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1. Introduction and Summary

Let Xi(i=0,l,...,p) be (p+l) independent and identically distributed
non-negative random variables each representing the jth order statistic in a random
sample of size n from a continuous distribution G(x) of a nonnegative ran-
dom variable. Let Hj,n(x) be the cumuvlative distribution function of
Xi(i=0,l,...,p). Consider the ratios Y,= Xi/XO (i=1,2,.+.,p)+ The random
variables Yi (i=1,2,...,p) are correlated and the distribution of the maximum
and the minimvm is of interest in problems of selection and ranking for restricted
families of distribution. The distribution-free subset selection rules using
the percentage points of these order statistics are investigated in a compan-
ion paper by Barlow and Gupta (1967). In the present paper, we discuss the dis-
tribution of these statisties, in general, for any G(x) and then derive speci-
fic results for G(x) = 1-e7/®, x >0, 6 > 0. Section 2 deals with the distri-
bution of the maximuﬁ while Section 3 discusses the distribution of the minimum.

Section 4 describes the tables of the percentage points of the two statistics.

*
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2. Distribution of Yﬁax

First we derive the joint distribution of Yi(i=l,2,...,p). The joint

density function for XO’Xl""’Xf is given by
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where g(x) = da(x)/ax.

Making appropriate transformations the joint density of Y,,Y

1 ,...,Yb can
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be written as
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For G(x) = l-e-x/e, (2.2) reduces to
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For Jj = 1, we obtain
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It should be noted that the distribution (2.4) is independent of n, as
was also pointed out in the companion paper by Barlow and Gupta (1967). Again,
(2.4) gives the joint density functions of several correlated F random vari-

ables each w1th(2,2) degrees of freedom. In this case, Ymax and Ymin are the



largest and the smallest of several correlated F statistics with degrees of
freedom {2,2). The distribution of the largest and the smallest of several
correlated F statistics with different degrees of freedom have been discussed
by Gupta (1963z)and Gupta and Sobel (1962) respectively.

The cumulative distribution function of Ymax can be obtained directly

(without using (2,2)) as follows.
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The density of Yﬁax is
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By expanding Gg n(yx) in powers of 1-G(yx), we can express (2.5) as
? . . .
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. t=j

given by the following recursion relations.
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The density h(y) can be written in a similar way. For the special case

6{x) = l-e-x/e, Qe obtain
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For j=1, the coefficients b(r,p;n,l)=(-l)z(i) if r=ng, £=0,1,2,...,p and

zero otherwise. It follows that

P
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which is independent of n as it should be.
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Incidentally, one can obtain inequalities on the right hand sides of (2.12)
and (2.13) by using the fact that Hl(y) and hl(y) are the cdf and the den~
sity function.

3. Distribution of Y .
min

The cdf He(y? of Y . is given by

j,n(x) dx,
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where gj,n(x) and Gj,n(x) are given by (2.6? and (2.7).

The density of Yﬁin is
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Let l-HQ(y) = F(y). By expanding [l-Gj n(yx)jp in powers of 1-G(yx), we can
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The density hz(y) can be written similarly. For the special case

a(x) = l-e-x/e, we obtain

= b'(r,psn,3)
(i y ry_ S
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For Jj = 1, the coefficients b(r,p;n,1) =1 if r = np and zero otherwise.

So (3.6) reduces to

(307) F(Y) = )

which is independent of n. In this case
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k. Asymptotic Results

Ilet ga denote the quantile of order o of the distribution G(x); i.e.
the root (assumed unique) of the equation G(£) = o, where O <o <1l . We
assume that, in some neighbourhood of x = § , the density function g(x) is
continuous and has a continuous derivative g'(x). In a sample of size n
from the distribution G(x), we take the jth smallest observation such that

J<noao<j+1l. Then Xj n is asymptotically normal with mean € and
2

0T

. s 11 -
standard deviation E(E;T o’ where o =1- o .



Thus we have, as n ~ o and ﬁ - @
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Using the result
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Obviously, this quadratic equation in y, has two positive roots which are re-
ciprocals of each other. The appropriate root can be determined using the fact
that Hl(y) is increasing in y and Hl(l) = % . So for P* > % (which will

be the case for the selection procedures discussed in the companion paper),

y>1. %
For the special case G(x)=1 - ; ° s
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For a general p , to solve for y from Hl(y) =P* or He(y) = P¥ using
(4.1) and (k.2), the table II of Gupta (1963b) can be used with interpolatiors if

necessary.



5. Description of the tables

Table 1 provides for the case j = 1 the reciprocals of the percentage points
of the distribution of Yﬁax corresponding to the probability levels o=P'= <75,
.90 and .95 and the percentage points of the distribution of Yﬁin corresponding
to the probability levels « = 1-P'= .05, .10 and .25 for p = 1(1)9 . We note
that when Jj = 1, the statistics Yhax and. Yﬁin are the maximum and the minimum
of several correlated F statistics with degrees of freedom (2,2) and hence the
entries in Table 1 are the same as those for v=2 in Tables 1 A, B, C of Gupta
(1963a) in the case of Yﬁax and same as those for y=2 in Tables 3 A, B, C of
Gupta and Sobel (1962) in the case of Yﬁin’ but are given for more places of
decimals.

Tables 2 A through 2 E give the reciprocals of the percentage points of the
distribution of Ymax corresponding to the probability levels o = P*; «75, .90, .95
for Dp=l1 through 5 respectively. The ranges of N are: 5(1)15 in Tébles 2 A,B,C,
5(1)12 in Table 2D and 5(1)10 in Table 2 E .

Tables 3A through 3E present the percentage points of the distribution of
Ymin corresponding to the probability levels o=1-P*= .25, .10, .05 for p =1
through 5 respectively. The ranges of N: 5(1)15 in Tables 3A-D & 5(1)12 in Table 3E.

In all these tables the probability levels are chosen such that P*, the
infimum of the probability of correct selection in the companion paper by Barlow
and Gupta is .75, .90 and .95 and the entries are either the percentage points
or the reciprocals of the percentage points so that they will be the values of
the constants d or c¢ (0 <c, & <1) to be used in the selection procedures
discussed in the companion paper.

The authors wish to thank Mrs. Louise Iui of the Statistical Consulting

Section for programming and carrying out the computations of the tables.
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KEY WORDS

LINK A LINK B LINK C

wl ROLE wT

_Rone 4 ROLE

order statistics
maximum (minimum) ratio
exponential distribution
tables of percentege points

1. ORIGINATING ACTIVITY: Enter the name and address
of the contractor, subcontractor, grantee, Department of De-
fense activity or other organizatxon (corporate author) issuing
the report.

2a. REPORT SECURITY CLASSIFICATION: Enter the over-
all security classification of the report. Indicate whether
‘““Restricted Data’’ is included. Marking is to be in accord-
ance with appropriate security regulations.

2b. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200. 10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 'as author-
ized.

3. REPORT TITLE: Enter the complete report title in all
capital letters. Titles in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-
tion, show title classification in all capltals in parenthesie
immediately following the title. P

4. DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g,, interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reportmg period is
covered.

5. AUTHOR(S) Enter lhe name(s) of author(s) ‘as shown on
ot in the report.. Enter last name, first name, middle initial, = -
“If military, show rank and branch of service. The name of
£tie principal aufhor is an ahsolute minlmum requirement,

.6.° REPORT .DATZE;: Enter the date of the report as. day,
month, year; or month year. If more than one date appears
on:the report,-use date Qt’ pubanation. .

7a. TOTAL NUMBER OF PAGES: The total page count
‘should follow fiormal pagination procedures, i.e,, enter the
\numbgr of Ppages: contalnlng information.

_ 7b. 'NUMBER OF REFERENCES: Enter the total number of
,‘references cited in !he report, . N

8a. CONTRACT QR GRANT NUMBER: ' If aﬁproprmte, enter
the  applicable niimber of the contract or grant under whlch
the report was written, v

8b, 8; &:8d., PROJECT NUMBER. Enter the approprlate

‘military department identification, such as project number,
subproject niumber, system numbers, task number, etc.

9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originating activity., This number must
be unique to this report.

9b. OTHER REPORT NUMBER(S): If the report has been

assigned any other report numbers (either by the originator
or by the sponsor), also -enter this number(s).

'INSTRUCTIONS

.

imposed by security classxfxcatxon, using standard statements
such as: i

(1) “Qualxt‘red requesters may obtain copies of this
report from DDC,"’

(2) ‘' Foreign announcement and dissemination of this
report by DDC is not authorized.”

(3) *‘U. 8. Government agencies may obtain copies of
this report directly from DDC, Other qualified DDC
users shall request through

. "
(4 U, S. military agencies 'may obtain copies of this
report directly from DDC. Other qualified users
shall request through
.ll
(5) *“*All distribution of this report is controlled. Qual-

ified DDC users -shall request through

If the report has been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-

- cate thls fact and enter the price, if known.

ll SUPPLEMENTARY NOTES Use for additional explana-
tory notes.

12, SPON%RING MILITARY ACT!VITY. Enter the name of
. the departmental project office or laboratory sponsoring (pay~
-'ing for) the research and development. Include address.

~13.~.ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
it may also appear elsewhere in the body of the technical re-
_port. If additional space is reqmred a continuation sheet shall
. be attached.

- It is highly desirable that the abstract of classified reports

) be unclassified. Each paragraph of the abstract shall end with

an indication of the military security classification of the in-
formation in the paragraph, represented as (TS). (S), (C), or (U).

" There (is no limitation an the length of the abstract.
ever, the suggested length is from 150 to 225 words.

How -

-14. - KEY WORDS: Key words are technically meanmgful terms
or short phrases that characterize a report and may be used as
index entries for cataloging the report. Key words must be
selected so that no security classification is required. Identi-
fiers, such as equipment model designation, trade name, military
project code name, geographic location, may be used as key
words but will be followed by an indication of technical con-
text. The assignment of links, rales, and weights is optional.

10, AVAILABILITY/LIMITATION NOTICES: Enter any lim-
itations on further dissemination of the report, other than those
F ORM . _
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