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1. Introduction and Summary.

In practice problems do arise involving order statistics of discrete dis-
tributions. Siotani (1956) , . Khatri (1962) and Gupta (1966) have discussed
the problem of order statistics from discrete distributions. This paper con-
siders the order statistics arising from binomial distribution.

Iet Xi (1=1,2,...,M) be the number of successes in N independent trisls
from a binomial distribution with p as the probability of success in each

triel. Ilet Xi be arranged in order to give
X <X < ee o 0000w <X - <oo-v <X )
(1) = *(2) - =%1) = = "(M)

The discrete varieble X, or X(i) takes values O0,1,...,N. (i=1,2,....,M).
Tables are provided giving the cumulative distribution and the expected value

and the variance of x(l) and X(M) . Joint distribution of x(i) and X(J)(i<j)

is obtained. The distribution of X ) - x(i) (3 >1) 1is also derived and

(3
special cases are studied. Some applications are described.

2. Moments of Order Statistics.

We adopt the following notations:

b(a) = b(e;p,M) = (5 ) 2 (1p)"%, @=0,1,..,N .
B(s) = % b(a) .
o=0

*
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B(p,q) = ; pzqr(
| 1 P a~-1 b-1
Ip(a,b) * Naw J‘ u (1-u) du

0

let pi(x) be the probability that the ith order statistic X(i) is

equal to x and let Pi(x) = P{X(i) < x} be the c.d.f. of X(i)' Khatri

(1962) has obtained the following results. (Note the changes in his notations):

1-1 Mei
p,(x) = Z ) (i-l-k).'b(&]fﬁmﬂ)!(M-i-m).' C D) el £TCO)
k=0 m=0 :

{1-B(x) P

where B(x-1) =0 for x = 0. This can be rewritten as

B(x)
pi(x) =1 ( 1;4 ) j‘ u)i'l(l-u))M-i dw = IB(x)(i,M-:Hl) - ]'B(x_l)(i,M—iﬂ).
B(x-1) ,
Further
B(x)

P (x) = 1 ( ”1'1 ) j' oL (1-0)" go = Iy(x) (LM-141)
0

N-1
B(X(;)) = ) [1-F;(x)]
x=0
N-1 N-1
E(X%i)) =2 z_ox[l-Pi(X)] + ZO [1-P, (x)]
x= x=

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)



Incidentally we note that the approach of Khatri (1962) is to derive Ffirst
the probability pi(x) using the usual combinatorisl arguments and then reduce
it ‘after scme simplifications to the integral form of (2.2) and then derive
(2.3). But it can be easily seen that for both discrete and continuous random

variables

M
R (x) =) () BT (-3 (2.6)

t=1

wvhere B(x) is to be interpreted as the usual c.d.f. in the continuous case.

Now (2.3) follows from (2.6), since

ED/JE

P
Myt M-t 1 i-1 Mei
(g)p p)" = gromry | 9 o) e (2.7)
0

where 0 <p<1l. (When B(x) =1, (2.3) is obviously true). Now (2.2)

follows at once from (2.3) by noting that
p,(x) = P, (x) - P (x-1) .

For the special cases i =1 and i =M, we obtain the following results

fram (2.3), (2.4) and (2.5).

[1-B(x-1)T™ [1-B(x)T" (2.8)

p,(x)

1 - [1-B(x)" (2.9)

P, (x)

py(x) = [B(x)T" - [B(x-1)]" (2.10)



B(x) = [B(x)]" (2.11)
N-1 7
B(X(1)) = ). [2-B(x)T" (2.12)
x=0
N-1
By =2 " x (-1 + B(x ) (2.13)
x=0
N-1
(X)) = 3. [1-{B(x)}") (2.11)
x=0
N~1
E(XGyy) =2 ), x ({3} + B (X)) (2.15)
x=0

. Joint distribution of X, a X,. i< 3.
3 oin stribution o (1) an (J),l J
Iet p, J(x,y)(i < j) be the probability that X(i) is equal to x and
J

X(j) is equel to v and let Pi,j(x,y) = P(X(i) <x, X(j) <y). If x>y,

Py, s 0v) = F By =]

B(y) .
-5 O [ e e (3.1)
0

If x <y, then a combinatorial argument leads to



M M-j
P yy) = ) Y sramemeyrer (BOOF (BO)-BEITET (18"
s=1 t=0
sH<M
J M- ’
=Z Z s;(Mﬁ_{j_ft, (B(x)}® (B(y) - BE)V*5"" {1-B(y)}"
s=i t;-O
M M-s
+ (180 ¥ ) srmeyrer (001 (B(r)-B@)ITT (1-8(r))°
s=j+1 ©t=0

where st is the Kronecker delta.

By repeated application of the results

n

P
n t n-t _ 1 a-1 n-g
Z (t)P (k-p) = Bla,n-atl) j u (1-u)™"™ au and
0

t=a

u)n_b-l du

i

b
Y () ot )™
£=0

P
kn - 1 ‘Y U.b(l-
B(b+1,n-b)
0

where 0 <p<1l and p <k ; we obtain

B(x) .
Pi,j(X,Y) =1 (1:_1) ‘[ ,ul-l(l-u)M-i du
0

1 B(x)

- (i_ﬂgl\é:;_i_l)g(M_jy_x J‘ dVJ. wi-l(v'w)j—i-l(l-V)M.j de . (3.2)
B(y) o

Now we can write



0 s, 1if x>y

Pi’j(x,x) - Pi’j(x-l,x) , iIf x =y

Pi,j(x’y) - Pi,j(x-l,y)

- Pi’J.(x,y-l)+Pi,j(x-l,y-l),if x<y.

Khatri (1962) nas obtained the joint distribution directly in the form

_ M! I Ji-1 J-i~1 M-5.

O o o eyt crary D B G L G R

where the double integration is performed over the region given by
v

P(x) > o > P(x-1)

B(y) 2 v > P(y-1) .

But Khatri's expression for the c.d.f Pi J.(x,y) , hamely,
2

B(y) B(x)
Py ytod) = mGeE ey | o [ e e e w
B(x) O
B(x) . .
+ (?) I _h (1-V)M"J av

0

(3.3)

(3.4)

(3.5)

is valid only for x <y . Incidentally, from (3.2) and (3.5) we get the re-

lation



1  B(x)
w 1 - M
GO G-I-0)T e fd" I 0 (v-0)? ll(l"’). Y dw
0
B(x) B(x)
=1 (3 j ut” (1-u)M1 au- 5 () [ o Hew)™d a
0
= Tp(y)(HMit1) = T (3, M-341) | (3.6)
N N
E(X(i)X(J.)) = z z xy pi’j(x,y)
x=0 y=0
N N-1 N
=) ey )+ Y Y S Gov)
x=0 x=0 y=x+1
So
] N-1 N
2
COV(X(i),X(J.)) = ZX Pi,j(x,x) + 2 z xypi,j(x}y)
x=0 x=0 y=x+1
N-1 N-1 |
B DREEAOL) N R NEN), (3.7)
x=0 x=0

An explicit expression for Cov (X(i), X(j)) is very complicated. However,

for the special case where i =1 and J =M, we obtain by usual algebraic

simplifications,
N-1 y-1

COV(X(l),X(M)) = NE(X(]_)) - (l-le) z S [B(Y)'B(x)]M - E(X(l)) E(X(M)), (3.8)
y=1 x=0

is

where E(X(l)) and E(X(M)) are given by (2.12) and (2.14) and 8y

the Kronecker delta.



L. Distribution of Yi,j = X(j)' X(i) (3>1) .

Yi 3 represents a generalized range and can take values 0,1,..... s N .
>

For >0,

P(Y EZ (1*1)1(¥5i-175(M137! j I wi-l(v-w)j-i-l(l—v)Méjdvdw (k.1)
A

wvhere A is the region given by

v
B(k) > » > B(k~1)

B(k+r) > v > B(k+r-1)

This can be rewritten as

B(kx) B(k)
fz (1-1):(5-1-1) (M%3)1 [ do Iwi"l(v—w)j'i“l(1-v)M“jdv,r=o
B(k-1) w
P, 5= 7) (4.2)
Ner B(x) B(k+r)

z G-1)2 (J-vi-l) T3 J o [ o Hw-0)d i av)™dav,e0
B(k-1) B(k+r-1)

So E(Y, .
( m,"

B(k) B(k+r)

Z 2 (1-1) (3-1-1) (-3)! [ oo [ o Hv-o) P av)™ae  (13)
r=l B(k-1) B(k+r-1)




But we also know that

Bty 5) = BE)) - BXyy)

N-1 B(x) . N-1 B(x) _
=01 [ oo - Y ) [ o e e
x=0 0 x=0 0
N-1 _
= ZEIB(X)(i,M'-i"'l) - IB(X)(J,M“J'"‘]-)] (L.%)
x=0

(4.3) and (4.14) lead to the relation

N Ner B(k) B(k+r)
M? ) -1 J-i-1 M-j
Z 2 T EDIG )R ) J A J‘ 0 (v-0) (1-v)™ “av
r=1 k=0 B(k-1) B(k#r-1)
N-1
= ) [Ty (40-141) - Ty(ey (35234103 (4.5)
x=0
An explicit expression for variance of Yi j is complicated. However, for
the special case 1 =1 and j = M, we obtain
N N
Z [B(kx) - B(k—l)]M =Z {b(k)}M ifr =20
k=0 k=0
P{Yl,M= r} = . : (k.6)

& UBGe)-BE-1)I (Bl )-B(x) 1!

kgo ~{B(k+r-1) - B(k—l)}M+ {B(kw-l)-B(k)}M], ifr>0

This has been obtained by Siotani (1956) with different notations from the

Joint distribution of X(l) and X(M) .
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Another special case, that can be of interest, is when j =i +1 . Then

we have
N .
z[IB(k)(i’M'iﬂ)'IB(k_l)(i,M-iﬂ)-(?)[{B(k)}i-{B(kﬂ)}l]
k=0 o
[-B(x)] ~Jr =0
7 9 (4.7)
’ - |
Y (DB (B(x-1)31 0 f2-Blrr-1) 1 L (1B )1, £ 5 0
k=0

In particular if 1 = M-l, we obtain

N

2 B0 (3001 8() - (R1B(-1)}T , 7 = 0
=0 ‘

BY, . =)= (4.8)

M-1,M or

Y MBET T (B} bl | 2 > 0
k=0

5. Asymptotic Results.

X,- M
Let 2, = Z . Then, for large N, P{Xi_s x} kﬂP{Zi‘S z} , where

yTp(1-p)

Zi is a normal variate with mean zero and variance unity and z = EZEE~— .
/Tp(1-p)
As the transformation from X to Z preserves order, we have
' ~ <
&(z) .
-1 (Di&) J' utH1-u) au (5.1)

0



where
Z

1
=

ld‘
v B

8(z) = e at .

Further we can write

E(X:El)) = E([Z(i) \/»NP(L'P) + Wp)")

r & %
2
=), Gme) % (1-p)° B(, )

=0

In particular

E x(i) = Np +/Wp{i-p) E z(i)
V(X(4y) = Wp(1-p) V(Z(4y)

6. Applications and Description of the Tables.

1

(5.2)

(5.3)

(5.4)

The binomial model is of interest in some statistical inference problems.

For exasmple, in & life test experiment, truncated st a fixed time, the number

of failures is a binomial random variable. Hence if we assume the c.d.f. of the

life distribution to be pi = F(t,ei) and we are interested in testing hypoth~

eses about pi or, alternatively, sbout ei , then the distribution of the’ or-

dered number of failures becomes relevant especially if one is interested in a

ranking or selection problems. More specifiically, we give the following ex~

amples.
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1. Sobel and Huyett (1957), Gupta and Sobel (1960) and Gupta (1966) have dis-
cussed the problems of selection and ranking for the parameters of several
binomial populations. The problems discussed deal with selecting a subset or
selecting a single populetion using the indifference zone approach. For both
formulations, the probability of a correct selection depends on the distri-
bution of Xmax or Xmax - X where Xmax is the largest of a set of inde~
pendent and identical binomial randem varisbles and X 1is another binomial
vrandom variable distributed independently of Xmax' For subset selection

problems we are interested in evaluating the probability

N x+d
P X <a) =)0 55 0)"5 ) () (a-p) e,

=0 o=0
N
= ) b(x) (BGe+a)}*t . (6.1)
x=0

Thus, the tables of the present paper are useful in evaluating the above prob-
ability. The expected size of the selected subset is given by a similar ex~
pression (see (6.3) of Gupta and Sobel (1960)) which can be computed with the

help of the tables in the present paper.

2. BSiotani (1956) has considered tests of hypotheses of thé type Py= Pp=es =Dy~ P
and suggested the use of the range for this case. He has constructed tables for
the distribution of the range. If we are interested in testing H:p[M] > Do »

then a quick test for this is as follows:

Reject H if x(M)‘f xo(agN;M) where o is the level of significance. To

construct this test, we wish to obtain xo(a,N,M) satisfying
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sup P{X(M) < x4 (a,W,M)} < v (6.2)
PPupPo™

Tt can be shown that the probability on the left hand side of (6.2) is max-
imized when p[M] = po . Hence the necessary constants xo(a,N,M) can be
obtained from the tables of this paper. A similar test for the hypothesis

H: P[1] < py' can be constructed using the rejection region x( > xé(a,N,M).

1)

Illustration. As an example consider the case of M = 3 populations with

= . i i = = = Y H > .
N =5 ind. trials with X 2, X5 3, x3 0 To test H p[3] >,
at o = .05 we find from the tables that x(.05,5,3) =1 , (actual level

of significance = .038). Thus the hypothesis that p[3] > .k is accepted.

3. The usual tests for outliers suggest the use of statistics X(M)'X(M;i) s
1<1<M-1. The results in Section 4, deal with the distribution of
statistics of this type. For the particular case X(M) - X(Mrl) y & simpler

form of the distribution is given by (4.8).

4k, Deseription of the Tables.

The tables at the end give the c.d.f. and the first two mcments of the
largest and smallest of M independent and identical binomial randeam variables,
each denoting the number of successes in N independent trials with p as the
associated‘parameter. The range of values of common p is: p = .05(.05).50;
the values of N are : N = 1(1)20; the values of M are: M=1(1)10 . These
tables were computed in 1960 by Miss Ann Elmer of Bell Telephone Laboratories

while one of the authors was a member of the technical staff of Bell Laborstories.
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