is the following: 1f
the server has never become idle in (0,t], let the last service completion be-
fore time t occur between u and u+du and let L < j < K-1 be thé number of cus-
tomers left with at this time. Let thé service completion of these j customers
occur between v and v+dv. In the interval (u,t), mK+v(m z.O;Qi v < K-1) cus-
tomers arrive, and the distribution of service time of these mK+v customers 1is

the convolution H(m)* H ().
K v

To obtain the second term we assume that at the time u of the completion

of last service before t, there are j+(r+1)K(r >0, 0 < j < K-1) customers

left with. Out of these, K customers have service completion between v and v+dv.

The number of arrivals in (u,t) is mK+v-j, so that the number waiting at t is

(m+r)

mK+rk+v whose service time distribution is HK * Hv(°).

Taking the L.S.T. of (9) we obtain:

ek © K-1 © - -
(10) A, (€,) = ] T T(j,n,&) [Te SVaH, (v) [V~ (E-S*MIt
* n=0 j=L 0 J 0
o K-1 mK+v
_ " (At) m
'lmgo Lo TakeyT he(s)h (s)dt
oo K : ® -sV
+ 20 Zb ,‘20 P(§+(+1)K,n,E) fre " dH (v)
n= Y= J: .
' . K-1 mK-j+v
- (&- A
[lem (st y . o h?+r(s)hv(s)dt

m=0 v=



To sum the series inside the integrals we use the lemma in Appendix, which

gives:
*k © K-1 (Fea
an A Es) = [ L rG.ne freVan (v [lem (st
n=0 j=L J
1
1
K-1 (u ,\h (s)t K-1 =
L e L (o hi(s)) h (s)dt
p=0 v=0 P
e e K-l |
+ 11 rGreedKn,g) [remVan (v) flem TSIt
n=0 r=0 j=0
1
by K-1 w_2ah (s)t K-1 = . :
he(s) Tye e ( hK(s}) -3y (s1at
K p=0 v=0 v
| Kzl 1
X 1
1 k-1 (@D VR () = K-l L
=k ] X - (] ) TU.mE) [hy(8)-hy (E4-he hie(s))
p=0 e n=0 j=L
E-s+A-Awth(s)
o o K-1 1 i
¢ 10T T TR G 1)Ko, £) [y () -hy (ErA-hw hﬁ(s))]}
n=0 r=0 j=0

using equation (22) of Neuts [6] and noting that I'(j,0,£) = 6. ij? (11) simplifies to:
K-1 1
1 L @) s

** 1 v= O
(12) A, (E,8) = ¢ L 7 {_Z 83505 (s)
D—O . -K J—L
E—s+l-kwth(s)
, Lok
+ jZK 815w hy(s))” + jEL E; (1,£)h; ()
K-1 %
- L E(L,E)(uh MO
j=0 -

which proves the lemma.



If we consider the general renewal process formed by the beginnings of
busy periods and fl(E) the L.S.T. of the distribution function of the initial
renewal, and f(&) the L.S.T of the common distribution function of other re-

newals, then:

s n (€)= |

1f In is the number of customers in the queue at the end of nth busy period

and Yn the length of the nth busy period and:

(14) G5 (x) =YP{In=j,Yn < x}, j=0,1,...,L-1
then:

L:l A (L-j
(15) £(8) = Z E;(1,8) (5%

j=

This is so because if there are j customers left at the end of a busy period

{0 < j < L-1) then the ensuing idle period will have an Erlang distribution

of order L-j.

(16) [oe " Rn(t)=0]E (0)=1)dt

@ L-1 Li L
=f0e'5tf3 ) d(U+M1)*Gj(V) % e-l(t_u)tlﬁf'“)l at
0 0

j= r=0

L-1 -
~[14m, (5)] Z B (1,6 [1- () 7]

Hence the transform of (3) gives:

*%
Theorem 1. The transform Wi (¢,s) of the distribution function of occupation

time is given by:
*%

(17 W (£,5) = A, (E,5) + m (BN (E,5)

B |
+ gL, ()] Z B, (1,6) [1- () ]
j=



)%
where Ai (¢,8),i>L is given by lemma 1.

Limiting Distribution

Let W(x) be the limiting distribution function of Wi(t,X)‘as t>o and
W*(s) be its L.S.T., then:
Theorem 2. The L.S‘T. W*(S) of the limiting distribution of occupation time
is given by: : |
L-1

(18) W (s) = I+A[Leru- ]

FE. (1,001 H-ueh (0,5)}
j=0" L

* %
where AL (0,s) is given from lemma 1 and:

L-1 .
(19) . p=-) E. (1,0
i=0 7
) * * %k
The proof is immediate from Theorem 1 and: W {s) = lim EWi (g,s).
£+0
From equation (19) of Neuts [6] we obtain:
9 K-1 K-1
(20) wo= [K- Aay] {KaL+K_Z Ej(1,0)@j-aK_Z JEj(l,O)}

j=L j=0

where aj is the mean of the distribution Hj(~). From Theorem 2 it can be
.

verified that W (0)=1. -

If Mn(L,K) denotes the steady state expected occupation time, then

, -
(21) M (LK) = 2= W ()] g,

e X Lil 1 Kil

i : sso——— [L+Au-) jJE.(1,0)] "{KB +K ) E.(1,0)8,

K-1 K-1
K-A
- (Bg* ok ) aj) )

JE. (1,0)
K j=L 7 j=0" J

ag K-1
-5 L IG-0E(1,0)
j=0
F.KvkaK K-1
- ((K-D)ag-2Be-2 (——) jZLaj)u}




'Special cases

(i) L=K is the case of batches of fixed sizes [Tak;cs(1962)].

(ii) L=1 is the case where the service commences when there is atleast one

customer in the system[Miller (1959}].

(iii) L=0 is the case of transportation process [Bailey (1954),'Dowﬁtown

(1955)].

3. Virtual Waiting time

Let #(t) denote the waiting time of a (virtual) customer arriving at

time t.

Defining:

(22) Wi(t,x) P{ﬁ(t)ﬁ,XI£(0)=i}

and

(23) K. (t,x) = P{R(£)< x,N(+)40 for all te(0,t]|E(0)=i)

we have as in (3):
(24) Wi(t,x) = Ki(t,x)+fEKL(t-r,x)dM1(T)
+ P{n(t)=0]£(0)=i}U(x)
Similar to (16):
[5e™®t P{R(t)=0[E(0)=i}dt

- L-1 L-j-1
_ fm -Et et “A(t-u) [A(t-u)
= foe 0 JZO d(U-l-Ml)*Gj (U.)e _(L-]_-l)]!_

1+ m (&) L-1 s
(25) - —— lEaagp"?
j=0 7

Transform of (24) givés:

ok * * 1"'m1 (&)
(26) W, (5,9) = X (g,5)4m (&) K] (&, 5+ [——1£(8)

where f(£) is defined in (15).



9
y ,
£ W (s) is the L.S.T. of the limiting distribution of Wi(t,x) as
t>e , then from (26):

27) W (s) = )[1+A?( €0,5)]

Af'(O

.**
To find XL (*>+) we proceed as follows:

Analogous ot the probabilistic argument given in (®9) we obtain:

28) R (t,0 = f'i [ 2 Z dG(j,n, u)dEIE" u}
=0 j=0 i-
@) () ™0 =

s o JTX g Z Z 46(j,m,u)dH; (v-ue -A(t-u)

@ @ ) I
o K-1 mK mK+v ® . Tr
[A(t-u)] (m) %l(t-U) o AV-)[A(v-t) 171, o (m)
mZO {vZL-I(mK+v)! dH (e Z mK+v) ! -L-v 1 Tyt W v
| (v, -v) ;T2
Z 2] 15072 gt Do YRON VN S ek Wb I )
(mK+ mK+ v)! 120 1 Z-L rl—v~1 2° K 1
1
L- r -v=-2 r2
L-2 _.yqmK+v L-v- 2_ 1 =h(vy-v)’ A(v,-v)]
+ 3 [A(t+u)} A(v- t)[A(v't)] 7 I 1 dH(m) (vy-vBCEsx-v) )
(mK+v) ! T T
v v=0 r1=0 1° r2=0 2 L-rl-rz-v -1

+ jt It+xft+x z X z dG(j+K+rK,n u)dH (v-u)e =A(t-u)

W (w0 =0 30
© K-1 yqMK-j+v mK-j+v o (m+T)
A(t- : A(t-u)] oA (V- t)[ (v t)]
.mZO{ v=L—1[(Il(1K—?11)! dHlEm+r) (vy-v) + Z EmlE-Jl-:V)' ZL-v-l dHK(v B

1
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: T
. : 2
2 [A(t-u) ]mK-J+v Liv -2 A (v- t)[k(v t)] A(vl-v) E [A(vl—v)] dH(m+r)(v .
vag (mK-3+v3: r,=0 2t r=l-r -v-1 *2° K 1
. L- =Ty -V- -2 )
i[{.M“:_u)]ml(-_-)+\) L-v-2 —A(V ) [A(v-t) t)] A(v -V) [A(vl-v)] (m+1)
ZY TR ) ST —— A (v )
(( *J*l‘\)) 1'1=0 I'l r2=0 'r2'.
°EL—r1-r2-v—1(t+x_V1)}

where Er(x) denotes the Erlang distribution of order r.

The transform of (28) gives:

- L-j-1 , L-j-1
@ K e - 1 JZO M0 el S ]
5 Ll -t -sv |
+ ) Y r@,n £)f e dtf dH (v+t)e
" o j=0 0
(At)mK v (At)mK+V L-v-2 -Av (Av)
z { z -(—m_k_,,T)l h ( ) + Z (mK+\))l roo 1"
. T
L-r-v-2(2y,) L-r-r,-v-1
w ~ (X .
Ioe e rz=0 ' .;I%- dH(m)(vl)[(;\ds ' -1
1
v ov Kl -t sV
20 ZO 20 T (j+K+rK,n,£) IO dtfwe dH (v+t)e
n=0 r=0 j=
E V{K-l (gyRK-3+ e 2.(At)mK—j+v L-v-2 e (xv)r
' {(mK-j+v)! K (s) + 2 (mK-j+v)! T.!
m=0 v=0 v=0 r1=0 1
L- -Ty-V- 2
- i(AfS)V (v 1) y LT -T,-v-1
I I e
2
o L-1 .
. A L -j-1
I 1 TG.mE) S) (G5

A Lej-1, %+
-G 1+A (E,8)], _
n=Q j=0 A+E .L hv_l



L=2 L-
+ 1

\)_J T

11

T
L- -r,-v- -2 %2

L-2 L-v-2 - ~(s+tA)v, (Av;)

+ z 2 X .Ige-(5+l)tdt£m -(s+A)v (;v? !ge 1 . }
v=0 r;=0 1,=0 1 2

L-r,-r,-v-1" K-1 | mK+v
172 =1] z z { } r@G,n E)dH (v+ t)(lt)

(m)
 dH (v )
n=0 m=0 J—L (mk+v) ! 1

A
. [(XIE)

o K-1 mK+v-j
Z 2 I'(j+K+rK,n, E)dH (v+t) (At)

dH£m+r)(v1) }
r—O j=0

(mK+v-j)!

where AL (§,s) is defined in (10).

Equation (29) does not simplify for the case of generat service time dis-

tribution. However, if we take:

_U.x
Hy (x)=1-e I j=L,L+1,...,K,

then:
L-1
A L j- -1 , A \L- -j-1
(30) N (E,)=0 G, s)]h a1t (g TE%s) Z (LG T - T
K-1 . L-2 L- 1
2 E;(1, g)fl. 22 zv -2 (ET%I“ )v+1ﬁxf&frs)r1+
A v=0 r1 uj uj
L-r, -v-2 -
R Z : [(A+s L-rl_v I(Ai;iu )rz-(lis+u )TZJZ (ri:T 1) (E+A+u )mK
=0 K - K m=1 o J
y uK m » A )L-rlav-l;l}
A+s+uK A+S
oo o K-1 u
k .r
+ 1 1 1 T(+Kerk,n s) Y )
" ako r=0 j=0 2 Atstuy
L-r, -v-2
L-2 L-v-2 1- % +m+r-1
{ X Z 2 Z (ri+:-: ) (£+X+ ) (A+uf )m
v=0 r;=0 T,=0 m=1 Mk S*Hg
L-r_ -v-2
V- . - -1 -
2 X 1 (r2+r 1)} ( A ) v-j+1 ( )rlfl[( L r.1 v- 1(A+s )rz_( A
150 r,=0 r-1 E+X+UK _ _ A+s+uK A+s e A+s+uK A+s+uK

)

T

2

]



In the case L=1,

31)

and

(32)

1

v X

1-hy ($)K=1 w hy(s)
hg(Sdgzo 1

- 4K
l-wth(s)

1
K, +-1
[s-A+Awth(s)]

K (0,9)= %

1
K-1 —
. . K J
. {1 hl(s)+jzo [(wth(s)) -hj(s)]Ej(l,O)}

u%(l,x)=§TR:%EE)(1+Au)'1{Ksl-((K-l)aK-ABK)u

K-1 oy )
+ KB.-jB,+ —j (K-j)]E.
jgl [Kg,-38y+ 573 (K-3)1E; (1,00}

12



13

APPENDIX

Lemma

For all x the sum of the infinite series:

w an+v 1 Kil —v wmx
(A-1) ) -, = w e, for v €K-1
n=0 nK4vi. K =0 m
1 K-1 v wmx
=-l+g Z W e for v=K
m
m=0

where WysWyse s ey are K-th roots of unity

Proof
Let:
. g. “nkK+v
(A-2) £(x)= ] Te—m
120 (nK+v)!
and
-(A-3) f(s)= f;e—sxf(x)dx
i
=0 SnK+\)+1
K-v-1
. S
sK-l

To find the inverse transform we use Bateman(1954), Tables of Integral
Transforms (p. 232)

That is, if

£(s) = R,

where P(s)=(s—a1)...(s-an),ai+aj for 1+J
and Q(s) is a polynomial of degree < n-1, then the inverse transform of f(s)

is given by



(A-4) f(x)= ) —DBee ™,
m=1 m{am)
where P (s)= P(s)
i S-Otm

Comparing this with (A.3)}, we have:
P(s)= sK—l

= {S«wo)(s—wl)....(s—mK_l)

: K
so that o =0 (m=0,...K-1), where WosWys e Wy ; are the roots of z -1=0.

In order to apply form (A-4) we calculate the various factors on the r.h.<.:

-v-1

K
Q(s)= s
- 1 K1
pm(am)_ me
m=0,1,...,K-1

K-v-1
m

Qa )= o

Hence lemma follows from (A-4),.

The proof of the last part follows from:

o XnK+K 0 an
Lo men T ‘I;ZO M) !
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