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1. Introduction and Formulation of the Problem

In the problem of selecting a subset, which contains the best of several
binomial distributed populations (c.f, [1]) the question arises to find the

"worst" configuration i,e., that vector P = (pl,...,pk) for which the proba~

bility of correct selection using procedure R proposed and studied in [1],
P(CS/R), attains s minimm. Procedure R is defined as follows: We take n

independent observations on each of the k populations Hl"”nk‘ Let x;

denote the number of successes in the 1 th sample. Then the decision rule R
iss

J=1sceck

"Select Hi iff X; > max X, - 4"

where 4 is a given non-negative integer. In [1] 4 is chosen to satisfy
the requirement that the probability of a correct selection is at least equal
to a specified value P¥, By a correct selection we me#n the selection of any

subset which contains the best population i.e.; the population with maximal P.
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[In the case where several populations have equal maximal p-values one of
these will be "tagged" as the best one.] We assume that the number of obser-

vations from each population is equal to n, Then P{CS;k,.,. n,.p,R}, the proba-

bility of a correct selection in using R is given by

n k.1l mid
(.3)  Plcsslyn,pR] = é(ﬂ) g R 1 {JZ_;( )P[ca] (157 )"}

where

PLr] 2 Pxe1] 2 vo* 22[1]

are the ordered values of the unknown parameters pi's. As shown in [1]

this expression attains its minimum for the configuration

(1.2) P[l] = P[2] = osee = P[k] = P

It was also shown there that for k=2 +this common value p is equal to 1/2
and that for a fixed k¥ p->1/2 as n->o, However, in general, it is

not known what the above common value of P is., 1In the case where all pi's
are equal to p we have

n

. i kel
(1.3)  P(cs/R) = Z() p(1-p)*t [%@)pa(l-?)n'a] ,

i=0

The "worst" configuration 1s of thig form {1.2} for any distribution with the
property TP2 i.e., total positivity of order 2 which is equivalent to the

property of monotone likelihood ratio (see [2])., Therefore it is reasonable



to try to minimize the expression

i+d
(L.b) Za‘ (g a, )5t
i=0
only under the condition
n
(1.5)' Z =1, ay >0 i=0,40.4,0.

(1.4) includes (1.3) as a special case, and by minimizing (1.4) we will get a
lower bound for the probability of correct selection for any finite discrete
distribution with the property TP2.

2. Minimizagion for the Class of Discrete Distributions: d=0

If we denote

i
(2.1) A= 2a, %0,
J=0
A, =0 i<Q
L
Ai = An i>n

(1.4) can be rewritten

n

(2.2) 8= (a-A
<

kel
1-1%41d

where the Ai mist be nondecreasing and the condition An = 1 must hold.

At first we will consider the case d=03

n
. k-1
(2.3) 8= l;;(&i -4, AT,



By differentiation we obtain the conditions

88 _ a1l (x ke2 kel _ -
(2.4) aAi-.kAi - (R-1)A; 5 A C= A7 =0 i=0,1,2,...,n-1

which gives us the recursion formula

k=1 [ !
(2.5) Ay = NEarta(eads, (857 10,1000 000

Because A_;=0 is given, the sequence {Ai} would be defined, if Aj is
known. The problem is to determine A, such that A =1 is satisffed. We

define S5 i=0,404,50, by

= ¢,A

(2.6) A1 = eghy

and it will become evident that the ci's are independent of the initial

value A,: Substituted (2.6) in (2.5) gives us

k=1 L
(2.7) A= Vke (kel)eghy = = A,

1 Ci+l

which yields for the sequence f{e¢ i} the recursion formula

wl,
(2.8) Cipq = [k-(k-l)ci]
where co follows from A_l= 0.
Hence
(2,9) >
2.9 A - . - = l
n Cy ey c,
and
n
(2.10) A

fl
n =t
0



To evaluate the minimum value of S in (2.3) we insert (2.4) and obtain

n=1 k=1 kel

kAL
_ 1 "B ) ke
(2.11) Sy (an) = g:—_; {Ai" f-1)a52 JAy T 1A
n=-1
1 k-1 kel )
ey ;:(:Hl A )A tl-Aa
n-l n-1
e L kel k~1 } -
) {; By B4 gg) Ay T Ay lea
n n-1
1 kel k-1
" E1 {15__;"‘1 A - é\:—;f Atrieag
= ol (1e8, ) +1- A
kel MIN n-1°
Hence
ny o1, kL 1,k
(2.12) Sm(j;,n) =+ = “l"Anwl) =L+t e .
Since An-l = ann = cn holds
P
(2.13) Sy (ken) = £ + = (1 cn)

(2.8) apd (2.11) yield the recursion formula

k~1

(2.14) S ntl) =1 - - :

(o )
k ksm(k,.n)
With S, = 1., If we denote b, = i then (2,14) b
@ . k ) en . ecomes
k Vk

Py

(2.15) Symy(lentl) = 1 =

kol M *

Sy (sn)



It must be shown that for the so dekepminmed Ai's S really attains its

mimimm and that A; 5 < A;, i=0,...,n, bolds. If A, , <A, then from (2.5)
follows
k-l _ , kel k=2
Ay = HAT - (kL)A 4,
kel k-2 _ k-l
> kA" - (k—l)AvAv = A, .

Since A-l = 0 and AO > 0 holds the Ai's form a nondecereasing sequence,
and therefore from (2.12) follows, that Sm(n,k) is decreasing in n, If
we assume that the minimum is attalned on the boundary i.e,, for some i's

A, = A

N 441 st hold, then the corresponding fbem in {2.3) vanishes and

the problem of finding the minimwm value of S on the boundary, is equal to

the original problem for all smaller values of n. Since {Sm(k,m)} is a
nonfncreasing sequence in m, the minimum occurs for m=n, Hence Sm(k,n)

is indeed the minimum., Table 1 shows the values of Sm(k,n) for some k

and n.

3, The General 4 Case

For general d differentiation of (2.2)
n
_ k=1
§= % (8 = A5 3 )Ai0q
leads to the system of conditions

3B _ k1l kel k-2 -
(3.2) T R (L )A57 (A5 g = Ajg)=0

where again ,Ai=0 for i<0 and Ai=l for i>n is assumed.



Explicitly written (3.1) becomes

A3 = Ba1 =0
(3.2a) : :
M .
Aogn1 = Pog =0
kel kel =D _
bpg = Aoy * (s=1)(Rg= A 1), =0
(3.2b) : | :
kel kel k=2  _
Ah-«-l - An + (kml) (An-zd-l = An—2dm2)An~dwl 0
Anepa-1 = An-pa =0
(3\120) ‘:' E
=0

Apmde2 = Apage2

Hence mast hold

3 = = veniess
(.193) Ad Ad'l'l s98ceon A2d
and
(3451") Ann26-l = An""zd F se000 = An"d"'lo

From the conditions (3.£2b) we obtain

(3.5) Ay = 10 Aoga = An,

(3.2), (3.3) and (3.4) yield the conditions

(3.6) A, = A d mod(2d+1)

i i+l

=, = A, for i
res l+d

or i=n mod(2d+l)

(3.7) 3 be the smallest non=negative integer such that either i =4 or

iz n mod(2d+1), (2d+1) will be denoted by e.



If we choose A, =0 for i<j we obtain by (3.4)

ml J"'l
Aj = Aj'}'l = R R X = Aj+2d = Bo
(3.8) Aj+2d+l 5 vaes = Aj+hd+l = B

. »
* " *

Byrv(ea+l) = coor = Ajp(wh1) (2641 w1

= B
v

A- =..Q'|=An=l=B*

j+n*(2a+1) n
where the B, and n* are defined by these conditions, From (3.1) we obtain
_ kel kel el K~2
(3.9) BT = Al = Aien * DAL G0i0a1 * Aiveerdne Eitvendsl

kw2

k»-
Bv—-2 )Bv—l ¢

= B 1 + (1}(By_,

This recursion formula is identical to (2.5), Hence the results of the case

d=0 can be applied if only n is restored by

G0) | By

where J is defined as in (3.6) and [x] denotes the biggest integer less
than or equal to x. If we insert these Ai's in (2.2)

n
<M kal

the difference in the parentheses will vanish for any i#Jj+vec such that

(2.2) can be rewritten



~ Kol
Sy = 2 (B; -~ By »)B; .

Hence the results of the case d=0 can also be applied to calculate SMIN'

k, Some New Results for the Binomial Case

In this chapter some numericaily results for the binomisl case shall be
given, which are not directly related to the previous chspters, The exe
pression (1.3)

n i+a

P(CS/R) = Z (2)Pi(l__p)n-i [jgo] (g) o (l*p)n«-j] Kol

i=0 *

is a polynomial of degree n+k in p, say

in
=

°

ci(k;n:d)Plu

P(Cs/R) = Qk,n’d(p) =

g

Since Q’k,n,d(p) is a probability and since Q’k,n,d(o) = Q‘k,n,d(l) = 1, the

minimum is attained for some Py» O<pO <l, for which

aq ,
& P, Holds
In order to do this differentiation, the coefficients ci(k,n,d) have been

evalyated numerically for k = 2,(1),7, n =2,(1),7 and d = 0,(1),n~1. It
turned out that

co(k,n,d) =1

ci(k,n,d) =0 0<i<a

Cqyp (an5d) = = (k,"l)‘(afl)
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holds in all these cases, Hence, for d>0, the first through the d*th derie
vatives vanish at p=0. It also turned out that these derivatives are zero

for p=1l. Therefore the first derivative is of the form

& = I -2()

where T(p) is a polynomial of a smaller degree, Since the coefficients of

Q, and especially that of %, appeared to be very large, it is useful to di=-

vide %«% by [p(l-p)}d'l and find the zeros of the smaller polynomial T(p).

The computations showed that T(p) does not necessarily have a single zero
in [0,1] , which means that Q(p) may have several local minima in the unit
interval, one of which is the minimum of Q@ in [0,1]. Table 2 shows the
minima values of @ for d=0 and d=1., The missing values were not calw
culated, because the degrees or coefficients of the polynomials T(p) in
these cases were too large for the computer program, that was used. It should
be pointed out, that the dwvalues determined to guarantee a given probability
of correct selection, p¥*, as it was done in [1] by approximative methods,

agree completely with the results of this paper.
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Table 1 - S(k,n), b, .

C3

Gt

(c.f. 2.1k, 2.15)

s

-

W

(o 4245
Co4 15T

Us51210

ColT7Il12

SolTu40

UoZoTL

- -~ ey
gDl s

0,30204

0023581

0,27001

QoilDlu

PRI

OollTSH

0,46501
0,214

030550

Dez5421
0.L4555
0024073
0,235627

o

b

(i

R
U g e in

Oo2zzd7

Vol 720

0,2a210

C,21Z00

061752
0s17517
Co17130
C:1325

CollH1B

0,14421
0514259
214139
0014027
0.13929
0.13C42

0,137565

Do 47247

0,5240¢

0.061973
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Table 1 (Cont'd.)

ey

12

) 12 15 20 z5 50
N

1 Col2450 00303106 020560 Ge23082 0,18235 06150420 0614031
2 GoZ2250 (oZ0435 0.17583 0014559 0611411 0.00400 0.00C08
3 015505 0013570 0014351 0,11745 0.092037 0,07337 0,06211
4 GolGsG2 Col5001 0612733 Go103C5 0,07014 0.00407 0,05386
5 Uol5453 014016 0,11311 0,00964 0,072648 0:083565 0604919
6 Cole7GO 013314 Co111S4 0,00042 0.,068-2 008519 0,040622
7 0el&174 0012217 010760 0,08676 0,062030 0.05279 004417
3 Cu13773 0014443 0010430 Go0U0407 0.06330 0,08104 0004267
o Cel13487 Ool2153 0010151 00,0800 0.08155 00C4970 0404133
10 O.132553 0.11537 0.09$95 0,03037 0.050060 0.04L54 0.,04083
11 617023 Goll733 0.09025 0,07904 0.05935 0004772  0,035921
12 012055 Gol1l001 CLUT705 0,077935 0.05371 0:04709 0,03232
13 0el2719 011473 0,UC504 0,07703 0,08800 0.045651 0,05822
14 0.12600 Golllsd 009500 0,07625 0,05737 0,04001 0,03540
15 0.12400 Oollidy 0005419 00,0750 0,05657 0604534 0.03304
16 GelfB0L Collli7 Lo0T345 0007490 0,05641 0.04Z21 0,03773
17 Cu12320 0.11115 0.00205 G,07443 0,02501 0.0440%2 0,035745
15 012200 0,11051 0600231 G,07403 0,08336 0604450 0003721
1 Ull2107 00,1004 0Q.0U158E 0.07382 0,03835 00,0444 0,03699
20 0el214] 001004 C.0U135 0,07325 0,08307 0.04412 003600
21 Go120C1 ColUS05 0,00085 0,07293 0,0B431 0,043%1 0,036562
22 012045 0410084 GCo.09062 0.07264 0,08453% 0004372 0,03547
23 Cel2004 001CL10 0,09020 0007237 0.05433 0604337 0003832
24 U.11C65 UolUT0l  CoOuSTD 0eCT721a 0,05417 0,04340 0,03519
als Gel11030 010747 0,00972 0,07102 0,05401 004325 0,03607
OUK) | 0olTi41 VUeGUELA 0673121 0.70U1s 0081142 0.L3Twl  00E£5989




i p{es/n) {e.fy 1.3 and ch.f)

)
W
>
w

3 Y

7

L0750 0,54483  0,47129 0,40437  0,34244  0,3232
0

~Jd

0,45%425 0,50%%4 0,412705 0.361455 «31853 0,258755
0.53572 0.,43338 0,3959¢ 0,35355
0,52325 Q,47730
0,7127¢  D,48537
= 1

7 2 4N 5 g 7
0,03750 0,292040  (Q,35084 s §,70052  0,7507

-

0.22073 0,01734 C.77353 . 72120 0,72273C 0,7534%
05547 0,77582  0,7017¢9  5,75317

0,82813 3,72%52 0.757752

0.80815 0,705004

O
.
)
)
o]
Q
[ ]
()
.
Y
~ g
ot
(A
>
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