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Introduction and Summary

This paper is concerned with ranking and selection of k multivariate
normal populations. The selection and ranking problem is formula'_ted in terms
of suitably\defined‘ scaler functions. For k multivariate normal popula-
tions with mean vectors g‘_{(i=1,2,... sk) each of which has p components,
a function that arises naturally, is the scalar quantity A’i = p__{ Z;l By
where z‘i is the éova.riance metrix of the ith pop.ula.tion. With suitably
.defined statistics thé ranking of multivariate normal populations in terms
':of )'i -
central chi-squé.re or non~central F distributions.

can be reduced to the ranking of non-centrality parameters of non=

We are imterested in selecting the populations with large (small)
values of the parameters l’i' The procedures to be defined select a non-
empty subset which is small and yet large enough to guaranteé a certain
basic probability re@uirement. This requirement is that the population
with the largest value of the parameter is included in the selected subset
with probability at lesst equal to & given mmber P (L/k <P" <1). This

type of problem has been studied in a number of recent papers. For a

*Research supported by Contract NONR-1100{26) with the Office of Naval Re-—
“search and by Contract AF 33(657)11737 with the Asrospace Research Labora-
torles. Reproduction in whole or in part permitted for any purpose of the
United States Government.,




rather complete bibliogrephy, reference should be made to Gupta (1965).
In Section 2, a formal statement of the problems is given and proce-
dures are defined for selecting populations with the hréest and smallest
parameters. Probebility of a correct selection and its partial infimum are
evaluated. _
Section 3 deals with a general result concerming the infimum ‘of the
- probsbility of a correct selection. In Section b spplications to multivers

ilate populetions .ai'e given.

2. Formal Statement of the Problem -

Suppose each of the k population, Tys MppeeesTy hes an observable
random variable Y,(1=1,2,¢0.,k) whose density function is
£ ({y),vy 20, M 2 0. Ve assume that the density function fl(y) has a

M

monotone likelihood ratio. This implies that the expected value of Y

- 1s a monotone increasing function of A. In all specific cases to be con-

gsidered the mean value will be a lineai' increasing function of A.
Let the ranked \'s be denoted by |

(2a1) - Myj SHpy Seer S x[kJ .

It is assumed that there is no a priori informstion avﬁ:llable sbout the
correct pairing of the ordered My Velues and the k glven populations.
Any population associated w:lth _)f[kl ("[1]) will be called a best pcpula-
tion. A correct selection is defined as the selection of any subset of the
k populé.tions which includes a best population. Our problem is to define
& selection procedure which selects a small, nonlémpty subset of the k
populations and guarentees that a best population has been included with
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o ® . v '
probability et least P (l/k < P_' <1l). If CS stands for a correct se=

lection then our goal is to define & decision rule R such that

 (2.2) - inf P{CS|R} > P"
. Q :

» IWhere ‘:= {(ll,ll.a,,,.).k.): ).1 ?_0, all i]-

Selection Procedures

Let ¥y be an observation on Yi(i=l,2,... sk). Then the procedures

for selecting the population with the largest value My 18
R: Select ty iff
(2.3) O Wy 2 1

!’
*
vhere c¢ = c(k, P_) is the minims]l value for which (2.2) is satisfied.
Similarly, the procedure R' for selecting é. subset containing the popu-
lation with the smallest value x[l] is defined to be

R': Select v't:l. it
{2.4) I Yy SbY, b1

where b = b(k,P ) +is egain the minimal value for which (2.2) is satisfied.

Probebility of a Correct Selection and Its Infimum
We will now derive an expression for the probability of a correct se=
lection and its infimum. Let Y(1) (1=1,2,...,k) be the observation which

has come from the population wy,, with parameter i .. Tt should be
(1) [1]




L
noted that y(i)' is one of the numbers ¥y (1=1,2, e k) “though 1t is not

known to us, For_'selecting the population associated with -l[k] s we then
have

(2.5) f{Selecting z:(k)lR} = P{cy(k) > ym}'

- | = P{CY(k) 2 V(J): 3‘-';1';2:'":1"1}

-—

= r f&;ll F (csr)] £, (y)dy.
031 a1 Y M

Since fx(}') is assumed to.have a monotone likelihood ratio, it fol-

lows that 'Fx(y) SF,(y) forall A >\' end each y. In this case

(2:6) P{Selecting "y} 2 J.o [Fx[k](cy) fx[k](y)dy.
~ Since P{(S‘I R} > P{Selecting :t(k)lR} » we conclude that

(2.7) © 1nt P{os|R} 3 tne [ B ey) 2, (y) dy
) 0 A» Y0 o :

For the problem of selecting the populstion with the smallest Mape

a similer argument shows that

| ' o - oy
(2:8) tut P{cs|R'} > s fo [l-Fk(%:‘)] fx(y)d?.
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In the next Section we discuss a general theorem dealing with the in-
fima of the expressions on the right sides of (2.7) and (2.8).

3« A Result Concerning the Infima of Pro'babi ity of a Correct Selection

Iet gd(x),J-O,l,z,... be & sequence of density functions on the in-
terval [0,2) and define |

RN

, 3=\
(3.2) 5(x) = ) X g,(x), =x20.

J=0

For a fixed integer k>2 and ¢ >1 1let

(3.2) I(x) J (¥, (cx)] e (x) ax.
and
(3.3) . J(k? = f: [l-Fx(;?)Jk'l £, (x)ax.

The purpose of this section is to provide sufficient conditions on
the sequence gj(x), J=0;1,¢0« which guarantee that the functions (%)
and J(\) attain their minimum value on [O,) at the poinmt A = O.

ggeorem 3el.

(1) If for each integer 220

(w) a Z-—m [(64y (ex)=c <, (ex))s, 1(“)

- oty (e (Gz:iﬂ(x?;}z;i(i?)}. 50




then the functions I(A) and J(A) defined in (3.2) and (3.3) ere non-
decreasing in X. o | |

(i1) If strict inequality holds in (3.k) for some imteger £ then
I(A) and J(\) are strictly :anreasiné.

Coro:ﬂg' 3.le8

| Let

: +J-le-x v
(3.5) 8(x) = SFrSy s 3= Olpees

where p > 0. Then the functions I(A) and J(A) defined in (3.2) and
(3+3) are strictly increasing.

Proof: For gd(x) defined by (3.5). Integrating by parts .we see that
(3.6) Gy (x) - Gyuy(x) = g . (x), 1=0,1,...

For £ 2>1 we insert the above expression in (3.l4) end combine the terms

i end g-1. It may eesily be shown that (3.4) reduces to

st .
27 ~x{ctl) outg-1 14 o ge2d
Z e e (s-21) c*'F (e ~1)

D(p+i+l) I(ptg=i+1) 15 (g-1)! °

1=0

For 4 21 the above expression is strictly positive. . . For 2=20
‘equation (3.4) reduces to zerc. The corollary thus follows £rom Theorem
301_-0 ’ . : .




Corollary 3.1.b. ILet

\

| - 2 \ x“'"vj-l 1
(3.7 . SJ(X) I‘v l" 1'35‘ m

vhere p >0, y >0 and J = 0,1,... o Then the functions I(r) and J(r)
defined in (3.2) and (3.3) are strictly increasing in A.

Proof. The proof in this case proceeds es in Corollary 3.l.e. The expression

corresponding to (3.6) is

' + »H |
(3.8) 040 - 000 = iRy

- Combining terms as in Corollary 3.l.a, equation (3.l4) can be reduced to

45 | -
k=1 ) ( g~21 2“ ~2l-l pH cx \g-21 221,
z _%:H{?q%ﬁ [(Im)(l.,cxnu*vl-i l:(l ) ( )

For 221 the a.'béve expression is positive since the function [x/(1+x)]

is strictly 1n¢reasing in x. For g=0, (3.4) can be checked seperstely. .
In order to ;prbve Theorem 3.1 we first consider a number of elementary |

lemmas. For each integer @ >0 we define A(a) as the set of k~tuples

(Gl,aa, e o,%) where (0 (i—l, ' -’k) are non-negative in‘tEQGm and
X _

| Zai « 0. The multinomiel coefficient
=1 ) |

al

0/1§a21 . .,or;f

'will be dencted by



¢ ¢ ) a.susual

al C¢2 ouak

‘lemma 3,1: The functions I(A) and J(A) defined in (3.2) and (3.3) can .
be expressed as | | ’

(3.9) | () = e Mk z ay A
' ' ' Q=0

and

(3.10) ) i(x) '.. e M Zba 2
' ) =0

where

(3.1.1.? | al e. (al."a‘gj‘ {kn Gy (cx)} gak(x)d.x

A(a)

TR Y r{‘; = <—>1}eak<x>ax-'

A a) Gyoeey
Proof. Equation (3.9) follows easin'by inserting the éxpression for

fx(x) from (3.1) 1n (3.2). Equation (3.10) follows in the same mnner‘
after observing that |

e g -
o ;7Fx(x) - Jgo Ae (1, (x)).




Iemma 3.2: The functions I(M) 1s nondecreasing provided

(3013) i | (Q"'l) aa...l -k Ga _>_ o, = O,l’c.oo .

_If strict inequality holds for scme O +then I()) is strictly increasing.

Similar statements hold for J(A) if 8, 18 replaced by b.

Proof: The sbove statements follow readily by differentiating the expres=-
sions (3.9) and (3.10).

Lemma 3.3 ,
(1) For each set of integers Qs Opyeeey0f we have

o k=1

kel |
(3.1!&) J. n Gy (cx) gakﬂ_(x)dx 'r:1nl Gai(cx) gak(x)dx

& [: 16, ()] (6 .,,l(xm%(x) Jax

(11) Equation (3.1h) remains true 1f the k-1 functions G,
%’
- i=1,ouo,k"l a.re replaced by 1-G ai,i = l,o-o,k-lo '
Proof: To proo-neparb (i) we first integrate the lef‘t. side of (3.114) by
parts to obtain

0i=1

- (3.15) rkﬁ G. (cx) gakﬁ(x)d:; S J. dx[kn Gy (cx)]G (x)dx.
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The right side of (3.15) is then written as

1=1 %

B ‘(.3.16) 1- j': %[Ei Gai(ex)] Gak(x)dx r [' kﬁl G ‘(cx)]

(c +J_(x) Gak(x)) dx . !

Now a.pply:lng (3_.15) ',. with czk+1 replaced by ey to the first two terms of |
(3.16_), the desired result (3.1%4) follows. Part (11) is 6btained by a similar |
argument., o . | S

We now proceed with the Proof of Theorem 3.1. We first show that if
(3.4) holds then I(A) 4s nondecressing. From (3-22) ve "n_gve |

em <d%j1i:fam al,...,a,)f {“ X <cx>} ea;xwx-” '

- A a+1)

m '<a;,...,a,) <a1..1, qg o Mg

o N

Cay---,ak l,ak-D_ ,

" 'we rewrite (3.17), after a simple change of variablea in the sums, as




(@)1 g zca ag{z [ ﬂ«cﬂf‘n e'cm} o (01

. T :
+ J': {: E;L Gai(cx)} gakq_l(x?dx].
Then

(a-!-l)' = (k~1) o 8y

k-l

<°‘1’ a.‘)[ Z L(G; +l(cx)~G (cx)){k I G, (cx)} gak(x)d.x

A(a)

+ _r: {: G,y (cx)} gtxkﬂ(x)dx]

For the last integral in the ebove expression we insert its value
from Lemma 3.1 to obtain |

(a+1)l 8q1 = k,a".aa
k-1 :
- Z DI-Z J. (c .,.l(cx)-G (cx)){kn Gy (cx)} gak(x)dx
) 0% Tye1 O 1+,1 | |

0

rai{:HlG (cx)} ( ak+1(x):G%(x))dJC] |




k-l

=kala, + Z ( )[Z r & {G (c,c)}[( +l(cx)-Ga‘-j(<.:x))sak.(x’- |

A a) l,o..,dk 1#3
- © By (ex)(Gy g (1), (<)) ] ax] -

We now interchange the summations and fix (i—l,...,k-l,i#‘j)

: k~l
Sumiing over ad and ak with aJ+ ak= L=0= ZGi we £ind that
: i=1
143
(3.18) | ol [(a+1) -ka |20

- provided (3.4) holds. Therefore the function I()L) is nondecreasing when-
ever (3.4) is satisfied for all integers ¢(4 > 0). Moreover if strict in-
equality holds for some 4 in (3.4) then strict inequa.]ity v.holds for some
@ in (3.18) and hence I() is strictly increasing. |

The proof of the statements concerning the function J (x) are analo-
gous end will be omitted. |

k. Selection & e.nd Ranking of Multivariate Normal Populations in terms of

RN

Iet = ’N(Ei’ z:l)’ 1=1,2,.005k be p-va.riate normal pop\ﬂ.ation.s with

mean vectors B, - end covariance matrix PN respectively. Let

by
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77 Cese le I known, (i=1:29‘°'{k)'

We take a sample of n independent observations from each of the k

populations. Let denote the jth observation of the p-dimensional

%3
random vector on the ith population; then for each J = 1,2,+..,n, we com-

pute

(hll) i=l)2,¢od’k5 ;1-':1,2,...,1:1 .

Since yu = (1,25¢.4,n) correspond to the n independent observations

on a non-central ¥ for each 1, then - Xy = Z 13 is distributed

- . ! =
as a non-central x2 with non centrality paremeter A/ o\, = nEi z:i By

and degrees of freedom p' = np. . The proposed selection rule for the
population with the largest value of A’i is: |

R: Select =

3 iff

Z"’ia > mex {Zyi.j’ 1= 1,2,...,1:}
=1 S =

vhere the constant ¢ = c(k, np, P*) (c > 1), is determined to satisfy

(4.2) . int ka (ey) £ .(y) dy = P¥
At Y0

where; now, X"'(') and £ ,(-) are the cdf and the density function of

& non~central x2 w:lth np d.f. Since the in;f‘imum of the above integral
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takes place when At = 0, by Corollary 3.l.a, we have, the .equa'tion deter-
mining c¢ -

l"o : b .;l | ® ‘ = P*, f = :
(4.3) . ]':H‘; (ev) Byu(¥)ay =P, » np‘
where

Hpc(x? =J:'I'%;ry ¥ 1d¥ and %HP.(::) éhp,(x).

The velues of c! = 1l/c satisfying (4.3) are given by Gupta (1963) for
selected values of p' and Pf (see Taﬁle 1,p'=y/2) Approﬂmate
¢! values (obtained by using Wilson-Hilferty cube root"t:;'ansfomation)
ave given by Gupte (1965) where the reswlt concerning the infimm of
P{cS|R} is proved for tl'me case k=2, Armitage and Krishnaish (1964) have

extensive tables for ct.
The rule for selecting the population with the minimum value of A,

"~ 18 defined by
“R%: Select 7 PP
n. n o , ,
| Z yid Sb min {Zyidi i= l,E}OOO,k} .

J=1 J=1

. 8 *
It follows from the Corollary 3.l.8. that the constant 'b=‘b(k,np,lP ) is

G @] n @ pem
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The values b* = 1/b satisfying (u.h) are tabulated in Gupta and Sobel

(1962) for selected values of p! a.nd P and more exbensiVely by Krishe
naieh and Armitage (1964).
Case 2. 2‘1 unknown (i=l,2,ooo,k)

Ir z:i's are not known, we modify the rules R and R* as follows.
Let zy = :_fi S:'_:L ;_1 vhere g_:i 18 the sample mean vector of the ith popula-
tion and where S; 1s the usual sample covarience matrix with (n-1) es

the aivisor.

R: Select ':ti iff

®1%4 2 Fpey

vhere z = max (zl-,ze,..'..,zk) and where cy= (k,p,n,P ) is a con-

stant (greater than unity) which satisfies

(hos) »J:Fl;n_p(c . pn?(x)dxap

| where fp n; is given by (3.7) with J=0, p =p/2 and va (n-p)/2

i.e. it is the density of & rendom veriable which 1s -I-times the central
F random varisble. F P n "P( ) is the corresponding cdf. The modified pro-
cedure R! is

R*: Select w, 4iff

1 z‘m:l.n
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vhere b, = l(k,p,n,P‘) is a constant (grester than unity) determined by

(1.6) j' [1 oon -p(x/‘bl)]k ' (x?dx =_-P"__’ .

Tt should be pointed out that (4.5) and (L.6) are consequences of Corollary
3.1.b end the fact that each Kz,(1=1,0..,k) (K = Constant) hes the density

(non-central F) given by (3.1) in conaunci-.ion with (3.7).

Case 3. L, =5 = =% =L (unknown).
In this case the usual pooled estimator § = (S + 52+ cee + Sk)/k is
used in the procedures R and R' of Case 2. In this case the constamts

i 2
respectively, with degrees of freedom D, k(n-1) - pHl, réspective]y.

and b, are again determined by equstions of the type (4.5) and (4.6),

Bemark 1: It should be pointed out thet the procedures R and R' dts-
cussed under case 1 are not 'Sstrictly analogous'! to those given for cases
2 end 3. If we wse procedures based on ;c.:i 2;1 Ec-_i in case 1, the corres=
ponding constants ¢ . and -‘ b tlrn out to be independent of the number of

observations which is undesirsble.

‘Remark 2: The efficiency of these procedures in termé of ‘expected' size
or related criteria has not been_investigated heres Also the *‘indiffer-
ence zone!' approach, a different type of formulation, due to Bechhofer

| (1954) has not been discussed here.
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