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CHAPTER I
ON THE MOMENTS OF ELEMENTARY SYMMETRIC FUNCTIONS

OF THE ROOTS OF TWO MATRICES

1. Introduction and Summary

Let él and £‘2 be two symmetric matrices of order p, ﬁl’ posi-
tive definite and having a Wishart distribution [3], [33], with fl
degrees of freedom and '_{.’2 , at least positive semi-definite and having
& non-central (linear) Wishart distribution [2], {23, [14], [33], [34]

with f2 degrees of freedom. Now let

- t Ny
B = SIX'G

where 3 is px f2 and E is a lower triangular matrix such that

A+

- ]
both o= 08 -

Now consider the s(= minimum (fz,p)) non-zero characteristic roots of
the matrix .¥,.¥,' It can be shown that the density function of the char-
acteristic roots of ,¥.,¥,' for f2 < p can be obtained from that of the
gharacteristic roots of zz' for f2 > p 1if in the latter case the fol-

lowing changes are made [16], [33];

(l'l) (fl:f :P) i (fl+ fz' P, P, fe) ’
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: (P) _ | TR 1 -1
Now define U,~’ = tri(£P~ YY) ep = tri(ifz PAND ) B f,, vhere tr.,A

denotes the ith elementary symmetric function (esf) of the characteristic

(s)

N when s =1p, i.e.

roots of A. In view of (1.1) we only consider U

ng) based on the density function [24] of L= Eg' for £, > p. Now

define V§p) = trik and further U = (};p - ZI’)'J‘-p. Khatri and Pillai
{23] have obtained some results towards finding the moments of U§P) and
Vgp) and in this paper an attempt is made to give general expressions of
the first three moments of U§p) and the first two moments of Vgp). Fura‘
ther, the moments of the second esf of a matrix in the non-central means

case (James [12]) have been considered and tabulation of certain constants

made which arose in this context.

2. Results on the ith esf of the Roots of a Matrix

The lemma below is proved by Khatri and Pillai [23] and is used to

obtain the results of Section 3.

£ L' 1
e ~
Iemma: Let L = v’ll / be a symmetric matrix of order p,
~ 217 pe1
1 -1

Land

= - ' - s 4s .
Ly = ,Iill ;%' ﬁ / Lyy0 E.p-l }22 be positive definite and
-1

1 ' -1
= - 2 - 2 E”r = - -
E (Ep-l 1’22) .:”./ {ﬁll(l ‘ell)} * ther let E (Ep 5) .Ep and
- -1
M= (L) ~Ip)™ - L Then



tr

gyl
- - '
zll{(l l,ll)(l u 5)} tr; ; M+ tr, M

~s ~s

fa

i-1
(1‘3'3)-1 Z (-1) wrrac™) utr; ,_jM) for i<p
§=0

+

i

£ (=00 ) "0} ] for 1=

Notice that the distributions of .., u and L are available in [21],

11 ~22

[22] except that the non-centrality parameter, which is involved in the

densitg of zl above, will be denoted here by A in place of 27\2

1
given there.

3. Moments of triU

Let EO be a U matrix when A =0, let £ be the top left

11,0

~carner element of L, (L matrix where A =0) and let ’

(3.3) v, = B(L-w'w) " [B{L,/ (12,0} - E{lyy of (1=215 )31 =2/ (a-1),

(3.2) Yo

B{1-u'a) LR/ (o0, 1% - B{Ryy of (1t 1]

[2(£ 2%}/ {(a-1)(a=3)]} ,

(3.3) vy = B(-n'n) B,/ (000 - Blay; o/ (1ot o))

[3(£542) (25500 + 3(£,#80 %+ 33V {(a-1) (a-3)(a-5)}

and



G4y,

I

E(l'ﬁ'f)-h[E“n/(l"n)}u - E{’zll,c)/(l””':v.:L,o)}uj

{h(f2+2)(f2+h)(f2+6)h + 6(f2+h)(f2+6)x2 + h(f2+6)x3-+ hu}

/ {(a-1)(a-3){a=5)(a~7)}

where a = f.~ p.

1
Now let
i-l
' i - i +L
By = br, M and oy = tr+ ) (03w e el
§=0
R T
Then
- I
{3.5) Eltr,U] = ELtr, U ] + y,E B,
2 2 2
(3.6) Eltr,U]" = Eltr,U )" + y,E 8] + 2y,E 3, o,
3 _ 3 3 2 2
(3.7) - E(tr,U° = Eltr, U ]° + y3E 87 + 3y,B 37 oy + 3v;E B, of
and
g _ { b o a3
(3.8) E[trig] = E[trigo] + y,E By + hy3E By o

+ 6y,E '55 cr? + ’-WlE- By ai’ .



In order to evaluate the right sides of (3.5) - (3.8), it appears
that general results are obtainable in terms of functions of esf's of

latent roots of M, Hence we suggest the following general form for

~

B3y o
= ; 1
(3.9) ES3 o =557 E{tri_ﬁ{(p 1)tri_ﬂ1 + (a+i J.)trﬂ}J .
The above result as well as others in this section and the next have

been suggested by computing special cases for i =1, 2, 3, 4 and further

checking the result for i = 5.

Similarly
. a2 _ 1 2 . .
(3.10) ES o =377 E[(tri_ﬁ)_ {(p-l)tri_l}g + (a+1-1)tri§}] ,

and

(3.11) E3, u’i - m E[tri_lg[(p-i)(p-i+2)(t’ri_1£d’)2

+ 2[(a+i=3) (p=i)+2] tr. .M tr,M + (a+i«3)(atiel)

I
1-1" 2i-k
2 |
-(tri'llﬁ') + Z z .akjtrk‘lﬁ trj’»ﬁ}] s

k=0 j=2i-2-k

where



0 if j-k <1
a, . = ¢ -2(j-k) if j-k > 1 and j-k is even

h(j-k) if j-k>1 and j-k is odd .

s 2 3 .
Now noting that E[trigo], E[trigoj and E[triUo] are available
in Pillai [27], [28], wusing (3.9) - (3.11) in (3.5) - (3.7) and the
fact that E 0J = B(tr, M)J, we can obtain the first three moments of

Uﬁp)= tri{(I-L)-l-I} (vhich are suggested based on computations for i = 1,

2, 3, 4, 5). Expected values of functions of trﬂ% can be obtained in
individual cases by use of zonal polynomials [13] or by Pillai's lemma on

multiplication of a basic Vandermonde determinant by monomials of esfls

Le7d.

k., Moments of +r.L
ic -

Khatri and Pillai have showm {23] that

(4.1) E[triE] = E[trigo] + %, B 31(1)- s

(4.2) E[triEJZ E[trigolz - X,E Si(i) tenEa ) Py o

3 3 3 _
(4.3) E[trifa E[triko] + x3Bl(i) = 3x,E Bl(i) (1)

2
*INE B M)

and



b 4 L 2
(4.4) E[tri},] = E[triEO] - XBy 5y * “x331(i)°‘1(i)’ 6"231(1)“1(1)

3
* b8y )

. ne . 1

where X5 Xpy Xg5 Xy, oy (1) Bl(i) and L are defined in [23] and are

functions similar to yi’s, ai's and Bi’s in the preceding section.
Using the results of Section 2 of [22] and further computing as in

the previous section we get

: _ 1 ) . 5
(%.5) E[Bl(i)] = fl.E[(a+1) try Loy +1trLyl
where a = fl— gol and trqE22 =1
Similarly

(4.6)  Elay (s 8y 05)] = -13? B (2421 )b, Lot Ly, + (a43) (b7, 1Tp0)°

anad

(.7 BT (53] = gy Bl (et (anie2) (b yLpp)°

+ [21(atitl) + 2(i-2)]tr, Lot Lo+ i(ij?)(tri£22)2
i-1  2i-k

D)
- L s =L
k=0 3§=2i-2-k |

where



() Eerga]t = B BT - ey o 581 (a)

3
*hxBy 5y 1)

where Xp5 ¥ps X35 Xy, @3¢5 Bl(i) and L are defined in [23] and are
functions similar to yi’s, ai's and Bi's in the preceding section.
Using the results of Section 2 of [22] and further computing as in

the previous section we get

1

(1.5) E[Bl(i)] = -i-,-i- E[ (a+i) try Lo, + 1 trifzz} ,
where a = fl— jo) and trq£22 =1 .
Similarly
1 . . 2

(4.6) E[afl(i)ﬂl(i)] = -f-l- E[(a+21)tri_l£.22tril’..22 + (a+1)(tri_l£,22)

+ i(tr. L )27

122" -

and

(7)) EaTig] = Ene) Bl (a+i) (a+ie2) (tr; L)

. . . . s 2
+ [2i(a+i+l) + 2(1-2)]tri_l£22tr1322+ 1(1:?)(tr1222)

i-1 2i~k

- Z Z By 5ty lnotr s Tnol

k=0 j=2i-2-k

where



0 if j-k <1

2(j-k) if j<k > 1 and even

4(j-k) if j-k > 1 and odd

. 2 . . . .
Now noting that E[triEO] and E[trigo] are available in Pillai [27],
[28] and using the above results, we can obtain the first two moments of
Vgp) = tr, L ({4.5) - (4.7) being suggested based on computations for
i=1,2, 3, 4k and 5)., TFurther expected values of functions of tr, Lns

can be obtained'by methods suggested at the end of the preceding section.

5. Moments of the Second esf of a Matrix

Let 15: p x £ be a matrix variate (p S'f) vhose columns are inde-
pendently normally distributed with E(E) = M and covariance matrix I .
Let Wyseess w? be the characteristic roots of !515' - W'El = 0, then
the distribution of E = diag (Wi) is given by James [12], [13]

-2t “trW
(5.1) e ~ K(p,T) OFl(%f;%;Q,w) e ~h~ﬂ2(f"P°l) n (wi- wj)

where
1.2 Lop
(5.2) K(p,1) = 1=/ {227 T (36) T, (2p))

Q = diag (wi) vhere w;, i = 1,..., p are the characteristic roots of"
[M MY - W Zl = 0, OFl is the hypergeometric function of matrix argument
and Fp(-) is the multivariate gamma function defined in [13]. Now de-

fine Wép) as'the gsecond esf in %wl,...,% ~ Then from Gupta [11] we have
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(5-3) EI:W(P)"3 = 7 L -+ _1-__ L + iz_ L + 3 1, + .]; L
2 4 TR (2) 12 (321)" 320 (2212) Lo 313) 8 723
27
+ L + L
B Ly Bty

where L. represents I%(-%Q), vwhich is the generalized Laguerre poly-

nomial of the form [6], [13]

k
R(-10) = (v + Hea)) o (D) ) ) (1P| T,y ] Cy(-20) .
e CE o v (v2(p*1))] L)

Pillai and Gupta [32] have evaluated the first two moments of Wép) using

8, ,, coefficients for k =2, 4 available in [6].
2

Here we evaluate the third moment in (5.3) using the table of a

KT

coefficients presented in the next section.

L 3 3 2
CRONIE: v E A s T YD YD YD W oh
i=1 j=1 k=l 4=(Q
its ke
where
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- (0) g (2)
81010 = 223N W3 Y e agpnome Lo {e (342, +70¢ )te_3(3d),+175¢),)}

+hd 1/134h0, a4, =.[c_2{Mc_3(l75chd21+27c_hd52-3c_ldul
+627¢ c2)+8c (35co 21+9ch{13c2-l9cl})}+d3{7c2—l6c_l}]/h0320,
25100 = [0_2{hdh0+290c_3—50hc1}+7c3{7ch-8cl}]/8h0, 83110 =
[c_3{502(912cl+2h5cu)+l350_h(3902+200_5)-c_2d9+1120c_lc2}
+cl{6ch(150c2-666c_2-h9c3)+lh(l6c_ld32+25%)d22)}]/l6800,

a1230=c_l[c 2dl3+clc3]/120, 831 30% 1, 8407 [100_2{2dho

+397c_3}+cl{1120d32-u00d +23712¢ +7l82c2}+35c_h{7c3-18hc

05 -3 -3

+5hc2]+2h3c_h{66c2+250 +56c_3}/126oo,' 18,

-5 853117 81212 T

(3/2)cl+6, 81501 a123o/(6c_l), 815977 [c_e{c_3(d9-2520c_1)

+6cl(666ch-756c_l+175c0)}+h2clc3{7ch-l2cl}]/25200, a1311=

[c-3{805ch+l701c_h+296hcl-29800_2}+10cl[5d05~378c-2-lhc3}

~16c_,4) ,1/2520,

and all other a, =0, ¢ = (f+a) (p+ar) , ué(o){Wép)} is the third

ijke

moment in the central case [5] with 2m = f-p-l and

d3 7C c Ch, d52=l9(32"7c-5, d21=02-0_l, duo=3500+990)+: d32=c3-90_2

d»=6840cl+1995ch+2835c_h, d

5 =Tc +18°h’ dhl—l52c +63Cu .

20=Cp™3¢ ps 4y
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6. Results for a
K,T

The a 's are constants [6] satisfying the equality
k
(6.1) Ce(A+ 1)/ 0 (D) = z Z 3, Cr(A)/C (T)
t=0 7

where T is a partition of +t. The following are suggested based on the

available results, For K = k-j,19

5(2k-(341))/ (2k-(342)) if 7 = k3,197%
(6.2) a = : .

(2k-3) (k-(3+1))/ (2k-(3+2)) if T = k-j-1,19
Also for K = k~j,j, k >2j

2k~ (kj-2))/ (2k-(43-1)) if T = k=j,J-1

(6.3) a

K,T

(k-23)(2k-(23-1))/ (2k=(43~1)) if 7 = kej=1,]

For K=k, T = k=j

(6.4) B, = KL/ (GHE)1)

As previously stated the a for k=1, 2, 3, b are available in [6]

KT
and for k=5, 6, 7, 8 now follow.
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Coefficients¥* for k = 7
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Table k4, 8y . Coefficients® for k=8

2

O 2193 2113l 31 2° 22 15 41 32 31° 21213 17

8 28 56 70 56

65 225 68 100

T1 23 5i| 38 18 - = 3 3

6o (58 2612k 156 ||6h3 884k 143 L60 1456 572
3 3 5 5 35 21 15 63 L5 35
2 55 29 57 T)j2es 850 35 6k 565 35
61 3 3 2k 2 2 7 21 3 9 18 2
82 198 212 297 99 32 308 1188
B USITIL 5 =% 1735 T T 21 15 35
3 311 5 5 35 21 5 3 63 90 3 2

3 68 162 Lkt 2ho 132 13 4 53 207 52
oL ) S S5 100 Ty 5 5l 3073 7 7

2 6l 216 128 288 126 6L 216
¥ 1612 T =5 155 T773 5 "5
431 |41 4313136 L11 351 72 1948 791 175 36 1006 1k0 98

3 3115 10 6|l 35 63 L5 9 5 45 9 9
3o 38 461112 201 25( 9 226 689 250 63 57k 325 170
3 3115 5 3if 5 9 L5 9 10 L5 18 9

2 35 boll106 183 37i| 12 1k95 161 1hs5k 33 68 139k 98 66
vel 37315 5 3|l 7 63 18 5 10 6 HEE %%

h 32 153 i1 150 186 L9 11 387 L6
L 10 18 5 =% 19 ; - 5 5 > I z 2
322‘ 35 hoft 2k ), 28 175 175 280 b0 1ho 224

, 3 34 3 3 9 9 9 9 9 9
3242 32 521 64 192 4o 160 124 1568 18 10k 1088 152 T2

3 3} 5 3 9 9 Ls 5 9 63 9 7
3221 29 5511 8 1595 100 245 367 9 50 800 22k 90
3 31 3 2 6 9 18 9 2 9 63 9 T

3 25 591 12 321 43 43 623 113 96 203 I
321 331 75 "0 2 10 =% 15 710 3% 5% 3

5 19 65 25 116 100 680 28
31 z 73 2 2L 30 3 3 23 7 21 3

{

ot 8 20 36 20 15 48 7 36 20
3,2 63 ko 21 231 133) 126 ik
271, T 21 > % 5 Ty 3 28 5
2 4 | o116 €8 b 608 12k 56 104 152
21105 2k 32 3 "15 5 573 15
216 3 25 ag%- 27 43 30 26
18 28| 56 70 56
*a when T = K



Table 4. a

Coefficients® for k=8 (cont'd.)

K, T
> 1
E\\I 6| 51| L2 412!32 321 313 23 21521h 16g 7161 52!512 43 u21h13321322321231h231@21321517
8| 28 | 8
1| 83 225 ik 90
[ BT 13 13
6o| 10 101k 286 20 %2
33 77T 21 9 9
21 13 1 13 35
61 11 11 1k _6 6
53 1k 121 33 18 22
35 T 5 5 5
501 132 97 k46 81 22 Lo 162
35 1+ 5 10 15 21 35
513 18 236 26 36 22
' 5 15 3 11 11
42 16 12 8
431 11 356 61 k7 27 %6 35
2 15 15 10 20 15 12
42° T 1 33 10 AL 10
2 73 2 3 3 3
2 25> 52 39121 11 25 9 1ok
21 » 9 L 18 3 9 5 L5
b 22 97 9 22 18
,. * 3 6 2 5 5
2 1 1k 10 1k
}3 2 3 21 3 3 3
3712 28 528 16 k0 8 16
15 35 3 7 3 3
2 5 2523 65 Lo 2 27
321 7T 6 67T 21 ‘g ik
3013 81 33 61 21 8128 25
AL/ T b 20 15 12
317 23 195 11 20 22
2 NI 9 9
oh 8 20 8
3.2 791 63 19
21 2 5 10 2 2
o2 56 528 12 16 8
5 35 T 3 3
6 135 61 27 2
& T Lk
18 28 g

= i T =K
T 1l when
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[ ] f
T. Further Uses o aK’T

Pillai [29] has shown that

t -% > i{-\ — o 1
(7.1)  Efe trL e ) ) (aff)n(z"in %, 11' " (1)e, (30)
k=0 K n=0 7 (5\))}{ (_2' 2):n k. C,n(i)

where Q, v, f; and f, are defined in [29],

From (7.1) we get the moments of +trlL by differentiation with respect

to t and letting t = 0. Thus

lig © K
-:—E; e tl”E‘,J _ et kgo }; n\éo%: (e ANCOMEN
(k-n)(k-n-1)... (k~n-r+1)tk‘n“rcK(E ) 1@9 >
(29), (32,) k! G (1)
and hence
(7.2)  Eltrs)” - -ztzQ i Z z (36,), (3)g 3 o 7! C(I) c,(30)

g () (ey)y K (D)

vhere 1 is a partition of n = ker .

Pillai [29] also gives in the case of canonical correlation

t trR° 12’- e (I)C (P )

k 2

- (3£,) ((1))

(7.3) Ele ~]-|IP] ZL 2 K“
neom (B (o) K c(T)

s

>

:

gl

0

Yy @ 2 . )
(7.14-) E[tng]rﬁ lI-P2I-2- 2 Z z (%fE)K((%\))']]) aKJ]r' CK(,:\[,) C'YL(E ) ’
" R (%v)K(—é-fE)nkz Cp(D)
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where 1 is as above, and R and P are defined in [29].
Further, Khatri [18] has obtained the moment generating function of

V(P) associated with the test A 2 =§2 as

(p) & o) e o () (1-(0A)” 1y
Vv 1
: k=0 K n=0 T Z“K D

We get the rth moment of v(P) in this case as

-1
(7.6)  E(vP)IT < N ! L z ) = (B ) () gt € (T)CH(I-0n) ™) ,

k=0 K 1 (3] K Cn(,p

~

vhere 1 is a partition of n = kep and A is defined in [18], [29] .



CHAPTER IX
ON THE NON-CENTRAL DISTRIBUTIONS OF WILKS' - A

FOR TESTS OF THREE HYPOTHESES

1., Introduction and Summary

In multivariate analysis we are interested in testing three hypoth-
eses, namely

1) thet of equality of the dispersion matrices of two p-variate nor-
mal populations,

2) that of equality of the p~dimensional mean vectors for k p=-var-
iate normal populations having a common covariance matrix and

3) that of independence between a p-set and a g-set of variates in
a (p+q)-variate normal population, with p < 4. We obtain the non-cen-

P
tral distribution of Wilks" criterion A = W(p) = 0 (l-ci) in each of
i=1

the above cases, vhere the ci's are functions of the characteristic
roots of the appropriate matrices, The density functions for Case 2 have
been obtained by Pillai and Al-Ani [30] for p =2, 3, It and here we ob-
‘tain the density functions for all three cases for general p in terms

of Meijer's Gefunction [25] with special cases being explicitly evaluated..
In this connection a theorem has been proved using some results on Mellin
transforms [7], [8], [9]. Also the cumulative distribution function

(or cdf) of #P) is obtained for p = 2 in the above three cases. The

densities in all cases may be put in a single general form given by
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Ly ew®) <28 ) )

z (8).8 B 385500058
3T e
k=0 K

k! bl’b2’°"’bp
where
= & = (i~
8y s(26=y) + 13_i+l+b].L and b, (i-1)/2
and
Case 1 Case 2 Case 3
Y =D, t n-q
6§ = %n v 3n
= (& 1
B - (an)K 1 (_2.n)K
1
e=a] * e |IP-P2l§n
M=, - oAt Q P2

See the following sections for definitions of the parameters as well as

the G-function.

2., Preliminary Results

Some results on Mellin transforms [7], [8], [9] and Meijer's Gefunc-
tion [25] useful in proving the theorem below will now be given.

Lemma 1, If s is any complex variate and f(x) is a function of a real

variable X, such that
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(2.1) F(s) = Jm %51 f(x) dx
Q

exists, then under certain regularity conditions

1 c+ico
Bl x5 F(s) ds .
Cwic

(2.2) £(x) = (2mi)

F(s) is called the Mellin transform of f(x) and f(x) is the inverse
Mellin transform of F(s).

Lerma 2, If fl(x) and fe(x) are the inverse Mellin transforms of

Fl(s) and F,(s) vrespectively, then the inverse Mellin transform of

o(
Fl(s) Fz(s) is

c+iom . o
(2.3) (avi)_l f x‘SFl(s)Fz(s) ds = J fl(u)fé(x/u) du/u .

Cwic
Meijer [25] defined the G-function by

al,,ae,....,ap

(2.k) o (x| )
p’q- bi,b2, ) .--,bp

m n
it F(bj-s) n F(l-aj+s)
(2mi)™t I 3=1 3= x° das ,
C

q P
n I(l-b.+s) U I'(a.~s)
j=m+l j=n+l Y

vhere an emply product is interpreted as unity and C is a curve separs-

m n
ating the singularities of 1 F(bj-s) from those of 1 F(l-aj+s),
J=1 Jj=1

4>1,0<n<p<q 0<m<q;xk0 and |x|] <1 if q =p;
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x £0 if q>p. It is easily verified that

al+a2-bl—b2-l

b
2,0 ,.1%12%2 1(1-
(2.5) a5’y (x|t o) =& (1-x)

2 2 - -
1°72 F(al+a2 o, b2)

2Fl(a2-b2,a1-b2; 8,tay=b =by3 1 - x) 0<x<1

where the generalized hypergeometric function 2Fl is given by James [13].
The G-function of (2.4) can be expressed as a finite number of generalized

" hypergeometric functions as follows [26],

1 ) n )
1 I(b.- 0 (1+b, ~a,
=1 J bh j=1 h 7J

m .
m.n al,.-.,ap Jil:h 'bh
G (x| ) = E: X
P,q bl,o-u,bq q P
h=1 il F(l+bh-b.) it r(a.-bh)
J=m+l J=n+lL J
' P=m~1

: - L] : .- ¥* - o { -
«PFq_l(1+bh 81seensl¥by ~ag 314D wby 00, . liby bq’( 1) x)

where the asterisk denotes that the number l+bh--bh is omitfed in the
seguence l+bh—bl,..;,l+bh—bq. Although the following theorem gives a
more complicated form for expressing the G-function, it is useful in that
expression (2.4) of Consul [9] and Lemma 1 of Pillai and Al-Ani [30] are
special cases.

Theorem 1. If s 1is a complex variate, ai,bi, i=1,2,...,p are reals,
then for p >3
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8y 5855 00058

0 Y
2.6 aP2 9(x =
( ) b ( lbl>b29°~~>bp)
b (1%L P3 o (bp i1 Opmi 1 Ppei )
L e - ,
F(cl+c2+c3) i=1 ji=o (Ji)-
p-3
© g+ o 3. _ .
- ()5 (Bptep-by ) RS legtay)
. (oo re e ), 3t nt
520 172 73] =1 F(hz)
p~le—2(b3+c3'b2’fl’f2’."’fb-E; gl’gz"°"gp-2;l-x)
O0<x <1
b
where for notational convenience cy= ai-bi, c = I Cys
i=
L+ 4-1 4+2 L-1 L+3 2
f= 5% c,+ % j.%j, g= % c.+ ¥ j.tj, h,= T c.+ ¥ ‘j.+j and
TSI e bam 1t ogm R Liam gt
(a)k = a(a+l).,.(a+k-1).

Proof. Using mathematical induction starting with p = 3, we see making

the substitution (a,b,c,m,n,p) = (b3,b2,bl,c3,c2,cl) in (2.4) of Consul
[8] that

b c.tctc wl o
ey B0y xlam T 25 (cl)n'((bfce'b%)j
T 3,3V b, ,b,,b . ji(c e te, ).
1272273 F(¢l+c2+c3) =0 1 72.733

. W - . fe Tw
o (1ex) 2Fl(b3+c3 by, cyteyti; cl+c2+c3+3, 1~x)

O0<x <l
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which is (2,6) with p = 3. Now assuming (2.6) is true for p = n, we

show it holds for p = n+l. Applying Lemma 2 with

H F(s+b ) ( )
i=1 T(s+b
Fl(s) = n and F2(s) = n+l)
11§ F(s+a ) [(s+a
1=1 n+l
bn+1(l__ ) Cpet
we have fl(x) is (2.6) with p =n and fz(x) = o
I-|(cn+l)
and it follows that
b
n+1,0 Bpr8psr e n+l x At L obnPpi1=Cna
(2.8) AT € P, ) = j v
s 1? 2,---3 n+1 (e +c2+c3)r(cn+l) Iy
n
ifl ci+l 2 n-1+l “nei+l bn-l)a
e ( ) —)
(1a) G
J =0
n-3
o i+ ¥ J;
. 2 (c ); (b2+02 bl).] (1eu) i=1 1 P-3 F(q2+aﬂ
(°1+C2+°3)j Je- 2= 1 T'th,)
J=0 L

.. ne l ne- 2(b3+C3 bzyflafz,--o,fp_g; 81382,.5.",%62; l-'lJ.)

(u-X) Cn+l-l du .

P Pn41 "Cne1
Expandlgg u in powers of 1-u vhen bn+l+cn+f> bn, letting

u =x+(1l-x)t and integrating with respect to +, the result is the same

as (2.6) with p = ntl,
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It is easily verified that Lemma 1 of Pillai and Al-Ani [30] is a

special case of (2.6) with p = 4 by making the following substitution
(bls 05 3’buy019¢2>03sch) - (c,b,a,d,p,n,m,ﬂ,) .

It should be mentioned that this theorem doesn't apply when p = 1,2,
This is due to the fact that a simplification in the form of the G-funce

tion for p = 3 reduces the hypergeometric function involved from 3F2

to 2Fl. A general form for all p can be given as below, but we see it
is more cumbersome to use because we have _F rather than F
p p-l p-1p-2
as in (2.6)
b (b e vb, iy,
a YL 1 c=1 - f
o) Ry Ly S e
‘ b sa s b ! ’
122ttt p I'(e) i= l P—l- -
p-1-2
( e o). (5 e,
b e -b c_ ,tc I ¥ c,+ X £ +r
p-2 “p«2 p-1l'r* p-l p’r i=1 j=i+2 J '-l Ay

r! (c)£+r

L]
N gt

L J + - - P M :1 -
PFP-l(Cp,bP-l Cp-l bp’fl’m'"’fp~2’cp-l+cp’gl"’.‘.gp—Q’l x)
e (l--x))ZJrr 0O<x<1
where
p=3 P pti=6 p+i-6
= z ’("i’ fl = z ci+ z ,Gj+r, g8;= z c + ﬂ. +r c—z
=] Jj=p=-i j=1 —p-l-l j=1 i=1

It follows that letting p =2 we get (2.5) and p = 1 gives
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a c. =1
1,0 1. b 1
Gl:l(xlbl‘) = x (1L=x) /I‘(cl) .

3+ The Non-Central Distribution of W(P) j.n Case 1

Let Z(,:pxnl

matrix variates with the columns of X dindependently distributed as

and Y: p x Ny P S04, i= 1,2, be independent

N(O{El) and those of Y independently distributed as N(O,Eé). Hence
,El = XX' and 52 = YY' are independently distributed as Wishart
(ni,p,Zﬁ), i=1,2. Let 0<f <f,<,.. < fp < o be the characteris-

tic (ch.) roots of the determinantal equation
(3.1) [s; - £5] = o0

and O <>Ll S)\.2 < eve Ehp < © be the ch, roots of

(3.2) ‘El - YE:Q‘ = 0 .
For testing the hypothesis HO: AAS= Ip, A > 0 being given, we will use
D
(3.3) w® o1 (1ew,)
. i
_ i=1
where

'1.\“ = diag ()\1’7\2:*-':)\:9), Wi = )\fi/(lﬂ"fi) i=1,2,404, B o

Khatri [18] has shown that
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nl "P"l) z(n -p-1) m (w. W )

(3.4) f(wl,wz,.w-,wﬁ) C[XAI IW[ !Epuﬂj i

-1
e F(EsT -7, W)
where

- P
W= dl&g(Wl,Y ,"o‘.,wp), —nl+n2’ Fp(t) = ﬂP(P l)/Ll- it r(t"%ﬂ%) s
%Pe 1 1 1 1 -1
G =m Ip(En) [ ()T (50 )T (30,17

To find E[W(p)]h we multiply (3.4) by |£p- w| = [ n (l-w )] s trans-
~J l“'

form W - HVH', vhere H is an orthogonal and V is a symmetric

~ ~ o~ ~ LY

matrix, integrate out H and V wusing (4k4) and (22) of Constantine [5]
and we find
1 1
Fp(gn)F(§n2+h)  wdn

(3.5) E[W(P)]h = — Ian] lel(%n,%nl;%n+h;I -(kA)-l).
Pn)r (Jom) | - ~»70s

Using Lemma 1, the density of f(w<P)) ‘has the form

| ® « (3n) (3n)) | (n,-p-1)
@6 s e VIR () @l 2T

4
k=0 & ke

Y
cHiw I I-‘(rﬂ:’i)

. (2n.i)'lf (Ply-r izl dr
¢=ie ﬁ F(r+a )
i=1

where
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r=gny B - 3(p-1), By o= 3(i-1), ey = dmpt kst by,
T (dn) -3 P

0, = 2= Dal" % (a) = M Ta-d(i-1),
Fp<2n2) i:l i

-(a)k‘= ala+tl)...(atk-1)

—jz is the sum over all partitions K of the integer k where
K

P
K—(klb 23""k )3 kleQZovo ka>o, z k.i::k.’ al'ld
i=1

CK(S) is a zonal polynomial; see James [13].

Noting that the integral in (3.6) is in the form of Meijer's G-function

we can write the density of W(P) s
(3.7) f(W(p)) = C {W(P)]%(HE-p'l} Ez jz (%n)k<%nl)K .
’ k=0 K ki

. qc(fp’(lé)—l) Gi:g (W(P)Ibl’ oseses P)

,...’bp
Letting p = 2 in (3.7) and using (2.5) we obtain

(3.8) ey = Ce{w(z)}%(n2‘3) ii Ei (3n), (3n)),

- 1
k=0 K ke

al+a2-bl-b2-l

(2)
. , aay=ty frewild
(Lo [(a, +ay=b; =b,)

2
‘ oFy (85705, ay=by, aq +as-by-by; (%))
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The probability that w(z) <w (< 1) can be obtained by integrating (3.8)

by parts a, times when n, is even. Using the relation [8]

(3.9) (dn/dzn)[zc—l oF (a,b5032)] = (c=n), Zc—n-l2 ,(a,05c-n52),

and recalling that K (kl’kZ)’ we obtain the cdf of W(z) in terms of

a.'s and b.'s as
i i

I, © 6 (L-0)™) (ngm)
R S, A W
(3.10) Pr{W(g)_sw} = |>{\J[ =1 z 2 A'
ot k!
{ FQ(%n)(%n)K é; (al+a2—bl~b2—r)r
L] L“ .

Tp(an,)T(a vay=b =by) Ty {3(ny-1)}

a.ta. -b,=-b,=r-1
. Wr(l_w) 1 2 1 72

. o - - S T _]=_ '
2Fl(a2-b2,al b, yaq +a, bl by-r3l w)+IW(2n2,b)}

where Iw(a,b) denotes the inecomplete beta function, ass by are defined
in (3.6), a = a;=1 and b = ay-b,. When n, is odd, after integrating
(3.8) by parts a, times, the cdf of w(z) is (3.10) with a = a,~1 and

b = a -b,. Letting p =3 in (3.7) we have

Zn) (an)K -141.3,0 (3) al’a2’
z Z —__—_—-—- CK(EB-()\L\,) )G3,3(W lbl)bgabS)
k=0 K«

where a, and b, are defined in (3.6) .
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b. ,b,,b

(3);71°%2°%3
It is clear G3 (W | ) could be written out in terms of the
1272273

hypergeometric function using Theorem 1, for computation purposes. Also

letting p =4 in (3.7) yields

I (3 3
(3.12) ™)) < “( ) =1
}_l_(2n2)

(an) (an)K _ () l’ 855 3> ),
) (},u-(xg)‘)Gu RUAR iy
k=0 K K P1%27732 )

vhere ai’s and bi's are defined in (3.6).

4, The Non-Central Distribution of @) i case 2
P
et A =_W(p) it (l-ﬁ ) vhere zl,zg,...,np are the ch, roots
i=1

of the determinantal equation

(k,1) Is; - #( =0

5+ 50
where El‘ is a (p x p) matrix distributed as non-central Wishart with
s degrees of freedom, 2’ is a matrix of non-centrality parameters and
52 has the Wishart distribution with t degrees of freedom, the covari-
ance matrix in each case being E . Pillai and Al-Ani [30] obtained the
density of W<P) for p = 2,3,4. Here we obtain the density of W(P)

in general in terms of Meijer's G-functions. As in Section 3, applying

Lemma 1 to the expression for E[W(P)]h obtained by Al~Ani 1] and

using (2.4) we find



30

(4.2) f(W(p)) =C {W(P)}a(t'P-l) EE v (V) Ce (@)
k=0 K ks
5 ( ) l’a ssnesd
R )

where

T (v) -trQ2

v = %(S+t), CP = - (lt) e - ™, bi = %(i-l), ai = %S+kp-i+l+ bi .
p'2

The probability that W(z) <w (5 1) can be obtained by using (2.5) in

(k.2), integrating by parts aq times when s is even, then using (3.9)

we get the cdf of W(2) as

-t o o C@) w%(’“‘l)r.(v) (v)
~ zz }Z { K

(L.3) Pr{W(Zli'w}
r (Zt)F(a +a,=b b2)

k=0 |k X
& (a.+a,=b, ~b -r), a. +amb, ~b =r=1
o \8q78y=D) ~D; r 178270170
- w (L~w)

=0 {ﬁ(t'l)}r+l

2
b, &, tay=b, =b,-r; 1-w1 )) + IW(%t,bj}

- oF (ay-by5a, - 1

vhere a = a.-l, b =a,~b, and the a.'s and b,'s are defined in
1 2 2 -1 i

(k.2). When s is odd, we integrate (4.2) by parts a, times and find

the cdf is (L.3) with a = ay-1, b = The densities of w(3) and

al—b2..
w(“) obtained by Pillai and Al-Ani {30] are special cases of (L4.2) as
can be verified by letting p = 3,4 in (4.2), applying Theorem 1 and

making the substitution



(al>a3>bl:b3> - (a3’al’b3’bl) .

5. The Non=Central Distribution of W(p) in Case 3

)

Iet the columng of (

X be independent normal (p+q)~-variates
2 _
(PYS,Qs ptga < n, n is the sample size) with zero means and covariance
matrix
2 EREL T
(5'1) Z", = Gl Z ‘e
~12 222
Let R2 = diag(ri, rg,..., rg) where ri are the ch, roots of
' . -1 o
..2 Xl 1 o _ t =
(5.2) XX (LX)™ XX - r” XX =0
and T° = diag (pi, pg,..., pi) where pi are the ch, roots of
-1 =/ 2
PN - = 0.
(5.3) 120 Zp Zp -0 Il =0

Constantine [5] obtained the density of ri, rg,..., ri as

2 2 2 2,in, 2, 2(q~p~1 24 (n-q-p-1
(5.’-!-) f(rl,rzj“_,rp) =7CI,:EP-E ‘anE 12((1 P )lElP_E |2(n q-p )

o]

) (3n), (3n) €, (R) (%)
S k=0 I <%q)m CK(EP) ki

where

2
C = n%P Tp(%n)[fb(%q)rp(%(n-Q))Tp(%P)]-l"

31
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P
To find E[W(p)]h, W(P) = 1 (l—ri), we mulbiply (5.4) by le-Rzlh ,
i=1 ~P

proceed as in Section 3 for Case 1 and we find

IR Ge-am)

=
I (3(n-a))T, (3nh) ~p o~

(5.5) wr(P)ye -

2
oF (30,305 dn+h; P7) L

Noting that (5.5) can be obtained from (3.5) by substituting

-1 2
(5.6) (nzanriké) ) = (n'q’nsgpfz )
it can be verified that the density of W(p) in this case is

@

» (3n),(3n),, (F°)

5.7 2®y = ¢ (u(®)y3(n-a-p-1)
p ‘ ”

k=0 K

al,az,’-... 5&

P,0.,(D) P
G W
P:P( lbl:bzsﬁ'*,bp)
where
T (3n) 1
cp S A IP_PQIZn, 8, = %q+kp-i+l+bi’ b, = (i-1) ..
I, (3(n-a)) P ~

The cdf of W(2> is obtained from (3.,10) when g is even by substituting
as in (5.6) and using the ai’s as just defined. For gq odd the cdf of
W(Z) follows from that of Case 1 for n, odd by making the substitution

1
(5.6) and using the ai's just defined. The densities of W(P)

for
p = 2,3,4 follow from (3.8), (3.1l), (3.12) respectively meking substitu-

tion (5.6).
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CHAPTER TIT
EXACT DISTRIBUTION OF THE LIKELIHOOD RATIO CRITERION®
FOR TESTING INDEPENDENCE OF SETS OF VARIATES

UNDER THE NULL HYPOTHESIS

1. Introduction and Summary

Let the p-component vector X be distributed according to N(u,E).

We partition X into q subvectors with Pl’p2”"’pq components respec-

tively, that is

(1))

25(2)

(1.1) X =

qu)
N~/

The vector of means . and the positive definite covariance matrix

~

T are partitioned similarly

\ N
/g(l) [T Bip ees By
(1.2) . E,' = u‘(2) . and E = :521 222 XX ’qu )
(a) ~
\ 2/ \qu Zy2 ... Eag )
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The hypothesis Ho to be tested is whether the g sets are mutually

independent. Thus we test the hypothesis

i) (4
(1.3) H: x|y, 3) = 15[1 N(x( )lu( ), 5)
or equivalently HO: Eﬁj =0, i + J, against H : E % 0, i % Je
If X,,X,5eee,%, 1S a sample of N observations drawn from N(u,Z),
~LP2 ~N o

where Xys B and T are partitioned as above, then the likelihood ratio

criterion is a monotonic increasing function of V defined by [37]

q
(1.4) v=|a] / 1A
where
N
.5) A=) DD
o=l

and is partitioned in the same menner as ‘E. The corresponding matrix
éii is defined and partitioned similarly. |

In 1935 Wilks [37] obtained the distributions of the likelihood
ratio criterion V, in the following special casés; for g=3,
i) all values of P35D1= Pp= 1, ii) Py =1, pp =2, Py = 3,
iii) =1 p,=2 p3 = 2,h  iv) P1= D= 2, Py= 2,3, each exprese
sion being a finite series involving incomplete beta functions., Wald and
Brookner [36] gave a method for obtaining the exact distributions of V,
if not more than one p; was odd, but exact distributions weren't explice

itly obtained, Here we give expressions for the distributions of the
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likelihood ratic criterion for the cases: q = 3; all values of Py and
1) Pp=p3= 1, 11) Pp= 2, o= 1, 3H1) pp=py= 2, iv) =3, po= 1,

v) Py= 3, Ppm 2, Vi) ppm 4, pa=1, vii) py= b, Py~ 2, (See Section 3).
g = k4, all values of p, and i) p,= Py= B~ 2, ii) Po= P3= 2, p= 1,
iii) Po= 2, P3= b= 1, iv) D= P3= B~ 1, (See Section 4),

Consul [8] has obtained the cdf's in all cases of Section 3, except
case vi), expressing his results as infinite series using Mellin's inver-
sion theorem. Using a transformation suggested by Schatzoff [35] and
some results of Gupta [11] many of the cdf's given here are in finite
series form, Exact lower 1% and 5% points for Case ii), iii) and v) of

Section 3, are given in Tables 5 - 10,

2, Some Preliminary Results

The following results, available in Gupta [11] will be noted., Let

Xﬁ be a beta random variable with

f -j=1)/2 £ -2)/2
(2.1) x;j ~ p[fl-j+l)/2, f2/2] = KJ.XJ.( 1™ / (1-xj)( 2 )/ 0 < xj< 1
£,23
where
(2.2) K, = (/BL(£3-3+1)/2, £,/2]) .

When f, is even, -(f2-2)/2 is an integer and (2.1) can be expanded

using the binomial theorem, giving



b
(2.3) pLiEy-341)/2, /2] = K, ) ()" X,
£=0
where
(2.4) b o= (£,-2)/2 .

Msking the transformation

2, Y. = - log X, dY, = - dX./X,
(2.5) J & %50 3 5%

where Jog X = loge X ,

we find the density of Yj is given by

-Yj(fl-j+2z+1)/2

(2.6) Y LK (;-l)z (z) e

I,
e

(fl-j+2£-l)/2

36

Considering the relationship of Theorems 8.5.1 and 8,5.2 in Chapter 8

of Anderson [3] we see that for

(2.7) Zy = X5y * Ko where X, has density (2.1)
(£,-2j5-1)/2
(2.8) Z...C. 2, *
s It B
where

(2.9) c. = (2pl£,-23+1, fz])-l .

J

_ f-l
{1 -sz)
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If we meke the further transformation as in Schatzoff [35]

2,10 ¥! = < log 7,
( ) 3 og 2

then expanding,using the binomial theorem, we get the density of YJ! as

f2-l

£ -
L2
2,11 Y!NC.Z -1 ( l)e - YI(f, +-2j+1)/2], ¥ >0 .
(2.11)  ¥3. ¢y (1" (3 Jexel- (£ 1e-2541)/2]), ¥
£=0
Now consider the density and distribution of random variables like

V = Vl+ V2 where apart from normalizing constants

av
(2.12) v, “‘ViF e l, v, >0, k a non-negative integer
and
(2.13) V. ebV2 v, > 0
] 2 ~ s 2 e

The density function of V is easily found by forming the convolu-

tion integral

v b(v~v. )
(2.14) V? e Txe 2 f e Te Yy

where the asterisk denotes the convolution operator. We have two cases

i) a =b, then (2.,14) is

\'s k+1
bv k bv v
(2,15) e J. vy dvl = & T

o



ii) a# b is

v (a=b)v
. by k 1 _
(2.16) e jo v e av, =

k+l

_ . ker+l Nk
o2V [_E: (_l)r+l k! v ] + ebv (;%b k!

e (k-r+1)!(a=b)"

Now, more explicitly we will denote V by V

case where we have ¢q sets of variates with P; variates in the ith

and N observations have been teken on X . Also notice that V is

changed by permutation of the pi's. Anderson [ 3] shows that

qa i
(2.17) v ~ 1 { 1 x..}
pl’PZ"“’Pq_ sN i=2 j=1 1j4

where Xij are independent and have density

(2.18) X, 5 ~ 8L(n-p;-3+1)/2; v,/2]
where p; < pl+pz+...+pi_l and n=0N-1 .,

3. Exact Distributions of V When g = 3

Distribution of V .
Pl,l,l;N

For any Py value, Po= p3= 1 we have from (2.17)

(3.1) Vpl;l,l;N =Xy " X3y -

DysPosyees an HU)

38

in the

set
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Denote X,. by Sj and X,. by Tj‘ Thus

2] 3J
(3.2) 85 ~ 8L(£,-311)/2, £,/2]
where
(3.3) £) = n-p, and. £, = Dy
and
(3.4) ley B[(fi-j+l)/2, fé/E]
where
(3.5) f£1=ny= £,-1  and £} =Dg= £,11

Now letting

*
(3.6) Y, = -log §; and Y = ~log T,
we have

(3.7) ~ log vpl,l,l; N = log 8, - log T,

n
<
+
=
it
=

*
1t Yy =W (say) .

It follows from (2.6) that

o <Y (£.424)/2
(3.8) ¥~ (Ble /2,027 ) (DA e (el ¥, >0
£=0



Lo

where
(3.9) b = (£,-2)/2
and also
* b ' -Y*(f +24-1)/2
(3.10) O (Lm0, ()2 ) (PG e BT
m=0
*
Y, >0
where
(3.11) o' = (f,-1)/2 .
Now
Lo b Ty (2422)/2
(3012) Wl = "10g Vpl,l,l;N ~ {(B[fl/esfe/z])— L ("l> (E)e }*
£=0
o o' wpr. =T (£ +ene1)/2
{sLe-1)/2, ()2 ™ ) (10 e }
m=0

where * denotes the convolution operator. Thus we get the probability

density function of <=log V

pys1 15N using (2,14) and (2.16), is

(f2-2)/2 (f2-1)/2
(3.13) W, = ~log V

gm
1 p, 1,158~ 2P Lo g ()
£4=0 m=0

e---wl(fl+2;z) /2-e-Wl(fl+2m-l) /2

2m=2f -1 BEE



L3

vhere

(3.14) o (o) = (2 eI,

and

(3.15) By = (BLE,/2,5,/238L (1 -1)/2, (£,41)/21)™ .
Now substituting

(3.16) W o= -log VW =-S5

in (3.13) we obtain

(f2-2)/2 (fz":.l‘)/g

£+m
ji (-1 5oy

(3.17) %PLMN~2%[ )
2=0

To find the cdf of V

Pl:lsliN

in (3.17), 0<v <1 obtaining

m=0

gl(’@ ,m)

) {V(fl+2z-2)/2-V(fl+2m-3)/2}] .

(f2-2)/2 (f2-1)/2

we integrate between the limits (0,v)

(3.18) Pr{VPl’l’l;N <vl= hel[ z L VT G
24=0 m=0
(£ +2s}/2 (fl+2m-l)/2
v v 1]
) fl+2m—lJ

wvhich is an infinite series for fé even or odd, -
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Distribution of V
P1’2’15 N

For any p; value, p,= 2, P3= 1 we have from (2.17)

(3.19) Vpl,2,l; w =%yt Koo v £y

where, as in Case i), with sj = ij

tributed as (3.2) and (3.4) respectively, but now

and Tj = X S. and Tj are dise-

33°

(3.20) £31 =71 -2 and £l o= f,42

1

1 1 2
Now letting

(3.21) Zt =8, 8, ,
and uéing (2.7) and (2.8) it follows

1

f, - 2 £ -
(£1-3)/ (L/Z_i)g .

-1
(3.22) 21 ~ (28[£-1,5,]) 7" 2y

Applying (2.10) and (2,11) we have the density of Y = -log.Zi as

£,-1
fo=1 «YM(f,+g-1)/2
-1 8,2 1V
(3.23) ¥ o (@015, ) ((1A(E e , ¥ >0 .
£=0
*
Further defining Y, as in (3.6) and using (2.6) we find its density is
fom® £./2 Y (£ +2m-2)/2
(3.24) ¥, - jz (1% e BT w2l Y> 0
. 1~ 8L{T =2)/2,(£,+2)/2] m R
m=0

Since

-log V = =log Z.-log T.= Y! + Y =W (say)
p52,1;N 1 15 T TR



L3

£,-1
fo=1 =Y}(f, +4-1)
(3.25) W, {(Ble e, Y (1P (B e BY /a}
£=0
£./2
]_2/ £,/2 -1 (f ,tem-2)/
*‘{(Bﬁ(f -2)/2,(£,42)/21)7" ), (=1)™( n Je 2}
m=0
Now using (2.14) - (2.16) we get the density of W, as
£,/2
W~ (f.+2m-2)/2
(3.26) -log Vf 2,1; N “’282[, EZ (-l)m +1 g2(2m-l n) W o 2( 1 )/
m=1
G (4,m) <, (£ +4-1)/
g,(£,m W, (£, +4=1)/2 W, (£, +2m=2 )2
+22 I C Ve R - Ot 1
=0
Z%2m-?
where
(3.27) = (a[£,-1,£,380 (£, -2)/2, (£,+2)/2]) ™"
and
£,-1 £,/2
(3.28) g,(t,m) = c , X 21/” :
Substituting in (3.26)
(3.29) Wy = -log V. dil, = - %?

we obtain the density of V

252,13 N *F



L

| £,/2 .
—2-(f1+2ﬂ,-)+)
(3.30) vp 2,15 N~2r32[ z (-1) g2(2m-l,m)(-log V)V
l’ 2 m=l

ot T/ Oy (£128-3)/2_ (2 28-)
g-(L,m f +£ 3)}2 f 24~ 2

2 ) LR K

4=0 m=0

L#2m-1

Integrating (3.30) between the limits (0,v), O <v <1, we obtain

the c¢.d.f., of V 1’2 1; N as
2
£,/
& <2m'l>m)
m+l 2 a/2
(330 m, g = ) (1) -——-—;—2—-—v/ {22 log v}
m=1
f -1 f
o Bp(2sm) V(fl+;z--1)/2 &2
S z (1" s T -1 s }] )
m=0 :
2#2m—l
where
(3.32) a = f +2m-2 ,

and (3.31) is a finite series for f, even and an infinite series for

f2 odd,

It can be shown that the expression obtained by Wilks [37] for the
¢.d.f. of V wvhen Py = 1, p,= p3= 2 1is a special case of (3,31) with
p;= 2. This follows by letting f.= N-3 and f,= 2 in (3.,31) and
letting



L5

- rew(F-5)/2 ,(N—3)/2 L(=3)/2
(3.33)  gy(F52:2) = = 3)£N ol N5 -2 N-5 - IS N—S)]

in Wilks! expression and simplifying.

Distribution of V

Plﬁzﬁz; N

For any p; value D,= Pg= 2, from (2.17) we have

(3.34) p,2,25 w7 K" Foo® Hnt Xy

where again Sj and Tj are defined and distributed as in (3.2) and

(344) and fi, £} are as in (3.20) and £, and f, as in (3.3). Defin-

ing Z] as in (3.21) we have the density of Y} = -log 7] is (3.23).

Now letting

(3.35) Zy =T 1T,
and
(3.36) Uy = -log Z,

from (2.11) we have

£1-1
(3.37) Uy ~ (EB[f‘-l f']) -1 ?Z (-1)m(fé;l)e- 1(flﬂn-l)/2 U, >0
=0
or
) £,
(3.38) Uy~ (gﬁ[fl_3,f2+2])-1. }Z (_l)m(fg;l)e-Ul(fl+m-3)/2 5 > o.

m=!



Now

(3.39)

thus

(3.40)

Using (2.14) - (2.16) we obtain the density function of W

(3.41)

where

(3.42)

(3.43)

and

(3.144)

~log V

= = ' - 3 ' -
py,2,23 N log Z{ -log Z, = Y] + U, W3 (say) ,
£,-1
fo=1 =YM(f. +4=-1)/2
wl 2 1Vl
3 ~{(2B[f -1,f 2.1 Z(‘l)z( ) )e 2}
£=0
£ %

| £, +1 -U, (£, 4m=3)/2
*{(23[f1-3,f2+2])'1 2 (-l)( e 1Y /} '

as

3
f2-1 LR
T
w3 ~ [33[ z g3(z,z+2) w3 e
£=0
f -1 f +1 3 3
2 R
m+4 e 1
+2 Z Z<l> g5(4sm e =]
£=0 m=0
mEL+2

=1
B, = (4pley-1,5,080r -3,5021) 7

f,-1 f,+1
gy(em) = (2, )(%))

m

a = fl'HZ,-l b = £ -3 ,

L6
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Substituting
- I\
(3.45) Wy = -log V. diy =-3
in (3.41), we obtain the density of Vpl,2,2; y @s
f2-l )/
(a=2)/2
(3.46) v 2,25 N~ | 81 [ E: g3(£ 4+2)(=log V) V
£=0
fo-1 £ +1
% X m+f, g3(£’m) (a=2)/2 (v=2)/2
2 ) ) S AR ]
£4=0 wm=0
mf4+2

Integrating (3.46) between the limits (0,v), O <v <1, the caf of

v . is
Pl>2>2: N
£ -1
2 /2
(3.47) P?z‘{Vpl,z’2 . <v} = 2B, [ E: g3(£ £+2) 2 {2~a log v}
£=0
f2-l f +1 ( ) / /
g (). a/2 - b
te 24 52 (-1 m+£ 3b—a IV 2}]
£=0 m=0
mEL+2

which is a finite series for f2 even or odd,

It can easily be shown that the expression obtained by Wilks [37] for
the cdf of V in the case when Py= 1, Py= p3= 2 1is a special case of

(3.47) with py= 1. This follows by letting f; = N-2, £, = 1 in (3.47)

1
and using (3.33) in Wilks'expression and simplifying. Also the expressions

obtained by Wilks [37] in the cases when P1= Pp= Pp= 2 and p = py= 2
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P3= 3 are special cases of (3.U47) with p= 2, f,= N-3, f5= 1 and p;= 3,
= Nelt, and fy= 3 respectively.

In as much as the mechanics of obtaining the remaining results are

the same as in the previous cases, only the final results will be given,
Distribution of V 3 1; N

The cdf of V for all values of Py is

P1>3:13

(£,-2)/2 (£,+1)/2
X k g,(2n-1,m,t)

m+t+1
(3.48)  Pr(v b3l 1 <7 7 Bu[u z z (-1) —
m=1 £=0

b/2 o P/2
{}"-" [2-b log v] - b(c-b) c(c-b)}

(f2-2)/2 (£,41)/2 (25-2.m6)
~2,m
+ L z Z ( l)m+t gL(Lb ) vc/2[2-c log v]
=1 C C

f,-1 (£,-2)/2 (£,%1)/2 N
e L (myt) a2 v°/?}

+82 Z z (b-a)(c~a) %va T Te

£=0 -~ m=0 t=0
f#em-1  4f2t-2

-1 (£, -2)/2 (f2+l)/2

) (pont) b2 o
-8 Z z Z (b-a)(f-l-‘b) {V b . c?}]

11=0 te=
L#2m-1.

which is an infinite series for f2 even or odd and where

0, = (2008-L, 8,000 (£,-2)/2,£,/2180 (£ -3)/2, (£43)/21) ™

and



gu(ﬁ,m,t) = ( J)

and

a = f;H4-1, b= f +2m-2,

1

Distribution of V

The cdf of V 1’3 2 N

(3.49) Pr{v

?153,2; g SVl =

. {(log v)?

(f2-2)/2 £,

+h 23 Z; c-b

f2-1)((f2-2)/2 (r,+1)/2
m 0t

¢ = £,42t-3 .

1,32 N

for all values of Py is
(£, -2)/2

5[2 —

_ L log V}
b

2
(-1 g, (2me1,m,8)

m=1 t=0

tE2m2

£,-1 (£,-2)/2

+AZ z

m=0
N%2mpl

fy-1 (£,=2)

+8; )

m=0

b/2

+/2
. {-;-2—- [2-b log V]-—(———) o

(~l)m+lg5(2,m,£+3)va/2

[2-a log v]

(b-a) a2
/2 £ 42
? (-l)£m+tg5 (i’,,m,t)jva/z VC/Zl
jz (b~a)(c~a) L a - ¢

L#em-1, t%£+3

L9

~1) e (2mel,m,2m2)
Vb/z

Tc'ﬁ-?)'}
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£,-1 (£,-2)/2
( )/ -l)m+zg5(f: m,2m+2) /2
& z z {2-b log v]
420 =0 (b-a) b7
L#em-1
£,-1 (£,-2)/2 £,+2 ez

(z,m,t) b/2 c/
‘82 ). Z (b-a)(ci.) {5 ?}1

=0  t=0
z;é2m-1 t#2m+2

which is a finite series for fé even and an infinite series for f2 odd

and where
= (b[£-1, 2,180 (£,-2)/2, £,/2]80 £, -k, 2,+3]) ™
and
-2/ £, +2
and

= f;+4-1, b =f42m2, c= fl+t-l+ .
It can easily be verified that the expression obtained by Wilks [37] for
the cdf of V when p = py=2, p3= 3 is a special case of (3.49) with

p= 2, f=N-3 and £,= 2,



Distribution of V
Py, L3N

The cdf of V h 13N for all values of py is

/2 4
"l) g6(2t‘3,2t'lst) o
(3.50) Pr{Vpl’h 1N S <v}= 36[2 - {(log v)
£=2
hvc/z

C

-+

[2-c log v]}

EA e AP
-1)%, (4,042, 2
+ 4 z z % {vaa [2-a log v]
40 £=0 -

=)

LF2t-3
2va,/ 2 50 /2

T alc-a)  c(c-a)

£,-1 (£,42)/2

(--l)m+t+lg6(2t-3,m,t)vc/2
+ ) z i : — — [2-c log v]
=0 (b=c) ¢
m#Zt-l

£y-1 fo=1 (f +2)/2

LA+t
+8 z 2 z (-1) gg(L,m,t) {va./a _VC/Z“L

{c-a)(b~a) a ¢ J
£4=0 m=0 £=0
L#2t-3 mfp+2
f,-1 £,/2
2 -l)z+t+lg6(£,2t-l;t)vc/2
- z z s [2«c log V]
£=0 t=1 (c-a) c
4fet-3

£,m1 fy=1 (£,42)/2 ()t

(2, m,t) b/2 c/
-8 Z Z Z T’E—-a)(f-é-)a) - ﬁ']

2=0 m=0
mf2t-1, m#z+2 :

51
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which is a finite series for f, even and an infinite series for f2 odd

and where
Be = (ug[fl-l,fzjg[fl-s,fg}fz[(fl~l+)/2,(f2+h)/23)'l
and
f2_ o~ (f2+2)/
gg(£,m,%) =< zlf m]X % 6
and

= f1#-1, b= fym-3, c = fl+2t-’+r .

It can be verified that the cdf of V obtained by Wilks [37] in the case
where p,=1, p,=2, P4= 4 is a special case of (3.50) by letting p;= 2,

fl= N-3 and f2= 2.

Distribution of V

1s4,23N
The cdf of Vpl,h,Z;N for all values of Pq is given by
£,-3
: ; (-l)'eg7(,%,,(’,+2,£+h)va/2
3.51 < I: ji
(3.51) Pr{vpl,hﬁ;N =ViEol L 2
£4=0
o 2,8 4 log v}
{(log v)" + ;5 -
-3 f5+3
-1) g (z L+2 t) a/2 a/2
+ b Z Z 7 {x {2~a log v] -
{ at - aic-a)
£=0 t=0
AL+l

vc/2
S
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-l f -1

+uzz

£=0 m=0
mEL+2

fo=1 £5-1 £543 )2+m+t

L(8m,t) ¢ 8f2 e/
+8 z z z b-a)(c-a) { a cz}

£2=0 m=0 +t=0
mEg2  LELHY

(1), (,m, 1) 2

(b-a)az [2~a log v]

-l f -1 /2
-l) g7(£ m,m+2) v
- L Z Z [2-b log v]
v (bea) b2
m,i.,q,+2
f «1 f.=1 f +3
2 l)ﬂ,'l'm+t

&7 (2,m,t) _b/2 0/21]

-8 35 EZ ZE - (b-a)(c-b) ‘{v 5 T

=0 m=0 £=0
mEf+2  tEm+2

which is a finite series for f2 even or odd and where

= (SB[fl’:L, fz] B[fl"33 f2]{3l._fl-5 ) f2+)+] )-l

and
g - (YD)

and

= f,#4-1, b =1 m-3, c=f +t-5 .

Further it can be shown that the cdf of V obtained by Wilks [37] for

P;= 1, Py= L, Py= 2 is a special case of (3.51) with p,= 1, ;= N-2,

l“-:
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4, Exact Distributions of V When g =L

Distribution of V
Pl>2:2:25N

The cdf of V

p1’2’2’2;N for all p, may be obtained from (3.51) vy

changing the limits of summation of m and £ from f2-l and f2-3 to
f2+l and f2-l, where appropriate and replacing 97 and g7(£,m,t) by

Bg and g8(z,m,t) where

Bg = (800f,~1,£,000#,~3,£,42100 1, ~5,5,+4]) ™"

and

AN &5 GO

Distribution of V
pl’

The cdf of Vbl,2,2,l;N for all p, may be obtained from (3.50) by

changing the upper limits of summation of £,m,t from f2-3, f2-l and

f2/2 to fy-1, £,+1 and (f2+2)/2 where appropriate and replacing

2,2,1;N

g6(£,m,t) and B8, by g9(£,m,t) and 59 where

By = (4L £, =1,£,180 8, =3, £,+2180 (£,-4)/2, (£,+4)/2]) ™

and

) - L
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Distribution of V
. Pl’
for all p, may be obtained from (3.48) by

2,1,1:N
The cdf of V
: Pl:2,1315N
changing the upper limit of summation of m from (£,-2)/2 %o £,/2,
whenever it appears, and substituting Blo and glo(z,m,t)\ for ﬁh and

gh(z,m,t) vhere

Bro = (2008,-1,5,100(£,-2)/2, (£,%2 )/21BL (£, -3)/2, (£,+3)/21)

and

o) - (XL

Distribution of V

Pl9l>l,l3N
The cdf of Vpl,l,l,l;N for all values of Py is
(£,-2)/2 (£ ~1)/2
2 2 m+l
. (1) gll(.c,m,f.ﬂ) va/2
Pr{v g<vi=ppa[r Y >
;511,158 = 11 ? (b-a)
4=0 m=0
s [2~a log V]

£.-2)/2 (£,-1)/2 £./2
( 2 )2 ( 2 1)/ 2/ | —l)£+m+tgll(2,m,t)
+8 Z 2 Z CEINTD)

2=0 =0 t=
AL+

c/2

a/2
. 1—{-—-1’.—%
a (o)
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(5 -2)/2 (£,-1)/2 £,/2 (1)

(L n, ) b/2 /
- 8 EZ E: ji (c-b)(bié% '“‘{ X 2}]
£=0 m=0

which is an infinite series for f2 even or odd,
Results for many other combinations of pi’s could be obtained using
this method but more than two convolutions are involved and the cdf's be-

come quite unwieldy.

5. Computation of Percentage Points

The expressions derived in the preceeding sections were used for

tabulation of percentage points of V, Values of V . were first
P19P2:P3>N

computed on the CDC 6500 to a minimm accuracy of four significant digits
baséd on three arguments (pl,N,a) where ¢ is the lower probability
level, For values of N > 24 Anderson's approximation ([3] page 239)
was used., These values were then used to obtain correction factors for
converting chi-square percentiles with f = %(pz; X pi) degrees of free-
dom to exact percentiles of - {N ; 1.5 - (p2- )y pi)/3f} log V. Finally

tabulation of the correction factors,

= [percentile of - {N - 1.5 - (p -z pi)/3f} log V /
. 2
(percentile of Xf) ,
was made, These are given to three decimal places although they were gen-

erally obtained to four decimals. The correction factors are presented

for o = 0,01, 0.05, M

i

1(1)10(2)20, 24, 30, 60, 120,®, p, = 1(1)10 in
_ 1

]

Tables 5 and 6 and 1 2(2)10 in Tables T-10,



the V
pl’2,2;N

Lower 1% Points of V (Upper Percentiles of x?)

Table 5,

Chi-Square Adjustments to

Criterion,

Factor C for

57

fie]
o

1 2

=

3

4

5

6

7

8

9

10

-r

1.134 {1.171
1.071 | 1.094
1.0hk ;1,060
1.030 ; 1.0k42
1.022 | 1.03L
1.017 i1.024
1.013 | 1.019
1.011 | 1.015
1.009 {1.013
1.006 | 1.009
1.005 | 1.007
1.004 {1,005
1.003 { 1,00k
1.002 | 1.004
1.002 | 1.003
1.001 { 1.002
1.001 | 1.001
1.001 | 1.000
1.000 | 1.000
1.000 | 1.000

W o4 NU W N

P o w DR e
o388 Fomoar b

8

=
AN

20.0902p6,2170

1.367 1.4 (1.503

1.203
1.115
1.075
1.053
1.040
1.031
1.025
1.021
1.017
1.013
1.010
1.008
1.006
1.005
1.00k4
1.002
1.002
1.001
1.000
1.000

1.
1.
1.
1.
1.
1.
.039
.032
.026
.022
.016
.013
.010
.008
.007
.005
1.
1.
1.
1.
1.

i e = e oI = T R SRSV

55%
234

137

091

066
050

003
002
001
000
000

B1.999737 . 5662
|

1.602
1.264
1.158
1.107
1.079
1.060
1.0L8
1.039
1.033
1.028
1.021
1.016
1.013
1.010
1.009
1.006
1.004
1.002
1.001
1.000
1.000

:2,9798

i1.6u6

t

1.292
1.179
1.12k
1.092
1.071
1.057
1.0k47
1.039
1.033
1.025
1.019
1.016
1.013
1.011
1.007
1.005
1.003
1.002
1.000
1.000

I8 ,2782)

1.687
1.320
1.199
1.1h40
1.105
1.082
1.066
1.055
1.046
1.039
1.030
1.023
1.018
1.015
1.012
1.008
1.006
1.005
1.003
1.001
1.000

1,726 | 1,762

1.346
1.219
1.156
1.118
1.093
1.075
1.063
1.053
1.045
1.034
1.026
1.021

' 1.018

1.015
1.012
1.009
1.007
1.00k
1.00L
1.000

53.h858F8.6192

1.371
1.239
1.171
1,131
1.104
1.085
1.071
1.060
1.052
1.039
1.031
1.025
1,021
1.017
1.014
1.010
1.007
1.00k
1.002
1,000

6346907

1.796
1.395
1.257
1.187
1.1k
1.115
1.094
1.079
1.067
1.058
1.0kk
1,035
1.028
1.024
1.020
1.015
1.011
1.008
1,005
1.003
1.000

63,7095

Py = number of variates in the first set; M = N—pl*h; N = number of

observations, C = [percentile for -{N—l.5-%(p3-ng)(pz-zpf)"llog vl/

{percentile for Xg with %(pe-pr) degrees of freedom).



58
Table 6. Chi-Square Adjustments to

the V

Do 42,2 Criterion, Factor C for
ROELELE :

Lower 5% Points of V (Upper Percentiles of X2)

I
H
'__I

2 3 L 5 6 7 8 9 10

1.299 | 1.360] 1.409 |1.453 | 1.494 | 1.532 | 1.568 | 1.601 | 1.633 | 1.663
1.110 | 1.142 ] 1.171 {1.199 | 1.226 | 1.252 { 1.277 | 1.301 { 1.32L | 1.346
1.059 { 1.079 | 1.098 |1.118 | 1.138 | 1.157 | 1.176 { 1.195 | 1.213 | 1.230
1.037 | 1.051{1.065 {1.080}1.095}1.110|1.125 | 1,140 | 1.154 | 1.169
1.025 | 1.035| 1.046 1,058 { 1.070} 1,082 | 1,094 | 1.106 | 1.119{ 1.131
1.018 | 1.026 | 1,035 | 1.04k | 1,054 | 1.06k | 1.074 | 1,084 } 1.095 | 1.105
1.01k {1,020 1.027 {1.035 { 1.043 | 1.051 | 1.060 1}069 1,077} 1.086
1,011} 1,016 1,022 {1.028 {1,035 | 1.042 { 1.050 | 1.057 | 1.065 | 1.073
1.00911.013} 1,018 {1,023 {1.029 | 1.035 { 1.042 | 1,048 | 1.055 | 1.062
1.007 | 1.011 | 1.015 | 1,020 | 1,025 | 1.030 14036 1,042 {1,047 | 1,05k
1.005 { 1.008 | 1,011 }{1.015 | 1.018 | 1.023 { 1,027 | 1.032 { 1.037 | 1.041
1.004 | 1,006 | 1,008 | 1,011 | 1.01k | 1.018 | 1.021 | 1.025 | 1.029 | 1.033
1.003 | 1.005 1,007 |1.009 | 1.011 { 1.014 | 1.017 | 1.020 | 1.02k | 1,027
1.002 | 1,004 | 1,005 | 1,007 | 1.009 | 1.012 | 1.01k { 1,017 | 1.020 | 1.023
1.002 | 1,003} 1.004 | 1,006 | 1,008 | 1,010 | 1,012 | 1.014 {1.017 | 1.019
1.001 } 1.002{ 1.003 | 1,00k | 1.005 | 1,006 | 1.008 | 1,009 |1.012 { 1.013
1,001 {1.00L{ 1.002 } 1,002 { 1.003 | 1.004 | 1.006 | 1.007 | 1,008 | 1.009
1.000 | 1,001} 1.001 }1.001 {1,002 | 1,002 { 1,004 | 1.005 | 1,006 | 1.007
60| 1,000 | 1.000| 1,000 { 1,001 { 1.001 | 1,001 | 1.002 | 1,002 | 1,003 | 1.00k
120{ 1.000 | 1.000 | 1.000 { 1.000 | 1.000 | 1.000 | 1.001 | 1.001 { 1.001 | 1.002
@ { 1.000 | 1,000 | 1,000 | 1.000 | 1.000 | 1.000 { 1.000 | 1.000 | 1.000 { 1.000

O O~ 0NV W -

L N S e T e
O O F O @ N O

% 15.507321.026y26.296231.thh36.h151hl.3372h6.l9h350.998555.758560.&809

p, = number of variateg in the first set; M = N-pl-h; N = number of
observations, C = [percentile for -{N—LS-%'-(FB-ZP?_)(PZ-Z'pi)-llog vl/

percentile for X2 with %—(pz-z:pi) degrees of freedom).
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Table 7. Chi-Square Adjustments to the V

. 52,1;N Criterion,
1

Factor C for Lower 1¢ Points of V (Upper Percentiles of X2)

Mpl 2 b 6 8 10

1 1.367

2 1.134%

3 1.071

4 1.0k

5 1.030

6 1.022

7 1.017

8 1.013

9 1.011

10 1.009

12 1.006

14 1.005

16 1.00k

18 1.003

20 1.002

2k 1.002 1.002 1.00k 1.006 1.009
30 1.001 1.001 1.002 1.00k 1.006
4o 1.001 1.001 1.001 1.002 1.004
60 1.000 1.000 1.000 1.001 1.002
120 1.000 1.000 1.000 1.000 1.000
@ 1.000 1.000 1.000 1.000 1.000
x? 20.0902 29.1412 37.5662 45,6417 53.4858

Pl= number of variates in the first set; M=N-p,-3; N=number of observa-
tions, C=[percentile for -{N-1.5- %(p3-zp§)(p2-2p§)'l} log V] /(percentile
for X° with %(p-Ep?) degrees of freedom).
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Table 8. Chi-Square Adjustments to the V
Pl: 2,1;N

Factor C for Lower 5% Points of V (Upper Percentiles of Xe)

Criterion,

74

2 L 6 8 10
1 1.299
2 1.110
3 1.059
b 1.037
5 1.025
6 1.018
7 1.014
8 1.011
9 1.009
10 1.007
12 1.005
1k 1.004
16 1.003
18 1.002
20 1.002
ol 1.001 1.002 1.00k 1.006 1.009
30 1.001 1.001 1.003 1.004 1.006
40 1.000 1.001 1.002 1.003 1,004
60 1.000 1.000 1.001 1.001 1,002
120 1.000 1.000 1.000 1.000 1.001
® 1.000 1.000 1.000 1.000 1.000
x§ 15.5073 23.6848 31.4140 38.8851 46,1943

Py= number of variates in the first set; M=N-p,-3, N=number of observa-

tions, C=lpercentile for -{N-1.5- %(p3-2pg)(p2-2p§)-l} log Vl/(percentile

for ¥° with Z(p°-2p°

5 ) degrees of freedom).



Table 9. Chi-Square Adjustments to the V
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Criterion
Pl:3’25N ’

Factor C for Lower 1% Points of V (Upper Percentiles of %)

1 2 4 6 8 10
M
1 11.503
2 1.203
3 1.115
4 1.075
2 1.053
6 1.040
7 1.031
8 1.025
9 1.021
10 1.017
12 1.013
1y 1.010
16 1.008
18 1.006
20 1.005
24 1.004 1.004 1.005 1.007 1.010
30 1.002 1.002 1.003 1.005 1.007
40 1.002 1.002 1.002 1.003 1.00k
60 1.001 1.001 1.001 1.001 1.002
120 1.000 1.000 1.000 1.000 1,001
w 1.000 1.000 1.000 1.000 1.000
xE 31.9999  45.6417  58.6192  Tl.colk  83.513%

Py= number of variates in the first set; M=N-p ~5, N=number of ocbserva-
tions, C=lpercentile for -{N-1.5- %(p3-2p§)(p2-2p§)-l} log V]/(percentile

for ¥

2

with %{pg-ﬁpf) degrees of freedom).
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Table 10. Chi-Square Adjustments to the V Criterion,

1,3)2 N
Factor C for Lower 5% Points of V (Upper Percentiles of X )

" 2 2 4 6 8 10
1 1.409
2 1.171
3 1.098
4 1.065
5 1.046
6 1.035
7 1.027
8 1.022
9 1.018
10 1.015
12 1.011
1k 1.008
16 1.007
18 1.005
20 1.00k4
2k 1.003 1.003 1.005 1.008. 1.011
30 1.002 1.002 1.00L 1.005 1.007
Lo 1.001 l.obl 1.002 1.003 1.005
60 1.000 1.001 1.001 1.002 1.002
120 1.000 1.000 1.000 1.000 1.001
w 1.000 1.000 1.000 1.000 1.000
x5 26.2962  38.8851  50.9985  62.8006  7h.L683

p.= number of variates in the first set; M=N-p -5, N=number of observa-
tions, C—[percentlles -{N-1.5- —(p 2p3‘(p Epe) } log Vl/(percentile
for X° with —(p -Zpe‘ degrees of freedom)..



CHAPTER IV
SOME DISTRIBUTION PROBLEMS IN

THE MULTIVARIATE COMPLEX GAUSSIAN CASE

1. Introduction and Summary

63

Let Zi: pxn and Eé: P X n be real random variables having the

joint density function

-pn -%n | 1 Ly 1
(1.1) @Mz | ™ epl-d tr £ (X0 (X-0)'), -e <K<

where

X - .

Eﬁ: P xp is a real symmetric positive definite (p.d.) matrix,

zé: P xp is a real skew-symmetric matrix, EJ: P x g and gﬁ: g xn
(3 = 1,2), are given matrices or their joint density does not contain
2y s Wqs o as parameters., Then it has been shown by Goodman [10]
2y Ioo s B 1
thet the distribution of the complex matrix Z = X + iX,, (i = (-1)%),

is complex Gaussian and its density function is given by

(1.2) N (v,5)) = n'Pnlgl'n exp{~tr z'l(z-ﬁ»g) (E-Eﬁ)*}
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I, + 15, is Hermitian p.d., i.e. g' =%, p=py tig, and

M= M+ iM,. Goodman {107, Wooding [38], James [13], Al-Ani [1], and

where % = %

Knatri [16], [17], [19], [20] have studied distributions derived from a

sample of a complex p-variate normal distribution.

Some concepts which are important and necessary notation are given

below,

fm(a) = n%m(mrl) % F'(a~i+l)

i=1
m ~ ~
lede = 0 (a-i+l>ki = T (a,k)/T (a)

where K = (kl’kz""’kp) is a partition of the integer k and

?m(a,h:) = "m(m'l) I T(atk,-i+1) .

i=1

The hypergeometric functions are defined as

I fa,], §.(8) S, (8)
}: 1—1 ~ ~
0K 1311 b3, CK(Em)kl

qu(a‘l’ eos ’a'p; bl" . -:bq5£ E

P?'Me

or when B = I we denote it by
~0

~

‘A)

qu(al:"‘:a H bl;'to,bq: a

b

and CK(A) is a zonal polynomial of a Hermitian matrix A and is given

as a symmetric function of the characteristic roots of A. (See Section 6)
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The non-central distributions of the characteristic roots concerning
the classical problems of the covariance model, MANOVA model, and canoni-
cal correlation coefficients have been found by James [13] and Khatri [16],
[19]. Here for the three cases mentioned, we give the general moment and
the density which is expressed in terms of Meijer!s G-function [25],[26],

7@

D
for i (léwi), where the Voo i=1,2,,,.,p are the characteris-

tic&roots inl;ie above cases, The moments and densities are analogous to
those given in the real case in Chapter II, Further the density functions
of U and Pillai's V criteria in the complex central case are obtained
for p =2 and from the non-central complex multivariate F distribution
various independence relationships are shown and independent beta variables
are obtained, The last section is devoted to complex zonal polynomials,

A method for computing them in terms of elementary symmetric function

(estts) is given and they are tabulated through degree 8 in Tables 11-1k,

(p)

2. Density Functions of W in the Non-Central Case

Testing the Equality of Two Covariance Matrices
Let X:(p x nj)o NC(Q@EE) and  Y:(p x n,)~ Ncﬁgggg) be independent

and n, > p. Then Khatri [19] has shown the density function of the char-

acteristic roots, 0 < < ... <f of (XT)( ¥)"L  can be written
as .
| Fnl‘P
" -1 a, 1E 2
(2.1) c(p){al Fony3I ~A"",F(I +F)™) m(f,~£.)

where
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I JQ -
(2.2) o(p) = m——mt——— , 1 = nm,, F = diag(f;,ee.,t )
Ip(ny I, (0T (p) ~ P

and A 1s a dlagonal matrix whose diagonal elements are the characteris-

tic roots of (ZJ 2-21) Transforming
(2.3) w, = £./(1+£)
we find the density of 0 < Wl < e < WP is
n,-p 2
-1 - - n. ~p ! 2 i (W.-—W.)
(2.1) c@IAl tFomsT ] Y RN

vhere

W = diag (Wl,wz, cee ,Wp) .

, b
To find Ef_W(p)]h where W(P) = 1 (l-wi) we multiply (2.4) by le-Wlh
i=1 ~p ~

and transform T - U W U' where U is unitary, i.e. Ut = I, and@ T

~ ~ o~ e ~

1s Hermitian p.d. . Using the Jacobian of transformation giverr by Khatri

(1€]

{2,.5) J(T;U,W) = 1 (w.-w.)2 h.(U)
o $>j i3 2 .5

and integrating out U and W using

(2.6) | | h,(U) = Pt

UUr =1 ~
I Fp(p)

and
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Fp(q,K)Fp(n+h-q)CK(£P)

(2.7) f__ El P]I sln+h'qpc ((S)as = =
S=8>0 ~ Fb(n+h,K)

~ ~

we get after simplifying

-n, F (n)P (n +h)
(n, n ot T -A )

(2.8) e[ (@72 < |l

~ 7 o )r (n+h) 2"

Before finding the density of W(p), below are stated some needed
results on Mellins transforms [7], [8], [9], and Meijer's G-function [25],
[26].

If s is any complex variate and f(x) is a function of a real

variable x, such that -

(2.9) F(s) = fm x5™L f(x) dx

o
exists, then under certain regularity conditions

(2.10) £(x) = (2mi)™t j’cfw x % F(s) as .

F(s) is called the Mellin transform of f(x) and f£(x) is the inverse
Mellin transform of F(s). Meijer [25], [26] defined the G-function by
’ m n

it T(bj-s) it (l~aj+s)

(2n1)~l I L 2 — xds

l””’bq) C
H I'(1-b,+s) ﬂ I'(a, -s)
J=m+l1 j=nt+l

l,ol!)a

(2.11) Gp
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vhere C is a curve separating the singularities of T I"(bj-s) from
J=1

n
those of 1l I"(l-aj+s),q_>_l,05n_<_p5q, 0<m<gq; x#0 and
J=1

x| <1 if g=p; x#0 if g >p. Using (2.9) and (2.10) we see

from (2.8) that the density of f(W(p)) has the form

[=-]

rn] [Il ~ n
(z) @) =c) ) ) T hw®)y e
k=0 K
cbio II I"(r+b )
. (21Ti)_lj‘ - {W(P)} - igl____ dr
Semie I F(r+a )
i=1
vwhere
T (n) -0y .
(2.13) cP = N-I:P——- o w , by =1i-1, a, = nl+kp_i+l+bi .
pr2

Noting that the integral in (2.12) is in the form of Meijers G-function

we can write the density of W(P) as

o

- n1In7. . n,=p
(2.1h4) ruP)y - c, Z ). “‘E‘T{'}‘J‘{' CK(EP‘£~1){W(p)} 2
k=0 K

’.‘. a
. Gg’ (w(P)‘bl ,bp)
>P l?."') P
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Using the fact that

+ - - -
l :ag bl - )al a, bl b2 1
(2.15) ( -z l&
bl,b2 l"(a +a,=b, ~b,)
(az-b a;~by3 &, ta,~b, be,l-x) 0<x<1

we find the density of W(e) to be

r n.=-2
(2.16) () = ¢, Z ). Pyl < (G hHy 2

1,1
k=0 K
2n +k-1

(2)
- 4k WF(Qi +k) 2F (n +kl’n +k -13 2nl+k 1-w(2))

where K = (kl’kQ)‘ Using the results of Consul {97 for p =3 and
Al~Ani (1] for p =k we could also write out the densities of W<3)
and W(u).

MANOVA Model
Suppose X:p x m ~ Nc(u,z) and Y:p xn~ NC(O,Z) are independent
with m > p. Then the joint density of the characteristic roots
0<fy <. < fp of (X X')(Y Y')'l is given by Khatri [19] as
-t 1

(2.15) C'(ple F, (wnsm;0, (I +F'l)‘l)-l—-.-—-— (£, - )

~ P~ II +F| i>j

whese
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T (min)? (P

ci(p) = E = diag (fl,...,gp)

()T, (n)T, (p)

are the characteristic rcots of

(p)]h,

and 9 = diag(wl,...,wp) where @,

' 577 . Now proceeding as in the previous case we obtain E[W

~

b=

b

W<P) = 1 (1-¥.,) where
. i
i=1

w =
; = /()

~t§3 rp(m+n)Fp(n+h) ~
11

(2.16) E[W(p)]h = e (minymin+h;Q) .

?;(n)g£(m+n+h)

Using Mellin's transform and Meijer's G-function as in the previous case

we get the density of W(P) as

2 T (mn) & o [mml C (Q)
~ E = - i '~ -
a7y Py =e T~ 2l Ik (e
rp(n) k=0 K
a’ )I..,a'
2 l,no-, p
where
ai = m+kp-i+l+.bi’ bi = i=1

As in the covariance model case, we could also obtain the density explice

itly for p = 2,3,kL,
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Canonical Correlation

Let
Xipxn Z11 Zie
(2.18) Y: gxn ~ N9 2. o5,/
~ ~ 2 22

n>ptq and ¢ > p. Then the joint density of the characteristic roots

0 < ri < hee € ri of (X‘Y')(Y'?')-l(Y f')(X’i’)_l is given by Khatri
[19] as
2 2,2
2iyn 7  p® 12N\ dP 2in-g-p I (r,-r,

(2.19) Cr (PN I -B71T T, (nym3as 27, K0) BT 7P| 1 —R7) i>j( 17Ty)
where

Fp(n)ﬁp(P-l) 5 5 5
(2.20) C't(p) = = R™ = diag (v]5ee0; 1)

F, ()T ()7 (B)

and E? = diag (pl,...,pp) vhere p. are the characteristic roots of

Z-l . Proceeding as in the previous cases we find E[W(p)]h,

-1
Ii2 o2 B2y Iy
() _ 2, .2
W = I (l—ri), by substituting in (2.8) as follows
fm1

(2'21) (nl’n2’,/},> - (n:n"QJ (,\I?-}Ez)-l) .

Further the density of W(P) is obtained from (2,14) by meking the above

substitution and letting
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= -+ = =
a, q+kp—i+l bi’ bi i-1 ,

As in the other cases the densities could be written out explicitly for

P = 2,3,#.

3. The Density Function of Pillai's V-Statistic

in the Central Case For Two Roots

Ir =0 in (2.19) we have the density function of the character-

istic roots ri,rg,...,rg in the central case. Letting p = 2 we have

o2 2y s 2,q=2 2,n-q=2, 2 2.2
(3.1) fl(rl’r2) = C (2){5 | ‘EPTE | (rl-rz) .
2 2 2.2 . . .
et V= Ty -+ r, and G = riTss 0 <V <1l, To find the density function

of V we make the above transformation and find
| 1
(3.2) £,(V,6) = crr(2)ad 2(1-V+G)n‘q'2(v2-hG)2 .

Integrating G between the limits O to Vz/h, [31] and writing

(J.--V+G)m"q"2 as a finite series we have
n-q-2
S n=q=2 N-q-r=2
(3.3) £(v) =ct1(2) ) (IO
r=0
v2/u

1
Gq+r-2(V2-hG)2dG} .

]

Integrating the expression in the brackets by parts we find the density

0

Tunction of V- to be
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' n-g-2
(30)"') fS(V) = C"(2) Z (n-%-2>(l_v)n-q-r‘2

r=0

(gir=p)tve(atr)-1

2135 | (2(qtr)-1)

, 0<V<1l .

To obtain the density function of V in the range 1 <V <2 we

change r? - l-rf in (3.1) and transform as before to get

(3.5)  £,(v,q) = C"(2)(l-V+G)q'2Gn'q'2(V2—hG)% .

Writing (l-V+G)q-2 as a series and integrating G between the limits O

to Ve/h we have

g-2
(3.6) f5(v) = ¢r1(2) E:(Q;%(l_v)q-T-Z
r=0

ve/h n
|

1
G2 (v2 16)7 ag

0

Evaluating the integral by parts yields

-2 | 2(n+r

o - —_— 0Nt -q)=-1
B7) 5@ =cr@ ) (AT fea)iy

=0 2 3¢5...2(n+r-q)-1
Transforming V' = 2-V, 1<V <2 we find

3 -2 q-r-2 _ (ntr-g-2)!(2-y)2(0*r=a)-1
(3:8)  £6(M) = c'(2) ) (P)(v-1)37T2 a2 ):

2 3¢5, (2(nt+r-q)-1)

r=0

l<v<z .
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By making the following changes in the parameters in (3.1)
2
(q.:n"qari) - (manswi)
or
(@m-,75) = (n,m5,w;)
> 2 i l) 25 1

we obtain the central density of the characteristic roots in the MANOVA
or equality of two matrices cases, respectively. Thus the results of
this section and the next aren't restricted to the canonical correlation

case, but extend to the two cases mentioned above as well.,

4, The Density Function of the U-Statistic

in the Central Case For Two Roots

To obtain the density function of U we make the transformation in

(3.1)
ri = )\i(lﬂ\i)-l
and find
(4.1) g (0 0hp) = ©11(2)]9] 42| 1 k] 0y 1)

where @Q = dlag(xl,xg). Letting U =X+, and G = XA, We see the

joint density of U and G can be put in the form

(b.2)  gy(U,6) = C**(2) et 21 + %)-Qn (UZ-MG)%

Ja- uz-uc,]"“

4(1+3)°



>

Writing the part in brackets as a series and integrating G Dbetween the

limits O to Uz/h yields

© (_l)r(-n)
ts -en 3
(1.3)  gy(U) = crr(2)(1 + g) Zo W

-Hﬁmﬁmﬂ%ﬁ£@=.

0

Integrating the expression in the brackets by parts, we find the density

of U for p=2 Iis

(Y(g-2)! U2r+2(q-3)+5

(bh)  gy(0) = c1(2) ) (1)

r+q-1 U\2r+2n
r=0 v g)
. 1
2 ~ .
(+2) (+42) ... (r2lz3)T5)

5. Complex Multivariate Beta Distribution and

Independent Beta Variables

If Xipxm and Y:p xn are independent complex matrix variates
m > p, whose columns are independent complex pe-variate with covariance
matrix %, and if E(X) =y and E(Y) = 0, then the distribution of

~

(5.1)

P

=Ty )7t x

~

depends on parameters

(5.2) O = pITe



and is [13]
~t7Q) ~
(5.3)  £(F) =ige F) (wingmQ(T +F
where
' F(mm)
(5.4) k) = e
Fp(m)FP(n)

)P ) " (ar)

76

Since the density of F for p>m can be cbtained from (5.3) by

making the changes

(5.5) (p,myn) -

(m;P:m"'n"P)

it suffices to work only with (5.3). Making the transformation

(546) L= (E,p +F

in (5.3) and noting J(L;F) = I,IP-Ll'ZP

2

(5.7)  £(L) =k

1

-l)fl

[16] we have,

- ~ 2.\ - -
™ 3Py (s T |2 Lon PR

Proceeding in a manner similay to Khatri and Pillai [21] let

) ' 1
(5.8) L = u &
- 2 Ly el
1 p-1

and note that ILI =g |5 ! and

11222

» L
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(5.9) !EP-EI = (l-zll)lf:\[,p-l—}z.Q"ﬁ ﬁf/ull(l-,@ll)]l .

1
s = - 21
Now it can be shown that £,, and {522, v :”:/[’"“11(1 le) 11 are

independently distributed and their respective distributions are

2
-1 =\ ~ e 2 m-1 Nnel
(5.10)  £,(8,) = [8(mn)1™"e™  JF (winsmsa ™y, )8, 77 (1m0 )

and
- m-p
(5.11) £p(Tpps¥) = Iy Lpp " FIT Lo P P,
where
(5.12) k, =k 0(mn) .

For further independence, we can use the transformaticn

- . -5
8= (T - Ipp)

V.
~

With Jacobian of transformation !IP 1

and }22 are independently distributed and their respective distributions

"'l . u
- }221 it can be shown that

are
(5.13)  £3(a) = ﬂ"(P'l)[F(n)/F(n—pﬂ)](l-E'g)n'P
and

(5.14) £),(Lyp) = k31522|m'(P'1)'1|£p_1_ Eaelnﬂ-'(p-l)-l
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where

k, = n P D0 (npr)/r(n) T,

Notice that Lyt (p-1) x (p-1) is the central complex multivariate beta
distribution with m and nt+l degrees of freedom. Making the transfor-

mation

(5'15) Xi = ui/.<l—ulul- ceos = up_lup_l)s i= 132)"'p-l’ uo =0
p-1 il

in (5.13) with Jacobian of transformation 1 (1~ x %, )P , we obtain
i=1

: — 1
the density of X = (Xl’x2”"’xp )t as

(5.16)  £(x) . ~(e-1) B n (n-itl) (3 n-i-l

i=1 I'(n-i)

After making the transformation of Xj = aj + ibj to polar coordinates

(rj, 63), we find with r = (rl,...,r l)’

p—

(5.17) £(r) = b oDmein) (l—r) 2r, ar,

—l I'(n~-i)

Finally the transformation W, = ri yields independent real beta variates

and their respective densities are given by

(5.18) £, () = [B(L,0-0)170 (1ow )P
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6. Complex Zonal Polynomials

The zonal polynomials of a Hermitian matrix A [13], are given by

(6.1) ) = (D) XA

) K = - - . 2
where <k1’k2""’km) is a partition of the integer k and X[K](l)

is the dimension of the representation [K] of the symmetric group and is

given by
m m
(6.2) Xre1(l) =k} 0 (k.~k.-i+j) / 0 (k,+m-i)! ,
L] i<y T 9 e

X{K}(A) is the character of the representation {K} of the linear group

and is given as a symmetric function of the characteristic roots

el,e2,...,em of é by

k. +m=j -
(6.3) xpey®) = (e /1™

vhere the determinants are Vandermonde type. Further the following equal-

ity is satisfied
(6.L4)

where ai is the ith esf of the ei’s. Using the following lemma obtained

by Pillei [27] we can get the zonal polynomials as a linear combination of

the esf's, Tables 11-1k give X{K}(A) and x[kJ(l) through degree 8,
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Lerma: Let D(gs,gs_l,...,gl), (gj >0, j =1,2,...,8), denote the

determinant
gs gs-l “1
e e ees €
S S s
(6.5)  D(g s8g_qse-+28y) = :
egs egs-l egl
1 1 1

If ar(r < s) denotes the rth esf in s els, then

(6.6) 1) aD(g 8. qsev-s8) = &' D(gL & seessBl)
T s’s-1 L 8 s-~1 1

where g5 = gj+ §, J = 1,2,040,8, & =0,1 and Y' denotes the sum over

the (i) combinations of s g's taken r at a time for which r indices
gg = gj+ 1 such that & = 1 wvhile for other indices g5 = gj such that
§ = O.

. K, \& )

ii) (ar) (ah) D(gs,gs_l,...,gl), k,4 > 0, can be expressed

as a sum of (i)k (}S‘l)’Z determinants obtained by performing on
D(gs,gs_l,...,gl) in any order (i) k times and (i) £ times with r=h,
However if at least two of the indices in any determinant are equal, the
corresponding term in the summation vanishes.

An example will suffice to show how X{K}(ﬁ) for any degree can be

obtained from those of lower degree. Here we obtain X{K}(A) for k=3.

Let

(6.7) D = | (29)]

and



(6.8) D(ky -1k, m-2, .00 ,1) = | (e, ? ).

When k = 2 we have

(6.9) (ai-az)D = D(m+l,m-2,m=3,,..,L) for K = (2)
and
(6.10) a,D = D(m,m~1,m=3,...,1) for ¥ = (12) .

Multiplying (6.9) and (6.10) by a,, using Pillai's lemma, gives

(6.11) (ai-alae)D = D(m+2,m~2,...,1) + D(m+l,m~1,m=3,...,1)

and

(6.12) a 8D = D(m+1l,m=1,m-3,.0.,1) + D(m,m~1,m=2,m=lt,...,1).
But since

(6.13) a.D = D{m,m=-1,m=-2,m-l,..s,1)

3

we have substituting in (6.12)

(6.14) (a1a2 - a3)D = D(m+l,m-1,m=3,...,1) .

81

When k = (13) and & = (21) in (6.8), we obtain (6.13) and (6.1k)

respectively. Thus



*3)8) =8y and xpp3(A) = aja,ag
Substituting (6.14) in (6,1}) we find
(6.15) (aJ3_-2ala2+a.3)D = D(m+2,m2,...,1)
and thus

_ .3
%3} (ﬁ\:) = al--ZaLleLe+:-:1.3

82



Table 11,

Complex Zonal Polynomials of 1st ~ 5th Degree

83

In terms of elementary symmetric functions

of the Latent Roots of A Xreq ()
l1st Degree
X{l} al 1
2nd Degree
a2 - 3 1
*{2} s
X{lzl 2 1
3rd Degree
3
X{3} al - 2ala2 + a3
X{Ql} 8.13.2 - a,3
X{13} %3
Lith Degree
ai ala2 a.g a,la,3 a')-t
x{n} 1 -3 1 2 -1
*{31} 1 -1 -1 1 3
X 2 1 -1 0 2
{27}
X 1 -1 3
{212}
(1" 1 L
5th Degree
ai aia alag aia3 a2a3 a, &), a5
*{5) 2 -h 3 3 -2 -2 1 1
X{h1} -2 -1 2 1 -1 u
*{32} 1 -1 -1 1. 0 5
X{312} 1 -1 -1 6
&{221} 1 -1 0 5
*{213} 1 -1 L
1 1

%12}




Table 12, Complex Zonal Polynomials for 6th Degree .
6 & 22 .3 3. 2 2 ~ ,
8] 8,8y 8,85 8783 85 88,83 A98) 83 8,3) 8435 A X[K](l).
X6} 1 -5 6 L -1 -6 -3 1 2 2 -1 1
X{51} i -3 -1 1 L 1 -1 =2 =1 1 5
X{u0) 1 -1 -1 o0 1 0 1 -1 o 9
%ulz} 1 -2 -1 1 1 -1 10
x{32} 2 1 1 -1 0 0 5
X{321) 1 -1 -1 0 1 O© 16
3 1 0 =1 -1 1 10
{327}
X 3 i -1 ¢ 0 5
{27}
p 1 -1 0 9
{2212}
X R 5
{21
b4 1 1

(1)




85

T
#T
6T
43
T2
T2
o2
(43

"t
aT

0 O T T
T 1= ™ e
o T ™ 0
=T c c

T ¢ ¢~ ¢-

€

- 4 e T

9. & &

L Jele mmwm :mmm mdﬁm Hylply Egl €eCg fple

B “e's e
c e c €

T

o~ T

€~ 0 T

T e T

9 € T %

g~ #- & o1

B2 "B,’B 8% "B P R

T

o- I

Mdmdwd MdH £T1,2e, 1, 2T, T

2t

G L

29a8sq ya), 103 sTetwoulTod Teuoz xorTdwo) °*€T STARL



Table 14, Complex Zonal Polynomials for 8th Degree

%{8}
X{71}
X{62}
1612}
*{53}
*{521]
T513)
08
*{431]
"2}
X{u212}
"ty
x

{3%2]
X

{32193
3t
{3213}
X

{317}
X

{2h}
"(23:2)
hE
b

[21

X
{18}

6

L2 5

a. a,a, a8, a

1712 7172 173

1

-7
1

a

15 6
-5 -1
i -1

1

a

iag aia2a3
10 =20
6 8
-3 2
0 -k
1 -2
1

a.a, 4, a.a.a a2a2.a2a a 3a.
12 Bp 898583 3183 89858 8384

12
-9
3
3
1

-2

-1

12

-1

-1

L
-1



Table 14. (Cont'd.)

— 2 2 2 2 o aa (1)
a2a3 aga.u ala3ah 8.18.28.5 a,la6 au 3a5 3.2 6 al 7 a8 X[K]

-3 =3 -6 -6 -3 1 2 2 2 -1 1
3 3 Y L 1 -1 -2 -2 -1 1 7
-1 -2 2 0 1 0 0 1 -1 o 20
-2 -1 -k -2 -1 1 2 1 1 -1 21
-1 2 -2 0 10 1 -1 0 0 28
2 0 o) -1 <1 0 -1 0 1 0 6l
0 1 2 2 1 -1 -1 -1 -1 1 35
2 2 2 2 0 1 -1 0 0 O 1k
-1 0 3 -1 -1 -1 0 1 0 © 70
-1 1 -1 1 0O 0 1 -1 0 0 56
0 -1 -1 1 1 1 o 0 -1 © 90
0 0 0 -2 -1 0 1 1 1 -1 35
1 -1 - 1 o 1 -1 0 0 © 42
1 -1 -1 1 0 1 - 0O 0 56

1 -1 0 -1 © 1 0 0 70

1 -1 0 -1 0 1 0 64

1 0 0 -1 -1 1 2L

1 -1 0 0 0 ik

1 -1 0O © 28

1 -1 o© 20

1 -1 7
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CHAPTER V

AN APPROXIMATION TO THE DISTRIBUTION OF THE

LARGEST ROCT OF A MATRIX AND PERCENTAGE POINTS

1, Introduction and Summary

Khatri [16] has pointed out that one can handle all the classical
problems of point estimation and testing hypotheses concerning the parameters
of complex multivariate normal populations much as one handles those for
multivariate normal populations in real variates. Further, he suggested
the maximum latent root statistic for testing the reality 6f a covariance
matrix [17] . The joint distribution of the latent roots wl,wa,...,wq‘

under certain null hypotheses can be written as [15], [16]

4 m n 2

(1.1) , Cl{ ?:1 wj(l-wj) }{igj(wi- Wj) }
where

q
(1.2) o =1 P(mtntqr3)/ {0 (0+3)T (m+3)T(3)]

j=
and

0<uw, <w, € .as Sw_<1.



Khatri [15] has derived the distribution of wq (or Wl) in a determinant

form as follows

(L.3) Pr{waf x3m,n} = Cy = l(Bi+j-2)l

Bq—-l Bq P"2(1--2

where C, is defined in (1.2),

(1.4) gi+j-2 = JX Wm+1+J-2 (l—w)n dw
o

for i,j=1,2,...,9, and (Bi+j-2) is a qxq matrix. Pr{wl_f x3m,n} can

be obtained from (1.3) using
(1.5) Pr{wl.s K3myn} = l-PT{wq_f l-x;n,m}.

In this paper an approximation to the cdf of wq at the upper end
is obtained and upper 1% and 5% points are given for ¢=2,3,4,5,6 in
Tables 16~25. - A general form of the approximation is given with the re-

sults for g=2 and 3 written out explicitly.

2. Case For Two Roots

It is easily seen from (1.3) that letting q =2 and expanding the

determinant

88
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(2.1) PT{W2 < x3m,n} = Cl{wam(l-w)n aw XX m'+2(l )" dw

) (r‘ wm+l(l-w)ndw)2}&

This can be written as a finite sum for integral values of m and n

integrating by parts and we obtain
(2.2) Pr{w < xjm,n} = ¢, {8 8o~ el}

where B, is defined in (1.4) or a form which is more convenient for our

purposes is

mtl J mrn+4 J+l
- (m+g)? (1-x) -
(2.3) B, = 6 (mt+o+1l,n+l) - T v
j=0 I (n+k+1)
k=0

where [(a,b) is the usual beta function. For small values of m, the
approximation.is obtained by neglecting all terms involving (l--x)2n and
higher powers. Expanding (2.2) and neglecting terms involving (l—x)2n
and higher powers we have

. J m+n-j+1
Cy [B(m+l,n+l)(32— B (m+3,n+1) Zm (1 =), !

{2.4) Pr{w2 < x3m,n}

j=0 H (n+k+l)
k=0
L J m+n=-j+2
_ (m+l)d xY(1-x)" ]
B(m+2,n+l)ﬁl + B(m+2,n+1) }; " ) .
j=0 ¢° I (n+k+l)

k=0
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Adding and subtracting f(m+3,n+1)f(m+l,n+l) and B(m+2,n+l)2in_(2.h) we find
(2.5) Pr{W2 < x3myn} = Cl[B(m+l,n+l)82+ B(m+3,n+3)86* 28(m+2,n+l)Bl] -1
Noting from (2.2) with x=1 that

(2.6) ¢, = [B(w3,m1)p(mL,me1) = Blm2,n+1)?]™,

and simplifying in (2.5) we find

(m+l)
o mtnt2.
(2.7) Pr {w = xX5m; n} B(mi2,nt+2) [BE Zm#n+25 Bo m+n+2 Bl] -1

where

(2.8) (a)k = a(at+tl) .. (atk-1).

This approximation is very simple for computational use and no products

of incomplete beta functions are involved. Upper l% and 5% points using
(2,7) are given in Tables 16,17. The error involved in using this approxi-
mation has been computed and the difference between the exact and approxi=

mate percentage points occurs in the seventh place. (See Table 15).
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3. Case For Three Roots

When there are 3 roots, we have
2 2
(3.1) Brfuy < x5men} = C (88,8, + 2018,05 B3= By BM)

where B, is defined in (2.3) and ¢, in (1.2). As in the two-roots

1

case we write the 's as finite sums, expand, neglect terms involving
k

(l-x)2n and higher powers and find

(3.2)  Pr{w; <x3myn} = Cl{,EB(3)B(5)-B(h)2]BO+ 2lp(3)s (k) - B(2)8(5)18,
+[28(2)p (4 )+B (1)8(5)-30(3)1p,+ 2[8(2)p(3)-8(L)B(M)] By

+ [p(L)B(3)-8(2)%] p,} - 2

where B(j) = B(m+j,n+l). Simplifying in (3.2) we find

£ p - 2(wr3) (menel)py

(3.3)  Priwg <xsmyn} £ [.e(m+l,n+3)]‘l{(m;2)

. 3{m(mt+n+6)+2n+7}
m+l

(m+n+)+)s - 2 (m+n+3 )3 (m+n+)+) <m+n+3 )3 . } - 2 [N

o o R B3+ 2(m+l)2

As in the two-roots case, no products of incomplete beta functions are
involved. Upper 1% and 5% points using (3.3) are given in Tables 18 and 19.

Comparison of some exact and approximate values is made in Table 15.
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L. Case For g Roots

Denote the product §. B, ... B, occuring in |(8,)] by 8
i1 lq L

igi5eeed
where ij are any of the integers 0,l,...,29-2. It can be seen from cases

with g=2 and 3 that Bi . is approximated by Bé

112.., 1q 112...1
i q
(4.1) Bi ; ) ==§£ I ﬁ(m+ik+l,n+l)ﬂ_
f1ter ety k=1 3
J=1 k3

where B, is defined in (L.4). Thus the distribution of W, can be
J
approximated by

. t
(5,2) Pr{v_ < xmym} = ¢ [(B,)] - (a-1)
q
' . - - -
where l(Bﬂ)l is obtained by replacing B, ; ~  ; in \(gz)l by
12 q
gt . . By collecting the coefficients of incomplete beta functions

1.1 e 1
172 q
we get the following form which is simpler for computer computations

2q=2
(k.3) Pr{wqfx;m,n} =Cy z Dp By~ (q=1),

=0
where Di is the sum of the cofactors of p(k+l) in the gxq matrix
B(1) 8(@) ... 8(a)
B(2) 8(3) ev. Blard)

L [ 3 se e .

B(Q) B(q+l> soe B(QQ':L)
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where 0(j) is defined as p(m+j,n+l), the usual beta function. Letting

g=2 and 3 in (4.3) we get (2.5) and (3.2) respectively.

5. Computation of Percentage Points

Based on the results of the preceeding sections upper 1% and 5% points

were computed for g=2,3,4,5,6 on the CDC 6500 computer. Results are given

to five significant figures for the arguments m=0(1)5,7,10,15 and n=5(5)

30(10)k0(20)120(40)200,300,500,1000, As can be seen from the comparisons

below the percentage points from the exact and approximate cdf's agree

through five figures and generally six.

Table 15. Comparison of Percentage Points From the Exact
and Approximate CDF's
1% 5%
a m n exact approximate exact approximate
2| ol 30 | .246078 .246078 .19k089 T ,19L089
2110{ 160 | .1ke231 .1k2231 .124867 .12L867
31 0 30 | .332512 .332512 .280221 280222
31101160 | .166031 .166031 L 1h8hl L1h84h]
b1 o} 30 | .353382 .353384 .4ok003 .Loko0o3
4 {15 {200 | .183258 .183258 167724 167725
510 5 | .906746 .906746 . 867886 . 867887
6| 51100 | .278743 278744 .254438 .254439

In addition
for two reasons;
because we don't
scheme, as we do

troublesome in the approximate expression.

to the above, the approximate expression is attractive
first, computation time is less for the approximation
evaluate a determinant at each step in the iteration

for the exact case; second, round off error is less
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CHAPTER VI

SUMMARY AND CONCIUSTON

The study of some central and non-central distribution problems in
‘real and complex multivariate analysis has been carried out in this work.
The main objective has been to investigate the distributions of charac-
teristic roots, and functions of characteristié roots of certain matrices,
with emphasis on various likelihood ratio criteria, in the central and non-
central cases. Although in the first chapter a general form was found for
the first three moments of ng) and the first two moments of Vip),
both in the nen-central (linear) MANOVA case, it wbuld be useful to ob-
tain expressions for the geﬁeral moments of bofh statistics. Further it
is hoped that a general expression can be obtained for aK,T coefficients
given in Chapter I, although such expressions were given in some cases
there,

In Chapter IT we make use of Mellin's transform and Meijers G-func;
tion fo find the non-central distributions of Wilks' A-criterion in the
cases of MANOVA, canonical correlation and the equality of two covariance
matrices. The densities were found for any p and the cdf of A was
explicitly found for p = 2 Dbut the c¢df remains to be found for higher p
values., Also power computations could be carried out. The exact distari-

butions of the likelihood ratio criterion V for testing

P1sPpsee 5PN
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the independence of g-sets of variates under the null hypothesis are
found in Chapter III for various combinations of pi values and general
N wusing the convolution operation. Due to the fact that the expressions
become unwieldy, results were obtained when ﬁo more than two convolutions
were necessary, but the work could be extended to more than two convolu-
tions. X2 correction factors, from which lower 1% and 5% points can be
obtained, were tabled in special cases but could be obtained for other
cases using the results of Chapter TII.

In Chapter IV the density functions of Wilks' A-criterion in the com-
plex case for the three situations mentioned in Chapter II, are obtained
using Mellin's transform and expressed in terms of Meijer's G-function.
Results are obtained concerning the complex multivariate beta distribu-
tion and independent beta variates. While the density functions of the
U~statistic and of Pillai's V-criterion were found for p = 2 in the com-
plex central case, results haven't been obtained for larger p values.
Using Pillai's lemma on the product of an esf and a Vandermonde deter-
minant, zonal polynomials of a Hermitian matrix were found through degree
8 and results for higher degrees could be found in the same manmner. In
Chapter V, an approximation to the distribution of the maximum character-
istic root in the complex case is obtained., Although a computational form,
using determinants, was found, it is felt that further research might
yield a general term for the coefficient of each incomplete beta function
involved., Tables were given for upper 1% and 5% points for values of
q = 2(1)6. These tables could be easily extended using the results of

Chapter V.
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