A Characterization of Normal Markov Cuains
by

James Yackel

Department of Statistics
Division of Mathematical Sciences
Mimeograpn Series No. 112

July, 1967

*
Tnis research was supported by a National Science Foundation
Contract, GP 7631, with Purdue University.



*
A Characterization of Normal Markov Chains

by

James Yackel

1. Introduction. The class of normal Markov chains was intro-
duced by Kemeny and Snell [2] in their discussion of potential theory
for discrete denumerable recurrent Markov chnains. This class of
chains is characterized here in terms of the ergodicity of an em-
bedded semi~Markov chain. From this point of view it is shown, in
terms of familiar first passage probabiiities, what is required for
8 Markov chain to be normal.

Let {Xn, n > o} be a recurrent Markov chain with denumerable
state space I, and transition matrix P. We assume that P* ap~
proaches a limit as n becomes infinite nence the chain is either
null or noncyclic ergodic. We choose a non-zero regular measure q,
c.f. [3, chapter 9], i.e. aP = @, and degote by Nij(n) the element

in row i column j of the matrix (I + P+ P° 4 +-- + P) .
Definition 1.1. If

lim [Nii(n) aj/ai - Nij(n)] (1)

n -
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and

lim [ij(n) ~ Nij<n)] (2)

n -t o

botn exist for all i and j, then the chain is said to be normal.
We also consider a transition matrix for a dual or reversed

Markov chain defined by

>

The expression in (1) is then seen to be the expression in (2) stated
for the dual chain, i.e. (1) holds iff ﬁﬁj(n) - ﬁij(n) has a limit
as n becomes infinite. (ﬁ denotes the obvious quantity for the
dual chain.) |

2. The embedded semi-Markov chain. Let two states i and
be fixed througnout the discussion. We henceforth restrict ourselves
to that part of the space where Xo =i or Xb = j, then we define

Y =n - sup[k: X € {1i,d}, k< n] and z =X

n n-yY

n
Proposition 2.1. The two dimensional process {(Zn,Yn), n > o}
is a Markov chain and {Zn, n > o} is a semi-Markov chain.
Proof. We show only that (Zn,Yn) is a Markov chain, the
assertion that {Zn, n > o} is a semi-Markov chain will then be
obvious, c.f. [4]. The states of the Markov chain are (z,y),

z=1,J and y = 0,1,2,... with transition probabilities determined

by first passage taboo probabilities, c.f. [1, § I, 9]. Let



i . = f .(y+l1)/d
P(l,y), (1,0) i 11(y )/ (Y)
i ; = £, . (y+l)/d
p(l:y): .(J ,O) i7i3 (,'Y )/ (Y)
. ' . = d +l d
p(l,y), (i,y+1) (y+1)/a(y) |
with similar transition probabilities for state (j,y).

There is analogously defined a semi-Markov ciain embedded in

the dual chain, we will refer to it as {2n’ n> o} .

3. Tne main theorem.

Theorem 3.1. The limit (2) exists if and only if the embedded
semi-Markov chain {Zh’ n > o} is ergodic.

Corollary 3.2. The chain {Xn, n > o} is Normal if and only if
the embedded semi-Markov chains {Zn, n > o} and {%n’ n > o} are
both.ergodic for all pairs i,j.

The proof of Corollary 3.2 is immediate upon recalling the duality
of the limits (1) and (2) of Definition 1.1.

Proof of Theorem 3.1. We begin by introducing some notation.

We write n

Fise) = ) 42 ()

i7ij
k=0

and similar expressions with appropriate subscripts to denote partial

sums of first passage probabilities.



Then we see that

n n k
M) = ey (k) = ) () £ (em)p o (w)
k=0 k=0 m=0
k
X .
) J,fii(k-m) pij(m)}
= E: {ij(m) iFij(n-m) + pij(m) jFii(n--m)} .

To easily verify this result, reason probabilistically according to
the first transition to eitner i or j whichever occurs first.

Thus we write

n
Mi() - M) = ) py () (L= F, (nek) - SF (0e)]
k=0
n
+ ) Fap(el) o (6) - p (0] (3)
k=0

Now decomposition of pjj in the first expression according to

tne last visit to state i gives the relation
k

() = ¢ op..(m).p..(k-m) + .p..(k
py3(8) = 1 pys(m)pss(em) + ooy, ()
M=o

and using thnis (3) becomes



n k
Y (Y B Gem) () (L P (ak) - P (ae0)])
k=0

m=0

) ipyy () (1= JF (oK) - By (0] (1)
k=0
n

) Fya(eeR) Tpy () - py ()] . (5)
k=0

Intercnanging the order of summation in tne first term we can

write
n n
N Y
m=0 k=m
n n
=2 (m) Y Pz, =i, ¥ =n-k|z =j]
1Py L n-m > “nem o
m=0 k=m
n
- ) iy @) Bz, =1 ]z =31
m=0 '

The term (4) is o(l) as n - «, and the term (5) can be re-

written as

n

§j jfii(k) [ij(n-k) - Nij(n-k)]

k=0



By tie ergodicity of tne Markov chain we know that pjj(k) - pij(k) - 0

as k- o so that [ij(n) - l\Tij(n)] - [ij(n—k) - Nij(n—k)] ~® as

<
)

k

k = o and jfii(k) < 1 by the recurrence of the chain so that

for n sufficiently large

n

[0 () = N ()] - ) 2y, () [N (nmk) - N (n-k)]

k=0
=11l - F, (= N..(n) - N,.(n)] +o(1) .
[1- Py (=) [N () - 3y (n)] + o(1)
Also we have that

P[Zn =il 2z = il - P[Zn_k =i | Z, = jl= o

as n - ® wnether or not {Zn’ n > o} is ergodic, c.f. [5], while

, p..m) <« s0 that we may conclude that N..(n) - N. .(n has a
) Py ve may 53(8) = W ()
m

limit if and only if P[Zn =ilz = j] has a limit as n = o .,

4, Ergodicity of the embedded semi-Markov chains. If the
Markov chain is not null tnen the embedded semi-Markov chain is
ergodic and hence tne chain is Normal according to Tneorem 3.1 and
its corollary. If tne chain is null then, wnen properly normalized,
at least one of the distributions iFij’ iji’ jFii or iFjj does
not have a finite first moment. This situation was studied in [5]
and conditions on these first passage distributions are given there
t0 insure the ergodicity of tne semi-Markov chain.

Tne expression for the distribution of the dual semi-Markov

)
chain Z can be written



Z () [0 - F (k) afay - (0oK)]

n

P[zn =1 | zZ, = i} + Z pii(k) [iFiJ_(n-k) - iji(n-k) aj/ai] .

]

=0
Thus in order thnat both tne semi-Markov and dual semi-Markov em-
bedded cnains be ergodic tne distributions iji and iFij must

nave the same type of benavior in tne tails. For example, as snown

in [5], it is necessary that
. .

approacn a limit, finite or + w, gs T —= + o |
In particular, if the distributions are in the domain of
attraction of a positive stable distribution it is necessary and

sufficient tnat

[Fyg(e) = 5Py (001 3 [Fy(e) - 75 (8)]

approacn a limit, finite or + ® as t = + = in order that

thne semi-Markov and dual semi-Markov cnains both be ergodic,
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