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1. Introduction and Summary

The logistic distribution is described by the density function
2
(1.1) f@spo)= (/o) exp { - (x-p) /o' }/[Ltexp {- (x-p)/c'}],

where

~ 3¢
-® X <o, ~o< p< o and o"=-‘\/-
T

> 0.

This distribution is symmetrical with mean p and variance ¢
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The problem of estimating the parameters p and o by using ordered
observations has been studied by Plackett (1959) for small samples and
by Kjelsberg (1962) for sample size n < 5. For large samples, contribu-
tions to the above estimation problem has been made by Gupta and Waknis
(1964). The best linear unbiased estimators for the parameters of the
normal and the other distributions have been constructed by Sarhan and
Greenberg (1956, 1962). But owing to the difficulty of computing the
covariances of order statistics, the best linear unbiased estimators

of the parameters had not been computed in general.

In this paper, we construct these linear unbiased estimators with a
minimum varianée based on ordered observations from the complete

as well as the censored sample case for sample sizes n= 2 (1) 25. The
censored sample case consists of the n - r1 - r2 observations, where

T obs_ervationé are missing in the beginning and r, observations are
missing at the end. The varia‘nces and covariances of these estimators
are also evaluated. A table of the variances and covariances of all order

statistics for n = 11 (1) 25 is also given. Relative efficiencies of these

estimators are studied.



Best Linear Unbiased Estimators of p and o

Let x < x < v e e e. <X be the n ordered observations
l,n — 2,n — — n,n

2
from the logistic distribution, with mean p and variance ¢ which has
the density function (1.1). We are interested in constructing estimators

A A .
K and ¢ based on the n - r1 - T, observations xr1+l, n < xr1+ 2, n

S < xn r , where r1 observations are missing on the
- - - n
2,

left side and r, observations are missing on the right-hand side.

Let the required estimators be

n-r

2
(2.1) ﬁ\= b2 a, X, ,
i=r +1 Lo L
1
n-rz
2.2 ¢= = b,  x
i=r_ +1 Lo o Ln

The problem is to find the coefficients ai and bi such that in the class

of linear unbiased estimators, ﬁand 9 ‘have a minimx;_;m variance.
It follows from the condition of unbiasedness that

(2. 3) za, =1 and Eai pl' (i, n) = 0,

(2. 4) Zbi' =0 and Zbi,n,p.'l (i, n) =1,

where p,'l (i,n) is the first moment or cumulant of the ith order statistic
in a sample of size n from the logistic distribution L (0,1), i.e., the

distribution with mean zero and variance unity. It should be pointed

out that (2.3) and (2.4) are necessary conditions.



A A
The estimators p. and ¢ can be written, using the matrix notation and

following the generalized least - squares theory, Lloyd (1952), in the

following form:

A
(2.5) b= —a' 1" x,
A
(2. 6) o= 1" X,
where x' = (x , X ),
-— r +1, n n-r_, n
1 2
- ' ' -
_l" (H’l (r1+1: n): L Hvl (n rzs n) ):
1'= (1, . . ..., 1) : 1'is a vector with n -, - r, components,

rvta)?,

and where V is the variance-covariance matrix of n - 1-1 -r

appropriate order statistics.

The special case r1 =0, T, = 0 is of importance, since this represents

the complete sample case.

A A
The variances and covariances of p and ¢ can be expressed as

A -
(2.7) Var (p)= (&' Vlg) O‘Z/A,

A -1 2
(2.8) Var (o) = (1' V i) o/ A and
A A -1 2
(2.9) Cov (p, o) = -(1''v a) o /A,



When r =r, = 0, the symmetry of the distribution implies that
AN
Cov (p, 0)=0.

A
Thus, for constructing p and ¢, one needs the expected values of

X, XZ, and (x, X, ). The first two of these are available
i,n i,n i,n " j,n
in closed form and also numerically in the papers by Plackett (1958),
Birnbaum and Dudman (1963) and Gupta and Shah (1965). In a recent
paper, the covariances of the order statistics X and xj n have
been expressed in a closed form in terms of digamma and trigamma
functions by Shah (1965) where numerical values of these covariances
are also given for n= 2 (1) 10, Table 1 of this paper gives these

covariances for n =11 (1) 25. 1In Table 2, the coefficients of the

estimators for both complete and censored samples are given.

Relative Efficiencies of the Estimators For the Uncensored Sample Cases

A A
Now the relative efficiencies of the estimator w and o will be discussed

for the uncensored sample cases. In developing various formulae, we
will follow the general notation as described in Paragraph 2 for the
special case since the uncensored case is simply the one where rl =0

= 0.
and r2
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The relative efficiency is defined in terms of the reciprocal of the ratio
of the variances of these estimators to the lower bound on these variances

as obtained by Cramér-Rao inequality. These bounds are:
A 2 2
(3.1) Var (p) > (9/m7) (¢ /n)

(3.2)  Var (fr\)_>_ {9/ (3+°)} (O'Z/n)
Hence
N 2 -1
(3.3) Rel. Eff. of p=(9/nw ) [A/ (a' V= a)],

-1

(3.4)  Rel. Eff. of o= 9/{n (3+r°)} [A/ (1 V1)].

We will also study the efficiencies of these estimators as compared with
the moment estimators. The moment estimator x for i has the variance

2
o /n and hence
(3.5) Rel. Eff. of x =

The moment estimator for o is N'm where m, is the second sample

2

moment based on n observations. Now

2
(3. 6) E ('\fmz) =¢ + 0O (1/n), Var(\fmz) = (4/5n) + O(1/n ).
The Var (\/'mz) can be better approximated by

(3.7) Var (\/_mz) = (n-1) (31ln-21)/ (20n3).
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/
[ The formulae (3.6) and (3.7) are available in Cramer (p. 353,

Kendall and Stuart (p. 233, 287 ) respectively].
Hence,

(3.8) Rel. Eff. of sz ~ Var (fr\) / Var (»sz)

[(20n°) / (n-1) (31n-21) ]

[ (1 v'll) /A,

Table 4 gives the numerical values of relative efficiencies based on
(3.3), (3.4), (3.5) and (3.8) for n = 4 (1) 25. The relative efficiency

of the moment estimators decreases as n increases.

It should be pointed out that the variance of ﬁ has a value strictly
smaller than O'Z/n, since it has been obtained by constructing a
linear compound of the observations with minimal variance and,
therefore, it cannot exceed the variance of the particular linear

compound which is the sample mean.

Relative Efficiencies of the Estimators for the Censored Sample Cases

The efficiencies of the estimators for the censored samplés relative
to the uncensored samples haive also been computed. These relative
efficiencies are simply the ratios of the variances of the censored
sample estimator to the uncensored sample estimator. Table 3 of

this paper gives these efficiencies.
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Explanation of Tables and Comments on Their Accuracy

_The covariances of order statistics were computed using the result

(eq. 33) in Shah (1965), which is,

2 j-1
(5.1) E(x o )=E(x )+ k? :z [( 1)

(1-1‘> <n\ (J—k-#-t—l\ B <’n_k”"~)
E (Xj+t-k., n+t-k >:, ( > Jkl Z [(-1)k
<n1'<i> (i/(i+k)> { —o® (a-j)

@ (a-j) - 0@ (n-i-x) g

(0)

IR (j-i-k-l)—Lp(O) (n-j) 1}

(r-1) a" 1og M(14x)

where B (p, q) is the beta function and y (x) = -
dx

By using the known result that

5.2 : = .
{ ) Cov (xi,n’ xj,n) Cov (xn__.]_’_1 X i1

), i<y,

checks were made on the accuracy of the covariances. For this
purpose, we put more reliance on that side of (5. 2) which had
fewer terms for its computation. The computations were carried

out in double precision on an IBM 7094 computer at the Purdue

Computing Center. .



-9-

These checks show that our answers are correct to seven decimal places
for n < 20; for n between 21 and 25, they are correct to five decimal
places. The variances and covariances of order statistics N= 11 (1) 25

are given in Table 1.

A
In Table 2, the coefficients of p are given under "MU' and the
coefficients of & are given under "SIGMA' for given n, r and T,
These coefficients are given to four decimal places. All available

checks indicate that these answers are correct to four decimal

places except for round-off errors.

A
Table 3 gives the variances of p under "VARMU'" and the variances
A
of ¢ under "VARSIGMA'", the Cov (p’.\, c?) under '""COV MU SIGMA'"

r,. These variances and covariances are given

for given n, rl, 2

to four decimal places. All available checks indicate that they

are correct to four decimal places except for round-off errors.
A A

The percentage efficiencies of w and ¢ for censored samples,

relative to uncensored samples, are also given in the same table

under "RE MU' and '"RE SIGMA'" respectively.

The entries in Tables 2 and 3 on each page are given in two
rectangles. The second rectangle is a continuation of the first

one. Each rectangle is divided into several subrectangles (ten

in Table 2 and three in Table 3). The entries start in subrectangle
#1 of the first rectangle and go down vertically. They start again in

subrectangle #2 of the same rectangle and go down vertically and so on.
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A A
The relative efficiencies of u and ¢ for the uncensored case for

n =4 (1) 25 as discussed in Paragraph 3 are given in Table 4.

Since the actual computer print-out was photo-reduced to obtain
Tables 1, 2, 3 and 4, the capital letters are printed out in the
tables rather than the small letters which were used in the text;

i.e., N, Rl, R2, I and J are printed out in place of n, r, r_, i and j

1" 2

respectively.

The computations for Tables 2, 3 and 4 were carried out in Fortran IV
on an IBM 7094 computer at the Service Bureau Corporation using

a general program developed there to compute the coefficients of the
linear unbiased estimators of the parameters of a distribution of the
form F (ax + b) using order statistics. The algorithm is based on

the method given by Lloyd (1952).

Numerical Example

Sarhan and Greenberg (1962) discussed an experiment to measure
Strontium-90 concentrations in samples of milk; measurements
involved readings and calculations. A sample of ten readings was
considered but owing to the relatively larger measurement error
known to exist at the extremes, it was decided to trim the two
smallest and the three largest observations. The observations,

when arranged in an ascending order are:

—_y =, 8.2, 8.4:, 9.1, 9-8’ 9-9’ Ty Ty T
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If we assume that the sample was drawn from a logistic distribution,

A A
then we will construct the best linear unbiased estimates, p and o, of

p and o, respectively, using Table 2 (n =10, r . =2, r_= 3) as follows:

1 2
A A
Ordered Observations Coefficients for p Coefficients for o
- | 0 0
- 0 0
8.2 - 0.1524 | ~0.9306
8.4 0.1324 : -0.1744
9.1 0.1538 —-0.0498
9.8 | 0.1615 0.0791
9.9 0.3999 1.0758
- 0 0
- , 0 ' 0
- 0 0
Best Linear Unbiased 9.3031 1.8765

Estimate

From Table 3, we find the percentage efficiencies of the above estimates
of n and o relative to uncensored sample of size 10 (i.e., n=10, r = 0,
r, = 0) are 94.20 and 41. 88 respectively. It may be interesting to

compare our results with those of Sarhan and Greenberg (1965) on the

assumption of normal distribution. This comparison is as follows:

/\
b > Rel. Eff. of 7 Rel. Eff. of &
Logistic 9.3031 1.8765 94. 20 41.88

Normal 9.2900 1.6900 84.78 33.62
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Conclusion
N\ N\

Some noteworthy features of the estimators p and ¢ become evident

after studying Tables 2 and 3. They are:

(a) If the sample size is odd and all the observations are censored
except the middle observation and the one immediately following
or preceding it, then the middle observation will have all the
weight in estimating p. On the other hand, if the sample size
is even and all the observations are censored except the middle
two, then the weight of each observation will be one-half in

estimating p. This may be seen from the following abstract

of Table 2:
A
n r1 r, Coefficients for n
5 2 1 1.0000
0.0000
11 4 5 0.0000
1.0000
25 11 12 _ 0.0000
1.0000
6 2 2 0.5000
0.5000
16 7 7 0.5000
' 0.5000
24 11 11 0.5000

0.5000
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(b) If the sample size is odd and if any number of observations

are censored on either side of the middle observation (which

is not censored), then the relative efficiency is 76% or better.
On the other hand, if the middle observation is censored and no
matter how many observations remain uncensored, the relative
efficiencies ofﬁ in such cases are less than 76%. Under the
same circumstances, the efficiency of@ is 79% or better if the
sample size is even and if the middle two observations are not

censored. The following abstract of Table 3 shows this:

n T T Rel. Eff, ofﬁ

1 2

11 2 5 77. 60

4 5 76.91

6 0 62.68

1 6 59.68

17 2 8 77. 64

7 8 76.21

9 0 68. 88

1 9 67.52

25 2 12 77.78

11 12 75. 81

16 0 47.07

1 16 45.18

12 2 5 84.20

5 5 82.17

8 0 35.66

2 8 20,54

18 4 8 81.64

8 8 79.93

10 0 64.00

2 10 60.58



(b)

(c)

(d)
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(Con't)
n r Rel. Eff. of ~
1 rz . . N
24 3 11 80.70
11 11 78.75
13 0 68.02
1 13 67.04

For any sample size and fixed uncensored number of
observations q = n - (rl tr, ), we found that under all
conditions of censoring, the efficiency of Qattains its
maximum whenever the middle observation (if the sample
size is odd) or middle two observations (if the sample size
is even) is uncensored. This may be seen from the following

abstract of Table 3,

VaS
Rel. Eff. of .

B
H
H

1 2
20 18 0 2.25
1 17 3.69
2 16 5.62
3 15 8.35
4 14 12.43
5 13 18.81
6 12 29.14
8 10 67.22
9 9 79. 46
10 8 - 67.22
11 7 45.60
12 6 29.14

For any sample size and under all conditions of censoring,

we found that for any corresponding value of r,, the efficiency
of 6\' decreases by approximately the same amount for each
change in the value of T It may be seen from the following

abstract of Table 3:
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(d) (Con't)
| ~ Rel. Eff. of ¢
n r) T, el. . of ¢
20 1 0 95. 35
3 0 84.32
5 0 72.19
7 0 59. 86
9 0 47.91
11 0 36.63
(e) For any sample size and fixed censored number of

observations, m (m=r_+ rz), there is no significant

1
difference in relative efficiency of T. The following

abstract of Table 3 shows this:

Rel. Eff. of &

=}
H
H

1 2
20 16 0 12.15
1 15 12,44
2 14 : 12,61
3 13 12.73
4 12 12, 81
5 11 12.86
6 10 12. 89
7 9 12.91
8 8 12.92

(NOTE that m = 16 in the above abstract)

It is interesting to note that Sarhan and Greenberg (1962) also
A A
observed the same features of the estimators i and ¢ on the

assumption of the normal distribution.

For uncensored samples, we see from Table 4 that the efficiency of

A N t
M and o, relative to Cramer-Rao lower bound, increases with n while

.y . . A ~
the efficiency of the moment estimators, relative to 4, and o decreases with n.
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