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l. Summery. The distribution of the characteristic (ch.) vectors of a
sample covariance matrix was found by T. W. Anderson [1], when the pop-
wlation covarisnce matrix is a scalar matrix E =0‘2£ « The asymptotic
distribution for arbitrary £ also was obtained by T. W. Anderson [2].

For unknown E , ‘the distribution of the ch. vector corresponding to the
largest root of a covariance matrix was found by T. Sugiyams [10] and

C. G. Knhatri and K. C. S. Pillai [8]. In this paper, for arbitrary I,

we obtain the Joint distii‘nution of the vectors corresponding to the two lar-
gestiocts far the non-central linear case, i.e. when the rank of the mean

metrix is one.

2. DNotations and some useful results. Matrices will be denoted by bold

face capital letters, and their dimensions will be indicated parenthetically.,
The mxm identity metrix will be denoted by Em ;» 8nd in particular,
5 denotes E.p 2 throughout this paper. lai denotes the absolute
value of o , and |E| denotes the determinant of ’JE « 0(n) denotes
the group of all orthogonal nxn matrices.

let §(mxm) be any symmetric positive definite matrix. The zonal
polynomials Zn(i) are defined For each partition K = (k]_’kg”" ,km),
kl 2k, 2 es 2k 20 of k ‘'into not more than m parts, as certain
symmetric polynomials in the ch. roots of E , (see A. T, Jemes {51, 161,

[7] and A. G. Constantine [3]). Further (see A. G. Constantine [3])
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(2.1) oo GRS = € (8)0(D)/0 (L)
0(m)
vhere dH 1is the invarient Haar measure on the orthogonal group O(m),
normelized to meke the volume of the group manifold unity. Alse note

that (see [37])
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where E. is a positive definite matrix,

1 m-1
r (@) = o) T pd)
i=0

and

r (k) = ia(m-1) mr-ll r(t+k,-31) .
i=0
Iet R (nxn) be an orthogonal matrix such that the first r(< n)
columns have random elements and the remaining (n-r) columns depend on these
random elements. We will denote dB,( B r) a normalized measure over this
space, l.e.

j ag(mr) oy
o(n) ~

In terms of Roy's notation [97, let

o, O(RR")
J(R) =2 /I;g;;‘!i{l



Thus J(R) 1is a function of random elements of R. We will write
(o,r) -irn_ ,n
(2.3) dR*™ % = 12 (5)3(R) -

Lemma 1. Let U(pxn) and zﬂ(p—r) x (n-r)) be random matrices; (p < n)

end let

(2-&) E:E ‘. G'

be a transformation such that the first r(< p) column vectors of orthogonal
matrices H (pxp) and G (nxn) contain random elements, and ui%o (i=1,...,r)

and a? > a2 > e > qi > 0 be the first r non-zero largest ordered ch.

1 2
roots of UU'. Then the jacobian of the transformation is given by
(2'5) J(E : Efvl, 0’2,--., {.yr, va S) =
r
¢ 0o, |PPllI- Wil 1 (of - o?)ar{Pr¥)gglerr)
1' l~ L and l J -~ ~

i= i<j

where
o - fr @)t

Proof: Taking differentials of (2.4)

dU = dH .o G'+H ’ dar- G'H ‘. G*

~



Both sides, pre-~ and post- multiply H' and G, we obtain

H' (au) G =
oy 0 dry o\ oy 0
1 . + hd . . t
E'dE' ‘o dey * (qg Xi
r I r
0 v 0 av 0 \'s
Let
wll 0 Wln
H'(dU)G =W = e e
wpl * e pn

Since E}qg_ and (dG')G are pxp and nxn skew symmetric matrices,

hence we can put

&12 s

0

—aap vee

and
Q b12 . bln
-b 0 . b
(ae')G = B = 12 2n

b b . 0



Denote W (r,z) to be the matrix from W by deleting the first r rows
~ , ~

and the first r c(columns of W. Similarly for A(r r) and B(r‘r} .
~ ~F b} o~ >

Then
ozj - o
<Wij’wji) = (aij’bij) (o - .02
i J
and (wi,r"'l,...,win,wr'l'l,i, loc,Wpi) =
v - ol
(ai)r+l,-oa,aip,bi,r+l’u.o,bin)
o, I -V
1i40-Tr ~
inply
o 2 2 .. ,
Jij = J(Wij’ Wi f 8y bi,j) = - d; i, = 1yeee, * and i< j,
and
J, = J(wik’wzi :Au, LR K =2+]l, see, N £ = T+ly00e, D)
. n-py 2 ' .
- ‘Cli! |Oti ’:E - Y;Vv ‘ 1 = l,oo-, Yo
Moreover J(aU : W) =1
% .
I = J(wii : dozi) =1, i =1,0ee, T
and W = A V +dv + VB
~(r,r) N(rJr ~ ~ nrv(r}r)
implies J(W :dv) =1 .



Finally,

*¥
b : dh

I 19’ "ix ig? 9843

1
&
~~

©

k=r +l,.o-, n, f, =X +l’o¢-, p)

=l izl,IOO, I'-

where hij and gij are the ith row and jth column elements of H and G

~ ~

respectively. Therefore

.

J(dau : dH, 4

opseee, dor, AV, dﬁ)

J(au :w)J(ﬁ tdhygyeee; dh s dagyeee, do dz, dgy,

~ o~

coey dgrk; k=r +l,ooc, n; L= +l,oo-, p)J(H)J(G)

I *1on g, Hav : w)Iw av)J(H)I(e)
Ferit Th S SR IR & v e % 2 B A S

i
=
&
ey

Using (2.3), we obtain (2.5) .

In (2.5) if we put A= ai

A; corresponding o and -5 then (2.5) can be written

i = lyees, r and notice that each

(2.6) J(E: By g e ALV g)

T liap-
= ez Py 1w (hi*x.)aH(P’r)dG(n’r)



Lemma 2. TLet V(mxt) be a random matrix and A(mxm) be a symmetric

matrix. For definiteness, assume m <t . Then
2. f I - w|¥»1 - vvr|Bc (avvr)av
(&) Jlogn « YO P, - YO e (Avay

1 £ -
- 2 (o + Byo (a) {r (s + EED)e (3}

o
1) 1
tm+ly 1-1 _mo-q m(p+st)+d
zzz q! gKnC(I)(e)s{(B+ 2 )6} a v
qa=0 M| &
vhere o > 3(m-1), B > 3(n-1) , a>b>0,
® =98 {V such that bEm - VV! is positive definite}

K={l,k2, ...,k], Zk =k,

=1

(x)K = I"m(x,K)/l"m(x) if x is such that the gamma functions

are defined, and

m
6=(61,62,...,6m), 8, 28, = eee 28 20, 25, = g+k

m 1
i=
(2.8) 53 1 is the coefficient of CB(B) in the
2y ~
product of C (B)Cn(B) .

Proof : Let us write

= - e - 1 {8 '
= [ e - TR, - P ay



Then

= [ ler_- wri¥pr - vvriPe o )ay | :

Making transformation V — HV and notice

~ Y

CK(H'AHVV') = CK(AHVV'H')
then

C(A) 1| 1|6 1
S byl T TR - T o

by (2.1). Let VV! =S, then

b 1. 1
h = C')f' J«Oi[.m ‘E‘Et-E(m{L)‘a’gn_ildlbﬁn_i‘ﬁcl{(i)d’sv

land

wherye

¢ = 2 Ce(A) [T @) (T )7 .

*
Next, put S5 = a8 , we get

% 1
h=c mlorrprat )k
b

=T 1. 1
. fanm * 2t-3(m+1) _Fjgby _o*(B *. %
o g e R 6P (as”



By A. G. Constantine [4], notice that

z () .
L L e® = 15l
q=0 1

h can be written as

=0 7 &

b
=L 1001
'J:“m |s™|2* a(mﬂ)|:1;’§111-;‘=f_°|‘f‘ct\>(§f)drsj_e ;

where 8, & and gg ; ere defined by (2.8).
>

¥
Finally, put 8 =

~

-ET then by (2.2) and

G 8 =,@@),

we have

L q! 5{,'(]

1l

(@]
a X
ng

}“ Jmo-q m(8+—t)+q+k (- “)1] )
M

I i 1 '
.I;m |El2t"2(m+l)‘}m_3‘ﬁc ﬁ(:‘E)dE

~

="%mtcx(f) {Cm(‘f;;)}—l Z z 2 _(.-%).D C (I )(2)6
n 6

1
1 (s + 23 {r (s + ¥ER, o)}t G-y m(B+5t) +ak
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After rearrenging, we obtain (2.7).

3. Distribution of the characteristic vectors corresponding to the two

largest roots of a matrix in the non-central case. ILet the matrix X(pxn)

be distributed as

Lo o1 }
(2ﬂ)~2pn12| 2% exp {-% tr ¢ l(X - MXX - M)’}

i.e.

1 1. - ' - -
(3.1) (20 F |5 exp {-k tr g0 ¢ or 2K - St 3 L}

~

where E[X] =M.

Making transformation

where r <p, L(pxp) and Q(nxn) are orthogonal matrices, ¥ is an

(p~r)X(n-r) matrix and aﬁ > ag > Lee > ai > 0 are the first r largest

ordered ch. roots of XX'. Using Lemma 1, the joint density function of

I~~~

E? Uys Oy =ees O E and % is given by



1l

1. X
5 -py 2 2 2
(3:2) Cl|2| 2 g |ai|n p\aiI -YY'| o (ai - aj)
1=1 ~ e g
oy 0
* exp {u% tr 5+ tr 5N o, L'
0 1!
2
o 0
Lt s .2 L } ar (P 7)gq(mv)
~ a "~ ~ ~
T
0 Yy!

where
(3:3) o= ey = @Ry @y @1l

In integrating oy (i = 1,600y ), ¥, Q, or L, we only consider the

~ o~

non-central linear case, i.e. when the rank of the mean matrix M is one,
because the general problem is extremely difficult.

For r =1, we get the gsame result as given by C. G. Khatri and
K. C. 8. Pillai [8].

For r =2, let

E = (él, £21 22) 2

where fl and 52 are the first two columns of L, corresponding to the
two largest ordered che roOts Kl and Ay OF XX' , having random

elements and the others E? depend on these random elements. Then (3.2)

becomes



(34) Oployay [P - )T - W' et - 1|

2
arlO o o (2) 0
* exp {tr Z_lMQ 0 % L' -1 tr Z-lL 0 oy ! }
~o~ 0 DA ~o 0 Yy!' ~
. d L(p,e)dQ(n,e) "
where
1 Ly
_ -5n ~5try lMM’
CQ_CI‘E‘ 2% g2 e
Integrating (3.4) with respect to Q, we obtain
n-p, 2 _ 2 { 1 Ek}'l (PJE)
(3.5)  Cyloga|™P(a] - a5) ) {xt @)} e (o, o, L)

k=0

or

@

(3.5 02T 0 ) Y (e @) a®Pe o, 0 1),

k=0
where
(3.6)  £,(ap Ay L) =
Moo
“l o )\. ~o
[ hz-wrp e por-x) - {er[F 2 2
k@ ~ f ~ ~ o~ 0 YY' ~
MO
. exp {-5 trviL | Oh ~ L'} ay
~ ~ O YYT ~ ~

L]}



where

8 =9 {Y such that AL - YY' is a positive definite}

or
(3:7) £(8 Ay Ay 1) = ) or £y (hpy A L)
k=0
=] Iz -
9
)\l 0 .
* exp {-—-21- tr ¥IL Ol ~ LY(I-3 0 Z—ll‘m')} ay
~ o~ 0 YY, ~ o~ ~ A ~
- & X 1 _ i 1 y
=exp {30 488y - 3N 45 8 4]
. - 1. - 1 _L 1 1
JonZ- 2 ihgl - X0t e (-3 or 1y 8 00X
where
(3.8) A=xt oLyt 5
Let H € 0(p-2) such that
J & =1

o(p-2) ~

Making transformation Y - HY, and notice that

r~e

J exp {-5 L) A L, HYY'H'} aH

T
8L

=

t
Q
&)

o ¢ )

1l
W
ngMa

Y (0% 18 8 n,)e, (1) k! e (DY
K



1k

and put
(3.9) wi:éﬂﬂﬁi i=1, 2.
Then (3.7) can be written
(3.7%) . £(8 Ay Ay L) =
ST T Y (e 31y any) o (D1, G, A
K (2 1’ 2

k=0 K

where

Oy 1) = [ - 21T - Tl ax

2

Using Lemma 2, and since o = 1, then for gq > (p-2)+1, all
coefficients in (2.7) vanish, so that the function reduces to a polynomial

of degree p-2 . Hence

(3.10) h ()‘l’ )\ ) = ﬂz(P 2)(11-2) (L) { 2_1)}..1
rE (-1)
Y Y Y = & (DER)
a=0 M &

. [(pin=ly -1, p-a-2 _in(p-2)+q+k
{@Fh) JhaFre® s :



At this stage, we integrate

L(n-p-1) -~ A
2\1=p -
(A1) (- 2) e "y 5

€-q , Cratk B LY

i.e. AT (A= 25) e

with respect to xl and XQ » Vvhere

£ = 2(pm-5) , (= %(pn-n-b-l)-

First, integrating

~Woh,

- A

€-q ., CHgtk
AT, (a

1

with respect to x2 from O to kl and using formula

a 2 ol bt
b-1 -cx _ _-ca ¢ a (b)
I x e T d&x=e Z ol .
0 .
i=0
we obtain
M =W, A
E-q . Mgtk )
Jo A A (xl 7\2) e A,

- i { Mv) = _ _I{va)l 4 )\sﬂ-l
T(v+1+i) T(v2+i)) "2 ™1
=0

1M~ %hs p-3-2, #n(p-2)+a*k

“Wpohy
e °
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where
(3.11) v=C+tq+k+1l, s=gtgt+tk+3 .
. -(w, tw, A
Next, integrating hi+l-l e 271 with respect to kl from

0 to o, and notice that

>i
2

(-]

(1+)N(v ] Wo
ji F(v+2+i; I' (s+i) (wl+w
i=1

_ I(¥)r(s) . %
) 'TT%?ET' F2, s, vi2; o, )

where F(a, B v; x) is hypergeometric function defined as in [7]. Therefore,

Ay =0\
J j LETE (- a) i ayany
= I(v) T(s) {{ow))° Pe2)} 7 P2, s, vi2; mjiw; -

Substituting (3.10) into (3.7') we get f£(9H, M Aps L L) and the
coefficient of @ /k' from f(0, A Ao L) gives f (kl, Ao E) .
Then using this value in (3.5’), we get the joint density function of
1 and Xg . Integrating xl and xg we obtain the Jjoint

byt b

density function of fl and £2 . Hence we have the following theorem:

Theorem». Let the matrix X{pxn) be distributed as (3.1), and A > A, >0

be the two largest ordered ch. roots of XX' and let

)

Lo b b
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where fl and. %2

largest ordered ch. roots Xl and Ay of XX', having random elements

and the others E? depend on these random elements. Let the rank of

M be one. Then the joint density function of ﬁl and fg is given by

are the two columns of L , corresponding to the two

1 L ViYL > -
o R Y L @) a®?) g )

k=0

vhere f, (L) satisfying

2(61) = ) & £, (D)

it
UJ
~18

Y (-1F o (3 1y a5y (DY
K

k=0
p-2
DD NG gmcﬁ(y(%—%)&r(v)r(s)
4= e
. { ( 5 a-d) (w ) F(v*‘&‘)} ]‘F(Z 8,vi2;. liwg
where

and vV end s, A and w, are defined by (3.11), (3.8) and (3.9).

~

)
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Note that the explicit expression will be obtained by evaluating the

coefficient of ek/kl from f(e,L) .

4, Remarks: (I) . If M=0, then A = E-l and Q and (x a?, Y, L)

~ ~ l N

are independently distributed and their respective density functi ons are

given by
dQ(n’r)
and
-4n T 3(n-p-1) :
(k1) ¢, |zf 0 g PI-x o (- )
~ i=1 ~ i
Ay Q
* exp {-—;— tr ¥ L L’} ar{®sT)
~ ~ ~ 0)\ ~ ~
r
0 Yy!

where Cl is defined by (3.3).

For r =1, integrating (4.1) with respect to 2 (=xl) and Y,
we get the same density function of E as given by Sugiyama [10] and
Khatri end Pillai [8].

For r =2, we obtain the joint density function of %l and £2

is given by

(k.2) C3|E{'%n E ) (-1)f27E ¢ (L3 =7 1)kt c (1))

k=0 K

) (1) 8p n C(DER), T)T(e)

&

i)

g=0

'{ql (-p—ﬁg;l) (wl+w2)sl“(v+2)}_l F(2, s, vi2; ww‘in ) ar(®:2)
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where 03 is defined by (3.12). (h.2) is a special case of the Theorem.

(II). Put r =p, integrating (4.1) with respect to
L, we get the same distribution of ch. roots Ayreees xp of XX' as

given by A. T. James {77,

(III). If n <p, then in the all adequate formulas change

the roles of p and n.
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