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0., Summary. A lemma is proved in this paper using some results on zonal poly-

nomials which evaluates in terms of multivariate gamma functions the kth mom-

ent of Véfz o p ° the (s-1)th elementary symmetric function (E.S.,F.) in
2 2

the s characteristic roots, 0<6, < ... < es < 1, jointly distributed ac-

1

cording to Fisher-Girshick-Hsu-Roy distribution. Alternate expressions for the

first four moments of Vési m.n 8T also given employing a different method
=Ly illy

and upper 5 and 1 per cent points computed for s = 3,4 and 5 using the moment

quotients, An example is given to illustrate the use of this criterion,

1. Introduction, Many of the distribution problems in multivariate analysis

are based on the distribution of the non~-null characteristic roots of a matrix
derived from sample observations taken from multivariate normal populations.
This distribution (under certain null hypotheses) given by Fisher (1939),

Girshick (1939), Hsu (1939) and Roy (1939) is of the form

S
(1.1) 2850005 85) = Clsmn) T {o7(1-6,)") RO

(O<elSoco_<_eS<l) 3
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where
. S
(1.2)  c¢(s,mn) = nis.nl {T(mintgs+3i+l) / T(wri+3)r(m3i3)r(3))
i=
and m and n are defined differently for various situations described by
Pillai (1955, 1960).
The studies on the first E.S.F. in the 6's have been carried out by

Pillai (1954, 1956, 1960) and Pillai and Mijares (1959). 1In this paper,,the

(s) :
moments of Vs-l,m,n’ the (s-1)th E.S.F., are studied.
2, Moments of Vﬁfz.m " First let us consider that a positive definite sym-
¢ Do |

metric matrix variate S(s x s) has a multivariate beta distribution,

1(f, -s-1) H(F, ~s=~1)
(2,1) {rs(%f2+%fl) / FS(%TZ)FS(%fl)} Lﬁlz )

where the multivariate gamma function (James, 1964) is defined by

pis(e-1) g r(a-%(i-l)) .

(2.2) rg(e) s

If the characteristic roots of § are assumed to be el,..., g considered
earlier, then it is well known that (1.1l) can be derived from (2.1) by suitable
transformation of variables and f2 = 2m+s+l and fl = 2n+s+1l, Further it

has been shown (James, 196k4) that

(2.3) (e 8 = = ¢ (8)
K

where ngg) is the zonal polynomial of degree k (James, 1964) correspon-
ding to the partition K = (kl,kz,..., kp), k; > ks > e 2 kp > 0,

kl t ees * kp =k, of k into not more than s parts. Further for any



positive definite matrix B and f2 >s +k

1> Khatri (1966) has shown that

Ig(3,+3£,) T (35, -K) ¢, (B)
F(%)r(gzl,-w) ’

(2.4)  E{c (BST)) =

where
ls(s-1) 3
(2.5) Fs(a, k) = ¥ I r(a-k, -—s+~1) .
i=1

In view of the above results we now prove the following lemma:

Lemma 1., If uk{vs-l,m,n} denotes the kth moment of VS-l,m,n’ then

(s) 'y (2f +1f ) E: {F (2f +k, ~) C (I )\

(2.6) e {Vs-l,m,n} T (5,75, k, -K) N

s

Proof. Note that tr(gfl) = E: (1/e.) and hence v(s) = ( n 6,)tr § -1,
i s-1,m,n 4=1 *
isl
FPurther, using (2.3) we get
(2.7) ) e (1 eFY s
* S-l,m, n - o1 1 KA\ N
" K ,IC)
| S
= 1 (s) k
Now put B = I, and replace 3f, by if +k7\1n (2.4) to obtain E{VS ] m,n}

with the help of (2.1). We get the right side of (2.6) by summing over all par-
titions, K. Hence the lemma.

Pillai (1965) had given a lemma obtaining the moments of ngi p R
bt}
s
terms of the moments of Ui s) - }2 {0, /(l-e )}. Unlike that lemma, the present
i=1

one gives direct results and hence is more useful.



The first four moments of V( )

s=1 s, 1

using the lemma of Pillai (1965).

(2.8)

where

(2.9)

where

(2.10)

where

and

(2.11)

' _ 2 2 1) (2mt+s+4) .
i) = Hee (R s} - o,
Ay = T [(ewsie3)(2mrind) / {(asid)(ati-1)]]
i=1
(v ( s(a+h) } { (2n+s+1)(2m+s+6) [h@n+m+s+3+)(2m+2s+6)
Lh3 s-l,m,n 8(n +3)3 (w+2 ) (2m+7) (m+1)(2m+3)
+ 3s(a+h)] + sz(a+h)2} By
{(em+i+5) (4)/ (a+i+3)]
Gty
i i=1 GI’
ey 6) 48(2n+s+1) [C+D 5
B {V(il m, n {lé?; L )l&} {(m+l)(rf1+g;?;1+?z)(m:51)1((1§1;§-l;§%2n)139)(2m+117 +E}. Ty
where C and D are given in (3.6) of Pillai (1965),
- swe) (LB End) [onmes)00200) | (00)] e

and

'{“ﬁmn}=hqwmﬂn3nlumﬂﬂvwﬂan ,
[

a = 2m+2n+s+3

presented below are derived alternately



(a+i+5) .

3. Upper percentage points of Vgs) + Using (2.8) = (2.11) the moment
>

quotients, Bl and 32, were computed on IBM 7094 accurate to five decimals
for values of s =3, 4 and 5, m = -3(3)5,7,20(5)50,60,80,100,130,160,200,
300,500 and 1000 and n starting from 20, but otherwise as for m., The
upper per;entage points (o = 405, .0l) were compubted manually using "Table of
percentage points of Pearson Curves, for given \/EI and 52, expressed in

Standard measure" (Johnson et al, (1963)). Tables 1 - 6 give the percentage

points thus computed.

L, An example, The use of the tabulations may be demonstrated by an example.
The criterion ngi,m,n is being suggested for different kinds of hypotheses
in multivariate analysis, for example, (i) that of equality of the covariance
matrices of two p-variate normal populations, (ii) that of equality of the
p~dimensional mean vectors of g p-variate normal populations and; (iii) that
of independence between a p-set and a g-set of variates in a (pt+q)-variate
normal population. For a test of hypothesis (ii), the data from Rao (1952,
P.263) may be considered which relates to the measurements of 140 schoel boys
of almost the same age belonging to six different schools in an Indian city,

Three characters studied were: (1) head length, (2) height, and (3) weight.

We may test the hypothesis of equality of mean characters from the different

schools using VéB)m o + In this example, as shown earlier (see Pillai (1965)
3 2 .
and Pillai and Samson (1959)), m = 0.5 and n = 65, Further, from the com-

putations presented in Pillai and Gupta (1967) the value of V(B) obtained

2,0.5,65
from the data is 0,010340 . This may be seen from Tables 1 and 2 to be



significant at the upper 5% level but not significant at the upper 1% level.

This agrees with the findings based on the test U£3)O 5, 65 defined in Sec-
o ) */2
tion 3 (See Pillai and Samson (1959)) and on the test Ué3g 5.65 (See Pillai
Ve

1565)) and alsc with those of Rao, who examined the data using “he A criterion

of Pearson and Wilks (1933). Foster (1957), however, showed that the largest root

is not significant at the upper 5% level but only at the upper 15% level,
The authors wish to thank Mrs. Louise Mao ILui, Statistics Section of

Computer Sciences, Purdue University, for the excellent programming of the

material for the computations in this paper carried out on IBM 7094, Purdue

University's Computer Sciencels Center.
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