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1. Introduction and summary. Let Ql and %2 be two symmetric matrices of
order p estimating the same covariance matrix, where §2 is positive definite
having a Wishart distribution with n, degrees of freedom, and §l is at least
positive semi-definite having a non-central Wishart distribution with ny
degrees of freedom. Then Hotelling's generalized TO2 sﬁatistic is defined
by [5]:

2 -1 (s)

TO =n, tr ﬁl %2 = n, 8] ,

where s(= min (nl,p)) is the number of non-zero characteristic roots of

S. B8

-1 (s) _ .(p)
8, 5, u's = u'?’,

When n, > D, When ny < p the density function of the
characteristic roots of §1 %;l can be obtained from that for ny > p if in

the latter case the following changes are made:
(nl’n29p) - (P’nl + n2—p’nl)'
Hence the density of U(S) can be easily derived from that of U(P) and therefore
only the case of U(P) is considered here.
The exact null distribution of To2 (i.e., when the non-centrality matrix

is null) was obtained by Hotelling [5] for p = 2. Davis [2] has shown that the

null density of TO2 satisfies an ordinary linear homogenedus differential

. .
This research was supported by the National Science Foundation Grant No.
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equation of order p. The non-null distribution has been attempted by Con—
stantine [1] using zonal polynomials and hypergeometric functions of ma-

trix arguments. However, his results hold only for |U(p)|'< 1. Pillai
(2)

and Jayachandran [13] have obtained the non-null distribution of U using

zonal polynomials up- to the sixth degree.

(p)

An approximation to the null distribution of U haé-been suggested

by Pillai [8], [9] and studied by Pillai and Samson [15]._'Ito [6] has ob-

. . 2 .
tained an asymptotic expansion for the null distribution of TO which he later

extended to the non-null case [T]. Davis [3] has further studied the asympto-

tic null distribution.

(2

for n, and

Grubbs [4] has provided some exact percentage points for U 1

n, less than 50. Using the exact moment quotients of U(P), Pillai [11] has

(p)

provided extensive tables of approximate percentage points for U . Further,

2

Pillai and Jayachandran [13] have obtained some exact percentage pdints of
U(z) in connection with power function studies. Recently Davis [3] has
tabulated exact percentage points of Tog/nl for p = 3 aﬁd_ﬁ using the differen-
tial equation approach [2]. He also provides compairsons of the accuracy of
several approximations. |

It may be pointed out that the null distribution of the characteristic
roots of 8, %;l (see Eq. (2.1))is of the same form as those of the characteris-
tic roots of matrices arising in each of the following.tests of hypotheses
except that the two parameters m and n involved there (see below) have to be
defined differently in each case [9], [11]: (i) Independence between a
p-set and a g~set in a (p + q)-variate normal population and (ii) Equality
of covariance matrices in two p~variate normal populations. In view of this,
the null distribution of U(p) for the three tests is aléo of the same form.

(p)

Pillai [9] considered the use of U for tests of (i) and (ii) as well, and



Pillai and Jayachandran [13], [14] have shown that the power functions of the
U(P) test against appropriate alternatives for tests of (i) and (ii) and the
general linear hypothesis behave more or less in the sesme manner.

Still, however, there are no explicit expressions available for the exact
null distribution of U(P) (or T02) for p > 2 except one obtained for U<3) as
an infinite series by Pilléi and Chang through transformation of variables
[12]. 1In this paper there is presented a method for deriviﬁg the exact nuil

(p)

distribution of U employing inverse Laplace transforms. Density functions
are given for p = 3, m = 0, l? 2,3, band 5, and p=L, m ? 0, 1 and 2,
where m = (nl-p—l)/2. In addition, exact upper percentage points are tabula-
ted for p = 2, 3 and 4, various significance levels, and selected values of
mand n (= (n2—p—l)/2). Also, two approximations similaﬁ to Pillai's [8], [9]
are presented.

The exact densities and the approximations derived in fhe paper are
further being used to develop the distributions of some téSt criteria involving
the maximum of ratios of independent niU(p)/nj for the tests of equality
of several covariance matrices [16]. The results of this Study will be repor-

3

ted later.

2. The Laplace transform of U(P) WA

FERRREUN

. The joint density function of Ays A
the characteristic roots of 81 §;l, has the form [1T7]:

p

_ m
(2.1) f(xl,--.,xp) = C(p,m,n) 121 Ay /(1) | igj (xiexj

m+n+p+l

)

O<Al<...<>\p<w-,

where C(p,m,n) = IIP/2 i) 1"(-]2'-(2m+2n+p+i+2))/{F(%(2m+i+l))1'"(-]2-'-(2n+i+1))I‘(%i)}.
_ i=1 '



b
- -1
and m and n are defined in section 1. Then U(P) = »Z_ Ai-= tr §l %2 , and
i=1
the Laplace transform of U(P) with respect to (2.1) is:
b
(2.2) L(t; p,m,n) = E(exp (-t ) Ai))
| i=1
b b P b
=C [ .. [exp(=t § A) 1 AT/(1en )OOl (A,=A,) T an,
: . i’ ., i i S U i
A i=] i=1 li} i=1
where
A f { (Al,...,AP) | O < Al < .. < Ap'< © }
C=¢ (p,m,n) and t > 0.
Upon making the transformation
X, = 1/(1 + Ap—i+l)’ i=1,...,p,
we may write (2.2) as:
‘ b om p
(2.3) L(t, p,m,n) = Pt C f voo [ exp (=t Z x;l) Il xin(l—xi)m 11 (xi—x.) i dx,
B i=1 i=1 i3 J iy

where

B={ (xl,...,xp) l 0 E_xl < Xy < ea. < xp 5_; }

Next we note that 1 (xi—xJ) may be written as the Vandermonde determinant

i>J
X p-1 X p-2 X 1
b P b
p-1 p-2
xp—l xp—l . xp—l 1
-1 -2
xlp xlp xl 1 R




and that the elementary properties of determinants allows (2.3) to be

written:
(1-x )™ el (1-x )™ x °
b b b
P . . b
(2.4) L(t;p,m,n) = eptcf...fexp(—t y le) ) ) n
B j=1 1 ' ' i=1
m _n+p-1 m_n
(l—xl) X5 T e (l—xl) Xy

If we take m to be a non-negative integer and expand (l—xi)m as a binomi-

al series, the determinant in (2.4) is:

) m
i n+q +i i, n#q +i
zq‘)(-l)Px-qP- I G tx tt
i=0 Tp P i,=0 1
(2.5) . .
1, meq + m i ntq +i
m 1 1
DRI e R R IC
i= P i =0 1
P 1 >
where q, = J-1. (2.5) can be further reduced to the form

n+q +i n+q._+i
X qp p N 4 11
1Y P b
m m P i,
4=1 Y
(2.6) ] ... ] (m () ()3t :
1p—0 1l=0 J=1 J .
+q +i n+q. +i
xn qp 1P_ xn ql+1l
1 v Xy

The expansion (2.6) allows us to throw (2.14) into the form [10]:



Y
m mop Z.ij
: =] . .
(2.7) L(t;p,m,n) = R ) ... YA{m (i )}(-1)j R(n;qp+1 ,...,ql+1l;t)
. . P
i =0 i.=0 j=1 3
P 1
where )
1l nta -t/x 1 n+a, -t/x
X P e dx ... X 1 e P dx
0 P b 0 P D
(2.8) R(n;ap,ap_l,...,al;t) = . B
2 n+a -t/x 2 n+a -t/x
b d e 1 dx f b 4 1 e 1 dx
0 1 1 0 1 1

Now permuting the columns of the determinants so that the indices form a
decreasing sequence, dropping all determinants which are zero and combining like

terms in (2.7) gives

pt :
(2.9) F(t;p,m,n) =e C % kip ip_l L il R(n; i lp;l""’ll;t)
where
D={(H,.”%)loiil<12<“.<ipim+pq}
and the ki depend on p and m. The constants ki i have been
L A ] l P.... l

tabulated in Table 1 for p = 3, m =0 (1) 5 and p = L, m=0, 1, 2.

Thus we have expressed the Laplace transform of U(P) as a linear combina-

tion of the determinants R(n; ip,...,i t).

1%

3. A reduction formula for R(n; a 2tee,8 t). With the expression (2.9) for
P

the Laplace transform of U(p we need to evaluate the determinants
R(n; ap,...,al; t). This will be done by means of a reduction formula similar

to the one developed by Pillai [10].




We will state here the notation and lemmas that are needed and give

only an outline of the approach as the results are analogous to those of

Pillei [8], [10]. Let f
x q -t/x. X q -t/xk
k K et :
X, e dxk cen f X~ e dxk
0 : 0
(3.1)  v(x; Qs L 33000295 t) = .
2 % -t/x, 'fxe U -e/x,
x e dx. ... x e dx
0 1 1 o 1 1

(Note that R(n; B seees8ys t) =V(l; n + B seeesn +ags t).)
Now (3.1) will involve integrals of the type

x' q - =t/y
(3.2) . x's ., F5t) = [ y Ply) e dy
0

where F(y) is a function of y such that the integral exists and in our context

could be of the form
| Vo W/, "2 9 -t/x
e dx X e dx

0 ~1 k-1 °*° fO 1 "L

(3.3) /

When F(y) has the form (3.3) we will denote (3.2) by

I(x'; q, Qg0+ t) .

The following lemms involving (3.2) is obtained by integration by parts.
Lemma 1: The integral

(3.1) I(x'; q, F3 t) = [1/(q+1)] { Io(x'; a1, F; t)

= I(x'; atl, F'5 t) - ¢ I(x'; q-1, F; ) }

where '
q+l ~t/y | *
IO(X'; atl, F3 t) =y  F(y) e
: 0
() = & r(y).

&



Lemma 2: If o is any permutation of (1, 2,...,k) then
k

g I(x; () 2%(1) 3 t) = jgl I(x; ays t)

where the summation is over all possible permutations.

' . 1 . R
Let V(x; qk,...,ql; t')(l) denote the determinant (3.1) when the indices
of the ith row alone are different from those of the. other rows, where the

indices of the ith fow are q;,...,q » t'. Then we have the following lemma.
Lemms, 3:
k
T (=107 y(x; q;,---,q;; gy (1)
i=1
k ,
= le (-1)*9 1(x; q;; 61) V(X Qyseeestygs G5 gseeesqys t)

We now state the reduction formula for the determinant (3.1).

Theorem 1:

(3.5) V(x3 qoay_qse-eaays £) = [1/(a1)] (a1 4 08D _ ),

where
+ -t/x
A(k) = qu' e / V(x;qk_l,...,ql; t)
k-1
B(k) =2 jzl (_1)k+j I(x; qj+qk+1; 2t) V(x; qk—l"‘;’qj+1’qj—l""’ql; t)
and
S(k) _

V(x; qu_l’ qk_l’.'.’ql; t)'

Proof: Expand the determinant by the first column. (Recall that the order of

integrations must not be changeqd). Now using Lemma 1 we integrate by parts the



g

term involving the element from the ith row and first coluﬁn with respect to

X i+l Next add the expressions obtained corresponding to each of the three

terms on the right side of (3.4) and apply the above lemmas. The result follows.
The formula we require to evaluate the Laplace transform (2.9) follows as

a corollary.

Corollarx 1:
(3.6) R(n; TP t) = [l/(ap+l)] (D(P) + 2P tF(P)) .

where
(p) _ 7"
D = e R(n; NEFRRTRLAE t) ,
0 _ 2T e |
E = e jzl (-1) g(n; aj+ap+3,2; t) R(n: ap—l""’aj+l’ TIREREEL
where
© =tz bn+a
gln; a,b; t) = [ e /(1 + z/b) dz
O . .
and
FP) _

R(n; ap_l, NERTERRLN t)

Proof: 1In (3.5) let x = 1, q = n+aJ and make the change of variable

z = 2(1~y)/y in I(1; 2n+aj+ap+1§ 2t) to get

=2%

1
I(1; 2n+a ta +l; 2t) = Ze  g(n; as*a +3,2; t).

J

4. Use of the reduction formula. Now let us illustrate the use of (3.6) in

deriving the expression for the determinant R(n; 3, 1, 0; t). (3.6) yields:
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-t -2t
(4.1) R(m; 3,1,0; t) = [1/(n+l)] { e R(n; 1,03t) + e  gln; 6,23 t) R(n; 1; t)

-2t
-e g(ny 7,2; t) R(n; 0; t) - t R(n; 2,1,0; t) } .

. -t ’
But R(ny i3 t) = I(1; n+i; t) = e g(n; i+2,1; t) and a second use of the reduc-

tion formula yields

-t
(4.2) R(n; 2,1,0; t) = [1/(n¥3)]) { e R(n; 1,0; t)

-2t -2t -
+ e g(n; 5,2; t) R(n; 1; t) - e g(n; 6,2; t) R(n; 03 t) }

and

-2t '
(4.3) R(n; 1,03 t) = [e /(n+t2)] { g(n; 2,1; t) - gln; 4,23 t) } .

There are no terms corresponding to t F(p) of the Corollary in (4.2) and (4.3)
since any determinant having two columns (indices) the same is zero.
We now integrate by parts R(n; 2,1,0; t), integrating one factor in eack

of the terms in (4.2), and in this connection we use the following result:

g(n; a,b; t) = (1/t) { 1-((bn+a)/b) gln; a+l,5; t) } .

This is done in order to bring the terms to a more suitable form for inversion as
shown in the next section.
We thus obtain:

-3t
R(n; 3,1,0; t) =[e /(n+4)] { (g(n; 2,15 t) - g(n; 4,25 t))/(n+2)

+ g(n; 6,2; t) gln; 3,1; t) - g(n; 7,2; t) g(n; 2,1; ¢)
- {t/(n#3)7 [( (1/t) - ((n+2)/t) gln; 3,1; &) - ((1/t) - ((n+2)/t) g(n; 5,2;t)))/ (n+2)

+ ((1/t) - ((2n+5)/(2t)) gln; 6,2; t)) gln; 3,1; t)

- ((1/t) = ((n+3)/%) glns T»25 +)) glns 2,15 )] } .
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All terms invélving t.as a factor and the constant termé rniot involvingv
integrals can be seen to vanish. This holds true in the géneral case. Upon
simplification we get:

=3t _
(k.4) R(n; 3,1,0; t) = [e /(n+l)] { [(20+5)/(n+2)(n+3)] g(n; 2,1; t)
- [1/(n+2)] g(n; 4,25 t) - [1/(n+3)] g(n; 5;2§‘t)

+ [(kn+11) /2(n+3)] g(n; 6;2; t) g(n; 3,1; t)

- 2g(n; T,2; t) gln; 2,13 t) } .

(p)

.  The uniqueness property of the Laplace trans-

(

5. The density function of U

form will allow us now to obtain the density of U P) usiﬁg (2.9). The density

may be written:

(5.1) flu) =¢Cc ) x, e R*(n; ip,...,il

i i 3 u)
D "p "p-1 1

* .
where R (n; ip,..., il; u) is the inverse Laplace transform of R(n; ip,...,i t).

15
We will illustrate the method of obtaining the R* functions with the help of
R(n; 3,1,0; t) dn (k.b).
If we denote the inverse Laplace transform of g(n;la,b; t) by g*(n; a,b; t)
we see that

% bn+a
g (n; a,b; u) = 1/(1+u/b) .

Also the function whose transform is g(n; a,b; t) g(n'; a',b',t) is given by

the convolution
- * %
(5.2) g (n; a,b; u) ¥ g (n'; a',b'; u)

where * denotes the convolution operator. We may write (5.2) as:
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u
dx
t, -
b's u) f bn+a b'n'+a'

O(14x/0)  (1+(u-x)/v")

(5.3) hi(n,n'; a,a'; b

Then from (L4.L4) we find:
(5.4) R (n3 3,1,0; t) = [1/(n+4)] { [(2n+5)/(n+2)(n+3)]'g%(n; 2,1; u)
* * :
- [1/(n+2)] g (n; 4,25 u) - [1/(n+3)] g (n; 5,2; u)
+ [(4n+11)/2(n+3)] h(n,n; 6,3; 2,1; u)

- 2 h(n,n; 7,2; 2,1; u) } .

(5.4) may be further simplified by using the expression below which is ob-

tained by integration by parts.

h(n,n'; a,a'; b,b'; u) = [b/(bn+a)] (g(n'; a',b'; u) - gln; a,b; u))

+ [b(b'n'+a')/b'(bn+a)] h(n,n'; a-1,a'+l; b,b'; u) .

Finally upon simplification we have

R (n; 3,1,0; ) = [1/(n+4)] { [1/(0+2)(n+3)] g (n3 2,15 w)

- [l/(n+2)]s*(n; 4,25 u) - [1/(n+3)] g*(n; 5,2; u)

+[2/(0+3)] g (n; 6,25 w) + [3/2(n+3)] n(n,n; 6,35 2,15 u) } .
In calculating the R* functions it should be noted that

* *
R (n; ap,ap_l,...,al; u) = R (n+al; ap-al,...,o; u)

*
where we may take O E_al <8, < ... <a < m+p-1, so that the only R 's which

P
need be deternmined are those with al = 0.
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*
R for p = 3 can be written in the form:

i-2
(5.5) B (m3 1,3,0; u) = [1/(n+i+1)] { DALY g (n; £+2,15 u)
=1 .

i

¢ T Byyp(m) g (ns L g+ 2,25 w)

) B
=1 1

+ Yij(n) h(n,n; i+j+2,3; 2,1; u) } for i > 2.

If 1 = 2, the last two terms are obtained by substituting 2 for i, but the first

% .
term becomes o,._.(n) g (n; 2,1; u). The coefficients &y

211 -ﬂ(n), Bijt(n) and

J

Yij for 1 < J < i < T are presented in Table 2. These provide the density

(3)

function of U for m = 0(1)5.

*
R for p = 4 can be expressed as:

(5.6) R (n3 1,9,k,03 u) = [1/(a+i+1)] { o, . (n) & (n; 2,15 u)

ijk
i+j-2 | i
* ‘ ,
Lzl Bijkﬂ(n) g (n; k+€+2 2; u) + gzl Yijkﬂ(n)h(n’n; £+4,3; 2,13 u)

+ Gijk(n) h(n,n; i+3,3+k+3; 2,2; u) } .

The coefficients involved in (5.6) are given in Table 3 for 1 <k < J < i < 5.

These terms provide the density function of U(h) for m = 0,1 and 2.

L 4 '
6. The distribution of U(3) and U( ). The distribution function of U(P), say,

G(z; p,m,n) = P (U(P) < 2z) may be obtained from the density function (5.1) upon

integration. We have:

o .
(6.1) G(z; p,m,n) =C J k, ... . f R*(n; iseeeaiys u)du.



1k

(p)

The distribution functions of U for p = 3 and 4 are thus seen to be obtained
: *
by the integration of g (n; a,b; u) and h(n,n'; a,a’; b,b'; u) with respect to

u. Now.

z
(6.2) f g*(n; a,by; u)du = [b/(bn+a-1)] (1 _ g*(n; a-1,b; z))
0 . )

and
z .
(6.3) [ n(n,n'; a,a'; b,b'; u)du = [b'/(b'n'+a'—l)]{[b/(bn+a-l)](l—g*(n; a-1,b; z))
0 ‘ .
-h(n,n'; a,a'~1; b,b'; z)}.

(6.3) is obtained by interchange of the order of integration. Finally, evalua-
tion of h(n,n'; a,a'; b,b'; z) makes use of the following method. If

Z

dx
P(z; D»qsC,d) = [

0 (c+x)? (a-x)%

vwhere p and q are non-negative integers, ¢ and d are non-negative, then
(6.4) P(z; p,q,c,d) = Ay { 1n (14z/c) } - B { 1n (1+z/4) }

P q

B !
S Sy G U T O AT M - - }
i2otml T (eag)itl T M P e I S
where
i J
_ . qt+i _ : .
Ay = [ zzl (q+€-1)1/[1! (c+d)™ "] and By = [Zzl (p+E-1)1/131 (c+a)PHI] .

(6.4) is obtained by using partial fraction expansions. We can then write:

bnta Db'n'+a!’
h(n,n'; a,a'; b,b'; z) = b b' P(z; bn+a,b'n'+a’',b,b'+u) .

where we take bn+a and b'n'+ a' to be non-negative integers.
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(4)

and U .. Tables of percen-

2)

T. Computation of percentage points of U( s U(3)

tage points have been prepared for U(P) for p =3, m=0 (1) 5and p =k,
m=20,1and 2, for « = .10, .025 and .005, and n = 5 (5) 80 (10) 100 using the
exact expressions discussed in the previous sections. Further, the percentage

(2)

points of U using the formula for the distribution found in [5] or [15]

are presented for m = - .5 (.5) 5 (5) 50 (10) 100, 130, 160, 200, for a = .10,
+05, .025, .01 and .005, and for n = 5 (5) 50 (10) 100, 130, 160, 200. Thesé
computations (as well as those described in the next section) were carried out‘
on the CDC 6500 computer at the Purdue University Computing Center using double

precision arithmetic. The percentage points are given to five significant

digits in Tables 4 and 5.

8. Approximation to the distribution of U(p). Pillai [8], [9] has suggested

an approximation to the distribution of U(p) which involvés an F-type (Type II
Beta) distribution with the first moment of the approximate distribution being
the same as that of U(P). Here we propose two similar aéproximations by
fitting the first two moments and the first three moments of U(p) respeétivély
to an P-type distribution.

The density function to be used in the approximation has the form:

(8.1)  £(x) = x*/{B(a+l,b-a-1) k>"1 (1+x/K)°}, 0 < x < = .

The distribution can be expressed as the incomplete beta integral Iw (a+1,

b-a-1), where w = x/(x+g). (8.1) has the first three central moments:

Hpy = K (a+41)/(b-a-2) ,

(K%(242) (5-1)1/[ (b-0-2)2(b-a-3)] ,

Hp2
and 3
[2K (a+1)(b-1)(a+b)]/[(b-a-2)3(b-a—3)(b-a-h)] .

Hp3
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(p)

The first three central moments of U are given in [11], [15] and are:

;= p(2m+p+l)/(2n) ,
u, = [p (2m+p+1)(2m+2n+p+1)(2n+p)]/[hnz(n-l)(2n+i)]',
and
uy = [p(2min+p+l) (2mep+l) (2me2nsp+l) (n+p) (2n+p) 1/[203(n-1) (n-2) (n+1) (2041) ]

Pillai's approximation (Al) with one moment fitted yields .
1 1
a = 5 p(2mip+l)-1, b = 5 p(2w+2n+p+l) + 1, and K = p.

By setting Mgy = My and Hpo = My and taking K = p, we find the parameters for

approximation A2:

a = luy(u-p) + 1w % +0)1/(p uy)

and

o'
1

= Luy(uy + 2)% + ) wy + 20 w0/ (p )

Finally equating the first three moments yields the parameters for approximation

A3:
a= (2ul3u2+3u12u3 - 6ulu22‘— u2u3)/(u2u3+hulu22 - n12h3) ,
b = [(a+1)(a+3) - ulz/uzl / [(a+1) - ule/uz] .

and
K = ul(b—a—2)/(a+l) .

Tables 6 and 7 indicate the accuracy of the three approximations Al, A2 and

A3. The percentage points for p = 3, m=0and 3, and p=L4, m = 0 and 2, and for



17

o = .05 and .0l were calculated for various values of n using the exact and
approximate distributions. It can be seen that the approximations A2 and A3
are considerable improvements over Pillai's original approximation Al, as is

to be expected, with A, generally better than A2. A_ provides about three

3 3

significant digits‘accuracy in the percentage points for n > 10. In some

cases n > 5 is sufficient for this accuracy. A2 provides the same accuracy.fpr
n slightly larger, usually around 10 to 15. Al does not provide this degree cf
accuracy until n is at least 40, and often n needs to be much larger. It has
also been observed that the distributions associated wi?h Al, A2 and A3 ciosely

(p)

approximate the distribution of U

(p)

not only in the upper-tail but throughout
the entire range of U to the same degree of accuracy mentioned above for
the percentage points. This inference has been based bbth on the study of
percentiles as well as probability comparisons with the agreement in both

cases being about three places or more. Thus the distribution function for

A3 provides a good approximation to the exact distribution of U(P) for

n > 10 and for the whole range of U(P).
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n n 0
5 2.0526
10 .98227
15 .64348
20 .h47812
25 .38028
30 .31565
35 .26979
Lo .23555
45 ,20902
50 .18786
55 .17059
60 .15623
65 .1L4L0o9
70 .13371
75 .12472
80 .11686
90 .10379
100 .0933kLk
n n 0
5 2.9692
10 1.3259
15 .84829
20 .62289
25 .4919h4
30 .L406k2
35 .3L4621
Lo .30152
45 2670k
50 .23963
55 .21733
60 .19882
65 .18322
70 .16988
75 .15836
80 .14830
90 .13158
100 .11825

Table 5.
p=3
1 2 3
2.9240 3.7808 L.6300
1.3888 1.7865 2.1791
.9072L 1.1645 1.4181
.67309 .86300 1.0L499
.53487 .68529 .83323
L4369 .56819 .69057
.37904 48523 .58957
.33083 .L423k0 .51432
.29349 .37554 .L5610
.26373 .33739 .L09T1
.2394k  ,30628 .37188
.21925 .28041 .340L5
.20219 .25858 .31391
.18760 .23990 .29121
JAT7h97  .22373  .2T7157
L1639k .20961 .254kh1
.1k558 ,18611 .22587
.13091 .16735 .20308
Table 5.
Pp=3
1 2 3
h.096Lk 5.1996 6.290L
1.8108 2.2817 2.7Lk48
1.1544 1.4505 1.7h408
.8L610 1.0615 1.2724
.66TL9  .83668 1.0021
.55105 .69029 .82629
.46916 .587hLk  .70290
Lho8hk 51124 .61153
.36162 .h5252 54117
.32443 40589 L8531
.29418 .36797 .L43990
.26908 .33653 .L40226
.24793  .31004 .37055
.22986 .28741 .3L43L7
2142k 26786 .32007
.20061 .25080 .29966
LATT9T  .222k6 26577
.15991 .19987 .23876

Upper o percentage points of U

o= ,10
L 5
5.4747  6.3164
2.5686 2.9558
1.6692 1.9186
1.2349 1.4184
.97950 1.1246
.81152 .9314k
69265  .T9L82
L6012 .69312
.53565 .61446
L8111 .55183
43664 50078
.39970 .k5838
.36851 .42258
.3k184  ,39198
.31877 .36550
.29861 .3k238
.26509 .30391
.23833 .27322
(Continued)
o = .025
L 5
7.3737 8.4521
3.2031 3.6577
2.027k 2.3113
1.4802 1.6859
1.1649 1.3260
.96011 1.0924
.81643 .92858
L7101k .80T7L6
.62827 .71kt
.56332 .6L4031
.51053 .58023
L6679 53047
42995 48855
.39849 45276
.37132  .42386
.3hk762 .39h91
.30826 .35016
27691  .31L451

(3) and U(h).
p=1L
0 1
3.1949 14,3113
1.5170 2.0366
.9910k4 1.3280
.73534 98436
.58438 .78180
.48hkT9 . 64831
L41k18 - .55372
.36152 - .48320
.32073 .h42861
.28821 .38510
.26167 .3k960
.23961 .32010
.22098 .29519
.2050k .27387
.1912h 25542
.17918 .23930
.15911 .212k49
.14309 .19107
p=h
0- 1
L.4223 5.8326
1.9559 2.5623
1.2477 1.6308
.91499 1.1945
.72209 .94205
.59628 .TT7756
.50776 .66192
k212 57621
.39149 .5101k
.35127 .U45765
.31853 .L41L496
.29138 .37955
.26849 .34970
24894 32421
.23203 .30218
21728 .28295
19277  .25101
.17323  .22554

5.
2.
1.
.2290

.97558
.80872
.69056
.60250
.53435
.148005
LU43576
.39895
.36787
.34129
.31828
.59819
.26L75
.23805

DW=

a7

1454
5485
6593

.2228
.1567
. 0052
L4673
L1564
.95h11
.81198
.70667
.62553
.56109
.50868
.Lh6523
L2861
.39733
.37031
.34673
.30756
27634



Table 5. (Continued)
a = .005
p=3 p==5
n® o0 1 2 3 L 5 0 1 2
54,2391 5,7062 7.1391 8.5541 9.9592 11.35k 6.0986 T.8971 9.6669
10 1.7h01  2.3122 2.8655 3.4083 3.944k5 L. h761 2.4737 3.1758 3.8619
15 1.0830 1.4329 1.7696 2.0988 2.4231 2.7438 1.5349 1.9654 2.3846
20 .78457 1.0359 1.2771 1.5123 1.7hk36 1.9720 1.1107 1.4205 1.7215
25 .6147hk  .81071 .99841 1.1811 1.360k  1.5376 .86980 1.1116 1.3k462
30 © .5052k .66578  .81933 .96866 1.1151 1.2596 LT1L63  .91292 1.1051
35 .Lh2880  .56475 .69463 .82084 .9LLs2  1,0665 .606L0  .TThL2 .93T710
4o .372k3 .49031 . .60284 .71212 .81910 .92L70 52662 .67238 .813L2
45 .32915 .43320 .53246 .62879 .,72308 .8159h 146538  .59L409  .T71857
50 .29488  .38799 .L7678 .56291 .64T22 @ .73023 .L1689 .53212 .64352
55 .26707 .35133 .L4316Lh ,50952 .58572 .66063 .37755 .48185 .58265
60 .24Lok .32099 .39430 .L6537 .53L93 .60322 .34hg9 k4026 .53231
65 .22468  .29547 .36291 .L2826 .Lh9210  .55L498 .31761 .h0528 L8996
70 .20816 .27371 .33614 .39663 .L5576 .51388 .29k2k 37545 45386
75 .19390 - .2549Lk ,31305 .3693L4 .L2L37 .478Ls5 .27h08  .34970 L2271
80 .181k7 .23857 .29293 .34557 .39699 Ah7s58 25651 .32726 .39556
90 .16084  .21143 .25956 .30616 .35169 ..39643 .22735 .29004 .3505k
100 .14h443  ,18983 .23301 .27481 .31566  .35576 .20415 26042 .31471
Table 6. Comparison of three approximations to the upper
percentage points of U(P), p = 3 and k.
p=3,m=0
5% Points _1% Points ,
n Al A2 A3 Exact: Al A2 A3 Exact
52,3284 2.5311 2.5064 2.4959 3.1473 3.5804 3.6951 3.6581
10 1.1102 1.1564 1.1562 1.15Lk0 1.4432 1.5321 1.5623 1.5581
15 .727h1 7723 LTETTT .TLTO2 .93288 .96959 - .98252 .981L5
20 .54069 .55162 .55207  .551Th .68865 .70852 .71559 .71518 -
30 .35717 .36192 .36218 .36208 L4517h LW6023 L6326 L L6316
4o .26663 .26927 .26943  ,26939 .3360L4 .3h072 .34239 .34235
50 .21270 21438  .21khk9  ,21hh7 .26750 .2T70L6 .27151 .27150
60 .17691  .17808  .17815  .1781k .22218 .22hk21 .22Lk9k .22493
80 .13237 .13302 .13306  .13306 .16594 .16707 .167L8 .16T7hT
100 .1057T4 .10616 .10619 .10618 .13242  ,13314 .13340 .13340
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10

15
20
30
Lo

HH MW

50 .

60
80
100

10
15
20
30
Lo
50
60
80
100

10
15
20
30
Lo
50
60
80
100

[l \V A |

.1093
.3850
.5488
.1455
.T5264
. 56025
44615
.37064
.27689
. 22099

LATT76
.6584
. 0867
80777
.53359
.39833
31776
. 26430
19775
15797

.816.4
.Th10
.7870
.3246
.87232
.65014
.51812
. 43066
.32194
.25704

|l il \S RN @)

.hoo1
L4651
.5818
.1633
.76019
.564L40
LL4876
.372L4
27789
.22162

.8348
.7383
.1207
.8264)
.54169
.40282
.32062
. 26627
.19885
.15867

.3526
.85L48
.8342
.3501
.88323
.65615
.52192
43327
.32339
25797

Table 6.
p=3
5% Points

A3 Exact
5.4723  5.4373
2.4k700 2.L4640
1.5845  1.5827
1.1649  1.16k42
.76090  .76070
.56480  .56471
4ho01  .Lh89T7
.37261  .37259
27799 .27798
.22168  ,22168
p=b,

3.8146  3.7913
1.7419  1.7377
1.1230 - 1.1217
.82786 82732
.54237 54221
.40321 40315
.32087 32083
. 26645 26643
.19895 19894
1587k 15873
p =L,

6.3433  6.2964
2.8631 2.8558
1.8384  1.8363
1.3525 1.3517
.88428 88L05
.65673 65663
.52228 52224
43352 43349
.32353 32352
.25806 25805

(Continued)

s M = 3

6.5800
2.9285
1.8691
1.3701
.89200
.66088
.52479
L4351k
.32430
.258L45

.26L46
.2927
.1168
5577
.0183
.75606
.60115
.49890
.37223
.29685

D W

= w =

M=o

HHEMPDWOD

1% Points
2 Ay
.3703 T.611h
L0762 3.1258
.9275 1.9465
.ho09 1.hk107
.90MTT  .90866
66781 .6698T
.52912 .53039
43810  .L43896
.32593 . .32640
.259L8  .25977
.1839 5.3980
.2039 2.2532
.3925 1.hi27
L0169 1.0277
.66012 .66464
48857 .49103
.38776 .38930
.32143  .32248
.23948 .24007
.19083 .19120
.3276 8.6636
14960 3.5626
.1982 2.2236
.6010 1.61k40
.036k 1.0L16
.76593 .76869
.60735 .60905
.50315 .50430
.37k59  .37521
.29834 .298T74

29

Exact

T.
3.
1.
1.
.90860
.66986
.53039
43896
.326k0
25977

[l sl AV AN |

[l ol \VIR VS R 0 o}

5217
1187
9452
4103

.3339
24Tk
b1k
.0272
66455 -
.49100
.38929
.32248
.24006
.19120

.5540
.5550
L2222
.6136
.0k16
.76869
.60905
.50430
.37521
.2987h
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