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1. SUMMARY. The purpose of this paper is to find tie joint distri-
bution and the distribution of the ratio of the largest latent root
and the smallest latent root of a sample covariance matrix when the

. . co s . 2
population covariance matrix is a scalar matrix % = ¢g°I .

2. INTRODUCTION AND PRELIMINARY RESULTS. ILet x be a p-component
vector with mean vector p and covariance matrix E(x-p)(x-p)' = 3.

In the hypothesis H that T = GEI, all the roots of the equation
lz-681]=0

are equal, namely, the hypothesis implies that the ellipsoids of
(x=p )" Z-l(x-u) = Const. with center at p are spheres since the
roots 6% are proportional to the length of the principal axes.

Now we consider to test this null nypothesis H. Iet xl,...,xﬂ be

observations on x. The usual unbiased estimate of Lz is

8 = (1/(N-1) ) A, where A is defined by

lOn leave from Aoyama Gakuiun University.

2T"nis work was supported in part by tne National Science Foundation,
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A=3x

=1 (xa - E)(xa - %)’

and x = (l/N)25=lx. Tnen, as thé criteria for testing sphericity

in the p-variate normal distribution, we mignt consider to use thne
maximum likelinood ratio criterion of the geometric mean and the
aritnematic mean w = II li/p/((zki)/P), the likelihood ratio criterion
v = (e(I\I'-l)/l\T)Pl\r/2 I A?/Z e_%(N'l)Zki » and also may suggest the ratio
of the largest latent root Al and %tne smgllest latent root kp,.lp/kl

of the equation
|s-r21]=0.

Tne distribution of tne largest latent root hl, botn in the null

case ‘and non-null case, may be found in Sugiyama (14), (15). The

moments of Al in the null-case is easily calculated from the for-

mula given in (14). The distribution of the criterion W has been

given by Consul (6), up to p = 6. And also the moments of‘the

criterion W has been given in Andersoﬁ (1). Furtner, the moments

of the likelihood ratio criterion v has been described in Anderson ().
The purpose of tuis paper is to find the distfibﬁtion of the ratio

(Xp/kl) of the largest latent root Al and the smallest latent root

kp . The distribution and the moments of 1 = (hp/ll) is given as

the power series of the zonal polynomials at the unit matrix. Further,

we get the joint distribution of the largest latent root Al and

the smallest latent root Xp



Connected witn the derivation of the distributions, we describe

some known results. Let Az and lAz be the matrices as follows

“ -

ahd let K be the usual partition of the degree k in the zonal poly-

nomials. Then we have the following results on a beta-function integral

t~(ml)f2 . 1y & -
(1) [ I/, 10 /2 ¢ () EACIY T G4ty U as,
1>4.>. . >4 >0
2 m
I (m/2) T (t,6) T ((m+1)/2)
= (mt + k) Zmz/z i ffm(t+?m+i)/2,K | C (1)

where the value of the zonal polynomials at the unit matrix corresponding

to the partition K =(kl,...,kp), kK, > ... > kp.z 0, of the degree k

1

not more than p parts is given by Constantine (5) as follows

ok . p P
(2) CK(I ) =2 kk!(m/z) I (2k,-2k -1+3)/ T (2k, +pei)!

m K .. i J . i
i< » i=1

The above equality (1) has been discussed by Sugiyama (14}, (15). a
' detailed discussion of the zonal polynomials has been given by James
(9), (10). Tumura (17) also discusses zonal polynomials, but in terms

of rotation angles. We will use the following equality

)
C, (L) CO(L) = ? B¢ o Cﬁ(L)



where L is a (mxm) symmetric matrix, CK(L) and CO.(L) ére zonal
polynomials corresponding to a partition K of the degree k and a
partition ¢ of the degree s, respectively, and the summation is
over all partitions 8 = (8,...56 ), 6, > ... > 6 >0, satisfying
Z?___l 6:‘. =k +s =d. Tables of gi,c are given by Hayakawa (8) and

Knatri and Pillai (12).

3. JOINT DISTRIBUTION AND THE DISTRIBUTION OF THE RATIC OF THE
LARGEST ROOT AND THE SMALLEST RCOT. Suppose the sample matrix
X(pxn) consists of n observations {from normal distribution) with
mean vector O and covariance matrix I. Then the joint density
function of the latent roots )‘l’ ',\2 3eees Xp of the symmetric matrix

X X' is written as follows

. P
(1) clA](“ P-1/2 n(er-3) T (A1) T an,
| 1<) =1
where
A, O A, O
A= * , p = B
0 0
by L

with diagonal elements > %) >, > ... > L >0, and

C = I1P2/2/2np/2 va(p/Q) Fp(n/2) )

Let

=
I

;= (Rl_- li)/ki, i=2, ., D .



Tnen, since

A
exp(tr-3\) = exp(«%kl) exp(tr—% (I-Al/ll))

K
= exp(~§xl) exp(tr—%Az) = exp(-ghl) k?o E(Al/z) Celh, )kt

and
lAl = KEIAl/Xi‘ = XE II - Azl >
(4) reduces to

2 2+%k-1, k
c exp(—~E A) ooz (A po/ /2 k! )aa
(5) R 1

(n-p-1)/2 b
gl 1wl e ) 1 n) T ey

wnere o > Kl > 0, Az is a diegonal matrix with diagonal elements

' veo > .
1> Ep > > 22 0
Now in order to obtain tine joint distribution of Al and Zp )

we nave to integrate out zp_l,...,ze from (5). So we evaluate

-1
gl 1z - Az|(“'p°l)/2cK(AL) m(2;-2,) 1 as,

© ] LRCUNS
LP>LP_1}...>22>0 i<y i=2

Using (3), we get



|z - a |22 () S (pHi-n)o ¢, (h,) Ccln,)/s!
S=0 O

[
i 8

z f(P+l-n)/2)d Colng)/s!

s=0

Setting r, = zi/zp, i=2.,,,.p~1, tiien since & is a partition of

. tne degree k + s, we can rewrite (6) as follows
(-~ .
(1) % 2 5 (a-n)jz) g BrHEe2)/2aesL,

: p-1 p-1
.-I a1 ¢, & A.) n (1-r;) © (r -ry) W oarg

‘l>rp.l>,..>r2>o i=2 i<j i=2

In (1), let m=p=- 1, and t = (p + 2)/2. Then, from (7) we nave

_the following formula

(( -l)/e) z Ap+ +Sm .
<-(p(;zl)z/2 :) . SE g f (ggio((p+l-n)/a)ozp(P-l)(p 2)/2+k 1/51}

: ((p-l)(p+2)/2+k+S)(F(p_l)((p+2)/2,67 F(p_l)(p/E)/F(p,l)(p+l,6))06(Ip;l)v

winere o 1is a partition of s and § is a partition of k + s into

not more than (p - 1) parts, and gi is the same coefficients as

defined in tne formula (3), namely C, (A e (A ) =% gg o Cbﬂﬂz) .
6 ] .

Let (a) 1§1 (a-(l-l)/Z) = (61,...,6p) such that 6, > ... > ap_l >0

p-1
and X bi =Kk + s. And, as usual, if a is suchh.that the gamma functions
i=]1

~ are defined, tnen (a) =T (a,kK)}/r {a) So (8) and (5).give the following

Joint distribution of A, and &p_

1



©

(9) c(2) « exp(-Br)) Tz PV
k=0 K

© T (((p-1)(p+2)/2+k+s)/s!) L (p-1)(p+2)/2+k+s-1)

. I gK (((pr1-n)/2) ((p+2)/2)8/(p+2)g} Co(T

)
G,0 l

wnere Q>)‘l>0’ l>£p>0,and

c@) = w2 5 1 /2, (2v2)/2)/2P 2 £ (o/2) T (nf2) .

Now integrating (9) witn respect to Ays we obtain the distribution

of Ep = (7\1 - l’p)/hl =1~ Ap/)xl, namely

-]

(10) ¢(p)+ £ = (T(pn/2 + x)/p"k!)

k=0 K

2 (1) (p2)/2 + x + 8)/s!) 4 (p~1) (p+2)/2+e+s-1
S5=0

. I gK ((pr1-n)/2) ((pr2)s/(p+1)6) Cy(T 1)
0,8

wiere 1 > ﬂ'p >0, aqd

clp) = n?/2 B(p_l)(p/e,(p+2)/2)/PP“/2r(p/2) rn/2) .

The cdf of ﬁ,p is

-

(1) P, <x) = () xFHERE 3 g (nen/en/F) - T ()

S=0 SS0

* & o ({prl-n)/2) ((p+2)/2)¢/ (p+1)g) C((T ;)
o,



Further, E(z;), the h~th moment of h, is given by

co) ¥ % (C(pn/2 + k)/P%!)
k=0 K

n
(12) E(zp)

;(«rn@wV%MMﬂpuweVHMMMﬂ)
s=0

0?6 gi,o (( (p+l-n)/2)G(p+2)/2)6/(P+l)6) cé(lp-l) .

Integrating (9) with respect to zp, we obtain the distribution of
the largest latent root. In that distribution, let n =p + 1. Then

since gg - 1 and ¢ = §, we have the following formula
>

| - N
(13) ¢ - exm(-B) = = (((pr2)/2)6/ (p+1)R) (€, (5 Ip_l)/k:)xlp(p+l)/2'l

k=0 K
A
=C' -+ exp(-—gkl) 1 ((p2)/2;5 pris —%'Ip-l) klP(P+l)/2'l
where
¢ = w2 n /2, (22)/3/27 T p(pr2) 1 ((pr1)72)

Applying the Kummer transformation formula given by Herz (6), namely

lFl(a; b; Q) = exp(trQ) lFl(b—a;-b; -Q) ,
from (11) we obtain the following formula

5 v
(i+) ct - exp(-%%l) lFl(p/2; (p+1);-_¢_% Ip-l) le(P+l)/2-l

In the distribution of the largest latent root given by Sugiyama (1k),

let n=p+ 1. Then we have the same formula as (1k).



Since %, = (hl - xp)/kl, from (9) we have the joint distribution of

kl and xp, namely
ot n/2+k 2-
(15) cz) - = £ (FVEEnN)
k=0 K B

. (((p=1)(p+2)/2+k+s)fs t) (1 - xp/ll)(P'l)(P+2)/2+k+s-l

CE e (ren)/2)e/ (1)) ey (3 )

>-v-o-¢>k >o)

1 P

of k not more than p parts, as defined in (3), o is a partition

where o >}, > lp >0, K is a partition (kl,...,kp), k

(cl,...,qp)? 0,2 e 2 Op1 >0 of s into not more than (pel)
parts, 5 is a partition (8y50nesby 305 87 2 000 2 bpe1 2 0 or
k + s into not more than (p-l) parts, and the summation I is
over all combinations of these partitions. We note that igu’%p+l-n)/2
is an integer, the summation of s will b¢ terminated in finite number
of terms,
So summarizing the results we have the
THEOREM: Let U has the Wishart distribution W(p, n, I). Iet
Rl, kz, ooy hp be the latent root of the symmetrie matrix U .,
Then the distribution of 1 - hp/kl, cdf, and h-th gomenf'are given
by (10), {(11), and (12), respectively. The joint distribution of

A, and xp is given by (15).

1
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