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CHAPTER I
ASYMPTOTIC REPRESENTATION OF THE DISTRIBUTION OF THE

CHARACTERISTIC ROOTS OF §;§2;1IN THE DISTINCT ROOTS CASE

1, Introduction and Summary

Let ¢ pxp(i=l,2} be independently distributed as Wishart

gi.
. s -1 =1
(ni,p,Ei). Let the characteristic roots of Eiﬁa and Eizé be

denoted by zi(i=l,2,.,.,p) and xi(i=l,2,.,.,p) respectively such

that £y 245 2 .ec 24,20 and A 22Xy 2 eee 2%, > 0. Then the

distribution of zl,...,zp can be expressed in the form (Khatri [15])

-%n %—(nl"p-l)

(L.1)  cla]

~

_ M)
ig.ju' &) Io@)‘-%*& "*&ﬁ'l g

where

- 1 1) P ) n.+ N 1 -
.2) o -2 o 1 gr B2 (r e, )1,

(1.3) rp(t) = n%"(p'l) ﬁ T(t =33 + %),
J=1

I'J\;= diag (21,22,...,21)) and j}vz diag()\l,le,-..,?\p). The invariant

Haar measure



_ P
(1.4) (H'aH) = 0 hl'dh,

is defined on the group O(p) ©of pxp orthogonal matrices with

hi and dhj the ith and jth column of H and dH respectively
~ N

(James [11]). The group O(p) has a volume

(1.5) v(p) = fo( )(H'dH) = 2P H%P(P‘Ll)/ ?11 r(3i).
P N n, i=

One of the approaches to the evaluation of the integral of
(1.1) (from here on we denote it as E) is to expand it as a power

series:

1
(1‘6) E = jo( )lr:E-’-Q-l%'l §(nl+n2)(1i' d'%)
D

® -1

- CK(".Q )CK(ﬁ)(nl+n2)K
= V(p) Z T Z ¢ (D)

k= K i

with zonal polynomial CKQE) of any pxp symmetric matrix E de-
Fined in James [14]. But its convergence is very slow unless the
characteristic roots of the argument matrices are small. In the one
sample case G.A. Anderson [1] has obtained a gamma type asymbtotic

expansion for the distribution of the characteristic roots of the

estimated convariance matrix. In this chapter we obtain a beta type



asymptotic representation of the roots distribution of § S"l in-

aln?

volving linkage factors between sample roots and corresponding popu-
lation roots. A study is alsd made of the approximation to the

distribution of w Ww_  where w, = zi/(1+zi) (i=1,2,...,p).

l’-o-, p

If the roots are distinct the limiting distribution as ny

infinity has the same form as that of G.A., Anderson [1]. If,

tends to

moreover, ng is assumed also large, then it agrees with Girshick's
result [7].
In the following we will assume zl > 22 > oee > zp >0 and

A, > kg > ees > hp > 0, and for the simplification of notations we

-1 . .
let A=A7, de., a = 1/xi(1=1,...,p),0<al<ag<...<ap<:m, and

n = nl+n2.
The definitions below are taken from Erddlyi [6].
DEFINITION. The sequence of functions {¢n(x)} is an asymptotic

sequence as x = », jif for each n
b q () = 0[¢n(x)] as x - o,

Let {¢n} be an asymptotic sequence.
DEFINITION. The (formal) series % an¢n(x) is an asymptotic

expansion to N terms of f(x) as x - o if
N
£x) =) ab () + oy(x)) s x - e

.. . N
This is written f(x)~g an¢n(x).



L

DEFINITION, The function @(x) is an asymptotic representation for

f(x) as x = o if

£(x) = §(x) + o(P(x)) as x = o,

This is written f£(x) ~ {(x).

2. The Asymptotic Representation of E when p = 2

An elementary method is used in this section to obtain the
asymptotic expansion of E when p = 2.

Let 0% (2) = {HeO(2), {H| = £ 1} then

3% 3= ]

(2.1) E=2 Jo+(2>!r{+’%n}[,[,v}év-| ('I-\I"d'}é).

L

/! cos8 sind
Now let H = -7 <8 <,
™~ l-sinb cosHd

So that (H'dH) = d6 and
o, o,

_h /2 -n
(2.2) E=h4[ (l+al,el)(l+a2,<',2)] 2 J y [l+%012(1-C0326)§ ae
«T1/2
where
(2.3) . (a2-alX£l-£2)

12~ (a2, (ragl,)



The integrand of (2.2) has a maximum of unity at 6 = 0 and de~-

1
creases to (l+%(’,‘l2)"§n at 8 = i%- Write (2.2) as
2 - -rél- m/2
(2.4) 4 O (1+a.£.] J exp {~2log[1+C. (1~cos20)]1} de.
$=1 11 -TT/2 2 12

Since the integral is mostly concentrated in a small neighborhood
of the origin, for large n, we can expand the argument of the
exponential function and cos26 in the usual power series and set
the limit to be + « (see Erdélyi [6]). Thus for large degrees of

freedom FE 1is approximately

A ¢}

M 1 2 " n o g2 1
Qr
2 & 1
(2.6) B~ W T (1420, (e {14,0(.:.3;.)}_
i=l 12

3. The Asymptotic Representation og E in _Genera,lv Case
Lemma (1,1) Let A and L are defined as before then £(5) =
. (3]
| Lramma’ | VI;I\’eO(p) attains its identical minimum value I‘]\:' + A&I _when

}'\I‘ is of the form



)
(3.1) H = I oo
n, .
o I

Proof: d4f

it

a |1+ amat|
L2 ¥ NN

Y L
d {I + A2HLH'AZ®|
", [AVIRAV A VA Vi, V)

1 1 i Y .y
= tr (I + APHLH'AZ)" (AZdHLH A2 + APHLAH'A®)
N LaVERAV AV, VRN V) ~ (4 VI o Vo VI, VI o V)
1 1 1.1 1
=2 tr IH 'A2(I + ACHLH'A®)™ ACHH'dH.
n, ny [AVIN V2 ¥, VR V) [a VIRV, ¥ (4"

Note that EH'dH is a skew symmetric matrix, therefore, df =0
n, N
1mp11es that LH' A2 (I + AaHLH Aa) AEH is a symmetric matrix. But
nru_ Ny

1 o

H'AZ(I + APHLH' AZ) A E’ls itself a symmetric matrix and L is a
F(1442H T AZ)"LaZ

] T

A*(LATH TH'A%)

diagonal matrix with distinet positive roots, so A A<H

Nj=

has to be a diagonal matrix, say D. .Thus I =
s

can happen only if ﬁ, is of the form with 1 in one position in a
column or a row and zero in other positions. After substibtuting those

stationary values into vf(g)_‘we obtain a general form

(3.2) H(1+af& s
i=1 1

where 20 is any permutation of ﬂi(i = 1,...5p)s It is easy to
i
see that (3.2) attains its minimum value when %, = ﬂi(i = 1,25000sD)
Or f(H) attains its identical minimum value |I + AL| when H is
~ ~N [ ¥,

of the form of (3.1).



The above lemma enables us to claim that, for large n, s the

integrand of E 1is negligible except for small neighborhoods about
each of these matrices of (3.1) and E consists of identicdl contri-

butions from each of these neighborhoods so that

~I

(3.3) B JN(I)II + prmp |2 ),

where N(I) is a neighborhood of the identity matrix on the orthogo-
2 Y]
nal manifold. Since any proper orthogonal matrix can be written as

the exponential of a skew symmetric matrix we transform E under
(3.4) H=exp S, S a pxp skew symmetric matrix,
N, LA VIR ¥}

So that N(I) » N(S = 0). The Jacobian of this transformation has
n, ~, n,

been computed by G¢,4. Anderson £11,

(3.5) J=l+%§-tr§f+g—:§,- tr,Sf*+.....

Direct substitution of (3.4) into (3.3) yields

-

pnna |
NN

+

(3.6) |1

|+ AL + ASL - ALS + a1s® - AsLS + ...
~ [a¥2 ") AN NN anne

T2 -1 2 N
2 &1L (AR ™ ek - a1 agis v 012
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Lemma (1.2) For any pxp matrix E, and its characteristic roots

b.(i=l,...,p), if max |b.|<1 then
i lcicp |1

2

1 S
“in _ 1 R |
lzfﬁl = exp {-3n tr(E'- 5+ 3—»...)}.
-in 1 P
Proof : IEfEI 2" = exp {-%n log Il (l+bi)}.
i=1

If mex |b,|< 1 then
l<ige ©

1 R
'£+£‘ 2B _ exp [*%’tT(E - %—- + %- - o)l

Apply lemma (1.2) to (3.6) and the maximum characteristic roots of
(I+AL)-1(ASL-ALS + ...) can be shown to be less than unity. Since
LAVERA VA V) LAVAVAVER VY, V, V) .
we are anly interested in the first term we need to investigate the
group of terms up to order of $° which is denoted by {Sg};. Let
[a W) ~

R = (I+AL)"Y, then
~ A an

2, 2
(3.7) tr{S°} = tr[R(ALS™- ASIA)

- $(RALSRALS + RASLRASL ~ RASLRALS ~ RALSRASL)]. .
(AT AV VAT VoV, ) [aVAV AR 1o TV V9] AN ANNNNNNNS

after simplification (3.7) reduces to

(3.8) tr[R(ALSz- ASLS) ~ (LS - SL) RALSRA]
[AVERAV,V, W) [V a VoV, V) nne nre [AVAV AV AV AV V)
or
p
2, 2
(3.9) tr{g"} -2 ci:j sij

i



where

(3.10) c:.Lj = (aj-ai) (zi- zj)/[(l + aiﬁi)(l + ajﬂj)].

Direct substitution into E yilelds

n
(3.11) E Alg n (l+a L, ) J

i=1 N($=6) “15%1

P
exp{~ -g-? & 31 ds; {1+o(-)]
i< i
For large n the limits for each Sij can be put to + «, We finally
have the following theoren.
Theorem: The asymptotic distribution of the roots, £l> £2>...>£p> o,
~1
of §1§2 for large degrees of freedom n = n,+n,
Eizgl are kl> X2> S Xp> 0 and a, l/x (i=1,...5D)»is given

when the roots of

by

nl—p-l N -(nl+n2)
(3.12) c® 1 (2.-2,) a Lo, 27, an(1+a 2,) @

i<j J i i=1 i i%i ]F [ Jan+n25]

L
2,

The asymptotic formula shows that the distribution function of a group
of adjacent roots is sensitive only to those other roots which are

close to them.

4. A Dual Expansion of E and Some Remarks

B -1 . . _
If we let WL_ 25£'+ %) in (1.1), i.e., wi-zi/(1+zi)
(i=1,2,...,p) where W= diag(wl,..;,wp), then the joint distribution

of wi's is given by



10

-3 3(n, ~p-1 H 1
(k.1)  c|al ~nllw]2 7 )lI-W Rlopter )n (W=, )
" " ~ou i<y Jd
-2(n +n,
J ]I+AHLH'1 H'aH

> > LN I ] > L]
1 wl w2 > wp >0

Application of lemmas (1.1) and (1.2) to (4.1) yields its asymptotic

representation

e R Ll ame
(4'2) 2p0lﬁl2nllzl2(nl P l%I_le(ne p-1)

o

0 (w.-w, ) ﬂ [1+(a. -l)w ] 2(n1+n2)p B

s ooyl
i<y 3 =1 J nl+n2

1

(a -a, )(w -V )
[l+(a ~l7ﬁ‘][l+(a -l)w 1

when C

Now let us proceed to lock at (3.12) once again. The asymptotic
distribution of characteristic roots of §l§;l given there can be
rewritten as

n,=-p-1 -(n,+n,)
12 12 o el
(4.3) Ty (A) (e, 44 )2 n (2, (1+a L) 1T as,
i< i=l td i=1

where Fi(A) (i=1,2,3) depend on a; but not on zi(i=l,2,...,p).

If we meke g. = 4./n, (i=1,2,...,p) and let n, tends to infinity
i e 2



