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1. 1Introduction and Summery. -Iet él and éQ

positive definite and having a Wishart distribution (2], [19],

be two symmetric matrices of

order p, é&’

with f, degrees of freedom and ﬁ2, at least positive semi-definite and

1
having a non-central (linear) Wishart distribution [1], [3], [8]1, [19], [20]

with f2 degrees of freedom. Now let
— 1 A
A = XY C

where Y is px f2 and C 1is a lower triangular matrix such that

Now consider the s(= minimum (fZ’P)) non-zero characteristic roots of the
matrix Y Y'. It can be shown that the density function of the characteristic

roots of Y Y' for f2 < p can be obtained from that of the characteristic

roots of Y Y' for fz > p if in the latter case the following changes are

made [9], [19] .

(l°l) (f s Tos P) - (f +f,-p, p, F )
1’ 2 1 2 2

: (S) = - 1yl . v -1 ‘
Now define U;”’ = tri(gp YY') -p= tri(If Y'y) oo~ f,, vhere tr.A

~ o~ ~2 ~ o~

denotes the ith elementary symmetric function (esf) of the characteristic roots
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2

of A. In view of (1.1) we only consider U§s) wvhen s =7p i.e, ng) based

on the density function [14] of ’E = E‘E’ for fé > p. Now define V§p) = triE
and further U = (I - EE')‘l-’ p. Khatri and Pillai [13] have obtained some
results towards finding the moments of U§p) and v§p) and in this paper
an attempt is made to give general expressions of the first three moments of
U§P) and the first two moments of Vgp). FPurther, the moments of the second

esf of & matrix in the non-central means case (James [6]) have been consid-

ered and tabulation of certain constants made which arose in this context.

2. Results on the ith esf of the roots of a matrix. The lemma below is proved

by Khatrl and Pillai [13] and is used to obtain the results of section 3.

: ‘
. Let L"(:ll~ )l
Lemma; Le - L,y p-1 be a symmetric matrix of order p,
1 p-1
. - t - P PR
Loo = Iy; f,& / 211, Ep-l Ly be positive definite and
1 1
-— - -—2‘ - E - - -l-
u = (Ep'-l 522) ﬁ/ {zll(l zll)} . Further let U (Ep E‘,) gp and
-1
1 (G ) Ly o e

-1
= - - ¢
tr.U = £y, {(21-£, ) (1-utu)}™ tr, M+ tr, M

i-1
+ (1w 3)-1 Z (-1)7 w (e ?ﬂﬁl) u (tr; 5 M) for i<p

3=0

. -1 .
= Lll{(l-zll)(ligﬂz)} l%l for i=p.



Notice that the distributions of £,,, u and L,, are available in [11, 12]

except that the non-~centrality parameter, which is involved in the density of

211 above, Will be denoted here by XA 1in place of 2k2 given there,.

f

3. Moments of tr.U . Let U, be a H matrix when A = 0, 1let Ell be

,0

the top left corner element of L . (L matrix where A\ = 0) and let

(3.1) vy = E<l’E'E)-l[Eull/(l‘zll)} - Blay; o/ (-2 I =M/ (a-1))
= {2(f2+2)k + xz}/{(a-l)(a-3)}J
(3:3)  yy = B(-w'w)S[B(a, /(1,01 B2y of (1-2y o)1)
} e 2 2310 (aut)(amd) (an
= {3(f2+2)(f2+h)h + 3(f2+h)h + A7}/ {(a=1)(a=3)( 5)%)
and
(34w, = 5@t ale, /(@ 1Y - Bl /Gty 0T

{U(£,42) (£,40) (£460n + 6(f2+h)(f2+6)k2 + h(f2+6)h3 +al

]

/{(a=1)(a-3)(a-5)(a-T7)}

where a = fl- P



Now let
i-1
_ _ - J TR -1 H J j+1
By =try M and oy = tr,M+ Z (-1 (wrw) Tt e W by ) M
j=0
Then

(3.5) E[trig] = E[trigo] + ¥,E Bi)

2 2 2
(3.6) E[triE] E[triEO] + y,E BL + 2y B By o ,

2
(3.7)  E(tr,ul® = B[, U T+ v, 87 + 3v,8 B oy+ WE B, aﬁJ

and

2
(3.8) E[triE]u = E[trigb]h+ ¥,E 52 + Hy3E B? o+ 6y2E B? a; + hylE B; ag

In order to evaluate the right sides of (3.5) - (3.8), it appears that
general results are obtainable in terms of functions of esf's of latent roots

of M. Hence we suggest the following general form for E Bi ai
1 .
(3.9) EB, o =377 E[tri_lg{(p-l)tri_ﬁﬂ + (a+1-1)trdg}] .

The above result as well as others in this section and the next have been
suggested by computing special cases for i = 1,2,3,4 and further checking the
result for i = 5.

Similarly

2

(3.10) E B o = -;f—:L- E[(tri_ﬂ)z{ (p-i)‘cri__l'l\g + (a+i-1)trL1\3}] s



and

(3.11) EB, af = Tg:1§75:§7 E[tri_lg{(p-i)(p-i+2)(tri_l§)2

+ 2[ (a+i-3)(p-i)+2] tr, M tr,M o+ (a+i-3)(a+i-l)(tri¥)2

1o
i-1 2i-k
+ Z z akjtrkl\il‘ trjg}] >

k=0 j=2i-2-k

where

0 if j-k <1

akj = -2(j-k) if j-k > 1 and j-k is even

h(j-k) if j-k>1 and j-k is odd

Now noting that E[trigb], E[trigb]z and E[trigb]3 are available in
Pillai [15, 16], wusing (3.9) - (3.11) in (3.5) - (3.7) and the fact that
E Bg = E(tri_l'l\‘/l’)j, we can obtain the first three moments of Uftp): tri{(’{-'l‘.’)_l—i}
(vhich are suggested based on computations for i = 1,2,3,11&,5). Expected wvalues
of functions of triﬁ can be obtained in individual cases by use of zonal poly-

nomials [7] or by Pillai's lemma on multiplication of a basic Vandermonde

determinant by monomials of esf's [15].

Y, Moments of triL. Khatri and Pillai have shown [13] that

(4.1) E[trig] = E[triEo] + x;E Bl(i))



(4.2)  E[tr,L] Bltr;0 )% - xp Bi(i)+ 2B gy Bl(i))

3 3 2
Eltr, L) + %37 (1)" 3%E Byriyi(a)t 3*E Py

#

3
(4.3) E[trigj ))

and

()-l-.}-l») E[tri,E]h = E[tri,I:O]h_ XL'_B)I(I )'*' hx3Bl(i)Q’l(i)_ 6X2B§(i)a§_(i)

3
+ by Bi(1) O‘1(i)J

vhere X, X, X35 K> O (55 Bl(i) and ’Eo are defined in [13] and are
functions similar to yi's, ai’s and Bi‘s in the preceding section.

Using the results of section 2 of [12] gives

(4.5) B0 (5)] = ?1;1 B[ (a+1) tr, Lo+ i trLypl

where a = fl- P and troégg = 1

Similarly

(4.6) By 5y] = 5 B (a+21)br,_ Tppte Ly +awd ) (62, Tpp) #i (62, L,)°]
- 1



(4.7) E[Bi(i)] = -f??iﬁj il (a+1)(ari42) (b7, _ Iy )?

+ [2i(a+i+l) + 2(i-2)]tri_ Ly tr.L

15205 Do
i-1 2i-k
. /- 2 .
+ 1(1+2)(triQ22) - E; §: akdtrkgeetrj£22] R

k=0 j=Ri-2-k

where

0 if -k <1
By = 2(j-k) if j-k > 1 and even
4(j-k) 4if J-k > 1 and odd

Now noting that E[trigo] and E[trigolz are available in Pillai [15,16] and
using the above results, we can obtain the first two moments of V§p) = triL

((k.5) - (4.7) being suggested based on computations for i = 1,2,3,4 and 5).

Further expected values of functions of trig

oo CaN be obtained by methods

suggested at the end of the preceeding section.

5. Moments of the second esf of a matrix. Let X be a p x f matrix variate

(p < £) whose columns are independently normally distributed with E(X) = M

and covariance matrix % . Let Wl,...,

‘5“5' -w §| = 0, then the distribution of W = diag (Wi) is given by

w? be the characteristic roots of

James [6], (7]

1 1
-2trld LU TP
(5.1) e K(p,£) Ko e WwEEP 0 o)

O<w, < ,.. <wW <=
1- - P



where

(5.2) K(p,f) = H_P / {22P (éf) r (zp)} ,

Q = diag (wi) where ,,1 =1,..., p are the characteristic roots of
M M' -w El =0 oFl is the hypergeometric function of matrix argument
is the multivariate gamma function defined in [7]

(James [7]) and T (-)
L Then from Gupta [5] we

Now define Wép) as the second esf in ~wl,... Ewb'
have
3_ 17 1 57 3
(5-3) Erw(p)] = L 8L
2 [an (3 ) * 15 Lze1)t 320 T (2 2y o b (31 ) (2 )
9 27
+ L + L
L
W ety B TR
where Ik represents %Z(-éﬂ), which is the generalized Laguerre polynomial
of the form (47, [7]
¢, (-3)
(-4 = (v + - H012)) 0 (D) Z > (-1)" [(W@ﬂ)) R
n=0 v Vi~
(g) using

Pillai and Gupta [18] have evaluated the first two moments of W

coefficients for k = 2, 4 available in [h].

aK,v
Here we evaluate the third moment in (5.3) using the table of a 1 coeffi-
3

cients presented in the next section.

where



315107 l2ué{Wép)}/co, 81 000" c_l[c_2{cl(3h2cu+70co)+c_3(3dhl+l75cu)}

+ua3]/13uuo, [c_thc_3(l75chd21+27c_ud52-3c_ldhl+627clc2)

801107

+8cl(35cod21+9ch{1302—1901})} +d3[7c2-l6c_l}]/h0320, 85 00" [c_efkduo

+29Oc_3-50401}+7c3{7ch—8cl}]/8ho, a3110" [0_3[502(912cl+2h50u)
+135c_u(39c2+20c_5)—c_2d9+11200_lc2}+cl{6cu(150c2-666c_2-h9c3)

+1h(16c_ld32+25c0d22)}]/16800, 810307 c~l[c_2dl3+clc3]/120,

= [100_2[2duo+397c_3}+cl{ll2Od32-hOOdo +23712¢ _,+7182¢,}

3

84110 5

+35c_u{703—18hc_3+5hc2}+2h3c_u[66c2+25c_ +56c_5}/12600, 18,

5 853117

810107 (3/2)e 6, ayp5,= a123o/(6c-1)’ 812117 [°-2{°-3(d9'25200-1)
+6cl(666ch~756c_l+175c0)}+h2clc3{7cu—12cl}]/25200, 81311% [0_3{8O5ch
+1701c_h+296hcl-29800_2}+lOclf5d05-378c_2-lhc3}-l6c_2duo]/2520,

and all other 0, c= (£+o) (p+), ug{wép)} is the third moment in

8 5kp”
the central case [5] with 2m = f-p-1 and

d3=701c30u, d52= l9c2-7c_5, d21=c2—c_l, dMO= 35Co+990h’ d32= c3-9c_2

d9=68h0cl+l995cu+2835c_h, d22=02-3c_2, d05=7co+l8ch’ dh1=152°1+63cu
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6. Results for a The a, _'s are constants [4] satisfying the equality

K, 7 ° K,T

k
(6.1) B+ D)/ ClD) = ) ) B B/ (D)
t=0 T

where T is a partition of t. The following are suggested based on the

available results. For K = k-j,lJ

k-3,29 7

3(2k-(3+1))/(2k-(§+2)) if 7
(6.2) a =
? (2k-3)(k-(3+1))/(2k-(5+2)) if T

I

k-j-1,19
Also for K = k-j,j

3(2k-(43-2)) / (2km(bj=1l)) if T = k-j,j-1

(6.3) 8 . =
(k-2j)(2k-(23-1))/(2k-(43~1)) if T = k-j-1,]

(6.4) B g = K / (5i(k-3)0)

As previously stated the a,. = for k = 1,2,3,4 are available in [47 and for

>

k = 5,6 now follow.
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Teble 2. a, T Coefficients for k
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Coefficients* for k = 7

a
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“Table 3.
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o, de e 5 o S S s o
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Table k4 a, Coefficients™ for k=8
)

£
Y

3 o113y 31 2° 22° 175 b1 32 315 2%121

M
wi

e jo1 21 1
8l 1/8128 56 70 56
p6s 225 68 100
711823 5 38 18 = 7 3 3
62l 118128 26112k 156 ||6h3 884 143 60 1456 572
3 3 5 5 35 21 15 63 45 35
2 5 29 57 Tj|B’5 850 32 6k 565 32
61 18% e 2 BT A 3 5 zlg A
82 198 {l272 297 99 32 308 1188
53 L8711 575 (P55 T 5 21 "15 35
46 38 72 183 |lvT 766 L9 S0 |l 88 2673 k38 35
RULSZH 555 535 21 5 3 &3 ~90 35 2 ©
3 es16e Mlur 20 12 1 L om0 21 o=@
SU 11813k 1Y) =5 T 100 5 T 5 5l 303 7 7
2 6 216 {1128 288 126 6L 216
118116 12) = =% M55 T TS 5 "5
43 431136 411 351 72 1948 791 175 36 1006 140 98
W34 L85 5ITE 0 6|35 &3 45 9 5 45 9 9
2 1| g38 b6l112 201 25| o 226 689 250 63 5Th 325 170
RO U8 SIS TS S| 3 5 e g 0 ¥ 189
- 35 49ll106 183 37i| 12 1ko5 161 1hs5h 33 68 1394 98 66
R8I SNE TS 5 T8 I8 b5 10 6 (EE L%
b 32 153 4ol 11 130 186 49 il 87 146
br¥ 11810 18)| 35 22 19l = 2% : 2 < iﬂ = 2
2 35 hoil 1k 28 175 175 280 1h0 1ho 224
IR 3 3 R 579 9 9 “9 9
32,21 1|g}32 52 6L 192 Lo 160 124 1568 18 10k 1088 152 T2
3 315 5 3 9 9 ks 5 9 63 9 T
32211822—5-2 8 1595 100 245 367 9 50 800 22k 90
3 311 3 2 6 9 18 9 2 9 63 9 7
3 25 59|} 12 321 43 43 623 113 96 293 1
R N T 0 7F 15 10| 3 % B% 3
st |gl22 65 es w6 100 680 28
317 18)= =i 2 2k 30 3 3 23 T 21 3
2h18 8 20 36 20 15 W 7 36 20
32 63 ko 21 231133 126 ,5 1
2°171118) 7 21 = 5 5 T 5 28
2 |16 68 1 608 12k 56 100 152
21 185 2k 32 3 "15 5 53 15
219 1] 8| 3 25 2 5 o7 13 30 26
1818 28 56 70 56

]

By o7 1l when 7 K



Table k4. B . Coefficients® for k=8 (cont'd.)
N 6| sa] kel 52]se1]31322P1% M 1 761 | 5251 us)veabnPaseTrea e3Pt b
8] 28 8
7| 83 223 1k 90
11 11 113 13
62 .1_*9 _...._lOlh 2_8_.6_ 20 22
33 77 21 9 9
2l 13 1k 13 32
S Z Z
53| L 121 33 18 22
35 T > 5 5
521 132 97 L6 81 22 Lo 162
35 1r 5 10 15 21 35
513 18 236 26 36 22
5 15 3 11 11
42 16 12 8
431 11 56 61 1h7 27 %6 35
2 15 15 10 20 15 12
1o T % 33 10 L 10
2 3 2 3 3 3
1072 25 22 39121 1l 25 9 1ok
hex 3 LS8 3 5 5 i
3 6 2 5 >
e 1 1 10 1k
3“2 > 21 3 33
3%,2 28 528 16 ko 8 16
15 35 3 T 3 3
2 75 25 23 65 ko 25 27
2 T %_5 T 21 6 1k
3 81 33 61 21 8128 25
3el 1 %I T & 20 15 12
> 23 195 11 50 22
31 2 T 9 9
21L 8 20 8
23,2 791 63 79
2 5 10 2 2
o244 56 528 12 % 8
5 35 T 3 3
6 135 61 27 5
21 7 pan
18 28 8

a
K,7

=1 when T =K
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7. Further uses of a Pillai [17] has shown that

K,T °

© k_ 1 1 k—n 1
t trL 2trQ (35,),(3v) n%,n° © (L) C (29)
(1.1)  Ele L L LY eopme: S E ; D :

k=0 K n=0 T

From (7.1) we get the moments of trL by differentiation with respect to t

and letting t = O . Thus

ar t trl
—-;E[e N]=
dt
“Ltrq 2 k (3£,). (3v (k n)(k-n-1). ..(k-n-r+l)t e (1)e (%)

T YL Ll (—\)) CMINE)

and hence

-%t;g %f2)K(%V)ﬂ,aK , r! ¢ (I) c (~Q)

(r2) s -e” T ) VY —my E), k'cm
k=0 K 1)

where 1) 1is a partition of n = k-r

Pillai {17] also gives

£ trRS £

36,) ((3v))° &, " (1) c_(2°)
(13 Ere Rqo e (2£,), ((3v ) (D) C (B

% (@K(afz) G e, D)

2 I'\J
f\)(
T s
1 =

L

n=0

from which as before we obtain the rth moment:



1h

VvV « 1 1 2 2
32 e (35) ((W).)% r! ¢ (D) c (P7)
2.r _ 2.7 2% % K~ T~
(7.4)  EeRT = |TET ) ) (&), (5,) K € (1) '
k=0 Kk 1 K T~

where T is as above,
Further, Khatri [107] Has obtained the moment generating function of V(P)

associated with the test 3 Zh.= I, as

(p)
(7.5)  Efe" 1= |

We get the rth moment of V(p) on this case as

1 e 1 1 t -1
Br e e e GG e w0 (D) e (1-0) )
(7.6)  E[VPT = ) . EDMEIRNEY 2
k=0 ¥ 1

vwhere 17 1s a partition of n = k-p .
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