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1. Introduction

Let Ei:-pxn and 52: pxn be real random variables having the joint density

function

1
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where
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El::pxp is a real symmetric positive definite (p.d.) matrix,. Eé::pxp is a

real skew symmetric matrix, : pxg and ya:.qxn (j=1,2) are given matrices

X3
or their joint density does not contain Ei’zéfgl’EE as parameters. Then it
has been shown by Goodman 1] +that the distribution of the complex matrix

Z =X+ iX, (i=(-l)%), is complex Gaussian and its density function js given by

-~
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Ny(u M,5) = w2 217" exp{-tr 5 (2np 1) (2 1)' ).
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where E = Zl + iZJZ is Hermitian p.d., i.e. :‘é' = E, b= El+ iy, and

= e it

Khatri [4],[57 has suggested the largest root for testing the hypotheses

and

and has shown the joint distribution of the labent reots Wy sWpreessWy under

the above null hypotheses cah be written as given below [31. From the form
of the density (L.1) it is easy to see that the largest root serves as a
eriterion for testing the equality of covariance matrices from two complex
normal populations, the independence of two sets of normal variates and other
hypotheses similar to those usually discussed in the real case, in view of
the fact that the densities under fhese null hypotheses reduce to (1.l) with

different definitions of m and n [21.

(1.1) Cl{jzl w?(l-wj)n}{igj(wi- Wj) } dwl"'dwqf
where
(1.2) | ¢, = T Tlmrnrqes)/ {T(nr) Fmk) ()]

J=l



and
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Further, Khatri [37 has derived the distribution of Wy (or wl) in a

determinant form as follows

(1.3) PT{Wq ﬁ X3myn} = ¢y = Clg(gi+j-2)!’

where C; is defined in (1.2),

X s ‘
(1.4) Bi+j—2 = J m+1+J-2(lﬂw)n du

o}

for 1,j=1,25.e.5q, and ( ) is a qxq matrix. Pr{wl < x3m,n} can

n .
Titj-2

be obtained from (1.3) using

(1.5) Pr{w, < x;m,n} = l‘PT{Wq‘S lex;n,m}.

In this paper an approximation to the cdf of w_ at the upper end is

q
obtained and upper 1% and 5% points are given for ¢=2,3,4,5,6 in Tables 2-11,
A general form of the approximation is given, with the results for q=2 and 3

written out explicitly.



2. Lase Far Two Roots

It is easily seen from (1,3) that letting gq=2 and expanding the

determinant

dJd

X x x
(2.1) Pr{w2 < x3myn} = Cl{j W Lew)™ dw { =wm'2(1rw)n dw - (j wm*l(l-w)ndw)e}.
o) 0 ’ o]

‘Integrating by parts for integral values of m and n, we can write

wkf

| ‘ ; +-j+1
mLo. an v LS (mre)t xd(a-x)™R
(2.2) Jz w O (l=w)" dw = 8(m+g+l,n+l). - L I ey
j=0 0 (n+k+1)
k=0

where £(a,b) is the usual beta function. For small values of m, the
approximation is obtained by substituting (2.2) in (2.1), expanding,

N2 .
neglecting terms of order (1~x) % and higher [6]. ‘This gives

. m
: j . - J+1
. . , < m: Jd 1k m-n J+
(2.3) Pr{w2 < x;m,n} Cl[g(m+l,n+1)92- B (m+3,n+1) L3t x é;j )
j=0 T (n+k+1)
k=0
m+1
o+ . -4
- . T (L)) xd (1ex) It
- B(m+2,n+l)ﬁl+ B (m+2,n+1) Z;Suﬁfl" e o
=0 0 (o+k+l)

k=0



5 .
Adding and subtracting B(m+3,n+1l)8(mri,n+l) and B(m+2,n+l)2 in (2.3) we

find

(2.4) Pr{w2 < x3;m,n} = Cl[B(m+l,n+l)B2+ B(m+3,n+l)Bo- 2B(mﬁ2,n+l)81]- 1.
Noting from (2.1) with x=1 that
(2.5) 0, = [B(m+3,n+1)8(m+1,041) - B(m2,ne1)?7Y,

and simplifying in (2.4) we find

(m+1)
mtn+2 [ 2 2m
B(m+2,n+2)LBE+ (m+n+2)2 B~ mniD Bl] -1

(2.6) Prfw2 < x3;m,n} =

where

(2.7) (a)k = a(a+l) ... (a+k-1).

This approximétion is very simple for computational use and no products of
inecomplete beta functions are involved. Upper 1% and 5% points using (2.6)
are given in Tables 2,3. The error involved in using this dpproximation has
been computed and the difference between the exact and approximate percentage

points occurs in the seventh place. (See Table 1).-



3. (Case For Three Roots

When there are 3 roots, ye have

(3.1) 2.

Pr{w3_s x3myn) = C {B 8,8, + 280,68, Bg - o 6 Biﬁu}

where @, is defined in (1.4) and C, in (1.2). As in the two-roots case

we write the 8,.'s as finite sums, expand, neglect terms involving (l-x)2n

&

and higher powers and find

(3.2) Privy <xsm,n}e ¢ ([8(3)8(5)-8(1)718+ 2(8(3)8(4)- B(2)8(5)18,

+728(2)8(4)+8(1)8(5)-38(3)°18,+ 2[8(2)8(3)-8(1)8(1)] Byt [8(1)8(3)-8(2)%18),}-2

where 8(j) = p(m+j,n+l). Simplifying in (3.2) we find

_pp(mr2),
(3.3) Pr{v, <x;mon} = [B(url,m3)] {——5-—— Bom 2(m3) (menth)p,
+ 3{m(m+n+6)+2n+7 } (mtn+l) 2(m+n+3)3 (m+n+h)(m+n+3)3 1

As in the twowroots case, no products of incomplete beta functions are involved.

Upper 1% and 5% points using (3.3) are given in Tables 4 and 5. Comparison

of some exact and approximate values is made in Table 1.



L, Case For g Roots

n i i B )
Denote the product ©, B, ... B, occuring in [(Bz)i by B, . 4
172 q 172 q

where ij are any of the integers 0,l,...,2q-2. It can be seen from cases

with ¢@=2 and 3 that 8, . is approximated by B! . ‘
1112...1q 1112...1q

(4.1) ! =»

_ ) B(m+i, +1,n+1)B,
11120 tolq k 1.

J

L >la
(= yte}

—it= 1
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where B,  is defined in (1.4). Thus the distribution of W, can be
_ J
approximated by

1
(4.2) Priv, <xsmn} & ¢y (B )] - (a-1)
' . 13
where l(Bz)[ is obtained by replacing Biliz“‘i in l(ﬁz)! by
Bi 5 5 By collecting the coefficients of incomplete beta functions we
l 2... q

get the following form which is simpler for computer computations
2q=-2

(4.3) Pr{wq < x3m,n} = Cl z D}::Bk- (q=1),
k=0

where Di is the sum of the cofactors of B(k+l) in the gxq matrix



(1) s(2) ... B8(a)
8(2) 8(3) ... 8(grl)

B(q) B(g+l) ... B(2q¢-1)

where B(j) is defined as B(m+j,nt+l), the usual beta function. Letting -

g=2 and 3 in (4.3) we get {2.4) gnd (3.2) respectively.

5. Computation of Percentage Points

Based on the results of the preceeding sections upper l% and 5% points
were computed for @=2,3,4,5,6 on the CDC 6500 computer. Results are given
to five significant figures for the arguments m=0(1)5,7,10,15 and n=5(5)
30(10)#0(20)120(MO)200,300,SOO,lOQO. As can be seen from the comparisons below
the percentage points from the exact and approximate cdf's agree through

five figures and generally six.

Table 1., Comparison of Percentage Points From the Exact

and Approximate CDF's

1% 5%
q m 1 exact approximate exact approximate
2 0 30 .2L6078 .2L6078 i .194089 . 194089
2 |10 | 160 .1h2231 .142231 .12L867 124867
3 0 30 .332512 .332512 § .280221 280222
3 |10 | 160 .166031 .166031 { L1484l L1484l
Ly 0 30 .353382 .353384 .10oLO03 .Loko03
L 115 {200 .183258 .183258 .167724 .167725
5 0 5 .906746 .006746 |t .867886 .867887
6 5 | 100 278743 27874k jl  .254438 .254439

In addition to the above, the approximate expression is attractive for
two reasons; first, computation time is less for the approximation because we
don't evaluate a determinant at each step in the iteration scheme, as we do
for the exact case; second, round off error is less troublesome in the

approximate expression.
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