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1. Intfoductioh and summéry. The distributions of the characteristic vectors

corresponding to the largest roots (CVéLR) of matrices are studied in this paper
(1) in the single sample case and (2) in the two sample case, when the samples
are drawn p-variate normal populations.. For ],V(E,"j E), the distributions of
CVCiR considered.in (l) are for the special cases when (i) g =0, (ii) E =1

and (iii) the rank of b is one, The case p = O has been studied earlier by

~

Sugiyama [11]. 1In the two sample case, for N(%>.§1) and N(g, Eb), the cases

discussed are the same as above exoept that (ii) should be replaced by L. = T,= 5

~

and | 1is of rank one,and in (iii) p could be random as well. It may be noted

that in the two sample case when p is fixed and L.= T this case gorresponds

~1 2?7
to the MANQVA model, and when {1 is yandom end %

~ ~1

= zb corresponds to canonical
correlation sitﬁétion. Case (ii) with u o= 2 in the two sample case deals with
the testiﬁé éf thé equality of two covariance matrices. Further, the last section
is dévoted to the testing of hypothetical vectors of El in the fields of Eé
suggesting relévant criteria and deriving their distributions. In the single

‘Sample case, tests of hypothetical principal components were developed earlier

{71, [81.

"~ This research was supported by the National Science Feundation, Grant No.
GP-7663.



2. Notations and some useful results. Let I:n xn be an orthogonal matrix

such that first p(< n) columns have random elements and the other (n-p)
columns depend on these random elements. We shall write dE(n’p) , @ normal-

ized measure over this space, i.e.
Jr dz(n’P) = 1

0(n)

1
In terms of Roy's notations [10] let J(T) = 2n/!a LLE )lL = a function of ran-
=~ ~

dom elements. Then we shall write
(n,p) 1 2pn
L™ = 1 (4n) 5(0)/0°

The following lemma has been established by Khatri [57.

Lemme 1. Let Us pxn-= Q(g 3) M' be a transformation such that first column

vectors of L:ip x p and M:n x n contain random elements, o # Q,‘ aa is the
maximum characteristic (max. ch.) root of U U' end Vi(p-1) 3 (n-1) is a

random matrix. Then, the jacobian of the trensformation is given by

A~ -~

I(U3L,0, VM) = lal“‘Plazg:p_l-v V'!H%(P”n){r(-;‘-)r(%)}‘ldr(P’l)dg(“’l)

Lemma 2, Let Iim x q be a random matrix and A:m xm be a symmetric¢ matrix.

Then



o
J, el ea y ey
_ Cy(a) e (3a) oo+ q+l if m> k 0
, if m>q, = 3
m+q+l m+q+l - g+l -
1-'q_( +)( 2 )K
= 0 if m_>_qanqu+l+0_3
Co(8) T™U3a), T (ith) g
= 1—- ( m+q_+l)( m+q_+l if m - e 5
m K
where 9 = D{X such that ;-['m' Y Y' is positive definite}, K = {kl,...,km},

I"m(x) = n%m(m-—l) .ﬁl I'(x - -17-1- » (%) = Fm(x,K)/Fm(x) and

I (x,K) = pim(m-1) g I (x+k, - idy
nm i=1 2

Proof; Ied us write

(1) e=] ln-3v|®] caEyYYE)way using y-Hy .
9 0(m) J

James [3] has proved the following important result:

(2.2) &@)K@&, H')dH = C(4) C(B) / ! Ce(L,)



where A and B are symmetric matrices and CK(g) is a zonal polynomial cor~

responding to the partition ¥ = {kl’kZ""’km}’ k>k> ...>k >0 and

1~ 2= 10—
m
k= § ki . Moreover, we may note that
i=1l
Yy — 1 s = .
{2.3) CK(_YY ) —cK(gg) if m>q, kq+l 0
' = 0 otherwise for m>q .

let m > g. Then using (2.2) and (2.3) in (2.1), we get

(2.4) g

-1 o : = O«
¢ (4) {c (1)} f\g!;m- T c (YY) &y if k=05

0, otherwise .

Now, integrating Y such that ¥'¥=3, we get

and using Constantine's result [1], we get

1
1 p(mdr (etded) 6,(1,)

mt+g+1
ry(m) r(e™35= , )

(2.5) Iﬂl;m= LY o ey =

Using (2.5) in (2.4) and noting CK(Iq)/CK(sm) = (%q)w/(%m)K , Wwe get the first
part of lemma 2 for m » q. Similarly, the second part of lemma 2 can be proved.

Thus, lemma 2 is established.



Lemma 3., Let Y:mx q be a random matrix and A:m xm be a positive definite

~J

matrix. Then

(2.6) j’ |I-YY]°’C(AYY)exp(-trAYY)dY

ﬁ ~ ~ o~ e ~ N

D TR o g
) (-1) kk.a.JK J'lI Y| (ﬁzz)de
j=k J
J
, - t 1 9
where C(L - 2)/C;(T,) = tEO E (-1) %, r cT(_z_)/cT(;m), (21, T9l, and

= 9{Y such that I - Y ¥' is positive definite} .

~ A~

Proof. ILet the left hand side of (2.6) be denoted as gK(A). Then

Q
1
~7e

). 88 ¢ @)kl ¢ (L)
K

T

0

~ NN A N Ao

I _r IIm‘ Y Y"d eXP[tr AZ(H 7 H - I)AZY Y'] dY dH
0(m)

[+-]

S e
=205 Y"Y'Iaf( ¢, LR (2-1)i A%Y Y'ASay am
« ‘39“" ~ o~ .Om A AN A A AN ~  ~
J=0J

- ¢, (z-1.)

L 71 ¢, (L, w2t AYY
j=0 3 8

This proves lemma 3.
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3. Distribution of CVCIR in the single sample case. Here, we shall consider

the density function of X:p x n given by
1. L - - -
(3.1) (eg) "2P? 2] 2% exp [-itr L pp' ttry tx ! - Str o x X']

and we are interested in obtaining the density function of the first column of

L or M givéh by the following transformation

~ ~e

=
i
i
P
0N
e

). M', L:p xp, Minxn and Y:(p-1) x (n-1) .

Using lemma 1, the joint density functien of I, M, ¥ and ¢« is given by

~ o~ A

n-p, 2 -in -1 " -1 0
(3.2) cla| p]oz E,P'l- EE'! |§| 2% expl -3tr T p }i'+ tr z E(g Y)}E"%'
1 -1 @42 Q, ‘j (P’l) (n>l)
"ErE Llg Yy M T
~ N )

- L 1
wnere ¢ T = (em)2Pt F(g) F(g)/HZ(P+n) . In order to integrate o, Y, M or L

~

we consider the following particular cases, because the general problem is ex-

tremely difficult.

Case 1. Let p = 0. In this case, M and (\ = az, Y. L) are independently

~

distributed and their respective densities are given by

(3.3) q%(n,l)

and



Lin-p- it -
(3.4) ¢ y2(n-p l)\hI—YY'] o1 expl -itr © 1y (

Integrating over A and Y, we get the same density of I as given by Sugi-

yama [11] wnen n > p, and using lemma 2 it can be written as

- s -‘ - L .1l O on- -1
§=0 J

when n>p and J = {jl,..., j and while n<p and J = {Jl""’jn-l}’

p_l};

w

(3.6) 2|r| an E: (-1)3(ors7t)" pn-j (zpn+a-1) }Z ( ) {(n+p+l) y-L
J=0 J

LS § (P:l)
&L T P

where

) = r(enr, | (BR)/(r | ERr @@, L= (L) en

it

iBr(ben)r, ) (52)/(r,  EEHr@)r@)}-

We may note that (3.5) can be rewritten as

w

: ' ;l L s G DU TSR .
(3:51) o181 ) (FI e g T (B (2R

=0 J

' -1 (p:l)
L 27 L) L



Case 2. Let ¥ = I. Tnen (3.2) can be rewritten as

- ~ ~

(3.2") c\a[n-plazzp - w | exp[-3tr u o' %cze-%tr 1y

~

=IO

+ tr(g

Here, we shall obtain the joint density function of M and L. let M= (m,'lifll)

and L= (ﬁ’z",l) Then tr (g %) }\‘/I"E,’"E = in.'ﬂif'. + tr Y MIw'L,. We consider the

following integration:

2 1
3.0 [ L] enl-de 1Tt g g o
o« C (3L Lin M -3tryy!
“ZZ_. ]~1~1~1 f] _-YY’!c(YY)e ~ ay
1 ~
koo £ 55y C(T,

and, using lemma 3,

(3-8) J‘Y ‘QZEP-]_- E z! ‘CK(%W') exP(-%—trEYV' )dz

~F

c.(9) 2 .
_ . . K\ . Voo eyl pn+p-n=1
= coefficient of Q{(—I——) in {L).- 2) 3T lol
NP"l .
J=0
-1 p+2
() T (559 1
2 E(P-l)(n-l)} .
Z (n+p+l = Cy(I,,-8)m it n2p,
J p-l
c.(9) 52
- . g IS oG ga(p-1)(n-1)
coefficient of NG iny (- 5 ¥ n
K'an=-1 .
J=0
pn+p—n-l —lz 2 J n-l } .
o 3*) nHp+L Ci(Tn1 8y 3f n2p .

7 T 55— J)



Using (3.8) in (3.7) and then (3.7) in (3.2') and integrating over o, we get

the joint density function of L and M as

~

© -] -] n-l 2i
-1)Y ( );(m'u'l)
< < Y‘ F( pn+1+J) ( ~ o P
(3.9) c3 ZJ z LI z 2 )D(H-l . .y (n+P+l) » aK ,J
i=0 k=0 K j=k J * 2 ‘g
1l 1
CK(%N:IE',',E L]'_,E ,I\:I,l) dL(P’ )dM(n )
for n>p, while for n<p
© -] © p-1
- 2 r(lpn+1+;.)(-1)3( .
) \ J 2
(3.10) y L Z Z L Z cve (D=l ., n+p+l (E’.*f,"q’) * aK,J
i=0 k=0 j=k K J (21): ( 5 )y 3% s

0o (pr o ) ap (1) qy(md)

~

vhere cg = c,/T(3p) and c¢) = ¢,/T(3pn) and a is the cgefficient of

i,J

cx(g) in CJ(.:E'E)' (Note that in (3,9), K = {kl,...,kp_l} and J = {jl,...,jp_l}

while in (3'10), K = {kl’...,kn-l} and J = {jl,on-:jn_l}t)

Case 3, Let the rank of p:p x n be one and we try to obtain the density func-

tion of L. The density function of M requires the integration

exp{tr CHA H' + tr H B} aH
where C and A are symmetric matrices of order px p and Bipxp is a
square matrix of rank equal to that of . The result for the above integral
is vnknown and hence we omit this problem at present.

From (3.2), integrating M and Y, the joint density function of ¢ and

I, can be written as



- - A

(3.11) c‘c:‘n PIE‘ 2n exp[f%—t E g’p,v'] /,
k=0

where

(3.12)

-

expl -%trg'lg(‘é

or

2k
(3.13) f£(e,wl) = o 3

i

- . 2 1 s -1 o
fk(a’:z-") = ‘[Y ‘Ol Ep_l‘g ‘ {tr[ ""E E(g

e (@), ) P Me, (a,1)

2
Q -1 K
yy) FE el

~

2
¥ yrILlax

APtz e T pes ) o
® e N~ ~ o~ ™
L L
k=0 K
-l «l =l
(-1)* o lin (27130 = w's ™)L @
k! CK(Ep—i) K

vihere

(3.14) g (e) IY |°f2,{p-1‘¥, E" C (Y ¥')aY

~

= o ‘nP~n+P-l+2k-H2(p-l)(n-l)(n-l)'

‘a ‘np-n+p-l+2kn-é—(p-1) (n-l) (Eé_]:)

N CORNCRRY

n+p+l R
Po(5=>K) if n2p;
n+2
o1 (0 (T g) /
n+p+l

n-l( ,K) if n<p.

10



il

Substituting (3.1k4) in (3.13), we get f(0,o,L) and the coefficient of ek/kl

from f(0,w,L) gives fk(a,L). Then using this value in (3.11), we get the

joint density function of I and o«. Integrating o, we get the density

function of L as

~

o0
: - - AW -
(3'15) ‘E‘ 2n eXP[-%tr by lp. ;_[.'] L' {k: (g)k} ldL(p’l) fk(r")
k=0
where
(3.26) £(o,1) = ) 0°f, (L)/k!
k=0
1 : - Lo
=e; b (1F EE D s 5 win ey e
k=0
' on-l n+p+ly -1 2 gl -1 =1y o
/., 57 {(—%—)K}‘ CelLi(E77-208p p's )21] ifn>pj
i«
. k ,2pn+k-1 -1 3,1 <1y, -3pn-k
=cp g (LT ET R0 T ptE TR R
k=0
Nel n+p+ly -1 =1l 1am=l =1 s
Z (57) (50 o lLi (8™ =308 '™ )] if n < p;
i ‘
vhere c, and c, are defined in (3.5) and (3.6). Note tnat for n < p,
k= {k,....k .}, wnile for n>p, K={k, ._..,kp_l}. For n>p, (3.16)

can be written as



12

o

_3'4 - - - - -1 -

(3.16") £(8,) = ¢, Z (ZPn;k Ly trst-dotrs™hy wrptyERn k
k=0

+2 n+p+l, =1 =1 -1 -1
Y @R, (EED T ol (g e ws ™

K

Note that explicit expression will be obtained by evaluating the coefficient of

ek/k! from f£(6,L). When p = O, we get the results mentioned in (3.5) and (3.6).

4k, Distributions of CVCIR's in the two sample case. Le{ us consider the joint

density function of S:pxp and X:p xn as given by

3 L 1 1 Lo
(1) (R gy ip g 120y g 3 0eReL)

-] -
expl Yz S-borny (Kp) (Xp)'T

where psp ¥ n is a matrix having fixed or random elements, The joint distri-
bution of the random elements of ¢ will have measure dp, say. First we shall

consider the case when X is fixed.

Iet us use the transformations.

1
- ' Sy =T (¢ %y ar
(+.2) S=HD H', D2HEX=T (5 y)4
vnere H:p x D is a random orthogonal matrix, D, = diag(hl,...,kp), the first

column vectors of orthogonal matrices I':p x p and A:n X n have random elements,

a $ 0, a2 = maximum ch. root of X X'S™ and Y:(p-1) x (n-1) is a random matrix.

~ D

Note that the first column vector of A 1is the ch. vector of the matrix

- 1
X'S lX corresponding to ag, while the first column vector of (H D2 I') is the

o~ I

ch, vecter of the matrix (X X'S-l) corresponding to aa .

~ N O~



13

Witn the nelp of lemma 1, the jacobian of the transformation given in (k.2)

can be obtained as

1(p2 - - 1
(1h3)  I(STED L) = = PR anyr@rde)) el P, |2

D
!azlp_l-y |{ © (hi-hj)}dH(p’P)dI‘(p’l)dA(n’l) .

Using (4.3) and (k.2) in (k.1), we get the joint density function of Y,H,D

o, I’ and A when y 1is fixed, Now, for the joint density of the required

~

joint cn. vectors, we use the following transformations:

First we consider the tramsformatiens when n < p. Let E = El(%?) éi
vnere D = diag (az,._v, an), CA i 0, él:(n-l) x (n-1) is a rando;lortnogonal
matrix and the first (n-l) column vectors of an orthogonal matrix Elt(p~1) x (p-1)
have randem elements. Iet us introduce a random orthogonal matrix
&:(p-n) x (p=n) with measure d{,’ép-n,p—n) and be independent of E’E’RX’E’E

and A. Then, use the transformations

) (
1

;‘%h—-
10

© gl-l
R;izo

- D
(k1) Y = Fl("(f") AY, A =HD2I(

1o

(Note that the first column vector of A is the required vector as defined above.
If é.= Qél)éz), Aspxn and ﬁzzp x (p-n), then fE depends on random
measure §£2 and hence we snall integrate 22). The jacobian of the transforma-

tions is



1

(4.5)  I(LI,T,,D HAD ,A ) = J(L5,D 54, )3(F 0,050, sHsA)

...2,3, ) P ~
l(n- - n - -
HODEme2) (3o e g (28 (1 P, () s
- i=2 i<j=2
i<i=1

Using this in the joint density function of 52, ,J,H ,A and Y, we get the

joint density function of A,A 50 and D = diag(czl,c_'gj . ..,cvn) (where o = czl) as

2
D 0
(1.6) o lara|2lmne P)( n o, )P o (-5 Jexpl -Btrm g an - A IA')
i=1 i<j=1 =~
D
=1, eyl Q Lppeml (n-1,n-1), (n 1)
exp[trgl fi(g )(9 ﬁ)N'E' Lt §1 u'}dA ,
where
2p(m+n) p2 n2 -1 im in
= {22 r (2m)F ( #n)r (3p)02° }{r? r,Ge} {ls, 20z, 120
Now, A= (ﬁl’A ), A,ip x n. We integrate A, from (k.6). This requires

the value of the following integral,

-1

o+
(4.7) _[A A3 (T-4, (A14,)" A A, |3 (- p)exp[-%trg AALT 8, .
AZ 1
Let us vrite T,= ﬁl(A]'A] ) 2 and I,T3 = I~ T,T} sucn that T = (ElJEZ) is an ortho-
gonal matrix. Let 9,1 = E‘i Eél,?,l’ 92 = TIY 132 and % = T2'252.l,?2' Then using the
A L2 _
transformation T'ﬁ\.z = (Zel) , (5.7) becomes
2(m+n-p) L
(8) [ [ Tatghog PP el Bundy g A -5r0oohty Hrhahs 10k g

B2 A
= (emy=(e- n)!Q '—z(p-n)nz(p-n) r, (2._,9)}_11- ;S!%(nﬂ-n-p-l)
. §>0

eXP['—tI‘(Q3'92Q Qg )glag
2n(P_n)_;‘o(p_n)(m)l.lzn(p-n)+——(P-n) ]Q |- ~5(p~ n)‘Q QQQ'l %l -3m

SN COTRINC=0)
[%(m"'n"P) lA]'_A ' '%(m"-n-P)

RO NN C)

- o3(p-n)(m+n) 2p(p-n) -1
= 22 ne %, ! laiso A,
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Hence, ve get the joint density function of fl’ga’él and é as
-1, 13(m+n-p) n 1y, |12 2
tQ [] ] i - A a - [ ]
(4.9) c6lA322 fl‘ (_H !) ( H (a o ))exp[ trzé 2trZl DA
i=1 i<j=1
exp[tygilA D (é 9 ) ! % v‘ TR dA(n -1 n-l) (n’l)for n<p

R
1,2 /n

and 'l forzn(nm) (m+n'p) r (3) EPn-zn gy

Similarly, for n > p, it is easy to obtain the joint density function of
A:p x p, Al:(n-l) x (n-1) having random elements in first (p-1) columns, A and
Ea = dlag(al,...,ap) as

P
. '2(m+n-p) o, ! n-p N _ 1 ' LepsLan2p 1
(4.10) cq lA A ( gl cyt) (1<? l( 170 ))expr trZé Lo FtrE,TAD A']

0 -1 n-1,p-1 n,l
exp(tr? A(D Q)(O A,)Aig' -3ty T R,ﬂ’)dA§ 2P )QQ( > )for n>p
-1 _ (o3p(mm) o 2 1,117 s [B0yc |20
and ey’ = {2 Fp(gm) Fp(en)}{;zag !J]_ }

Now, the problem is to obtain the density function of the first column vector
of A(or él) and/or A. The general problem is extremely difficult and hence wve
consider below some particular cases,

Case 1. Let p =0. Let A;A, and (A or A.,D ) are independently distributed

val fv]-’
and their density functions are respectively given by

(n,1) (n-1,p-1) . (n-1,n-1) .
; <
qe s da, if n>p or di, if n<p

and if a? = 1., i=1,2,..., p or n,

(4.9Y) cglarzs A 1 |2(m+n'P)( ﬂlx )?(P‘n'l)(l<?“l(x AL ))expr--trzzl A -3ty "y

for ncp,A:pxn and D‘

= diag(xl,...,x ) and

(k.107) ‘A'Ale(m’““’P)( I, 1) 1 (-1 ) Jeal -borss e - 3

trE AD, A
i=1 * i<3=1 22 AR
for n > p, ﬁ:p X p and EA = diag(xl,...,hp) .
From (4.9'), we shall try to obtain the density function of the first column

- 52 = lva ]
vector of él' let él QE.A ), (u ) » 2 :2~ and R EZ
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-
Let us transform B = EQ2A3. Then the joint density function of B:p x (n-1), a

and Dh is given by

(h.12) gl F D) (0r0)20402) 5o (1 /(o) )pi BHR)( 1 yR(Eo-D)

"l
n
(u (h -k ))expl ~& b'b-—% 'Zb-—trB B«gtr B'ZED, ]
i<i=1 LV ~~L )
where D

~l = diag(;\29l3; L) 3}\n) .
For integration over B:p x (n-1), we require the following integral:
_ 1 -
(h.12) n(b,Nl) = J- Ip (VJ;P-bb'/(b‘b))BP(m-m P)exp[ -%trB'B-%trB’ZBDl}dB .

Introduce a random orthnogonal matrix H:(n-1) x (n-1) with measure dH(n-l’n-l),

~

use the transformation. B - BH and then integrate over H. This reduces (1.12) to

~s D ~
-4

) " .
)} %‘é;(“l'-jf B (1, -bb'/(b'b))B’Z(m”n'P)c (B'zB)e” strB = .
-

~-18
o

("ﬁ- 13 ) h:(g’P,l) = i B~

k=0

let us make the transformation B = ngbM where M:(n-l) x (n-1) is a random ortho-

gonal matrix, 5 + O’~R§ = diag(él,...,én_l) and Elzp x (n-1) has random elements
* v . : .y

such tnat 51 L = ~n -1° Let E,p X p be a complete orthogonal matrix due to El'
Then the jacobian of the transformation is

1 .

3(n-1) (p+n-l) - . -

i dL(p,n l)dM(n 1,n- l)( H |6 l)p n+l
N1 ~
(=) i=1

n-l

( u (52-52)) )
i<j=1

IBLD M) =
n l(2 n=1

- e .
Use the transformation 6, = w1 = 1,2,...,0=1 and Pw = dlag(wl,...,mn_l). Using

this in (b.13) we get

. n%(n-l)(wn-l) o v c20) =
(L.1h) n(b»,,,l) = n-l, L LE C (I 5 j I "
Th- l<2 )Fn l( > k=0 K o B

1 ? (m"'n"P) (P:n l)
1-bLLbb'b2 I ¢, (L!ZL.D ) -3trD dL dap_ .
L ,Lib/b o] (1<3 l(w -0 ))Cy (L12L, D, Jexp(-3trD, ) 0
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For tne integration over p_ , We introduce a random orthnogonal matrix

Hz (n-1) x (n-1) with normalized measure dH(n-l’n-l). Let us transform I by
H O ~

- L( ) and then integrating over H and then D , we can write (L.1L4) as

~ ~ 9 Ip-n+l ~ ~A
® m+n

. zz(n"l)(m"'n)-;z(n -1)p -~ T l( »K)e (-gl)
R n(b

k=0 K

. Limine -

Let us write

: 1
(4.16) ny(o,6) = [ [o7(1-L,13)012 PPl (pan jar(Ponet)
1 IO(P) ~ i~ AL K oo/ o

Transform 7\1/)\ = 2,3,...,n in (4.11) and tnen integrate over A

1™ Yi.10 t

and yl""’yn-l' This gives us the density function of a for n<p as

~

: L . —-b'b (m+n) (3-1
(o) eg o (1) (Epn‘tkhl)(b'Zb)?pm L &, 0y (86
k=0 K z 'K
where
1 L(po1) e
eg = T(on)r, _, (B2, (BRy(ae(mmlpa(e 1,)1"(51'122)1*(-3)1*n )

m+n-p -1y in -%
and hl(E;n) is defined in (L.16).
Similarly, the density function of a for n >p can be given by

o

&), (555,

| - K -$b -
(1.18) cg . (-1) ke apne )(b,Zb)ZI>n+ i T, ny(b,k)
k—O K 2 K
where
€9 = 3pn l( P -\ il W R ) 5/ pa1\2P '.~l SR

and
(%.19)  ny(b,k) = {o( )[Ef(EiﬁlﬁilE]%(m*n'p)CmQEfEEl)QE(P’P'l)» L:p x (p-1)
P

and K = {k ,...,kp_l} .
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Case 2, Let + 0 and the rank of u be one, The density function of L is

~s

extremely difficult and hence we try to obtain the density function of a. For
tnis purpose, we integrate from (4.19) and (4.10) A, and A and transform c./i =N\
i=1,2,,4., P or n. Then, the joint density function of ﬁl:p xn and

D, = diag(hl;...,)\n) for n<p 1is given by

~A
+n-p)y, 13(p-n-1) q ~pared
(4.20)  cglarssia 12(”1 In, 12 (1 (\ohg))exl -¥brs; A Al -Htrny A D, A
614172 1<ie1 AR A D AL
[=~)
-1 - -1 -1 .k
NI O P A S WYy
1:-0

and the joint density function of A:p xp and D, = diag(kl,...,xp) for n > p

is given by

(4.21) c7}A'A%?(m+n P){D}\?(n“"l}( T (A -, Jexpl -4 AA' _trgilAD}A' —;-trgllﬂ

i<j=1

Yo @t

k=0

Etr(%ﬁi .,A'El w )3

1 n
=2 T2, 1
I and mTe Ty

~ First of all, we consider n < p. Let us write

i
2

&JL?)]H

Case gl) Let us.write 2Z

4 = =x f"' where x:p x 1 dis

a vect_orY. Note that Z ] l
L1 1
.. = .2, y i = .2 i i
f:f(f, 5‘3), b = 2722, Using the transformation B = I, é3 and then integrating
over B, we get the joint density function of a and D)\= diag(hl,D ),

D .= diag(hy>etes),) as

o~

(h22)  cgls, P(n Dip (3l s Hxtxnm)] T ()3 a(, DK
' 1<J"l k"
for n <p )
where
(8.23) n(b,d,k) [ *<~.)(b > g o )0, ( ,> 2"

expf-%trBB'-- Stra! (b B)D ('“,) ~l]éua .

~
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Hence

(h.24)  ng(b,D,) = Z o" n(b,D, k) -J |( )(B E)l%(mm-p)
k=0 ~
exp[ "'%tr’]}g' -'é-trQ.(e )E Rﬁ']dﬁ expl - %LE:Q( 5 )E]

where Q(8) = El(IP-%e x x')Z!. Employing the technique used in case 1 of tnis

~ N

section and integrating over Dh’ we get the density function of a as

w

(.25)  expl-3trslup'-do'o] {(g)k}'l g (k,b) for n<p,
k=0

where gi(k’b) is the coefficient of 65 in the expansion of

o5 hpnt] - (59,5
(+.26) g,(8.p) =c Z (_l)J(zpan-l)(Ew)zpnﬂ ). T n, (0,%,8) ,
j=0 ~ J ("2""‘)J '

(5.27) 0 (b,%,8) = |  [b'(I-L L')bj%(mm'P)C, (1ia(9)L, )dL(p’n U1 px (n-1)
12 JO(p)” Sl b R Ly Sk

and Q(8) = 51[1——6 X x"‘ﬁ

Similarly, the density function of a for n>p is given by

~

o ny -1
(L.28) exp(--trgl b —2bb ) L {(-2-)1{} 82(‘15:3) J
k=0 :

where ga(k,b) is the coefficient of ek in the expansion of

z (B (5
(LL.ZQ) ga(e:b) = °9 \L( l)J(an"'J"l)(__'_Q_(e_ys) Pn+J Z (n+p+l) J nz(b:xse) s
J=0 J 2 g ~

L}

1
(4:30)  my(0,x,0) = [ [0'(2-5 1012 Pl (uta(odn )ar® P 1 1p x (2-1) ana

“o(p) v ¥ ~

[1 -390 x x"]

Q(e) AR

Case giiz. In the above case, we have assumed that u is fixed. Now suppose that

~

w=05Y, 7:p x q is fixed having its rank equal to one, and the density function
~N A . )

~

of yy':q x q is given by
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1 - _l)
(4.31) lr(an )%, }'l'm T expl -3ro (W] a(m') .

Then for n < p, the joint density function of A, and D}\ is obtained from

(4.20) by integrating over YY'. This gives us the density function of .‘i“,l and

D, as
Nl\n
(%.32) °6|Eq+§3ﬁ'§il;’3,l § A la(m"'n'P)!D lz(P‘n-l)( <l'! ](-h -)& ))
i<j=
expl -3trs5 B AT exp(-trs A DA )Z ), @,

k=0

2 l 2
3trT) %A\ D AT By i

where yy'! = 23(2 +B' G) B'Z 3 , because 3 is of rank one, Similarly for
n>p, the joint density function of A and D, is given by
-in

L (mtne i P -
RTUNE e 12(n p-1)( gl (47 3))expl -Btrs;an ]

(]

n
-1 1 ~1 -1 -2 k
expl 0B DA ) (), k! (), ) hter A AT vy}

k=0

L
Where yy' =§lag(z +B'2 J fg'z 3 .

o~~~

Note that the method for obtaining the density function of a is the same as

~

that of case (i). Hence, we write down the density function of a as

~s

1 [=-]

2N ! ny ;-1
(h3h)  (-yy')  texp(-278) ) () (@)1 e5(kb) for ncp

k=0
vhere g3(k,b) is the coefficient of ek in the expansion of g3(6,b) wnich is
L

the same as gl(e,R) after replacing Q(0) by ﬁ(gp-ehyz')ﬁ L ¥ - ?,”28 a,
wnile for n >3

[=2]
-in

, L . n - -
(#:35)  Qyy) "t em-n) ) (U@ I g kp). b =57 s,
k=0

[

1
vhere gh(k,b) is the coefficient of ©° in the expansion of gu(e,b) which is

the same as gz(e,b) after replacing Q(6) by E]_(Ip-e y’y')Z]‘_ .
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Case 3. Let 5= = (say) and yu is fixed and of rank one,

Here we shall try to obtain the density function of A from (4.9) and (4.10)
. . 2 : -3 2,%
Let n < p. Using the transformation of = A,,i = 1,2,...,n, p 351(Ef2a)2 - Ay
and then integrating over Al,
Al:(n-l) x (n-1) and A:n xn as

we get the joint density function of D,
o~/

(4.36)  olD, (p-n- l)'1+1> |-z(m+n)( (A -1y))exp(- trg‘l&')z @3
i<j=1 k=0

e Y o ]

() {tr%[PA(,Ijg\)'l(é %i)g'g;'z’ ;m((l) - )]} dA(n'l n-1)g, (8,1)

1 -
wnere ¢ = i r, (), B, (Br, (F5R)]
Integrating with respect to Dk and Al, we get the density function of A as

(4.37) exp(-3rzpp") ) (B ED), gs(k,g)%(n’lj
k_

where gS(k,A) is the coefficient of 5° in tne expansion of

(4.38)  g5(6,8) = epg I j IT +Dx|2(m+n) (o (h--h-)}
)~ 14

(n-1,n-1)
st @

Iet us write (I +D ) dlag(ul,...,w ), and if A= (6 ,4,), then

N “1-1,1Q y,y gl 10| .

(LD, 7) (g AJ'_),V‘H,’E 12400 92) = of + G MRS

C 851
[ o R '1

where $ = _ETE'_?‘.]:. » R= %.ééﬂ,’.\. 1{2.2 and ﬂl = diag ((')2,...,e)n7. Fivon:

(4.38) can be written as

5 1),
(4.39)  g5(0,4) = 1oX I | 2(o-n- 1)11 1| B (mep- (1<1;_l(ul-w ) Yexp[ 6o, B+

~ ~l fan)

etrWlAlRAl]dA(n ~Lo- l)dyl = e Z ZC (eR) {kic, (T, l)]-l
=0 K

j TR P Lty p-1)¢ q (-0, (1 Jexo (0w B, .
i<j=1

~
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Meking the transformation c)i/c)l =y;_q for i=1,2,...,n-1 and letting
X = diag(yl,...,yn_l), we get (L4.39) as

(o]

(5:40)  g5(0.8) = c10 ), ), ). 2 ), 8o (R a kg e (L, 1)1
k=0 K j=0O i=0

. . -p+l -1 -1 +2
I (Fpni+kd N () o = )rn NN

mpn-p+l . N L%, 1
r—= +i+kt+j ) 1 > 1.Ia(n-l) rn-l(n+22+l )

’n (In—l) J

vnere I bn €,J n(X) = CK(X)C (X), [6] . sSimilarly wnen n >p, the density func-
M

tion of A can be given in the same way, but we are not giving this explicitly here.

5. Testing of nypotnetical principal vectors of El in the field of ~22. Let

120 ,br are hypotnetical principal vectors of 21 in the field

us suppose that b

of E?. i.e.
Elb -)\Eegl for 1i=12,..., r,
vhere )\i'_s are r of the characteristic roots of Elzél Let
B = (Rl,...,gr):p xr {(r<p) be of rank r and Byip X (p-r) be a completion
- - 3 ] * - 4
of B, such that B = (El)Ba).p x p is nonsingular and BiB, = 0. Thnen, ve
can write
D DA
t - ~0 “')\"‘3 ] ~3 . . .
(5.1) B'LB = (,%;'}Ex A ), B'LB = (~ "2) if ; are all distinct,

where D,:r X r, szr Xxr and D.:r xr are diagonal matrices with positive

~
diagonal elements such tnat o, /’n N> 1= 1,200, éé:(p-r) x (p~r) for
J = 1,2 are symmetric positive definite matrices and A3:r x (p-r).

Now, let us consider the joint density function of El:p X p and §2:p xp

be given by . 1( 1)
1 1 - -l) 5 \)2-1)-
(5.2)  {leg; l Evar o3V T (—'\’2)}-1! '2(\)1 ’ !‘f?“
etr(-3577s, -35578,) -
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We note that Hy(%, = 5,) eagainst H (g $ I,) can be tested by the statistic

(5.3) A= 5 .

Suppose the structure of EJ_ and ;2 be given by (5.1). Under this structure,

the joint density function of

Yiin Y12 v 1 T &
V =B'S.B= (., ). and W=3B'SB-= ( oo )
~ Vie Yoo pur ~T Wio Moo’ par
ro p-r : Yo Py

is given by

%\’l - é"a '21'\’2 - %”1 1 1
(5.4) (1221 “ata,-at D71 Zlanyl” ¥ l2(a; A, pan A |t Ty Gy I ()T

~

D -1 -1

SIS

#(vy-p-1)  &(v,-p-1) ~0 Ehﬁai . )
vl wl etr[-% D A V-3 AL A W .

Noting the distributions of (5.2) and (5.4), H} = HO,1(£3= Q)mo,2(£l= A5)

against H} 4 H) can be tested by the statistic

W0 !

(5.5) A, =
2 1y * ¥ool

in the same way as (5.3) is defined. Suppose that the nypothetical vector Ri's

are given i.e. El is piven. They, we shal¥ write A2 in terms of -1?-1 as under:
(5.6) Ay =7 '§2!T (§i§é¥§1)i
15 5! Lgi(§1f§2)-%§1‘
because
S llp-rfﬂéézee‘ = !pr22(§é§222)-%2é§l‘

| -1 \-1.,-1
I8 80 R (B8 B)) T BiS 18y

-1 - - - -1
18,17 88, | 10,80 450) B (RIS B VRIS |

538,07

%
B, (818,

-1 ra-l -
AT LBIS, S, (8;48,) ‘2

A Blss BN 1Bl (85858, (8148,) 1B |

A MEis ) B8, TRy
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In the above proof we have used the following resultis:
(5.7) T+xyl = l1+xX
and
(5:8) BB, B - % (3%B) B i BB =Q -
The result (5.8) is proved by Knatri [U4], while (5.7) is well known. Hence,

noting (5.6) and (5.3), we get

(5.9) A= A Ay
Wwhere v
(5.10) A= B3(808) B | / NBisSTED

- -1
1 W4T e t -V !
Ly El?ﬂQéﬂlE) /181400 = (8 079 0) Wty 1) ™ (W 50,50 |

We may note that A, can be used for testing H"O'(xi =1,i = 1,2,...,r) (i.e. ch.

1
roots li corresponding to hypothetical vector Ri in )35121 = 1 for i=1,2,...,r)
against Hj(at least one A\, $ 1) when B (ﬁ3= Q) is given. It can be shown
2 — 1 — s s -
that under HOJ.('{B- Q) and Hj ()‘i =1,i = 1,2,...,r), A, and A, are indepen
dently distributed and the distribution of Al is similar to that of A , under

1
Ho(or A, urer HO).

For the proof of the above result, let us put D,=Dp=D (say) in (5.k4) and

d

let us hse the transformation:

B R B Ho N
,Y.*'E:E:(R' R ) .Ill,"'(H' )=.'£' WE
Rio R Hio Hop
In 2
vhere T'T =R and T = (T p ) is a lower triangular matrix. Then
Wam = TX T T Ty = Vast W and if H,.-H. HooH! =H(l) then EH(l)‘ = A
Moo = Toolloolons TooTop = Voot Woos Hy-Hiolootin = Hyy %> iyt < Ay

1 .
Using the jacobian of tne transformation lR!z(P"'l) in{5.4) we get tne joint density

function of R and H under Ha as

. s + - "l 1 —pel 1 ool
(5.11) C‘B!Z(\’l V2P )!HIE(\)Q D )‘,I,'E!z(vlp )

— etr("—%?:lzll)
et (-347 Rop=3(85 A7 ) TaofinsTon)
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wnere ¢ is the constant term of the density given in (5.#).
Now, we note that
) 1)
5l = ! O e emleln ! LD 1S ey
; (1) (1) -1 -1.% . .
vhere H)y’ = H,- H lzl;lzéla and G = (I-H 12[522+(5-§22) }2 . Using tne

above transformations and their jacobian in (5.11), we see that E&i), G and

(H,5,R) are independently distributed. Note that !Eéi)§ = and [Hy,! = A,

A
and hence Al and A2 are independently distributed. The density function of

Hii) is given by
r
(5.12) {H-r(r-l)/h n v +v2-p+r-1+l)/

i=1

arel) ot
ri(v -P+r-1+l)Fa(v2-1+l)}| (1)2(vpor-1) nr'Eéi)l%(Vl pir-r-1)

Hence, the dlstrlbutlonofAl under Hj

changing the parameters p, v, and v, to r, vy-pir and v respectively.
1 2 1 2

is the same as that of A wunder Ho by

We note that the hypothesis Hé is the intersection of the three hypotheses,
namely, oj(b Doseve,b ) are the true principal vectors of I, in the field
of 22), H o1 all the ortnogonal vectors to the vector space generated by
(bl,...,b ) 1ie in the vector space generated by the ch. vectors due to ch. roots
other than i, i = 1,2,...,r) and Hoé(tne ch, roots of 22211, other than
Aesi o= 1,2,.04,r, are equal to unity). Thus, A, is an appropriate over-all

1

test for H

oL’ HO2 and H

03 °
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