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CHAPTER I
POWER COMPARISONS OF TESTS OF TWO MULTIVARIATE

HYPOTHESES BASED ON FOUR CRITERIA

1. Introduction and Summary

The two multivariate hypotheses which will be considered in this
chapter are the following: (i) the independence between a p-set and a
g-set of variates in a (p+q)-variate normal population; and (ii) the
equality of p-dimensional mean vectors of ¢ p-variate normal popula-
tions having a common cévariance matrix. In connection with the test
of hypothesis (i), let the columns of [ § ] be v independent normal
(p+q)-variates, (p < g, ptq < v, vtl=n', the sample size) wilth zero means

and covariance matrix

Zn Fp | P
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Iet R = diag(ri), where ri,...,ri are the characteristic roots of the

equation

- (1.1) | IXY'(YY')-lH'-rel(X'I =0
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and P = diag(pi), where pi,...,pi are the characteristic roots of the

equation

1., 2

(1.2) |212;22 Z3 - 0° Z,] = 0.

Then, the distribution of ri,...,ri is given by Constantine (1963), in

the following form: (James, 196k4)

Y
212 1 1 l 2
(2.3) | 1-p°| Fl(E v; 3V § ; P5, R )

* ¢(p,m,n)|R2|®I-F°|® T (r - %) n dr2
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vhere f, =g, m= E(q-p-l), n = E(v-q-p-l), (and if n is defined as

1
E(fl-p"l), v = fl+ f2)}

e} | o

Cip,m,n = x P ﬁ P[%(2m+2nfp+1+21]/{r[ (2m+1+l)]F[-(2n+1+l)]F(— i)},
- Ci=1

‘and the hypergeometric function of matrix argument is defined by (James,

1964)

-

' , (al)K...(a )K cK(s)cK(T)
(1.%) sFt(&lJ-.o,asibl,-.o,b,?;'S:T? = kgo% (bl)K"‘(ls)t)KCK(IP_)kz )

where al,...,as, bl""’bt are real or complex constants and the multi-

variaste coefficient (a)K is given by
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Tuncileons, (esf) of the characteristic roots of S,

Now we celirns telow ftur crismeria for testing the hypothesis (1),

. . s ops 2
ne comracteristic roots, r

2
JERRE rp, of equa-

x) P:E‘».-"'s lzrgezt rocs criterion, ri (Roy, 1945)

2 UV . ;7 ::f ;-:f;j ‘P11ai, 195%, 1955, 1960)
/’// ST

e P

-

3 E‘i'_;g.i"s cwimarion T g er (Pillai, 1954, 1955, 1960) and

, ey ® 2
L) Wigms' erizericn, Se=n 1 (1-ri) (Wilks, 1932).
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= S.}m.;.ar: for testing myroti@eis (11), let X bea p x f2 matrix

v '/‘/ / C AR R > ]
ygri.e.':g~ FET msi Tz r s f) matrix variate (p < fl) and the
. 993’1:::_5 wl foSeden anlently mcr=Ally distributed with covariance 3,

gt/ -

“rees »4, be the characteristic roots of




(1.5) e - 2(wr +xx')| =0,

and wl""’ub. those of

(1.6) IMq' - 05| =0,

then the joint density function of zl,...,np is given by Constantine
(1963), (James, 1964) in the form
1

- S trQ
2 1 1 1 m n
@7 e 1F1(E 3 3 %23 5§ % 1) Clemm) 1 1-2f” 1 a2y,
wvhere L = X'(YY' + XX')-l X Q= M'Z-l M, (where the determinants are

expréssed as the product of the roots), m = %(fg—p-l), n = %(flap-l)
l 2 l= N-ﬁ, N

being the pooled sample size of the samples from the £ populatioﬁs.

and v = f .+ f_. In the context of test (ii), £f,= £-1 and f

It should be pointed out that the same symbols m and n are used in
connection with both tests because of the reason that these définitions
of m and n will leave the joint distribution of ri,...,;ﬁ the same

as that of “21""’"”‘p under the null hypotheses (i) and (ii) respectively

as may be seen from (1.3) and (1.7).

Now the four criteria‘for testing hypothesis (ii) can be obtained
from the criteria 1) - 4) above replacing the characteristic root rf
by zi(i=i,...,p). iwaeQer, the same symbols -U(p?, V(p) and W(P)

will be used to denote the respective criteria in this case also but %p

instead of gﬁ will denote the largest root criterion. It may be pointed

out that U(p) is- Lawley-Hotelling criterion multiplied by a constant.

In this chapter for p=2, the exact distributions of the criteria

U(a?, V(2? and W(2? are derived for testing (i) using (1.3) and for
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testing (ii) using (1.7). Powers of the tests based on these criteria
are extensiéely tabulated under various alternative hypotheses for p=2
and comparisons made. Comparisons of powers of the tests using these
three criteria are alsc made with those of the largest root whose power
studies have been made by Pillai (1965).

It may be pointed out that Pillai.(l965) has carried out some power
function comparisons for tests of (i) and (ii) using certain approximate
methods. For test of (ii) Mikhail (1965) and Gnanadesikan ét al (1965)
have made such comparisons, employing approximate and Monte Carlo methods

respectively.

2. Non-Central C.D.F. of U(2) for Test of (i)

Now putting p=2 in (1.3) we get the joint distribution of r?

and rg in the form:
2 5 %, »
(2.1) K(1+A z 1,]aij+ Z ), Ai.jaij+ Z A6ja6'j+. .. )2
i=2 j=1 i=h j=1 J=1

[ D21 (5 -ri)

where

2.2 2
=T] ¥ T, ays (rlre)

= ole,mu)10D) (16212, o)

_ 242 _ _ =3 _
8y = 38) - hay, a,= ay, ayy= 5a] - 12aa,, 835~ 8;8,

4 2 2 »
a,, = 358, -~ 120a] at h8a2, g5 = 8851, g3 =8
- 2 . 2 - - 2
8 = 63a 28Oala2 + 240a 187 8gp = 88317 853 = 88,



) 6
81 = 2318y 126°ala2 + 1680aja, - 3208}, ag, = 8817 )
= a2 - 53
8g3 = 88535 Bg) = 8y
| Ay = Vb /2%, [“("+2)J2 bgl, s, - D=0 e
. 1 fo1 T 2f(f+2 hi2 2f(f-l)3
N A = [u(v+2) (v4)]° P31 A = [u(v2)(v-1)12 P12

31 3 5t 7 732 7 3 _ >
2 f2(f2+2)(f2+l+) 2 f2(f2+2)(f2 1)

[v(v+2).,.§v+6)]2 35y LA = fv(v+2)(v+h)(v-l)]2 byo
e“fz(f2+2)...(f2+6) 8:8 ‘“2 z“fe(f2+2)(f2+u}(f2-1) BT

2 o2 - 2 b
A Fv{v+e)(v=-1)(v+1)] 2 AL = [v(vte)e. . (v8)] '51
43 2“f2(f2+2') (£,-1)(£,41) 3:57 751 25f2(f2+2) ceu(£,48) BIL8

Lo(v2) .. (v16) (v-1)1° Ps2 [u{u#2) (vs) (v=1) (v+1) ]2

A = iz 2 A = :
22 25f2(f2+2)...(f2+6?(f2-1) 637 753 25f2(f2+2)(f2+u)(f2-1)(f2+;)
2
b,bs
7.5 "°
A, - #gv(v+2) (020)1%  Per_, [u(vie)e . (w8)(-1)P e
15 fe(f2+2)...(f2+10) 8ihilre 7 “62 ~ 6p o2, #2).-(5, +8)(f _q) Gk
Ay - Lo(vi2). (6)(wrl) (vi) 12 163
: - 73
2 f2(f2+2?. . .(f2+6)(f2 1?(f2+1)
3
- [v(v+2)(v+1+)(v-l)(v+ll(v+3)] o
- 6k - 2(£5%2) (£ (2,1 (2,42 (£43) 7.9 7
L 2. 2 2 , .
y where Dl= Py +,p2, b2= (plpa) and bij 8 are obtained from correspond-
ing aij’s by replacing in the latter a., and a_, by bl andl b2 re-

1 2
spectively. '
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Now let A\ = ri/(l ri)(l-l,z» u=M+h, and g - A

2 1

c.d.f. of U(2) can be written in the form:

6 j
(2.2) ru(®)y - K[Z Z (-1)3*d Dy Byyteeel,
3=0 i=0
where
Doo = 1+ Apyt 3Ay+ Shy + 35A,+ 63A5,+ 2314,
Doy = 511+ 6A21+ 15A3l+ 1hQAhl+ 315A51+ 1386A6l,
D,y % Aqqt 2A21+ Ayt 3A31+A32+ 204, 1 +3A) 5+ 35A5l+ 5A52+126A61+3§A62,
Dyo = 3h,% 15A3l+ élOAhl+ 63OA51+ 3&65A61,
D)y = 6A21+ 1§A31+ A32+ 180Aul+ 6Ah2+ u20A5l+ 15A52+ 1890A6l+1qu62,

_ D22 = 3.1;21+3A31+A32+18ALL +2A)+2+A,+3+3OA +3A52 53+105A61+20A62+3A63,
DO3 = 5A3l+ 1’+OA,+1+ 630A5l+ l+620A6l,
Dl3 = 15A3l+3OOAbrl+3A)+2+lO50A5l+15A52+6300A61+210A62,

D23 = ;5A3l+ 18OA)+1+ 6Ah2+ L450A_.+ 18A__+ A__+ 2lOOA6l+ 180A62+6A63,

51 %2 53

D33 = 5A3l+20Ahl+3Ah2+30A +3A +lOOA6l+ 18A62+ 2A63+ AG&’

51 345253

Dyy, = 3581+ 315A51+ 3h65A6l, Dy, = 1&0Ahl+980A +5A

51 52

D,), = 210A‘h_l+ 1050A,, + 152}52+ T350Ag;+ 300Ag,+ 3Ags;

D3l'_ = lll-OAhl+ 420A51+ 154+ 21004, + 180A62+ 6A63,

52

7

Xz, then the

+8820A6l+l’+0A62 :



Dy, = 358y *+ 3585 * Aot 105Ag, + 20Ag,* 3hgs,

Dos = -63A51+ 1386Ag,y, Dyg = 315R5;+ 56T0Ag) *+ 35855,
D,y = »63OA51+ 8820A¢, + 1h0A62, Dy 630A5l+6300A6l+210A62,
Dys = 3154+ 1890A¢) + 1hoAg,, Dys = 63A5) +126A5:+ 35h5,,

Dog = Deg=231h61» D167Dse13%hg), Dog=Dy5=34000g,, D3g=i620Ag; ,

and
| o(2) 2/
+i +n+3+]
(2-3) By =] [ @ ()™ au,
) o

In obtaining (2.2) the following recurrence relation has been used
repeatedly:
(2.4) Buig = Bu-1,1,35-17 Bn-1,i,5” Bh-1,i+1,5°
where

(2) /v
, R - b m+i m+n+j4
(2'5) Bhi,j = J‘ I [u g /(l+u+g) J dg du (BOiJ= Bij)'
o o »

Now Bij in (2.3) can be reduced to the form

-

B, = {1/(n+3-1-2)} {-(2-u(2))1*2-30 g (w41, n+j-1-1)

[0(2) /(@) 072

* Btu(z)/u(2)+2] (2(mtit1), 2(n+j-i-1)-1},



where -
r-1 s-1
Bx(r,s) = J: X (l-xl) dx, .
' 3. Non-Central C.D.F. of V(2) for Test of (i)
. Now, for obtaining the c.d.f. of v{2) let us rewrite (2.1) in the
form
6
- J+m 2 2.0, 2 2
(3.1) k() Cpmad™ . 0l(]) (1) PR
i+2j=k=0

where, in the summation, only integral solutions .(i,j) of i+2j=k are

allowed and where,

C..=1,C, =A

00 10™ A1 Cpg= 3Rnp0 Cop= App™ My
C30 = SA315 Cpp= B3p 128335 o= 300 Cpp= 3hypm 120A,,
Cop = Ah3- hAh2+ h&Ahl, Cso= 63A51, C31= 5A52- 280A51,

o Cyp = A53- l2A52+ 2h0A5l, Coo 2318g15 C)q= 35A62- 1260A61,

0
|

c22 = 3A63- 120A62+ 1680A6l and C

-

Now transforming (ri, rg) to (al, a2) ‘we get from (3.1)

-

(3.2) Fl(V(Q)) = P _(a; < v(2)y
v ' 4(2) & A N
B _ =K I I E: cijaiag+m+"')(l_al+32)ndal da,.
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For the integration of a, and a, on the right side of (3.2), consider

the integral

2/)4_
(2) a
F _ v 1 i jm n 4
(3.3) T fo jo aja; (l-al+a2) da2 &)
(2) .
\'
. o= ey 5 day, 0<vl® <1
fe) b4
v(2)
) JJ‘O fl'i)-j dal+ Jrl f2'i)j dal’ 1< V(E) <2 |
where, following Mikhail (1965),
. v(2) - n
(3.4) Jo 214, 8=l ()T ) LT/ ()]
20 .
B (athr+2, b-4r-2) 0<V <1
V(E)/2 arqyr Ir
and
(@) | w3 .
(3-5) jl £hp,5 By [/ ) LD/
r=0
| i (2)
- [BV(Q)/Q (a,b) Bl/2(a,b)],, 1<V <o,
where

a=2m+2j - 2r+i+l and b =2n + 2r + 3.

Further, using (3.4) and (3.5) in (3.3) we can write (3.2) in the form

(taking only values of k¥ from O to 6)



6
| (2)y _ | ’
(3.6) Fl(V ) = K( Z Cijfij)'
- _ 1+2j=k=0
. \ 4. Non-Central C.D.F. of w(e) for Test of (i)

For obtaining the c.d.f. of I-Iilks' criterion, W(e),"transforming
( 1 r) in (3. l) to (ae, W= (lr (lr )), we get the c.d.f. ofW(E)

in the form'

i

(8.2) Fz(w(z?} Pr(wsv1(2))

«(2) (l—wl/2)2 g
=KJJ--'\ L c ‘]mnlw+a)+...da dw
. Jo L G el ]
l+23= =0
remembering that al/ 2+ ml/ 2 < 1. Now let

2

(2) (1- 1/2)2

+n n
(4.2) g.. =Jy [ ad (1-wta, ) de. dw.
a 1370, g 2

Then it is easy to show that

i- +1 j+Hm+r+l, .. B(2n+2,2m+2j+r+i +3)
(4.3) 8 ; Z[( 1)r i H/¢ o ?(Jmﬂ)] zw(2) 1/2 T

Using in (4.2) the value of 8iy ©OR the right side of (4.3), we can
- write (%.1) in the form (taking only values of k from O to 6)
. . 6
(2)y _ Z
(-1 FR () =k Ciy 8y
' 1+2j=k=0
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5. Non-Central C.D.F.'s of U(g), V(Z) and ﬁ(e) for Test of (ii) .

For obtaining the c.d.f.'s of the three criteria for test of (ii),

put p =2 in (1.7) and proceeding as in the preceding sections we ar-

rive at the c.d.f.'s of U(z), V(2) and W(Q) which would be obtained

from (2.2), (3.6) and (4.4) respectively by making the following changes:

by multiplying Aij by 2

22
1

K

Ay

J

__'> Ei (i = l,2,-oo’p)
1
- 7 (gt o))
—>K'=¢e . ¢(2,m,n)
, =———> A' where A!. 1is obtained from A,
iJ ij ij

i . N . i
and each linear factor involving v 1in

the numerator of Aij is raised only to a single power instead of power

. . 1 . _
two in Aij and defining b, as 2(w1+ w2) and b2 as ulwé/h. For

example,

Further, D, .
1J

o1

2P, (30 £ (0p20,))°- Moy, )]

v(v#2) (302 - lib,)

e3> D!. where D'!'. is the same function of A!l.'s as
1J 13 ] 1J

' -
Dij is of Aij s. Similarly

ep— 1
Cij > Cij P

where the meaning of (') is obvious. In other words, the basic changes

are in the A..
1J

tions of D

coefficients, K coefficient and the different defini-

and b..

2
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6. Power Function Tabulations

For tabulation of powers of test of (i) based on U(2), (2) and

W(e), uppef 5 and 1 per cent points of the first two criteria were com-

puted accurate to eight decimal places on IBM 7094 so as to give eight
decimals accuracy in probability. DPercentage points from Pillai's

tables (1950) were fed into the computer as starting values (except for

(2)

some values for U not available) and the final results computed

using (2.2) and (3.6) with N =_p2=.0 showed that the last (third)
decimal provided in Pillai's tables (1960) is quite accurate (which
were computed using Bl and 62). For 6(2?, percentage points were
omputed for values of m = 0,1,2,5 and for n=5(5)30, 40, 60; for V(2
the same values of nm énd n except n = 60. These percentage points
are presented in Tsble 1. ‘For W(g?, lower 5 and 1 per cent points
were computed using (4.4) putting Py =Py = 0 for values of m and
(2)

n as for U'"’. These again are presented in Table 1.

Powers of test of (i) using U(g), V(g? and W(z) for various

pairs of values of (pi, pg) were computed for values of m and n

as stated above. Similarly; tabulations of powers for test of (ii)
using the three criteria for various pairs of values of (wl, wé) have
also been made for the same values of m and n. (These tabulations.
are available with the Department of Statistics, Purdue University, for
each criterion separately). Table 5 gives powers of tests of (i) based

on the three criteria and Table 6 those of (ii). Some comparisons are

ﬁade in the following section.

—.
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T Power Comparisons

(2)

Let us consider first the comparison of powers of tests with U7/,

2) and W(2) for testing (i) based on Table 5. In this connection,

v
the following observations may be made:

1) For small deviations from the hypothesis V(e) seems to have

more power than W(e); and W(E) more power than U(z).
2) For pi + pg = constant, the power of V(2) increases as the

(2)

two roots tend to be equal but, on the other hand, those of U and
W(z) decrease. (For W(e) when m = 0,1, @& = .01l a few exceptions
may be noted for small values of n).

3) For larger deviations from the hypothesis, when the values of
the roots are far aparf; the powers of U(2) and W(e) sometimes seem

to exceed that of V(g) for larger values of n. But the power of V(e)

(2) w2

always exceeds those of U and when the values of the two

roots are close. Further, the power of U(z) is greater than that of
W(z) for larger values of n.
L4) On the basis of similar earlier tabulations of the power of the
largest root (1965), it is observed that the power of the largest root
stays behind those of all the other three tests considered here. The
power of the largest root decreases as the roots tend to be equal while
their sum is kept a constant as for U(2) and W(2) in 2) above.

5) The power of the test based on any of the four criteria dces
not seem to have mohotonicity property with respect to the sum or the
. product of the roots. .

For test of hypothesis (ii), based on Table 6, we may infer the fol-

lowing observations:1l), 4) and 5) above can be repeated without change
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in this connection as well. However, 2) and 3) above may be changed to

2') and 3') below:

(2) and W(e) in-

(2)

2') For w, tow, = constant, the powers of V

crease as the two roots tend to be equal while that of U decreases.
3') Same as 3) except for the addition of the following phrase to

the last sentence there: °''except when the rocts tend to be equal''.
Now, some detailed comparison may be made with the table of approx-

imate powers given by Mikhail (1965) for test of hypothesis (ii) based

on three criteria.

Table 1. Exact and Approximate DPowers for Test of Hypothesis

(ii) based on U(Q), V(Q? and W(2) for m=2 and n=34.5

w @, ul®) y(2) w(2)
Bract GIPION meact  (FRONL Bt gRiN)

0 1 .07332 074 .07320 077 07329 .080
o 2 .00k .100k4 | 1008

. ‘ oLk .106 .120
1 1  .10099 .1016 1014
0 b .1683 : .1651 L1670 »
1 3 ,1682 B 173 .1692 el .1688 234
2 2 .1682 .1703 T 1694

The exact power computations in Table 1 again agree with the find-
ingsgiven above. However, in connection with the approximate powers
(Mikhail, 1965), it should be pointed out that the second moment of
U(P) obtained Sy Khatri and Pillai (1967) does not seem to reduce to

that given by Mikhail (1965) for p=2, even after taking into account
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that his definitions of the criteria are in terms of the sums of prodgct
matfices and not the sample covariance matrices as stated in his paper.

Further, if we consider larger values of the deviation parameters
than those given in Tables 5 and 6, it appears that inferences 3) and
3!') above are generally true, except that in very large samples the
powers of the three criterias tend to be equal. Tables 2 and 3 help to
see this point;

For test (ii), the admissibility of U(P) and the largest root has
been established 5y Ghosh (1964) for large values of the parameters in
the alternative hypotheses i.e. against unrestricted alternatives, and
by Schwartz (196k) that of V(P) in the same sense. Kiefer and Schwartz
(1965) have shown'that ~V(P) test is admissible Bayes, fully invariant,
similér and unbiased. They have also shown that W(P) is admissible
Bayes, under a restriction, although admissibility could be established
without this restricition. Further, the monotonicity property of these
tests for both hypotheses were shown earlier by several authors (Roy and
Mikhail,.l96l; Das Gupta, Anderson and Mudholkar, 196k4; Anderson and

Das Gupta, 1964).
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Tegble 2. Powers for Test of Hypothesis (ii) Based on U( 5 V(a) and
W(e) for n = 30, @ = .05 and larger deviation parameters.
@y wy | U(E) V(g) W(a? U(e) V(z} W(2)
m=0 — m =
- 0 5 .311 .307 .309 .243 .237 .240
2.5 2.5 .311 317 .315 243 27 245
- 0 8 493 1485 .419 .392 .381 .388
4 L 496 .505 .501 .394 402 .398
0 10 .603 <594 .601 .lg2 476 486
5 5 606 616 .61k 495 504 +500
nm= 2 T m=5
0 5 .20k .199 .202 .148 .143 146
2.5 2.5 .20k .207 .206 - 148 .150 <149
0 8 .330 ° .317 .324 .230 .215 .226
4 by .331 .337 .334 .230 .234 .233
0 10 1418 .398 Lo .292 .265 .286
5

5 1419 R Ty) BTN .293 .297 .296

Table 3. Powers for Test of Hypothesis (i) Based on U(g?, V(E) and

W(e) for n = 30, @& = .05 and larger deviation pérameters.
o2 o2 (@) (@) w(2) ned) y(2) w(?)
m=0Q m=1
-- o .1 A52 0 (45 W50 0 370 .359 .366
.05 05 .h32 V440 436 .351 .357 .355
. 0 .15 673 664 AN .580 562 571
. m=2 m=5
.o 0 .1 T .32 «308 316 .ehs .228 .240
05 .05 .303 .308 .306 .231 .235 234

0 / A5 .516 513 .510 405 377 .397
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CHAPTER II

POWER COMPARISONS FOR TESTING 621 = 22

l. Introduction and Summary

let X(p x nl) and Y(p x n2) with p <n,, i=1,2 be two matrix
variates that are independently distributed. The columng of X and Y
are themselves distributed as independent normal variates with mean zero
énd covariance Zl and Zé respectively. Therefore, XX' and YY'
will be independently distributed as Wishart (n;,p,%,), i=1,2. ILet

0< ¢y <cC, eee < cP < o be the characteristic roots of the equation

2

(1.1) |xx* - cxy'| =0

and 0 <)\ e < &P < » be the characteristic roots of

1
(1.2) |2, -2 5] =0

Define F = diag(ci) and A = diag(hi).
To test the null hypothesis, H_:6A = I, § >0 given, the follow-
ing criteria, analogous to thOse in Chapter I, have been suggested [see

also Knatri (1967)]

(1) 8c, or 6cpl(l+5cp) (Roy, 1945)
(i1) U(I,’) = Z[6c;] (Pillai, 195k, 1955, 1960)

izl ®
D .
(11i) Pillei's criterion, V(P) = I [5ci/(l+6ci)] (Pillai, 1954,
. _ i=1 ,
1955, 1960)



~For p =2, (2.2) reduces to

29

and
. () _ ¥ |
(iv) Wilks' criterion, W'’/ = 1 [1/(1+aci)] (wilks, 1932).-
s=1
In this chapter we obtain the powers of the last three criteria,
in the case p=2. . 3

2; th-central Distributions of U(2), V(z) angd W(e)

James (1964) has shown that the joint distribution of CyseeesC

can be expressed as

(cm+p+1)
2

(2.1) c(p,m,n) || |"

1 -1
F(Zvy - A ,F) 0 (c,-c,)
1o ™ 4 i>j i 73

where the nypergeometric function lFO is as defined in the last chap-

nl-p-l ) ng-p-l

ter and m = and v =n, + n..

2 R 73 17 M
Khatri (1967) obtained the joint density of (6cl,.;.,6cp) in the

form

S2mﬁg:l!

2

e

(2.2) ¢(p,m,n) ieAl- 16F|™ |I+6F|— x

1 -1 eyl e
_1F06§ v; I-(60) ", (SF)(I+sF) )igﬂ b(ci cjl .

omt3 ‘ .--];vr
2

(2.3) C(2,mn) loA] 2 [(8e,)(8e,)1" [(1+8c, ) (1+6e,)] X

| lFo(% v; I-(s0)7L, (aF)(I+sF)‘1)(a(c2-cl)) .‘

For getting the c.d.f. of any one of the three ecriteria U(z), V(a) apd

¥

W(2) defined above, we make:the following changes in the correspondihg



30

- fens3)
c.d.f. derived in Chepter I: K- X'' = fsa] 2 cf2,m,n); .
- 11 e o 4 .
Ai 3" Aj_j where Aij is obtalned from Aij by omitting each

linear factor involving fE in the denominator, each linear factor in-
yolving v in the numerator is raised only %o a single power instead "of
two in A, and defining by as 2 - (1/xg* 1/a,)/8 and b, es

. {1-(1/& )}{1-(1/57\ )}. For example

£,(2,%2),, [3(2- (1/0, 51/3,)/81°- B{3-(1/sn ) Ha- (/80 Ly

2T , v(v+2)(3b - Ltb )
1 1 lll
Further, D 15" Di,] where D:LJ is the same function of Ai,j 8 &s D“
g 11 5
is of A.i j Se Smilarly, Ci 3 C 15 vwhere again Ci 3 goes through the

same changes as Dij does. Thus all the cha.nges are in Ai 5 K and
the definj.tions of b1 an& b2 .

3. Power Function Tabulations

For tebulating the powers of the test for Hy based on U(E) vf2)
and W( ) » the following procedure was used' The upper 5 percent po?nts
of U(a) and V( ) were calculated with eight decimals eccuracy. Ag
initial values percentage points from Pillai's tables (1960) were fed to

. the computer For U( ) percentage points were obtained for m = 0, 1,2
5,10 and 15 and n = 5(5)30, 1K;),60 but for V( 2) these percentage
points were obtained for &ll the same values of m and z, except nrE 60.
.However, for W(a) lower 5 percent point were computed. A1l these re-

-sults for m = O 1,2,5 and n= 5,15,30 and Lo ere tebulated in ta.ble 7.
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4. Power Comparisons .
(2), V(z? and w(e) for

Iet us compare the powers of tests with U

testing H. based on Table 7. We observe the following:

0
1) For small deviations from the hypothesis V(2) seems to have

(2)

more power than W(e), in general; and W(e? more power than U

(2)

2) For 5(xl¢ xe) = constant, the power of V generally in-
cresses as the two roots tend to be equal, on the other hand, that of
U(e? generally decreases and W(e) increases in most cases, at least

for small deviations.

3) For larger deviations from the hypothesis, when the values of

(2)

5kl and 5x2 are far apart, the powers of U sometimes seem to ex-

ceed those of V(2? and W(z). But the ?ower of V(Q). always exceeds
those of U(2? and W(z? when the values of le and 5x2 are equal.
4) The power of the test based on any four criteria does not seem
to hawé the monotonicity property with respect to thé sum of roots.
It may be pointed out that Anderson and Das Gupta (1964) have
estgblished the monotonicity of the power, with respect to eéch popula-
(2)

tion characteristic root, of some of these tests, for example, U'™ 7,

W(2? and the largest root (which is not considered in this chapter).
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Table 7. Powers of U(z), V(2) and W(E) tests for testing 6)\.l= 3

5x2= 1 against different simple alternative hypotheses,
o = .05

P O R OO B OB OO

n = 0, n=>5 m=0, n=15 :
1 1.00001 .0500008 .0500008 .0500008 .0500010 .0500010 .0500010
1 1.001 .050079  .050084F  .050082  .050099  .050100  .050100
1 1.1 .058298  .058614  .058538  .060546  .060565  .060580
1.05 1.05 .058237 .058703  .058525 .060431  .060527  .060499
1 1.5 .0976 .0976 .0981 1122 .1110 .1119
1.25 1.25 0964 .0991 .0983 .1105 <1110 1109
1 2 .155 .148 154 .187 .18k .186
1.333 1.5 .133 .137 136 .160 .160 .160
1 L .380 .352 453 <443
1 5 468 436 .545 -53h4
2 b 495 496 .581 .580
3 3 -505 <513 <59k <595
1 8 645 . .613 713 .703
k.5 k.5 720 T2k .793 .793
1 1 <45 NEN -T799 .792
6 6 .832 .835 .883 .88k

m= 0, n = 30 m = 0, n = 40
1 1.00001 .0500011 .0500011 .0500011 .0500011 .0500011 .0500011
1l 1.001 .050106 .050107 .050107 .050108 .050109  .050109
1 1.1 .061352 .061338 .061353 .06157h .061558  .061571
1.05 1.05 .061220  .061249  .0612hk1  .061438  .061455  .061451
1 1.5 L1175 .1168 1172 .1189 .1184 L1187
1.25 1.25 1155 L1157 L1157 .1170 Jd171 .1170
1 2 .199 .197 .198 .202 .200 .201
1.333 1.5 .169 .169 .169 LA71 172 171
1 R L76 471 482 478
1 5 .568 .563 STk .570
2 4 607 .606 _ 614 .613
3 '3 621 622 .628 629
1 8 .T732 .728 CWT3T T34
4.5 4.5 .813 .81k .818 .819
1l 11 815 811 .819 .816
6 6 .897 .897 .901 .901



Teble 7. (Continued)
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»

5My 6hs yl2 MO w2 ul@) v w(2)
m=1 n=>5 m=1 n =15 _
1 1.00001 .0500009 .0500009 .0500009 .0500012 .0500012 .0500012
1 1.001 .050089  .050098 .050094  .050117 .050119  .050119
1 1.1 .059399  .060056  .059888  .062660  .062708  .0627h40
1.05 1.05 .059319  .060273 .059928  .062530 .06275%  .062690
1 - 1.5 .105 <104 .106 .128 .125 127
1.25 1l.25 .10k .110 .108 .126 127 127
1 2 <177 165 173 .229 219 .223
1.333 1.5 .150 .159 157 192 194 .193
1 4 21483 436 .580 557
1 5 597 «550 687 665
2 3 .623 629 727 725
3 3 .633 652 +Th0 «Th3
1 8 + 795 762 .853 .839
he5 k.5 .860 .868 .915 .916
1 11 .884 .861 .919 .910
6 6 OU2 - 945 967 .968
m=1 n =30 m=1 n = 40
1 1.00001 .0500013 .0500013 .0500013 .0500013 .0500013 .0500013
1 1.001 .050128 .050129 = .050129 .050132 .050132 .050132
1 1.1 .063915 .063882 .063918 .064269  .064230  .06L262
1.05 1.05 .063765 .063836  .063817 .064113  .064156  .0641L5
1 1.5 .1371 .1353 .1363 .139 .138 .139
1.25 1.25 .1349 .1354 .1352 <137 .137 .137
1 2 .24h9 243 245 .254 .250 .251
1.333 1.5 .208 .208 .209 212 .216 .213
1 4 .613 .601 621 .613
1 5 .T16 .706 T2 .T16
2 4 <759 .758 .T6T .T66
3 3 -T73 T4 .782 .782
1 8 871 .864 875 871
L.5 k.5 .930 .930 93k 934
1 11 .930 .926 _.932 .930
6 6 eln 974 976 976
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Teble 7. (Continued)
51y 5, u'?) vi8) w2) ol?) vi2) i\2)

m=2 n=>5 m= 2 n=15
1 1.00001 .0500009 .0500011 .0500010 .0500013 .0500013 .0500013
1 1.001 .050095 .050107 .050103 .050131 .05013k  .050133
1 1.1 .060100 .061036  .060793  .064218  .064302 = .0643LT
1.05 1.05 .060015 .06133hk .060878  .064081  .064%433  .064333
1 1.5 .118 .110 Jd12 .140 .136 .139
1.25 1.25 .109 .118 115 .138 <1h1 .139
1 2 .195 .180 .185 .263 .248 «251
1.333 1.5 .161 .176 171 .218 221 .220
1 L STT 533 OTT 64T
1 5 707 .668 .87 .T62
2 4 725 T35 .823 821
3 3 .736 .758 .836 .838
1 8 .892: .872 .927 .915

m=2 n =30 m= 2 n =40 -
1 1.00001 .050001k .050001Lk .050001hk .0500015 .0500015 .0500015
1 1.001 .050145  .050146  .050146  .0501k9  .050150  .050150
1 1.1 L065911  .065859  .065916  .066400  .066336  .066388
1.05 1.05 065751  .065867  .065837  .066234  .066304  .066286
1 1.5 .153 .150 .152 .157 154 .155
1.25 .125 .151 .152 .151 <154 .155 .155
1 2 .291 .281 282 .299 «290 .291
1.333 1.5 241 242 242 248 .2h8 249
1 4 Rrallt 697 T2 . 703
1 5 .815 802 .823 .805
2 L 854 .850 .861 .857
3 3 865 .867 .873 872
1 8 +939 933 .92 +933

m=5 n=>5 m=5 n =15 :
1 1.00001 .0500011 .0500012 .0500012 .0500016 .0500016 .0500015
1l 1.001 .050105 .050123 .050117 .050156 .050162  .050161
1 1.1 06124l .062739 .062368  .067333 .067529  .06759k
1.05 1.05 .061157 .063167 .062543  .067187 .067873  .06T7685
1 1.5 122 121 .122 .168 .160 <16k
1.25 1.25 .119 .133 .128 .166 LA71 .169
1 2 248 232 197 349 .319 .298
1.333 1.5 .185 .210 .199 278 .285 .281

m=5. n=30 m=5 n = 40 -
1 1.00001 .0500018 .0500018 .0500018 .0500019 .0500019 .0500019
1 1.001 ~ .050180 .050182 .050182 .050187 .050188  .050188
1 1.1 .070259 .070351 .O7027F  .071161 .071181 .071135
1.05 1.05 .070087 .070338 .070273 .070981  .071107 .O71098
1 1.5 .192 +194 .186 .200 .201 .196
1.25 1.25 .189 .190 .191 .197 - .199 .198
1 2 .398 .355% . 353 413 .372 .371
1.333 1.5 <337 334 337

<323 +329 .323

I
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CHAPTER III

EXACT DISTRIBUTION OF PILIAI'S CRITERION IN THE CENTRAL CASE

1. Introductioh»and Summary

Some unsolved problems of long standing in multivariate analysis
are the exact distribution problems of the test criteria given in ear-
lier chapters like U(p), V(P) and W(P). The exact distributions of
these criteria are not available (even under each of the null hypoth-
eses) except in special cases. Of these, the c.d.f. of Pillai's cri-
terion, V(P?, has been more difficult to obtain siﬁce this has to be
eﬂﬁﬁﬂdswu%ﬂyﬁremhhﬁmﬁdiSzSiﬂ;ﬂAV”md
The exact c.d.f. of V(e) i.e. for p = 2, has been derived earlier.
Nanda (1950} attacked this as a mathematical problem to obtain the c.d.f.
of V(P) but succeeded in obtaining the c.d.f. only in the very special
case of m = 0 (see earlier chaptefs for definition of m) and that too
only for p =2 and 3. In the present chapter and the following, a .
study of the exact distribution of V(p) in the null case islattempted
extending the method of Nanda and explicit expressions for the c.d.f.
are given for p=23 and values of m<3, andp =4 and m=0 and
1 l(given in the next chapter). It may be pointed out that these values
of m cover a lot of grounds in terms of tests (i) and (ii), since in
(i) m = % (a-p-1), where gq ;nd p are numbers-of variables of the
two sets, p < q, and in (ii) m = %(Iﬁﬁp-l|-l), where £ is the nunber

of samples and p, the number of varisbles.
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2, Nanda's Method for m = Q

In this section, the method of approach of Nanda will be given °
briefly in order to describe the extension of the method in the next
gection. Tt is obvious from the previous chapters that the joint dens-

ity of the characteristic roots under each of three null hypotheses céh

be expressed in the form

;)ea,"':e ) = C(ij:n) H {em(l"e )n} jul (ei 'j)j_n (de ):

i=1 i>j

(2.1) f(e

.

0<e eSS <l

Now let g; = e4n, i=1,2,...,p and n = », then

' -%g, P P
(2.2)  2(gs8,--,8,)=C" (Bm;0)e g g, 1 (g g,) 1 dg,
i=1 >3 i=1
P
where by Zgi in the exponent we mean X 8y> where
: i=1

c'(p,m,0)= n’p/e/ i 1"(2m+i+l/2)1"( )
, i=1

Consider the c.d.f. of the largest root

o ’ -%g, P
(2.3) P(gp <x) = C'(p,m,0) J. e 1 H si I (g~ gj) ﬂ dsi
‘ O<gl<ge<...<gpq 1>] i

The transformation Xy =8, yields
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-Zg; P
(2.4) ¢(p,m,0) e O0g

0<g, <B,<r - <8, i=1 ti>j * i=1

= C(p,m,0) J X e ny

‘Let us replace ¥ by l-yi(i=l,2,...,p) on the right-hand side of

(2.4) end then change m to n on both sides

~

. -pX
(2-5) C(P)O:n) V(XSP"J-)P'Q:'H:J-:O}'J-) =e P X 2 M(x,o,n,p),

(p)

where M(x,o0,n,p) denotes the moment generating function of V when
m=0 and V(x;p-1,p-2,...,1,0;-1) represents the Vandermonde determin-
ant defined by Pillai (1956). Here V(x;p-1,p-2,...,1,0,;-1) actually

stands for V(x;n+p-l,n+p-2,...,n+l,n;-1) where

V(x;qp,.-.,ql;t) = ssece seeoe .




With a view to illustrating how one obtains this, we will derive

M(x,0,n,3), using relation (2.5).

x ~(30%0) (o 1,05-1)

(2.6) M(x,0,n,3) = ¢(3,0,n) 63
Now V(x;2,1,0;-1) can be shown to reduce to the form

(2.7) V(X;E,l,O}-l) = 2I(x;2n+3,-2) I(x;5n,-1)
-2I(x;on+2,-2) I(x;n+l,~1)
-EIo(x;n+2,-l) I(x;2n+2,-2)

+Io(x52n+2,-2) I(x;n+l,-1)

where
t
I(x;q,t) = Jx eV y%ay
Te)

and

(x:a ty a |
I (x;0,t) =e™ ¥y |°.

Putting xu for y in the definition of I(x;q,t) above, we get

(2.8) v(x;2,1,0;-1) = B2 [21(1;2n+3,-2x) I(1;n,-x)
- -2I(1;2n+2,-2x) I(1;n+1,-x)

2e”*
. - m I(1;2n+2,-2x)

e-2x

+ (;J_-T I(1;n+1,-x)].

38
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x3n+6 as 'a common factor on the

right-hand side of the sbove eguation. We use the value of V(x;2,1,0,;-1)

By integrating by parts we can get
thus obtaired in equation (2.6) to get

1
n+2) (2n+3)

(2.9) M(x,0,1,3) = €(3,0,n) [y I(n+2,x)

2

+ m I(2n+)+,x)

- Gty HE)

2

* o) (en3) 1(2n+3,2x) I(n+l,x)]

l .
where I(q,ox) = Jl eax(l-u) uwldu = J eaux(l~u)q du.
o] o

As the m.g.f. is now known, we can obtain the c.d.f., once we know
the contribution of each integral on the right-hand side of (2.9). We

get corresponding terms for I(n+g,x) and I(2n+k,2x) by integrating

+
. the density (l-u)n £ of u and (l—u)2n+k of 2u, respectively.
Hence

1-(1-2) 4 0<z<1

n+g+l - -
I(n+g, x) -

1

s 15252

and



f 1_11_2/2)2n+k+l

on+k+1 0<zs2
I(on+k,x) - ﬂ
1 .
Ptk l 22253

However to get the contribution of I(n+£,x) I(2n+k,x) we consider ¥y

and Yor two random variables, distributed in (0,1) with densities

2n+k

**%  ana (1'3’2) . Then

(l-yl

)n+£ ( l_y_2 )2n+k

I(n+2,x) I(2n+k,x) — J' j (l-yl dy, dy,

+
y;+2y,S z
where 0 <z <3.
The region of integration is given by OPQ, OARS, OATUC (as is Fig.l)

for 0<2<1,1<z<2 and 2<z <3 respectively.

A
I
C g B
S T
Q
R
A > yl

o P

. Figure 1. Region of Integration of I(n+{,x)I(2n+k,x)
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Therefore ’ .

( 1-(1"Z/2 )2n+k+l

(n+4+1) (2n+k+1) -sJ(2

l,z2,'2n+k+l,n+£+2) 0Lz sl

1-(1-z/p) 20K+
(n+g+1) (2n+k+1)

I(n+£,x) I(2n+k,2x) = ; -sJ(zl,l;2n+k+l,n+£+2) 1222,

1 :.
| (o¥2+T) (2nicid) -s3(0,1jantktl,n4p42) 2 S2 S 3

where s = 2n+ﬂ‘+l/ (n+£+33223n+k+z+2: zl=(2-z)/ (3-2), 22=2/ (3-z),

b
J(a,b;c,d) =I xc-l(l--x)d“l dx. Hence

a
(2.10) P(V(3) < z) = 1-¢(3,0,n) W(3,0)
where
[p (l-z)n+3+ 253 (1- /2)2n+j+w J(z,,2,;2n+k,n+3) ]
(Tro,3(1-2) P JF 0;3,2° *17 %27
0<z<1
5 on+j
Ww(3,0) ={ [_Z‘.uqo,j(l-z/2) +G)O;3,2J(zl,l;2n+ll-,n+3)] 1<z<2
. J:
\‘:’053,2 J(0,1;2n+h,n+3) 2<z <3
_ .0t _-(3n+k+4+l) -
Osx, g = 2 Z, _ hm;k,!, and Pm,j’ th_j and hﬂl;k,z are de

fined in section 5.

3. Extension of Nanda's Method

&

To obtain the m.g.f. of V(P) for larger values of m, we proceed

as follows: Multiply the right-hand side of (2.2) by the factor

v

I4
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Il(l-gi)n and replace C'(p,m,0) by C(p,m,n); Tt is well-known that
i=1 :

(3.1) 1 (1-g,)" = (1-a +e, ...+H-1)F & )"
- i 1% P
: i=1
where :a.‘j =3 gi gie...g is the jth elementary symmetric
<i....< j )
il i, ij 1 J .
1< ij <p

function. Using (3.1) in (2.5) we get

' - -Ig, P P
(3-2) c(z,m,n)] e ! gl (goe,)(1ay.. (-1)Pa )" 1 ag,.
0<g, By -+ B, i=1 “i>j 151

Iet us express (1--aa,1+...(-l)pa.p)m in the form

(3-3) (raphes(-2Pa )= ) (-1—7—1——.—><-a1) 1...« 1)%)?
p

0
io-"il-*-. e +ip=m _

Thus the integral in (3.2) becomes

j‘ iﬁgiﬂ(gi—g ) 2 (17 ....i r)(- ’5’1):L
O<81<82<---<8 <x i=1 "1>j i O~|-...+1p--=m °

((<1 )P I ag,
P i=1 1

ihere each term is a monomial in al,...,a.p. To express this as a

‘ Va_nd__emonde determinant we appiy Pillai‘s lemma (1.961&) which is briefly



.q3

h3
stated below: : .
Iemma: Let D(qp’qu—l""’ql)’ (q_‘j >0, j =1,2,...,p), denote the -

determinant

q.
Y. « o s o Y 1
(3-,"') D(qp’qp-l’""q'l) = . . .
q
: yl ¢« o o o yll

Ir ar(r < p) denotes the rth e.s.f. in p x's, then

(1)
(3'5? 3rD(qP:Qi;_l:°-°:ql)=Z'D(Q£);Q£_l; ---:Q.i):

where ql'J = qP+d, 3=1,2,444,p, 4=0,1 and L' denotes the sum over all
t
(i) combinations of p q's taken r at a time for which r indices

= qj+l such that d=1 while for other indices q3= qj such that d=0.

(i1)

(3.6) ahD(qp qp 1”“"11 Z”D(qp TISFITEFLT) ),

where h < p, qé' = q5+d, ,j=l,2,...,p,d=o,l and ZXZ'' denotes the sum-
mation over the (g) (ﬁ) terms obtained by taking h at a time of the
p q's in each D in £' in (3.5) for which h indices qé': qs + 1
while for other indices q.%' = q}.j.
2
(111) (a ) (a.h) D(qp q:p 1”"’ql)’ (k 4> O) can be expressed

as a sum of (p (p)z determinants obtained by performlng on

D(q:[J a4, l,...,ql) in any order (i) times and (11) £ times with r = h..
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However, if at least two of the indices>in any determinant are equal,
the corresponding term in the summation vanishes.

Therefore, after using this lemma (3.2) gives

—on-plBHL)
: px PAPTET % -or
(3.7) M(x,m,n,p) = e x Z’V(x;qp,qp_l,...,ql,...,l)x

*
where I denotes summation over all possible determinants obtained by

by v .
using the sgbove lemma, and g = Z (qj-j-l).
j=1 S

Our next step is to evaluate the determinants under ZX¥. We can
apply Pillai's reduction formula (1956) which for our purpose states

(3.8) V(x;qp,qp_l,...,ql;t) = A(p) +‘B(P) + q, C(P?

where

A(P)= _Io(x;qp,t) V(x;qp_l, qp_2: . ’}ql;t)’

(p)_ _yPed-lo . . .
BY = aj;s-l( l? I(x’qp+qj’2t?V(x’qp’qp-l’."’qj+l’qj-l"°°’ql’t)’

C(P?= V(x;qp-l,qp_l,...,ql;t).

]

We will derive the expression for a simple case to show how this is used.
When m=1,p=3, one of the determinants occuring in (3.7) is v(x;3,1,0;-1)

which is evaluated as follows:

(3.9) V(X;3,140;-1) = A(3? + 3(3? + (n+3) C(3)

where
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A(3?= -Io(x;n+3,-l) V(x;1,0;-1),
5(3 ) = 2I(x;j2n+h, -2) I(x;n,-1)-2I(x;20+3,-2) I(x;n+l,-1),

0(3?= V(x;2,1,0;-1).
But V(x;3,1,0;-1) has a term x—(3n+7? coming with it. As
Io(x;n+3,-l) V(x;1,0;-1) gives only x3n+5, therefore we have to inte-
(3)

grate A twice, by parts. Similarly B(3? and 0(3) have to be in-

tegrated to take care of the power of x. In general, this is true for

all V(x; q3) 95,9, -1).

)[h]:(x,2n+3l-2) ]be;n+l,-l)I(x,'n+2,-l)]

(3.20) ¥(x33,1,05-1) h ~Io(x;n43, -1 (w+1)(2n73) (n+1)(n+2)

+2[ A x;2n+h, -2)I(x;n+l, 1) hIO(x;n+l,-l)I(x52n+5,-2)]
o+l Tn+l) (2n+5)

o[ Ax;2n+th, -2)T(x;n+1,-1) | I{x;2nth, -2 I(x,n+2,—l)]
n+2 2(n+2)

Ie{x;2nt3,-2)I(x;n+3,-1
(o) TSR S ey

. Jolxint2, -1)I(x;on+h; -2)
(n+l)(n+2)(2n+3)

I(x;2on+h, -2)T(x;n+l,-1)
(n+1)(n+2)(2n+3)

+2

+Jb(_,2n+h, -2)I(x,n+2, -1)
<n+1)(n+2) (20+3)

, Tox; n+l, -1)I(x;2n+5, -2) 't
n+l)(n+2)(2n+5) I ;

After simplifying this and going through similar changes, we get
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(3.11) v(x;3,1,o;-1)x

(3n+7) 3x_Io(2n+3,2%)1(n+3,x)
(n+1)(n+2)(2n+3)

- To(n#3,x)1(2n+3,2x)

(n+1)(2n+3)

+ 6I(n+1,x)1(2n+u,2x)
(n+1)(2n+3)

Ty (2n+h,2x)I(n+2,x)

+30 (1) (n+2) (2043

l'I'o(n+l x)I(2n+5,2x)
(n+1)(n+2)

Io{n+2,x)I(2n+h,2x)

(n+l)(n+2)(2n+3)

So, in this way, we can evaluate all the determinants and get the m.g.f.

from which we can derive the c.d.f.

k. The Exact Distribution of v(3? when m = 1,2,3

As the c.d.f. of V(3) when m = 0 has beeh derived in section 2

above, we will derive the c.d.f.'s of V(3) for m= 1,2,3. The method

described in section 3 will be used with some results from section 2.

Case (i): m =1

(l"'l‘) M(x,1,n,3) =

(k.2)

< (3046)

/2(3,1,m)[¥(x32,1,03-1)-x “v(x;3,1,05-1)

2 V(x;3,2,0;-l)-x-3V(x;3,2,l§-l)]

—_—

P(V(B) < z) = 1‘0(3:1:11) W(3:l)



where

k7

~

Ww(3,1) =4

{z Pl’j(l'Z) + thl,j(l-z/z) + wl;k,2J(Zl’22;2n+k+l’r"+3.)
vj=3 j: . . k=2 )

+ w135,3J(Z1:2252n+6,n+h)+w1;3,hJ(zl,z2;2n+k,n+5)} 0<z< l.

T én+j 2
{ .thl,j (1-z/2) +k22“’1,-k,2J(Zl’l52n+k+l’n+3)
J: =

+ L-Jl;5’3J(Zl,l,'2n+6,n+,+?'*‘(1)153,’_|.J(Zl,l,‘2n+)-|.,n+5?} 1<z<2

5 v
{k§2w15k’ 2J(_O,J.,°2n+k+1,n+3 ?41-,1,_5,3J(0,l;2n+6,n+h?

Case

S— wl;3’hJ(O,l52n+k,n+5?} 2<z<3.

(ii): m=2

(h.3) M(x,2,n,3)=e3%"32%)c(3, 2, 0) [(x;2,1,05-1) -2x " 1¥(x;3,1,05-1)

Therefore

(%.1)

w2V (x;k,1,05-1)43V(x;3,2,05-1)}
~ox"3{V(x;452,0;-1)42V(x;53,2,1;-1) ]
+x-,+{vf(x5)*:3) 0; -l)+3V(x-; 4,2,1; -1) }

-2x"V(x;4,3,1; -1)+x'6V(x;h,3,2;-l)1

p(v(3) <z) =1 - ¢(3,2,n) W(3,2)

J



where

-
{ 2p,,(1-2)""+
=350

d

9
____)+q'2j (1-2/2)

48

. b 7
M, s 5 oo, J(z

) ;on+k+l,n+4+1)}
22 k=gl 2iKs2 2

172

0<z<1

W(3,2)=}{same as above except p2J.=O (3=3,4,5) and replace z, by 1}1<z<?2

\{sa.me as above except p2j=0, j=3,1+,5;qj=0,j=3,...,7 and replace zy

and z. by O and 1 respectively} 2 <=z <3.

2

Case (iii): m = 3

(5.5) M(x,3,n,3)=e3%(32+0)

¢(3,3,n) [V(x;2,1,0)~-3x"V(x;3,1,0;-1)
+3x—2{V(x;h,l,O; ‘l)+2V(x53: 2,0; "1)}

- =x73{¥(x35,1,05-1)+8V(x;4,2,05-1)

+lOV(x;3, 2,1; -1) }

+3x ¥ {V(x;5,2,03-1)+2V(x; 4,3,05-1)

- +3V(x;4,2,1;-1)}

3x"2{V(x;5,3,05-1)+2V(x;5,2,15-1)

"’3V(x3 4,3,1;-1 ) }

: +x'6{V(x;5,l+,o,--1)+8v(x;5,3,1,—1)

+10V(x;4,3,2;-1)}
3% T{V(x;5,3,2; -1)+V(x;5,4,15-1)}

+3x'8V(X;5,h,2;-l)-X'9V(X;5,h,3s-l)]-
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(4.6) P(v(3) < z) 1- c(3,3,n) W(3,3) X
where
6 11 5 9
{ Zx, (1 z)n M Z g, (1- 2/2)2¥L 5 % w
j=3 3 j=b 34 - £=2 k=g+l 33

J(zl,22;2n+k+l,n+£+l)} 0<z <1

1 > 9
W(3,3)=% = qg,(1-2/2)""4 3

J(zl,l;2n+k+l,n+,(7,+1) 1<z<2
4 - 2=2 k= a+1 “35k, .

5 9 ' -
Z I o, , J(0,1;2n#k+1,n+4+1) 2 <z < 3.
=2 k=g#l 71 .

N

On observing (2. lO), (k. 2), (k. L) and (4.6) closely, we conclude

that if for any m, one proceeds systematlcally, then the c.d.f. w1ll be

given by
(.7) ' P(v(3? < z) = 1-¢(3,m,n) W(3,m)
where
C a3 - . .
(= p, (l-z)n+J+ P qu(J.-z/z)zn+J
Jj=3 J=4
m+2  2m+3
+ X L jontk+1,n+4+ <
P Omok, g J(zl,z2,2n k+l,n+g+1)} 0<z <1
2m+5 optq B2 2mH3
W(3,m)={ = qmé(l-z/g) dvx =, T EJ(zl,l;2n+k+l,n+z+l) 1<z<2
T £4=2 k=g+1 7
m+2  2m+3
z z Opsic, 4 J(0,1;2n+k+1,n+4+1) 2 <z < 3.
£4=2 k=2+1 : -
L
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The constants in (4.7) will have to be obtained as in other cases.

5. Constant Coefficients

The constant coefficients used in sections 3 and b are listed below:

Po,3~ L/ (1) (n+2) (m43) (2n43),

Py " [(sn342007431n + 12)py .1/ (m+h)(20+5),
By 5= ~[6(m73m+1)p, 11/ (243) (2045),
P, )" ~[(4n3+120"+170+3)p 0,3 1/ (n+k) (2n+5? ,
Pp,5 30p0,3/(n+u?{2n+5?(2n+7),
Py 3= (un3+38n2+85n+33)/r(n) x (@13) (),
Py 4= - (8n2#6kn*+216n343956%43160+216) /(a4 ) (2047) x x(n),
Py 5 (8n5+68n“+250n3+439n2+u17n+78)/r(n) x (n+h)(n+5)(2n+7),
3 6 —630/[r(n?+(n+l|-?(n+5?(n+6?(2n+7)(2n+9')],
where |
r(n) = (n+l)(n+2)(n+3)(2n+3)(2n+5).
qo,h=f1/(n+1)(n+é)2,
%,5° 2/(g+1)(n;a)(en;5y,

94 = [2(n3+hn2+3n-3)qo,h]/(n+3)(n+h?(2n+3?,
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.Y 5" -2/(n+2?(n+3)(2n+5?,
q1’6=‘-2/(n+l?(n+2)(n+3)2,
4 7~ 2/(n+l?(n+2?(nj3)(2n+7?,
% = "9,y (213,
%, 5" -u(3n2+10n;12)/r(n),
4p, 6= 2(307+29n7490m19k )/ (me1) (n+2) (n43)% (med) (2045),
dp, 7= 20/ (342) (43) (n+h) (20+7),
ap,g= ~6/(n1)(n#2) (a43) (n41)?,

9,97 4 Py, 5(2043)/(ntk)(2n49),
43,47 92,y

(e
4, 5= 4(6n“+19n+21) po,3/(2n+5?,

4.6 (uon*+464n3 41885074332 n+22Uh) /r(n)  (w+3) (n+h)

93,7 +2(10n5+63n“-308n3-3u29n-9668n-9120)/[(n+l)(n+2)(n+3)2(n+4)(n+?)
(2n+5)(2n+7) 1,

| b ’
% 8 (8n +95n3+339n2+250n-u22?q2’8/3(n+5?(2n+7},
4,97 -2(n2+3n+8)/(n+2)(n+3)(n+h)(n+5)(2n+9),-

q3’10=-2h/(n+l?..(n+h?(n;5)2,

a3 17718/ (0#1). .. (n#5) (20+11).



m;3,2

hl;h,2

h2;h,2= 2h

h
34,2

h
1;5,2

h
2552

h255:3
355,37
h256:3=

| h356:3=

= 3h

= 8/(n+2) (n+3),

52

= 2/(n+1)(n+2)(2n+3), m = O,4¢+4,3 . .

= -6/(n#1)(n+2)(2n+3),

;4,27

134,27

= 2/(ﬂ+l)(n+2):
= 6(2n°+100+13) By o of (2013)(2045),

= 3(8n2+hhn+63) hl;s’z/(2n+3)(2n+5?,

l S, 2(2n+7)/(n+3);

= -2(6ln3+500n°+1261n+1035)/r(n),

by;s,27

5= 6(5n+19)/ (n+1) (n+2)(n+43),

-6(2n+9)/(n+1) (n+2) (ntk),
P1;5,27 234,37 6/ (m32)(%3) = by /2,

-2/ (n+2) (n+3) (2n+5),

4(16n+43)/(n+2) (n+3) (2n+5),

955,37

5 _
3(6n +26n+25) hl;5,3/(n+3?,



B257,3
B3;7,3
B3;8,37
B3;9,3"
hl;3,h=
B2;5,k~
§2;6,h=
Bs.6,4"
B 10"
B3 57,47

h358;h=

h359;h=

B3;6,5
37,57
B3;8,5

B3;9,5

-i/(n+2)(n+3),

2
3(20n +1uun+265) h135,3/(2n+7},

16(2n+9)/(n+2) (n+3) (n+h),
-6/ (n+2) (n+3),

-2/ (n+3) (n+h),

b/ (ath) (2n45) = By o /6,
b/ (n+3) (n+h),

3(7n+20? h2;6,h/(2n+5?,

2/ (n+3) (n+h)(20+7),
-2(16n+59? h2;7,h’
-l8h2;7,h,
3h2;6,h/2

-2/ (m+3)(243),
12/(n+5?(2n+7?,

-6/(n+k)(n+5),

-2/ (n+k)(n+5) (20+9) .

23



s
(3)

6. Percentage Points of V .

We give below some tables in order to check the expressions giving
the exact é,d.f. For this purpose, approximate percentage points ob-
tained by Pillai (1960), using the two moment quotients, are taken and

- used to compute on IBM 7094 the probability corresponding to the percen-
tage points. The exact percentage points obtained are given in the last
column. The exact percentage points are obtained corresponding to seven

decimals accuracy in the probability.




F3

Table 8. Approximate and Exact Percentage Points of V(3)

Approximate Upper Exact Upper
n _percentage points Probability percentage point
(Pillai's tables)

» m=l
. 5%
5 : 1.288 .95032 1.287223
R 10 0.892 .95008 0.8918447
15 0.682 -95006 0.6819051
20 0.552 .95012 0.5518451,
25 0.46Y4 .95353 0. 4634005
, 14
5 1.459 .99004 1.4585823
10 1.028 .98988 1.028938L
15 0.794 98991 0. 7945599
20 0.647 .98999 0.6L70747
25 0.545 .9898L 0.545735
m=2
_ _ 54
5 1.476 94951 1.4771480
10 1,053 .94996 1.053082
15 0.818 .95026 0.8175817
20 0.668 .95001 0.66798817
25 0.565 -95025 0.564T7057
. 14 :
5 ' 1.639 .98962 1.6423703
10 1.191 -99002 1.1908260
15 0.933 98996 0.9332362
20 0.767 -98999 0. 7670740
25 0.651 .98998 0.6510689
n= : '
5%
10 1.190 .95008
-~ 15 0.937 +95029
o . . 14
-~ 5 l . 781‘- . 99)4')4-,4-
, 10 , 1.326 .98999
. 15 1.053 : . 98996
20 0.873 ' +98997

25 0.745 +99550
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CHAPTER IV

EXACT DISTRIBUTION OF V(u)

1. Introduction and Summary

In this chepter details of deriving the c.d.f. of V(P), when p=Ub,
will be discussed. From the work of the preceeding chapter, it should
be gbvious that the derivation for each value of P and even each value
of m should be handled separately. The m.g.f. of V(h) involves in-
tegrals which did not occur before and, hence, the details of the method
of derivation have to be presented. We discuss £elow, therefore, the
steps in obtaining the c.d.f. of V(u) when m=0 and 1. The two in-
gtances here will illustrate the extent of additional work involved in

passing from one value of m to the next higher.

5, Method of Deriving the Exact Distribution of V(h)

Results of the last chapter give the m.g.f. of V(h) in the form

M(x,m,n,4) = e

hx x—(un+10) Z m!

10; . 'i’-l-: X-QV(x;q_)_'.', oo ':Q.i:"._‘"l)

io+- . .+il|.=l+

where o= XL (qé—j+l) and V(x;qﬁ,.;.,qi;-l) ‘is a Vandermonde deter-
i=1 .

minant defined earlier and’ qé(j=l,...,h) can take different values

from term to term. By applying Pillai's lemma (1956), this determinant

ig reduced in terms of simple integrals. Finally, the m.g.f. 18 obtained,

after integrating by parts several times, &s a sum of terms each of which



\

T

is a product of integrals of the type I(n+f,x), I(2n+k,2x), I(2n+k,x)-

I(n+£,x) and I(2n+g,2x) I(2n+k,2x).

In order to obtain the c.d.f. of

V(u) it ig necessary to know the contribution of each of the four types

of integral terms occurring in the m.g.f. Of these, the first three can

- be, immediately, written down

F 1-(1-2)

n+4+1

(2.2) I(n+g,x) =

1

" 1-(1-

n+g+1

L n+g+l

Z/2 ) 2n+k+l

A

(2.3) I(2on+k,2x) -

1

r1-(1-2/2)

ondk+l

L on+k+1

2n+k+1

(n+g+l) (2n+k+1)

1-(1-z/p)2BtE*L

(é.h) I(n+e,x)I(2n+k,2x) -

(n+g+1)(2n+k+1)

1

(n+4+1) (2n+k+1)

1

L(n+z+l) (on+k+1)

A

IA

A

N

-sJ(zl,z2

;on+k+l,n+g+2) 0L 2K 1
-sJ(zl,l;2n+k+l,n+l,+2) 1< zL 2

-sJ(0,1;2n+k+1,n+L+2) 2% 253

3< ZS L,



where, as before, ' .

z,= (2‘-z)/ (3-2), 22=2/ (3-2), s = 2n+£+1/zé3n+k+,e+2

I(qyox) = Jl @™ (1-u)? au
. e}

) (n+£,+l) )

end

. b :
J(a,b;c,d) = J x&-t (l-x)d-l ax.
. a

However, to obtain the contribution F(k,£) of I(2n+g,2x)I(2n+k,2x),
proceed as follows:
Iet y, and y, be two r.v. distributed in [0,1] with densities

on+g 2n+k

(l-yl) and (l-y2) respectively, then

-~

(2-5) F(k,4) = U (1-y)P (13,7 ay, o,

where S8 = {{y.,¥.): 0 <y. <1, i=1,2; 2y + 2y, <z}. It is obvious
1’727 =71 = 1 2 =
that the value of F(k,.) depends on that of z and let

(2.6) CF(k,4) =P, (k,8) oz eS,

where S, = [2(i-1),21] NS and i=l,2.
Consider the unit square, OPQR, in Fig. 2 and let AB be the line
Z . _ _
Vot Vo= 5 (0<z< 2? and CD the line yy+ ¥y,= z/2 (2 <z <L4). Then
Fl(k,z) and Fg(k,z) are obtained by integrating over the areas OAB

and OPCDR respectively.



o T P > ¥

Figure 2. Region of Integration of F(k,£)

@/2 J?/Q'Yl 1oy )21y )20 gy ay
2 192

(2.7) Fy(k,2) (1-y,

o o

n+k+1

]

2
z/2 )2n+,(7, [l-(l-z/2+yl) .
on+k+l yl

. Y7

17(1_2/2)2n+,e+1 ) J(z3,zh;2n+k+2,2n+z+1)
(bn+k+g+2)
L _

fon+g+1)(2n+k+l)  (2n+k+l)z

and

| ) 2ntk
(2.8} Fz(k,ﬁ? =.Ii/2-1 Ji/z—yi(l_yl? (1-y,) dy, dy?

1 _ J(0,1;on+k+2,2n+p+1)

(2n+g+1)(2n+k+l)  (2ntk+l) 2 l(‘.l+n+]g+ 212)

where z3=(2-z-)/(l+—z) and zu=2/(h-z). Therefore

(2.9) I(2n+g,2x) I(entk,2x) - {%l(k,z) 0<z<2

Fo(k,2) 2225 b,

29
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3. The Exact C.D.F. cf V(h) when m = Q

()

The m.g.f. of V for m=0 can be written in the form

x-(hn+1o)

(3.1) M(x,0,n,4) = e C(h,O,n) v(x;3,2,1,0;~1).

By going through the procedure described in the previous section,
I's

(3.1) reduces to the form

1 .
(n+1) (n+2)2(n+3)(2n+3 ) (20+5)

(3.2)  M(x,0,n,4) = c(4,0,n) [

{ -(40+9)I(n+2,x}+I(n+1,x)]

+ 2h . I(2n+hk,2x)
(n+1) (n+2)(2n+3)(20+5)

Lo
~ (a+1) (n+2) (2n+5)

I(2n+5,2x)

* (E;I)(n+g)(2n+3) {21(2n+6’2x?-1(n+1’x)'

I(2n+h,2x)}

8
* ) (we2) (2073 (2075)

I(2n+3,2x).

. I(2n+5,2x)

- m I(n+l,x? I(2n+6,2x?

(;:3715515- {I(n+l,x)I(2n+5,2x

+I(n+2,x) I(2n+5,2x)}

2
(n+2)

5 I{n+2,x) I(2n+h,2x)],
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Now, the c.d.f. is obtained by using relations (2.2), (2.3), (2.4)
and (2.9) in (3.2), which gives

-(kn+9) (l-z)n+3
(0+1) (n+2) (n43)2(2n+3 ) (2n+5)

(3.3) pvt*) < 231-0(1,0,0)0

- 1 (l_z)n'l'h'
(n+1) (n+2)2(n+3) (n+h) (2043 ) (20+5)

- 4 5 (l-Z/2 ) 2n+5
(n+1)(n+3)(2n+5)
2(n°+3n+3) (1_2/2)2n+6

T(n+l)(n+2)2(n+3)2(2n+3)

2 2n+7
* (o+1)(n+2) (n+3)(20+3)(2n+7) (1-z/2}

L Z-(hn+10?

' (a+1) (n+2)2(2n+3 ) (2n+5) 2

J(z3,zh;2n+5,2n+§)

i -(3n+9) .
- (n+l)(n+2)(‘:n+3) Z2 'J(Zl}22:2n+7:n+3)

+ P ,~(3n+3)
(n+1)(n+2)(2n+5) "2 -

3(zy,2,320%6,043)

2n+3

(n+l)(n+2)2(2n+3)

Z"(3n+7) I(z

2 l’z2; 2n+5)n+3 )

i -(3n+9)
* o) (o+3) (2nt5) 2 - I(zy2

2;2n+6}n+,+) .

(38

- J
(n+2)3(n+3) 2 =

l) 22;2n+5)n+,+) ]

when 0 <z <1.




(3. h) P(V(h) < z) —1-c(u, ,n)[ - b (l-z/2)2n+5 -
' (n+1)(n+3)(en+5)
+ 2(n°+3n+3) (1_2/2)2n+6

(n+1) (n+2)2(n43)%(2n+3)

on+T

2
* ) (0v2) (293) (2043 ) (2a+1) (1-2/2)

. i zf(hn+10)
(1) (n2)2(2043) (2045) |

J(z u;2n+5,2n+6)

37%
2I'1+3

-(3 *9)
(h+l)(n+2 (n+3) ? J(Z ,l,2n+7,n+3)

2n+h -(3n+8

(n+1)(n+2)(2n+5) } 3(z,1;2046,043)

n+3
= 2 %) Z;(3n+7)J(zl,l;2n+5,n+3)
(n+1)(n+2)“(2n+3)

o0+5 i
(n+l)(n+3)(2n+5) (3n+9) J(Z l,2n+6 n+h)
_——__2n+h '(3n+8) .
) J L) 2 ,-l-
(n+2)2(n+3) ‘2 (z,,1 2“'*? n+ ?]
when 1<z <2,
(h) h - -(4n+10)
pIvi™ < z3=1-C(4,0,n )[
(3. 5) L 2J=1-C( (n+l)(n+2) (2n+3) (20+5) z), /
| 7(0,1;2n+5,2n+6)
o3 "
(ﬁ}l)(n+2)(n+3) 2(3n >) J(0,1; 2n+7,n+3)
b
2n+ '(3n+8) J(O l’2n+6,n+3)

(ﬁll)(n+2)(2n+5)
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_ n+3 -
- 2 z (3n+7)J(O,l;2n+5,h+3)

(n+l)(n+2)2(2n+3) 2 '

n+5
2 -(3n+9) ]
+ o) (737 (a75) Z, J(0,1;2n+6,n+k4)

2 .

n-+h
- —2—— 2709 5(0,152m5,m44)]
(n+2)%(n+3) :
when 2 <z <3 and
(3.6) P(V(h?sz) =1~ 4C(%,0,n) z-(hn+lo)J(o,l;2n+5,2n+6)

(n+1) (n+2)° (2n3) (20+5)

when 3 <z <k

TN

On observing (3.4), (3.5) and (3.6), it is seen that they can be
obtained from (3.3) by making the folloﬁing changes:
When 1<z <2,
‘ (i) Drop all terms involving (1-2)
(ii) Change 2z, tO 1;
When 2 £z <3, ,
(i) Drop 21l terms involving powers of (1-z),
(iij Drop all terms invdlving powers of (1-z/2),
‘ Ciii) Replace Zl and 22 by 0 and 1 respectively,

(iv) Replace zé and z by O and 1 respectively.

When 3<z <4,
(i) Drop all terms involving z except those with
J(zB,zh;2n+£+2,2n+k+2),

and z), by O and 1 respectively.

(ii) Replace zg
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4. The Exact C.D.F. of V(h} when m = 1 .
(&)

In this case, the m.g.f. of V can be written as

(k.1) M(x,l,n,h):C(h,m,n)ehxx-(kn+lo?[V(x;3,2,l,0;-l)-x-lV(x;h,2,l,o;-l)
- +x-2V(x;h,3,l,O;—l)-x-3V(x;h,3,2,O§-l)
o ' . +x-hV(x;h,3,2,l;-l)].

On simplifying (4.1) and using relations (2.2) to (2.4) and (2.9), the

(h

c.d.f. of V can be shown to be

(4.2) P[V(“) < z]=1-C(%,1,n) x

(hn*+38n3+136n° +213n411k) n+3
[z (a+h)5(2) (1-2)

2(8nC+121n%+790n 4261703 +40p3n 816N HIOT) () yrrvh
(k) 20+ (m) T

L i

. 6
(ﬁ¥5)(2n+7)t(n)

, (16n +200nh+98hn3+2374n +2837n+137“) (1-z/2)2n+6
(n+2)(n+3)(2n+7) S(n)

_ b(in +56n +325n3+959n +1426n+86Q),<1 Z/2)2n+7
(n+2)(2n+7) s(n)

, b(bn 4 on3+1h5n2 +225n+l%l) (1-2/2)2"8,

. | (et (2ueT) 5a) (2n+95s1n (1-2/2)"
+,Z;(3n+8)2n+3{ 2(2n +5n-+4 ) J(zl,z2;2n+6,n+3)

(n+1)(n+2)?(2n+3 ) (20+5)

1
(n+l (n+2)(n+3) J(zl,22,2n+7,n+3)
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l .
(h+l)(n+2)(n+u) 2> 3(2q,2,52049,m43) )
- s 3 (2 5252045, m+k)
(n+2)"(n+3) 2
. 2(2n2+9n+6) g
2 J(zl,zz,en ,n+h)
(n+1)(n+2)“(n+3)(2n+5)
- 2(2n+;) 272 (2. 2 ;omtT,mHh)
(a#2)(n#3)2(2nt5) 2 T8 _
2(2n+3)
(ﬁ+l)(n+2)(n+3)(gn+7) J(zl,z2;2n+8,n+u)
- 2 .
@R (3] () 25" 3(z),7,52049,14k)
(2n +9n+13)
: m(n+l)..(n+4)(2n+5) J(Zl,Z2;2n+6,n+5)
8 3 '
" @) P 2 3(zy525320+7,0%3)
4(2n +9n+8j |
M (n+1) (n+h)(2n+7 J(Zl,z2;2n+8,n+5)}
-(4n+12) 1 ' :
T J(z.,2, ;2n+5,2n+6
¥ : (nfl)(n+2)2(2n+3)(2n+5) 377 ?

n -1 ’
¥ (n+l) (n+2)(n+3) z), J(Z3,Zh;2n+5,2n+7)

1 -2 ' '
+ {@rl) (o+2) (20+3) z) J(Z3:Zh52n+5,2n+8)

- (n®42nt2) -1
5 z), J(z
(n+1)(n+2)"(n+3)(2n+3)

3) zu;2n+7, 2n,+5)



(n+5) -2 ' .
- (o) (2] (53] (5T 2 I(23,2, 52046, 2047) ’

= -3 :
T () (@) (@mrs ) (aarr) A J(23:%52046,2nt8)

1 -4
* (@92) (2+3) (nth) (2n+5) {on+7) 2 J(Z3’Zu52n+9’2n+6)}]

when 0<z <1,
where s(n) (n+l (n+2)(n+3)(n+4)(2n+3)(2n+5) and t(n) (n+2)(n+3)s(n)
For getting the c.d.f. of V(h) when z > l, make changes in (4.2)

similar to those made in (3.3) for getting (3.4) to (3.6). (See the

end of previous section).

5. Percentages Points of V(h)

In order to check the expressions giving the exact c.d.f. of V(h),

we give below the table of exact and approximate percentage points.



Table 9. Approximate and Exact Percentége Points of V

(1)
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App foximate Upper

Exact Upper

n percentage points Probability percentage point
(Pillai's tables)
m=0
| 5%

5 1.411 .95048 1.4097568
10 0.97h .94999 0.9740115
15 0.Thl .95008 0.7438563
20 0.602 .95028 0.6016025
25 0.505 .95001 0.5049877

1%

5 1.594 99009 1.5930536
10 1.118 .9899L 1.1184651
15 0.861 .98986 0.8619074
20 0.701 .98998 0.7011134
25 0.590 .98982 0.5908809

» m=1
5%

5 1.693 94983 1.6934337
10 1.203 .95022 1.2025320
15 0.932 .94992 0.9321201
20 0.761 .9493L 0.7622401
25 0.643 .9hl15
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