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1. Introduction and Summary. Let {Fl}’ A 21, be the family of gamma

distributions with density function fh given by
f & x -1
(1.1) f}\(x) = 1m e x)‘ , X _>_-_ o]
o] elsevhere,

vhere the shape parameter o > O is same for all distributions of the

family. We define
® k-l
-1 ,x
(1.2) 200 = | BTG an (),

vhere k > 2 is an integer and o< b < 1., Gupta [2] has discussed the
subset selection problem for gamma populations with the same degrees of
freedom in terms of their shape parameters and his numerical computations
indicate the monotonic behavior of A(A) in 2 > 1. This monotonic beﬁavior
of A(A) can be easily proved by appealing to the fact that the gamma

-1

distributions are convex ordered, i.e., for o<\ <A', F Ry (x) is
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convex on [o <) (see Barlow and Gupta {1]). However, the proof of this
convex ordering property of the gamma family is very tedious (see Van Zwet

{5]). McDonald [3] gives a direct proof of the monotonicity of A(\) with

the purpose of avoiding recourse to the convex ordering property, but only

for the case of k = 2 and integer-valued \. We first note that a general
result of the author [U4] is relevant here. This res-ult states that, if

{F)\}, A € A, an interval on the real line, is a family of absolutely continuous
distributions and ¥(x,A) is a real valued function differentiable in x

and )\, then, for any positive integer t, B(A) = J“ft(x,)‘ )th(x) is non-
decreasing in )\ provided that "{(x,h) > o forall x and )\ and

(1.3) f}\(x) D_Y¥(xa) - 3 v(xA) B Fl(x) > o.
oA ox YN

In the case of A(A) defined in (1.2), the condition (1.3} reduces to

(1.4) fk(x) B F (x) -1 £, (x) 3 F}\(x) > 0.

oA b b b A\
However, verification of this condition in the case of the gamma family when
A e [1, ) presents difficulties. The aim of this note is to obtain
sufficient conditions for B()\) to be nondecreasing in A where
hehy = (hl <A< ... ). This forms the content of the hext section.
The last section applies this result to establish the monotonicity of A(M)

defined in (1.2) for k> 2 and Ay = (1,2,3,00000)

2. The Main Result. Let {Fk}, Me by = (;\l <A, < cess.), be a family

of absolutely continuous distributiohs on the real line all having the same
support and Y(x., A) be a non-negative function differentiable in x.

Then, for any positive integer t, B(\) = E ‘i’t(x M )th(x) is nondecreasing



in A over Ad,‘ provided that, for i = 1,2,....,

(2.1) ) Ag(x,2;) fij(i) - A Fki(X) ¥ '(x hj) >0, =1, i,+1,

where A ¥(x,\;) = ¥(x, Ay ) = ¥(x,0)5 A F, (x) = F (x) - Fy (x)
: . ;

i Ao

and the prime over Y denotes the derivative w.r.t. x.

+ 1

Proof. FOr A. 5 s 5 eees A e A., define
—— 1l 12 lt +1 d

)-jtl ¥,(x) aF (x), 7 = 1,205t + 1,

J#r

(2.2) A (A s Ay 5 eveshs
r ll 12 1t+l

and
t+l
(2.3) ARy 5 a5 5> s dy D=0 AL LA e kg )
ot £+l S R e+l
r=1
where Fj EF}\ and ‘YJ. = ¥(x, Aj). For any positive integer s,
J
(2.4) | Adgygs Mgpyr voes Agyq) = A(xs, Ngs eees M)
= (A0 - Al) + (Al - A2) + ....+(At - At+l),
where AIn stands for A with the first m arguments equalto ls +1 and

the remaining t+l-m equal to }\S. Let us consider a typical term, namely,

A -A > in (2.4). We can see that

ym=1 ’c+l-m
s+l

ar (x) + (t+l-m) I ‘&’m -l oap

(2.5) A, -A, =n|¥ ¥ooT AR (%)

- () [ o YR A () - (oem) [ AT iR R ().

Using integration by parts, we obtain



' . t-m t-m
(2.6) j O ar L (x) f ey ar (x)

el ytemel o
- I (Fs B Fs+1) Yz Yor (n v

1 Y * (t~m) Yo ¥i,.)ax.
Using (2.6) in (2.5) and regrouping the terms, we can write (2.5) as
_ m-] t m .
(2.7) A -4 . -mj‘l’ vol [, a ¥, - ¥ AP Jax
. t-m-1 .
+(t-m)jv’2\ys+l (£, Y, =¥l AF] adx,

s+1 s+l

vhich is non-negative if (2.1) is satisfied. This completes the proof of the

main result,
Remark. The non-negativity of V¥(x,\) is essentially needed when t > 1.

3. Application to the Gamma family., Let Fk be the distribution function

with density fi given by (1.1) and let A e [1,2,3,....]. In order to
establish the monotonicity of A(\), we need to show that for any positive

integer i,

X 1 X NP

(3.1) fi(x) AF G - % fj(-g) AF, (x) > o for j=i,i+l.
It is well-known that AF, (%)= 55 +l( x) . Hence, the left hand side of (3.1)
-t @) g n, 0 @

@ "i¥l ‘b fia1 b

- a(%— + 1)x i+j _i+ji-1 ,1 1

e o Y x (g3 - i)

3 i+l

>0 for j =1, i+l, since b < 1.
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