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1., Introduction

The time dependence of a queue in which priorities are based on the
ranking of the service times of the waiting customers is difficult to study.
The reason for this is the complete breakdown of Markovian features, even in
the MIGIl gueue. In this paper we propose a priority rule which is of some
practical interest and may be studied rigorously.

We first recall a branching process description of the MIGIl gueue sug-
gested by Kendall [3] and investigated by Neuts [5]. Suppose that at time
t = 0 there are i > 1 customers in the queue and that one of them is just
entering service at that time. These customers form the first generation and
their total service time is the lifetime of the first generation. Customers
arriving during the lifetime of the first generation, if any, make up the sec~
ond generation, with its lifetime and so on. If at the end of the first or a
subsequent generation's lifetime there are no customers in the queue, then
there is an idle period at the end of which a customer arrives who makes up the
first generation of a busy period.

It is clear.that the lifetime of a generation does not depend on the

order in which customers have been served during it. We will study the virtual
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wailtingtime <for the MIGIl queue under the assumption that within each genera-

tion customers are served in the order of shortest (or longest) service times

first. We will refer to this policy as the shortest processing time (SPT)
and the longest processing time (LPT) disciplines respectively and compare them
to the first come, first served discipline (FCFS).

It would be informative to make a numerical comparison between our results
and those obtained heuristically by Conway and Mexwell [2] and Phipps [7].

We will assume throughout that at time t = 0 there are 1 > 0 customers
in the queue and that the one with shortest service time enters service at that
T., T

time., A sequence of random variables T is defined as follows:

O, l, 23..‘
To =0 and Tn is the time instant in which all customers, if any,
present at Tn-l complete service. If there are no customers at Tn-l’ then

Tn is the instant in which the first customer who arrives after Tn com-

-1
pletes service. That is, Tn is the instant of service completion of n-th
generation, if the n-th generation is not empty. On the other hand, if the
n-th generation is empty then Tn is the instant of the service completion of
the first customer who initiates the first busy period after time Tn—l'

Let €(t) denote the gqueue léngth at time t + O and denote by OQ§?)(X)
the pfobability that in a branching process of the type described above the n-th
transition occurs before time x, that there are J customers present at the
time of the n-th transition and that the population has not become extinect be-

fore, given that there are i > 0 customers in the first generation.
That is,
n . .
o™ (x) = PlT <x, §(T)) = J, &(T,) + 0, v = L,...,n-1 | §(T,) = i}

oij

and



o) = 6, v60)

o} 13

where U(-) is the degenerate distribution.

2ﬁ The Vlrtual Waltlngtlme Process

Let us conS1der an M‘Gll queue wh1ch has a Poisson input with parameter

A and a continuous service time distribution function H(+) with finite mean

®. We denote by T(t,x) the waiting time of a virtual customer arriving at
time t whose service time is x > O where the M]Gll queue observes SPT dis-
cipline, and ﬁ(t,x) the corresponding virtual waiting time in an M|G|l queve

with ILPT discipline.

Denote
W, (8,x,y) = {0 <1 (t,%) < y| §(0) = 1}
W; (t,x,y) = PO <7 (8,%) <y, N(7,%) $0 for T e(0,8]{5(0) = 1}
Then,
y+t ® 0 - e

W, (,%,5) = j f }Z }; E: 2 ia) (u) e A (v-u) Ekg u)]
(W) (v) 8=0 371 v=0
v
V) ) (1-EG) 1 E T (gt o 518D (vew)
k=0

(m) (m)

where H(-) and H(:) are the m-fold convolutions of H(:) and H(-) res-

pectively; and H(-) is the truncated distribution of H(e) given by,
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T §7 if 0<Z<x

0O otherwise

The probabilistic argument for this is the following:

If the queue has never become empty in (0,t], let the last beginning
of the life of a generation occur between u and u + du and let there be
individuvals in that generation. Iet the end of the lifetime of that generation
be between v and v + dv (v >t). In the interval (u,v), v > O customers
arrive and they have priority over the virtual customer if and only if their
service time does not exceed x. If there are k such customers, 0 <k <v
then the distribution of their total service time is ﬁ(%g. The formula is
obtained by using the independence properties and by summing over all allowable
values of n, j, v, k, u and v.

Next we shall introduce the following transforms,

0
~ -s ~s
Wi(t,x,s) = Jo e~ %Y dyWi(t,x,y)

@
~ _'N
v (E,x,8) = j e S8 T (t,x,8) at
1 0 1

wi(t,x,s) = jw

-5
o e dy Wi(t,x,y)

[e=]
* -
W (€,%,8) = f e 5% w. (t,x,8) at
1 0 1

(>-]

h(s) = Io e™ ™ g H(y)

H(s) = }‘: e™Y a H(y)



- (n)
A - Io g a el ()

(=

oMz = Y (Mg

J=0
Now,

%g(t,xns) = 5t fz I: E: }E d Qgg)(u)be~(v—u){s+x H(x)[l:E(S)J}dVH(j)(v-u)

oij
(2) (v) 09T

and
%: (g,x,8) = E%E E: ES Oq£§)(§) {hj[s+h H(x)(l—ﬁ(s))]
n=0 j=1 .
- hres H(x)(1-B(s)) ]t
- ¥ M - oMz
n=0
where

Z = hf{s+)\ H(x) [1-h(s)]}

Z'= h{g+\ H(x) [1-B(s)7}
By a standard renewal argument we get

~ t ~
W (6,5,5) = W, (6,%,) + IO Wy (6-,3,) a1 (1) + P {N(t,x) = 0|§(0) = 1}



Ml(-) is the renewal function of the general renewal process formed by the

begimnings of busy periods. We have:

ml(g) =J e-gt ‘-:Ml(t) = E+A-AY (5

co
= A j e_gt P{ﬂ(t,x) = 0|E(0) = i} at
0]
from the classical theory of the M|G|1 queue. VY(E) is the Laplace-Stieltjes
transform of the distribution of the busy period.

Upon taking transforms, we find:

o]

W (8x,8) = e ) Lal?(s,2) - o™ (8,20

n=0
Py gy Ll - oMieann

n=0

3. The Asymptotic Behaviour of the Virtual Waitingtime Process.

The existence of a limiting distribution as t ™ © may be demonstrated
by applying general properties of the imbedded semi-Markov process discussed

in [5]. A limiting distribution

W{x,y) = 1im W, (t,x,¥y)
-t - 0 i
exists if and only if 1 - Ao > 0, otherwise this limit is zero for all x
and y.
1f w°(x,s) denotes the Laplace-Stieltjes transform of W(x,y), then

we obtain:



wo(x,s) = Lim § w (ng s)
g€~ O+ |

oo

(1-M) {l-% L (n)(o z) - (n)(o z)]} if 1 - > 0.
n=0

1l

]

0 otherwise

wWhere

7 = his + A H(x) [llﬁ(s)]}
Z = n{r H(x) [1-n(s)1}
o = Io u dH(u)

Tt can be easily verified that w (x,0) =1, 4if 1 - Ae >0
To find the moments of this limiting distribution we shall introduce

the following functions.
ho(gnz) =

n+l(gz)_h[§+uh(§z)] n>0

Then it is easily seen from the appendix that

o]

(1 - Aa) {1-?81 z [hn(O,Z) - hn(O,g)]}

=0

wo(x,s)

It

¥ (x,s)

S

N
(1 - ) {12 /L
n=0



where
¥ (x,8) = n [0, 2(x,5)] - 1 [0, 2(x,s)]

Analogous to the arguments given in Neuts [5] (Lemma 4), it can be shown that

the series

), [n,(0,2) - 1 (0,0)]
=1

is dominated by the series

[«e] [ee]
n n
' Z [l-hn(o,o)]< z Ao
n=1 n=1
Ao

=m it l—>\Ol>O

[o] [oe]

Hence the series T Yn(x,s) is dominated by a convergent series 2 I AR M
n=1 n=1

if 1 - Ax >0 . By applying Lebesgue dominated convergence theorem, term by

term differentiation gives

T s ¥(s,x) - ¥ (s,%)
) 0 ) )
ow lns) - i) ) B -
S

n=0

2 Wng S>]s=0 _ A %-xa) z ¥ (x,0)

n=0

where the number of primes denotes the number of derivatives taken in succession
with respect to s.

Let us denote,

B = f 2 4 H{u)
0



Y = I w3 d H(w)

o = JX u 4 H(u)

* %

o0
B = J u” a H(u) and
X Yo

Y, = IX @ a H(u)

Then we get the following recurrence relations:

oh_(0,z)
Where the notation used is -—E~3;—-]Z=l = hﬂ (0,1) etc. Starting with

hn+l(0,z) = h[x-xhn(o,z)], n>0
h',1(0,1) = -A h*(o) h!(0,1)

n' (0,1) = A° h"(o)[hr'l(o,l)]2 - A h'(o) n'(0,1)

n+1l

i

o (0,1) = A3 n™ (o) [nt(0,1)1% + 33%" (o) n!(0,1) n(0,1)

+ Ao hg'(o,l)

Further simplification gives:

n' _(0,1)

t
el Ao hn(O,l)

]

(ka)n+l: n z 0

o

hé(osl) =
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2 2 '
by, 1(0,1) = BA"(Ae) R VY h!(0,1)

- Ka)n - ka)2n+l
= BA [ig, l-£a 1 , n>o0

hg(o,l) =0

(xa)Zn-l_(Aa)3n-l
1-Aw ]

B (0,1)= W3 (h)3 + 3(%8)7(
+ Ao hg’(o,l), n>o0
By (0,1) = 0

From these recurrence relations the following guantities may be obtained.

<@

Lm0 = g

=0

- 2
Y, ni(0,1) = —2

o (1-h) (1-4%°)

[++]

3 245
Lo (0,1) = g [+ A2

]
12303 (14%P) (1-4303)

n=0
Also we may obtain,
g—é]s=o = - (1+ )
g;§]s=o = -h ooy
EE&] =83 (1+hax)2 + A o Bx
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: sg]S*O = -y(1 + ?\cvx)?’ - 3\B Bx(l + A ozx) -\ Y,

d s 3] =0 = =Y (}\ax)3 - 3% By O ~ MYy

Ylil(x’o) h"(O 1) [( )2 ( )2] + h;l(opl) ['%zé - gi—g—]s;o for n=>0

o (x,0) = w2 (0,) 1323 - G531 + (0, 1)L a; & z-j—zz
+1!(0,1) [2—2—2— - Zﬁ-] for n >0

We may use the above calculations to obtain,

> B(1L + 2\ )
z YH(X:O) = )\}2‘—' )
n=0 (l—)\Q’)(l- o )
and
T Vs (X O) - -1 {3)\8 B +
n[:o n (1-ha) (l_)\2a2) x

\2:2) [y (1-2%2) + 30h 32]}

+(l+37\afx+3 T

Let us denote by T (»,x) the limiting value of T(t,x) as t = ©. Then the

first two moments of Tl (®,x) are given by,
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(o]
E B(mpx) = v XBS)]S=

s 0

)\-gl—XCZ 31
= ) ) z Yn(X,O)
n=0
A B(1+2he )

s=0

2 0
E BZ(wjx) = .a_—v;._é.}&.s_)]
S

")\g ad tt
= 12)\01) z ¥y (x0)

n=0
-t 22 .. 22
B )\2 5 {308 8+ (143he, +3%e] Ly (12" %+§ax o}
2(1-1"e7) X x % —

L. Iongest Processing Time (LPT) Discipline

In the case of
longest processing time discipline, within each generstion the customers are
ordered according to their length of service times with highest priority going
to the customer with longest demanded service time. The virtual waitingtime
process of the present case can be treated as in the case of SPT discipline. As
we have denoted, ﬁ(t,x) is the virtual waitingtime of a customer arriving at
time t whose service time is x > 0, in an M|G|l queuve with LPT disciplipe.
The laplace-Stieltjes transform of the limiting distribution of T(t,x) can be

obtained as
[ee]

ae) (-5 ), [P0 - @fVODN e 1w>0
=0
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where,

‘m3
[l

n{sl1 - 75(x)] (1 - B(=)1}

nfal - 5(x)] 1 - w(s)l} .

2
It

And the first moment is observed to be

A B(1 + 2h ai)

E -ﬁ(m,x) =
2(1-1%%)
where,
" (=2}
o = JX ud H(u)
=Q - .
x

Similar expression can be obtained for the second moment.

5. Comparison of the SPT, LPT and FCFS disciplines.

Let us denote by TM(t) the virtual waiting time of a customer arriving
at time t in an M|G|1 queue with FCFS discipline and let T(®) be the

corresponding limiting value. Then it is known that

BN < ey -

Hence we observe an interesting relationship among E T (»,x), E N (®,x)

and E N(®), namely
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E N(=,x) +E N(=,x)
E (=) = .

Also, E N(=,x) <EN(®)<EMN(=x) iff o <3.
Again E T(®,X) and E ﬁ(w,x) are random variables with respect to X which
has a distribution function H(+). If we denote by EX the expectation with

respect to the random variable X, then

2]

[ ® (=) a )
0

]

B, B 1(=X)

i

AR ”
m [1+2\a - 22 jo u H(u) 4 H(u)]

and

EXET]( ,X) = m [l+2)\ IO u H(u) 4 H(u)] .

1-e ¥ then

]

In particular if we take H(x)

p_(2+p)

25 (1-6%)

Ex E -ﬁ(w,x) = _ﬂgiip_l

2 (1-p°)

E, B 1(=X)

P

E M(=) =m

where P is the traffic intensity % . Hence it is easily seen that in the

case of an M‘Mll queue,

E_EN(=X) <EMN®) <E E Ne,x) .
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Appendix

For an easy reading of the text we may state and prove the following theorem

which is essentially given in Neuts £51.

Theorem
a{™(g,2) n21, 1> 0

It hn(g,z), n 2 O are the sequence of functions and o

are the transforms, defined in the text then they satisfy the following relation:

(n) _ i i
4; (8z) =n(gz2) -n ,(£0), n21 .

Proof

By definition,

oQgﬁ)(X) = P{Tl <x, g(Tl) =3 g(TO) = i}

[ ety 002 grlt)gy)
0 3

and
(D _ T - (1)
iy (&) = [ e a0
_ Im e'(x+§)y (XY)j dH(i)(y)
0 3!
Hence

Oqgl)(g)z) =

ni(E + ) - Az)

]

= hi(gJZ) .



16
It can be easily verified that the transforms Oqgg)(g) satisfy the Chapman-

Kolmogorov type of equations:

) = ¥ W) ey, nxn

o 1 o iv 0V
v=1
Therefore
J(m41) .
n+l B (n+l)
o34 (8,2) = Ez o ij () =°

J=0

T o™ (g) n(grn)

i o iv
v=1

Oqgn)tg,h(§+x—xz)] - Oqgn)(g,o)

Oqgn)[é,hl(g,Z)] - Oqgn)(g,o) , n>1

Succesgive substitution yields

agn (5,27 = P Higuignan (521 - " M(g,0)
- (n l)[g,hg(g,Z)] <rl'l)(is’,o)
and
oq§“)(§,o) - o™ l)[g,n (8,0)1 - (“'1)(§,0) .
Now

0" (g,2) = o Pigny(g,2)1 - ol Vg (5,01

Ol ¢}



Proceeding like this one

(1) (g 5)

071

gets

= oqgl)tg,hn(g,z>] - Oq§l)[§,hn_l(€,0)1

n'{g#-An_(§,2)] - h'[§A-An__(€,0)]

_ 1 i
=h ,.(§2) -n(g0), n>1

Q.E.D.
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