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1. Introduction and Summary. Let A, and A, be two symmetric

1 2

matrices of order p, Al’ positive definite and having a Wishart distribu-
tion [2,17] with £y degrees of freedom, and A, at least pdsitive semie-
definite and having a (pseudo) non-central (linear) Wishart distribution
f1,3,4,17,18] with f, degrees of freedom. Now.let

52"9,!;:' G'

where Y is px f2 and C is a lower triangular matrix such that

~1

Now Pillai's V(S) criterion [9,10,11,12] 1is the sum of the non-zero
characteristic roots of the matrix X,X" Here s is minimum (fz,p).
Also we may note that V(S) = trace X'g' = trace z’g. It can be shown
that the density function of the characteristic roots of gfg for f2 <p

can be obtained from that of the characteristic roots of Y Yt for f2 >p

if in the latter case the following changes are made: [5,17]

(fl: fg,P) > (fl+f2"P) P fe)'

1 The work of this author was supported in part by the National Science
Foundation, Grant No. GP-4600,
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Hence we only consider V(S) when 8 = 7p, i.e. V(P), based on the density
function [ 7] of L=YY' for f, > p. The first four moments of V(a)
in the linear case were obtained by Pillai [13] and the first two moments
of V(P) by the authors in an earlier paper [ 6]. In the present paper
the third and fourth moments of V(P) are derived using a method which
differs in certain respects from the previous one,

Further, if (Pl tr(;P-L)'l-p,f% 16,71, 13, 14] the first four
nmoments of U(2) were derived by Pillai [13] and the first two moments
of U(P) by the authors [ 6]. These results afe extended in the present
paper, obtaining the third and fourth moments of U(P) and furtheq)some
approximations to the distribution of U(P) are suggested in the linear

case,

2. Moments of V(p). In the previous paper [ 6] the authors have

shown that
' (p) - t
(2.1) V= g+ (1m0y) u (Ep-l’l‘zz) U+ tr L,
= -(l-ﬁll)(l~gﬂg + 2'9222) +tr Ly, + 1

where f,., u: (p-1) x 1 and Lot (p-1) x (p-1) are independently

distributed:and their respective distributions are given by

o Ny 105 TR v
(2.2) (-2%) z ) e J lél:-'zll)z"l — ay
. ex - | < i I
P 30 pLat,+d, 36) 1

J=0



(e.3) n-2(p-1) {r( L BrGe)) (1ut u)a(fi'p+l)'l g
and
(2.1) n [I‘(flﬂ2 ) / {r( N l)_r(fg—i)}J i {p-1)(p-2)
3 1,-1-(p-1)-1] e - (p-1)-1)
’524 Izp-l'EQE’ 4 Lo

Let hi's (i=1,2,..., p-1). be the characterlstlc roots of I, Then,

~22°
noting that (2.3) is invariant under an orthogonal transformation of u

we can write without loss of generality the statistic V(p) of (2.1) to

be equivalent to

(») _, P2 Pl o
(2.5) v 1= izl A;- (-1 (1-u'u) + Z AusT .

Let zii,o be a variate whose distribution is the same as that of I

when A = 0 angd independently distributed of u and I, Let Vép) be

Moo e
the V(p) statistic when A = 0, We may note that

(2.6) x, = E(l—zll,o) -.E(l-zll) = £18(v) |
£ (£,+2)
(2.7) X, = E(l-zll,o)a- E(l-zll)2 = L 21 A, )
(2.8) xg = E(l—zll,o)3- E(1-£1,)° = § £, (£42) (£, 44) 4,
and
(2.9) ), = E(l-zlljo)h-E(l-zll)h - & £ (£,92)(2, #h) (2,46) 4,




‘..where Vv o= :E‘l+f2 s

22 2.1
(2.20)  © 8(v) =X exp (A >2J“1 Ee = A ) e (0% )ay
- * %v+1+l 0
i=0
2,1 i
21 2\ -1 . 2
y E\)+2;(\)-!(~7+)?..(\)+21+2) if AT < vl
%\)
%[ E—: : '-]('z gi ) - ("l) ( exn(-h )] it 2V is an
1=0 IS )
in’cegerJ.
(2.11) by = 5(v)-5(v+2),A2=a(u)~26(v+2)+6(v+h) and

A3=6(v)—35(v+2)+36(v+h)-5(v+6)

The results (2.6) ----(2.9) are obtained by using the partial fractions

£ 1
or \)(\)+2)(\)+1l.) vee *eS e e L

Let El stand for the expectation over ui's. Let -

NV, 2 . o 3 L
/31-2' hiui « It is easy to see from (2.3) that for idi4k+s,
i=1 '



o2y 1 Ly 3 6y _ 15

E(y;) = F E(v;) = (2 E(y;) = £ (£#2) (£, 4]
3 105

B(u?) = -
i fi(fl+2)(fl+u)(fl+6) 5
2 2y _ 1 4 2
E(ui uj) = fl fl+2 > E( l(f +2ﬂ£ +4) 2
(2.22) E(u§ u%) = 12 . s

1Y) T TR AR (T 30)

E(u u) 2 2 1

9
T (£, 72 (£, 70) (7, 76) "E(u vy vy) = £ (E,R2J(F+) *

, : E(u& u? u2) =

l(f +2)(f +h)(f +6)

2 2 2 2 1
\\\ind B(u; Uy vy u,) = £, (£ +2) (£, +1) (£ +6)
P-

Then putting Z?‘ =W loo 5 LMY T Tolees ) MMMy = trg Lo
J i>3>k :

and 21 AL h Akhz ,.tthgg and using (2512), wa goh

i>i>k>4
(2'13.) . El(Bl) = (tr ,!.-,'22) / fl s
2y _ 1 .2 N
(2.1k) El(gl) = f—l-(-f-:l_TéT (3 2_?\1 + 2 Z_‘ ki?\j]

>3

1 2



3, _ 1 3 2. . T
(2.15) E (F]) = 7 (72 ) (5,70 [152)‘1‘”9 Z Ahgte ), Mrhd
Tt ok

1 3 e Near
= T (P2 (T, ) [35(trLy,)7+36(trLy,) (t?gLee')“‘gl-*(trnge)] )

and
by 1 | L, T3
(2.16) E)(B)) = T (E, 2L, #E) (7,76) [105 Z"i*6o in}‘j
' i%]
T.2.2 3,2
+27 Z}ikj+l8 /, Aikjkk+ E: xiijkkﬂ] s
14] ifj+k ifdfity
= - [105(ty )”-360(1;1« )2(+ Tss)
T (T, 72 (&5 ) (1576) Lo Log ) (tralyy
+288(t17L22)(tfgLeg)-192(1;{ng2)+1h-h(tr2L22)2] ,

because

b 3 3 3 " 1 ]
(05 = (8Lp) =3te Tyt Lyyt3 “ater

L Aty = (erLp) (trLop)-3(te  Lop)

it

' 3, = a3y )y o Sak
zhi)‘j = (/M) (Z]‘j) LM
143

= (trlpp) 3 (trLzz)e(frnge)B(t’rLzz)(t%Lee)“Z"l; ’



2.2 . 2 Tk
}:xixj = [(trLy,) - 2(trlp)1% - ) MY,
i
T .2 2 2 T3
MoA =2 (67 )P (T ) b (1, ) o2 Z)\i)\j,
itk 14

and therefore

N 2 ;
z)‘i"(trkgg)h-“(“‘%zz) (tré];,zé)+)+(tr;’,22)(t,rs_ljze)-h(trhléz)-f-2(tr2§22)2 ,

Zhgh'j:(tr%zz) (trzgzz)~(tr£22)(tr31122)+h(trh;22)-2(tf2;.22)2 ,
i3

22 .. 2 ,
Z}‘i)‘j=2({’r2]~:‘~22) ~h (1T, ) (g Lo, ) #hitr) Iy, and
i3 -

2 .
inxjxf 2(trlpg) (t3Tp) = Bltm,Ipp) -
1434k | T

With the help of above results, we can write

(2.17) ev(®)ay = ) + x5 (e)
(2.18) E[V(p)-l]2 = E(V(()p)-l)z-sz(Bz)+2xl E(aB)
(2.19) E(V(p)wl)3=E(V(()p) -l)3+x3E(_B3 )«-'SXQE(QSE)+3X1E(Q'28)

and



L4

(2.20) E(V(p)-l)h=E(VéP)—l)h—qu(Bu)+hx3E(B3a)-6x2E(82a2)

+hxlE(Ba3)
where o = (tr%za) and B =1 -u'y+8B,.
We note that

fon 1 i (1 i

(2.21) B('9)= £ Eltrlyp) B W
=-%— r§1); for i=0,1,2,3
1
(2.22) B(0*0%) = crins E(trL,, ) 2@ Ne20 (M) (b, Va3 (brr, )2
- T(E ) Flle Too Lo

Y (@) o .
~h(tr2Q22)] = T ro7! for i=0,1,2 ;

(2.23) E(cp3) = fl(f1+;)(f1+”) E(tpgzz)i[f(3)+3f(2)(t;@zz)

+3f(l){3(tpgze)z"u(trg§22)}+{ls(tr;22)3

A l - 3)
Ly, oyt T
3722 T (FR2) (40 Ui

-36(tr£22)(tr2222)+2h tr

for i=0, 1,

and



(2.24) r(s*)

N 1 ~(%) ) (3 . ‘
- L (F2)E JTE+6T RN )(trgez)

*642k3@gbéfJNHE%znuw“Jh5@m%2ﬁ

-36(trL22)(tr2£22)+2h(tr3;22)}+105(trL22)u

4. 2 t + {
-360( bI‘Lzz ) (tT2~L22 )+288 (-51.',922 ) ( °r3.~];’22 )"192 \trh-];?a)

N 21 4
bk (tr,1,0)7] N )(%lm J(E76) r((> ',
where
(2,25) OB (£,-p-1+2} )
g=1

Hence, we have
(2.26) e(v®) 1y - E(vIP)1) + 5(v) B
(2.27) E(V(P)-1)2=E(vgp>-1)2+s(v)[er£l)-%rgz)]+(%Tg2))a(v+e) ,
(2.28) E(v(P)-1)3=E<ng)-1)3+a(v)c3r§1)- 32, 1.03);

>

i)l 3B 4efDas (w1 ()

and
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(2.29) s 1) v )1y s () (P32 (3). L ("

+6(v+2)r9r( ). (3)_,__._6 (u)]+6(\+h)

1 £3) i6 éh)]+6(v+6)r 1 (“)

Expressions for the first two moments of V(P) are presented in

[ 6]. For the third moment
(2.30) E(V(P)~l)3 = E(Vép)-l)3+A2f(3)/8

+(3/8)L{=36 (v)+25 (vi2)+5 (w4 )} 2B )p(t1,.,)

+[35(v)+25(v+2)+35(v+u)}f(l)E(trL22)2

+{6{v)+26 (v+2)+58 (vl )}E(trL, 2)3

{6 (v)+26 (v42)-38 (vl ) IE(txLp, troL,0)

+hA2{-f(l)E(tr2L22)+2E(tr3;22)}J s

where

@31 Blomyly) = (7)) T (2,m0)/ (5,98,m3))
J:

(i=l’2, o0y p"l; trlL = trLez) s
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‘(2.32) E(trngtriLez) = [E(triLza)/{(fl+f2+l)(fl+fé;i41)}] .

L8y -2 (£521) (o1 )25+ (p-1) (£,-p-1) (£,+2p-i+1)

3

+2p -ip2+ (i-2)p+2i]

and

2°( £ -f,+1) £, (fl+f2¢p+l) (£,+E,~p)

(2.33)  B(trLp)d = E(taL,)
rlyo Loo [ (fl+f2_3)(fl+f2_2)v(fl+f2-l)2(fl+f2+l)(fl+f2+3)

+3 E(trL22)2 -2{E(trL22)}2 ] .
Now, for the fourth moment
(2.3%)  E(v{Pla) = s{Playt 4 2™
+(l/i2){56(\))-96(v+2)+36(v+l;r)+6(v+6)}f(3)E(trL22)

+(3/8){~56(v)+196(v+2)+5(v+h)+5(v+6)}f(2)E(tr1,22)2
+H3N56 (v)+516(w42) 436 (el 455 (v46) £ (Vi 2, )3
+(l/16){56(\))+2976(v+2)+156(\)+h_)+355(V+6)}E(tI‘,§22)u
+(3/2)[6(v) 156 (v42)+35 (w4456 (46) BT (21, )P, 1, ]
+3A] ~f(l)E(tr£,22tr2;£2)+2E(trL2;tr3g22)}
+hyf (2 )/E)E(tregze)—2f(l)E(tr3L22)+hE(tth22)

-3E(tr,L5)°)



2

n\n\.where A= §(v)-s(vi2)=5(vth)+s(v6) ,

(p-l)(p-E)(f2-2)(f2-l)

2
(2.35)  E[(trL,,) triy, Jo (F -3 ) (T #8,-2) (F, #E,-1) (2,7

2) *

pf, .
| [ﬁf?zi?gigj { (£,-P)L (3p=5) (£,~p-1)+3p -Tp+14]
+(3P—5)(fa-p-l)2+(9p2-l7p+6)(fé_p_l)
42 (3p3=Tp2+6p+h))

. 1 2 _ 2 Ly
T ) {(£,-p)Tp(p-2)(£,-p-1) +(p-l)(2p2+p+d)(fé-p-l)

+ph+5p2-6p+12]

+(£-p)[2p(p-1)(£,-p-1)3+(p-1) (8p°wp+6) (£,p-1)°

+(p-1) (10p>+15p-6) (£, -p-1)

+hip7-3p 48p3-15p%46p+12]

+p(p-l)(fz-l)fz(f2+p-3)(f2+p-2)}]

(f2+P+l)

1 a2 N}
'(fiiféi37 [B(trLyptrplyy) = B(tralos)]

+2E(tr;22tr3g22)-E(trugza) s
> 6
(2¢36) E(trgl,;',ee) =[ (p-l)(p-2)(f2-2)(f2-l)/{3: Il (fl+f2‘j+2)}] %
- =1
[ 13(2,-0)%/2} (2-1)(0-2) (£,-p-1)%+(p-2) (29°-3+9) (£-p-1)

+ph-hp3+13p2-26p+28 }
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+3(£,-p)/2}{2(p~1) (p-2) (£,-p~1)>+(p-2) (87 -11p+11) (£,-p-1)?
+(p-2) (10p>w18p7+33p-1) (£,~p-1)

5-l7ph+h0p3-53p2+10p+52}

+hp

+H{p(p-1) (£-1)£, (£p+0-3) (£,4p-2)/2}

+(p-3) (£40) (£,-3){ (p1) (£5=p-1)"+(p-1) (3p-1) (£,-p-1)
+2p3-3ﬁ3+p+6]

and

(2.37) E(trL22 hﬁ 6
3.28(p-1) (,-1)1, {( le p-1% 6‘1)+{(f -p) (£ -p-l)/h}(,g

g;
- 1=0 i=0
(£1+E5-U) (£ ¥F,=3) (£ +E,-2 3 (£5+45),- 1) (£+£5) (4 l+12+l)(f LHEL 3L +E,45)

5=1
1,p-1% )}

AHE(trT ) B (6L )-6B (2L, ) LE(4, 0 1243 B (611,,)T

where d = (f)+f, -2n-l)/2 )
i,p-l(1= seeey 6) and gi,p-l(lzo""’ 5) can be obtained from
f;'s and gi's (vhich are polynomials in s = p) presented in

[/2 ,pp.7-8] by substituting in the latter p-1 for s.

3. Moments of U(p). In the previous paper by the authors [ 6)

it has been shown that

(3.1) 1+U(P) = {(1-311)(1~g’g)}’1+(1-Ejy)‘l(gggg)+tpg



-1

“vihere M= (_Ip_la-llzz} ~d -1 ° The distribution of M is given by
“Lfpa oY Mo 1.(na1)a
e R N L R R H(p-1)(p ZRMftf2 1-(p-1)-1}
(3.2) in [F(-~-—~*~-~-)/{1‘(~~-2 )F( 5~)1] LT

L

Now we have

(3.3) E(l-zll)'l-E(l-zll,o)"¥=2x2/(fl-z),E(l-zll)"e-E(l-z

=1/[(2,-2) (£, -1 (22 a2 (v-2) @2)]

E(l-z )'3 -E(1-£ ) -3

“11,0

[(2x )343(v-2)(227) k3(v-2)(v-h)(2h2)3
%, ~2) (€, -0)(5,-6)

and

E(1-2,,)7 -E(l 4, O)

11,0/

1k

= (@02) 0 (v-2) (121346 (4-2) (4-1) (222) “el(v22) (vb) (v6) (207);

(£1-2)(f-4)(£;~6)(£,~0)

Let o = 1fi-u'v) and £, = txlM+(u'Ma)/(1-n'uw) ;

(3.4) - E(q;) = [(fl-e)(fl-h) vee (fl-zi)]/[(fl-p-l)(fl-p-S) ceo

(fl..p-21+l)] for i=1,2,3,4

= {0 (e -2) (£, 0., (£,-21) .
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(fl-z)(fl-h)...(fl-zi)(fl-p-ai)

(3.5) . E(eB,) = (2,10 (E, 53+ - (£, 5-2i-1) E(trY)

=(£,-2)(2;-b).. (£,-21) UM gor 11,2,3,

.2
(3.6) E(e;B,)

(52 h) (5 -R1) (£,-p-21)(£,-p-21-2)
(£ -p-2 (3 -p-3). .. (& SETI) (f,-p-2L-1)(F, -p-2i- 3)(urM)

b(tr,1)
~ T, 2T, Sp-253) ]

= (fl-2)(fi-h)...(fl-2i) nga)_ for i=1,2

(3.7) B(o 5)

(£,-2)
= TIN50 (e, oL (1172-2) () -2-4) (£, -9-6) (s0)”

-12(f { ~p-4) (M) (trzljg) +2h(tr31}11_)]
= (£,-2) 7{3)
Hence,we get

(3.8) ‘E(1+U(P))= E(1+Uép)}.+ (222) nio)



(3.9)
(3.10)

and

(3.11)

Now
(3.12)
(3.13)

(3.14)

and

16
p(140(P))2 —E(1+U(P)) +(22%) q(°)+2(zx ) (v- 2)r(°)+q(l)]
| 2(140(P) 2 (10 lP) )31 (@2 3003 (202)PL (v-2)n{ PV en
3(@8)v-2) (v-1)1{" )42 2)n(1)+n(2)]
m(140(P)) ep (40P e (222) vk°)+u(zx 23 (v-2)n{un{Hg
+6(232)° (v-2) (v )n{O 2 (v-2)n{ ey

()] (9-2) (v-1) (v-6)1{ 43 (v-2) (v-b {3 (u-23n en (31,

E(tr.M) = (P':l) -::'1: [(fg"j)/(fl'p+j-l)]§ (i=132>'°‘P-l;trM‘=trlI\£)
i~ i7j=1 ‘

2(fy+fy=p-1) (£ -1)
E(trM) = E(trM){(f 16N -p-e)(f =y E(trM)} ,

23(fl+f2-p-l)(fl+2f2-p-2)(fl+p-2)(fl-l)

(£,-0)° (£ -1 ) (£, -p-2) (£, -pe1) (£, -p+2)

E(trM)3 = E(trM){

+3E(tng)2-2[E(txM)]2} >
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(3;15) B(trMtr,M) = E(trgM)[{(fl-p)(p-1)+h}(f2-p-1)
+2(p+1) (042)1/0 (£,-0)°-4] .

In obtaining the expected values (2,31) - (2,33), (2.35) - (2.37)
and (3.12) - (3.15), use has been made of lemmas 1 and 2 in {/;4'] and
the values of the special type of Vandermonde determinants given in [767.
Expressions for the first two moments of U(p) have been presented
in the previous paper by the authors [ 6]. Now using the results (3.12) -

(3.15) in (3.10)end (3.11) we get

(3.16)  m(ulPh3 . E(1+ng))3+Al(2x2)3+3A2(2x2)2+3A3(2x2)

where

(3.17) A = n§°> = [(£,-p-1) (£, -p-3)(£,-p-5)]""
(3.18) Ay = (v-2)ﬂ§o) sl

where

(3.19) | ﬂél) = (P'l)(fg’lj(flfp“h) A /(£-p)

(3.20) ay = (v-2) (w02 (v-2m{n(®) |



where

(p-1)(£,-1) (f +1)(f -1)

) 1 e (02 )

(L) (£p41)(2, -pH1)
(f -p-1)(f;-p-2) (f;-p-5)

Similarly

} | 2 2.2 2
(3.22) E(l+U<P))L = E(l+UgP))h+Bl(2A2)h+th(2h )3+6B3(2l ) +hBh(2k ),
vhere

625 5y =1 /ey
(3.24) B, = (v-2) nﬁo) . nél)
where

1) = (pu)(e,m1) (£,-p-6) B,/(2,-)
(3.25) By = (v-2)(v~h)ﬁ( )+2(V_2)n§1)+né2)

where

(2) (£3-p-4) (£, ~p-6)(p-1)(£,-1) 2(£;-1) (£ +5,-p-1)
(3.26) (f -p) [ (f ‘P+l)(¢ ~p=2)

H{p-1)(£5-1)]-2(p-1) (p-2) (£5-1) (£,-2)/{ (£, -p) (£} -p+1)3} B,
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T (3.27) By=(v-2) (v-) (v-6)18 13 (v-2) (v-tn{ a3 (v-2)n{Ban 3)
where

(3.28) 1

(3)={(f1'P"2><f1-P-“><fl—p~6)(p-l)(fe-l)
' (fl'p)3

23(£ 1) (£, #,-p-1) (£, +28,-p-2) (£, +-2)
(fl-p'z)(fl"P-u)(fl'p+l)(fl-P+2)

6(2,-1) (£, +£,-p-1) (p=1) (£, -1)
e Ep-g)(fl-p+l) — +(2-1)%(£,-1)°]

6(£,-p-1)(p~1) (p-2) (£, ~1)(£,-2)
”‘(f -P-27(f "P)(f -p+l)(f %) [{<f “P)(P“l)‘“’f} (f -p-1)42(p+1)(p+2)]

+A(P‘l)(P'z)(P-3)(f2'3)(fg"z)(fe*l)/{(flmp)(fi¥g+l)(fl-p+22}}-.Bl
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L, &pproximationsto the Distribution of U(P). Pillai M13] has given

an approximation to the distribution of U<2) for fl > f2 and which is

good even for very smell values of f2' The Tfolloring approximation to the
distribution of U(P) for f; > (p-1)f, , based on its moments discussed

in the preceding section and 6], generalizes Pillai's results for U(B) 133

(k1) g(U(P)) = (U(p))pl_l/(1+U(P)/k)pl+ql+lkpla(pl,ql+l), 0 < U(P)<.m ,

where

p; = 2q,/{q (n-1)-2n} ,

g = 2005 (8-p-3)-(040) (£ 21}/ L% (1, -p-3) (ne1)-2(eva) (2 p-1)]

kK = c{ql(h-l)~2h}/2(fl—p—l) ,
| 30 PSR-
h = (e+1.99a)” (£, -p-1)/{ (c+a)" (£, -p-5)c} ,
c = pf2+2k2 and d = (fl+(l-p)f2—l)/(fl-p)

A comparison of the moments from (4.1) with the respective exact ones
may be made from Table 1. However, the moments for the case p = 2 are not
presented in Table 1 since comparisons of the approximate and exact moments
for U(e) have already been made [13]. It may further be pointed out
that the case p = 1 is that of the non-central F [8]. Hence the
accuracy of the approximation may be compared in this case with the
approximation to the distribution of non-central F obtained by Patnaik

and the exact distribution using Table 7 of [8]. However, it should be
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’ Table 1
| 0) po [aG0]
Moments (central) of U from the exact and approximate,distributions for
different values of £, > (p'l)f2’ 22 and p
Moments fl=lO f2 3 K2=O.5- p=1 fl=10 f§=15 . A2=2 p=1l
Exact Approximate Rotio(A/E Bxact Approximate  Ratio (A/BE
wi 0.5000 0.5000 1,0000 2.3750 2.3750 1.0000
T 0.2917 0.2708 0.9286 2.8335 2.6927 0.9436
g 0.6458 0.588; 0.9107 16.33841 15.5835 0.9230
y, 5.0312 L, 7122 0.9366 373.7200 336.9354 0.9016
Vﬁg; 0.5401 0.5204 0.9636 1.68L48 1.6409 0.9740
Bl 16.8105 17.&119 1.0358 12,46k 12.4383 0.9979
By 59.1k29 6L, 2422 1.0862 45,3827 46,4695 1.0019
Moments £,=10 £,=15 A°=32 p=1 £,=10 £,=50 \P=p p=1
Exact Approximate Ratio(A/E) Exact Approximate  Ratio (A/E)
Wy 2.8750 9.8750 1.0000 6.7500 6.7500 1.0000
Moy 38.4635 35.8177 0.9312 . 17.60L2 17.4583 0.9917
by 827.1185 7h2 3304 0.8980 256.5521 253.0986 0.9865
My, 66672.3710 57635.2030 ¢.8652 | 14005.5130 13732.1110 0.9805
VEE 6.2019 5.9848 0.9650 4,1957 - },1783 0,9958
By 12,0223 12,0084 0.9988 12,0644 12,0385 0.9979
By h5.0658 Ly, o6kl C.99T77 45,1930 45.0538 0.9969
Moments £=10  £,=3 A°=32  pel £=10 1,100 A°=2  p=1
Fxact Approximate Retio(A/E) Exact Approximate  Ratio (A/E)
wy ’ 8.3750 8.3750 1.0000 13.0000 13.0000 1.0000
by 23.8385 26.1927  0.9083 160.8333 60.6875  0.9976
Wy 5356.88k41 Lek. 7210 0.8656 1644,8333 1637.6403 0.9956
My, 37469.2820 30867.1300 0.0238 166726.9900 165521.0700 0.9928
Vi, 5.3702 5.1179  0.9530 | 7.799 7.7902  0.9588
8, 12,0182 12.0183 1.0000 12,0176 11.9988 0.9984
B, 45,0535 kk 9520 0.9986 45,0529 Lk ko2 0.9975




Table 1 (Cont'd)
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Moments fl=12 f2=5 X2=O.5 p=3 fl=l2 fé=5 12=32 =3
Exact Avpproximate Ratio (A/E) Exact Avproximate Ratio (A/E”
T 2.,0000 2.0000 1.000C 9.8750 9.3750  1.0000
b,  L.h120 1.5077 0.9969 33.1672 32.8712  0.9911
b L, 7556 5.7641 1.2163 - 649.5157 652.7574  1.0050
by, 63.1979 89.0Lk52 1.4090 48253.3920 "18599,6620  1,0072
Vi, 1.1883 1.1865 0.9985 5.7591 5.7333  0.9955
Bl 8.0328 11.99h1 1.4932 11.5625 11.9966  1.0375
85 31.696k Wk 9379 1.4178 43,3641 L 9782 1,025k
Moments £ =15 f, = L ;2= h,5 p=k £, =15 f,= b A= 32 p=h
Exact Approximate Ratio (A/E) Exact Approximate Ratio (A/E)
W 2.5000 2.,5000 1,0000 8.0000 8.0000 11,0000
sy 1.7170 1.6765 0.976k 16,6545 16.3640  0.9826
My 5.1341 5.7869 1.1271 177.0k2k . 176.4678  0,9968
My, 51.6730 61.7517 1.1950 592k ,6806 5886.382L  0.9935
Vﬁ;g 1.3104 1.2948 0,9881 4.0810 4,053 0,9912
B, 5.2069 7.1062 1.3648 6.7851 7,1065 1.047h
B,  17.5267 21.9693 1.253h 21.3599 21.9820 1.0291
Moments  £,=25 f,=5 A°=12.5 ps5 £25  £,=5 A°=32  p=5
Exact Approximate Ratio (A/E) Exact Approximate Ratio (A/E)
Wy 2.6316 2.6316 1.0000 L. 6842 L, 6842 11,0000
Ky 0.9076 0.8763 0.9660 2.7709 2,6917 0.971h
by 1.1645 1.27h7 10947 6.7802 6.8592 1.0116
oy, 5.8355 6.2180 1.0656 59.1995 58.6460  0,9907
VG;; 0.9527 0.9364 0.9829 1.6646 1.6L06  0.9856
8, 1.8137 2.l07 1.3292 2.1609 2.4123  1.,1164
3 7.08L0 8.0887 1.1418 7.7106 8.0042  1.0408

n
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pointed out that the approximation to the distribution of U(p)A has been
suggested in this paper using the first three moments and with considera-
tions of accuracy for p> 1. This may be noted from Table 3 wvhere, in
general, the respective exact and approximate meoments seem to be closer

as p increases (from 1 to L4). Teble 2 gives some idea of the accuracy

of the approximation when p = 1,

Table 2
U .
' ° (1)y 44(1)
Values of J g(U ) dau from approximate and exact distributions
(o] .

Probability
fl f2 hg UO Approximate Exact
Egn. (4.1) Patnaik
10 3 2 1.112h 765 J752 Th5
10 3 8 1,112k .54 .203 .206
10 3 8 1.9656 .503 - .520 . .57
10 5 3 1.663 .738 731 .731
10 5 3 2.818 .920 .013 .91k
20 3 2 0.helt .708 706 .700
20 5 3 0,67775 671 .665 .66k
20 5 12 1.02575 .196 .24l 245

It may be observed that the approximation suggested for U(l) is more
accurate at the upper tail end than the lover, Now, in view of the fact
that the noments are closer for larger values of P in Table 3, it is

reasonable to assume that the approximation to the distribution of U(P)



Moments (central) of U(P)

Table 3

for different values of £, > (p-1) £,, kg and p.

ek

[€e.(¢.1)]

from the exact and approximateadistributions

Moments fl=lO f2=3 k2=2 p=1 fl=lO f2=3 12=2 p=2
Exact Approximate Retio (A/E) Exact Approximate Retio (A/E)
Wy 0.8750 0.8750 1.0000 1.4286 1.4286  1.0000
Wy 0.7135 = 0.5677 0.7956 1.4163 1.2610 0.8903
bs 2.27b7 1.624k1 0,710 6.8812 6.1366°  0.8918
By, 26,1770  17.3107  0.6613 179.70k2  160.3333  0,8922
VAEE 0.8L447 0.7535 0.8920 1.1901 1.1229  0.9436
Bl 1h, 2431 14,4157 1.0121 16,6666 18.7820 1.1269
52 51.4140 53.7110 1.0hk7 89.58k2 100,8362 1.1256
Moments — f£1=50  £,=10 x2=h.5 =1 £=50  £,=10 A2=4.5 p=2
Exact Approximate Ratio (A/E} _ Exact Approximate Ratio (A/E)
by 0.3958 0.3958 1.0000 ' 0.6170 0.6170 %.0000
Wy 0,0322 0.0245 0.7607 0.0L461 0.0395 0.8568
u3 0.02628 o.Oehlo .0.6539 0.02878 0.02752 0.8570
by, 0.0%529  0.0°306 0.5787 0.0%9k7 0.0°738  0.7802
Vi, 0.179% 0.1564  0,8722 0.2147 0.1988  0,9256
Bl 1.1822 1.1484 0.971k 0.7857 0.917h 1.1676
B, 5.1121 5.11256 1.0000 b 507 L. 7297 1.0627
Moments  f,=50 f,=10 x2=4.5 p=3 £,=50  £,=10 A2=h.5 p=h
Exact Approximate  Ratio (A/E) Exact Approximate Retio (A/E)
“i 0,8478 0.8478 1..0000 1.0889 1.0889 1.0000
oy 0.0619 0.0566 0.91kk 0.0799 0.0762 0.9530
g 0.0119 0.0123 1.0348 0.0158 0.0190 1.1999
by, 0.0159 0.0148 0.9313 0.0253 . 0.0266 1.0401
JE; 0.2L89 0.2380  0.9563 0.2827 0.2760  0.9762
Bl 0.5969 0.8358 1.4003 0.hgok 0.8156 1.6633
82 4. 1326 y.6027 1.1138 3.9660 h.5811 1

1551
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provides at least a two decimal accuracy at the upper tail end. However,
it should be remembered that the approximation is valid only for
£, > (p-1) f, which for p =1 reduces to f; > 0. In the latter case,
as is evident from Teble 1, in many cases, the moments are closer when
fé > fl .

Again a comparison of the probabilities in Table 2 arouses the natural
curiosity to attempt & generalization of Patnaik's approximation [8]. The
following is suéh a generalization equating the first two respective mom-
ents of the exact and approximate distributions:

1. 1 1
0:2) @) = O ) O P,

wvhere

W
it

S 2
1 (p-‘-2+2)\ )/Vl s

H

2,2 2
(pf#20")" (2 -p)/ (I 4pt, M1 48, (1-p)-1)
and V2 = fl"P"'l .

The two approximations (4.1) and {4,2) may be compared for the same
set of values of fl, f2, AZ and p as in Tables 1 and 3 uging the ratios
of approximate to exact moments given in Table L inlthe two cases., It is
obvious from Table L4 that while for p=1 the ratios from Eq. (k.2) are

closer to unity then the respective ratios from Eq. (k.1), as p increases

the latter become closer to unity than the former (except of course for “2)‘
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Table 4
\ﬁatios of moments (Central) of U(p) Tfrom the exact and approximate distri-
butions [(4.1) and (4,2)] for sebs of values of s fe,kzand p as in

Tables 1 and 3

Moments £,=10  i,=3 £=10 £515 £=10  f,=15
\P=0.5  p1 APep p=1 A2=32 pm1
Ratio (A/E) Ratio (A/E) Ratio (A/E)
Bg.(4.1) Eq.(4.2) Eg.(%.1) Eq.(4.2) Eq.(4.1) Eq.(4.2)
ki 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Wy 0.9286 1.0000 0.9486 1.0000 0.9312 1,0000
0.9107 1.0161 0.9230 1.0021 0.8980 1.0026

), 0.9366 1.0326 0.9016 1.0036 0.8652 . 1.00k2
Vi,  0.9636 1.0000 0.97%0  1.0000 0.9650 1.0000

Bl 1.0358 1.0325 0.9979 1.0042 0.9988 1.0052
52 1.0862 1.0326 1.0019 1.0036 0.9977 1.0042
Monents fl=lO f2=5o fl=lO f2=3 fl=10 f2=lOO
222 pel \°=32  pm1 =2 =1
Ratio (A/E) Ratio (4/E) Ratio (A/E)
Eq.(4.1) Eq.(h.2) Eq.(4.1) Eg.(k.2) Eq.(k.1) EBq.(L.2)
By 1.0000 1.0000 1.0000 1,0000 1.0000 1.0000

o 0.9917 1.0000 0.9083 1.0000 0.9976 1.0000
Mg 0.9865 1.0000 0.8656 1.0047 0.9956 1.0000
b, 0.9805 1.0001 0.8238 1.0076 0.9928 1.0000
Vﬁ@; 0.9958 1.0000 0.9530 1.0000 0,9988 1.0000
0.9979 1.0001 1.0000 1.0095 0.9984 1.0000

1
82 0.996% 1.0001 0.9986 1,0076 0.9975 1.0000
Moments £, =12 =5 fl=l% £,=5 £ =15 =k
32205  p=3 \2=32 =3 sl 5 pely
Ratio (A/E) Ratio (A/E) Ratio (A/E)

Eg.(b.1) Ba.(h.2) Eg.(k.1) Eq.(4.2) Eq.(1) Eq.(k.2)
1.0000 1.0000 1,0000 1.0000 1.0000 1,0000

By 0.9969 1.0000 0.9911 1.0000 0.9764 1.0000
g 1.2163 1.2227 1.0050 1.0138 1.1271 1.1699
m,  1.k0g90 1.k207 1.0072 1.0260 1.1950 1.2573
vﬁ; 0.9985 1.0000 0.9955 1.0000 0.9881 1.,0000
Bl 1.4932 1.ho51 1.0375 1.0380 1.3648 1.3687
Ry 1.4178 1.4207 1.,0254 1.0260 1.2534 1.2573




Table 4 (Cont'd.)

Moments fl=l5 fé:h fl=25 £,=5 fl=25 fp=5

Ne32  pely 22=12.5  p=5 =32 pes

Ratio (A/E) Rstio (A/E) Ratio (A/E)
Eq.(h,1) Eq.(L,2) Eq.(4.1)  Bo.(k.2)  Eq.(h,1) Eq.(4.2)
bi 1.0000 1.0000 1.0000 1.0000 11,0000 1.0000

tho 0.9826 1.0000 0.9660 1.0000 0.9714 1.0000
Wy 0.9968 1.0239 1.0947 1.1563 1.0116 - 1.058%
by, 0,9935 1.0303 1.0656 1,1h62 0.9907 1.0522
V@g; 0.9912 1.0000 0,9829 1.0000 0.9356 1.0000
By 1.0474 1.oh85_ 1.3292 1.3370 1.1164 1.1203
8 1.0291 1.0303 1.1418 1.1462 1,0L498 1.0522

Moments fl=lO fé=3 fl=lO f2=3 fl=50 fé:lo
AP=p p=1 \P=p p=2 A2=h.5 p=1
Ratio (A/E) Ratio (A/E) Ratio (A/E)
Eq_iﬁ»l) Eq.(h.2) Eq.(h,1) Eq.(4.2) Eq.(b.1) Eq.(4.2)
wr T 1.0000 1,0000 1,0000 1.0000 1,0000 1.0000
By 0.7956 1.,0000 0.8903 1.,0000 0.7607 1,0000

ba 0,7140 1.0k19 0.8918 1.0722 0.6539 1.0559
My, 0,6613 1.0772 0.8922 1.1300 0.5787 1.0479
\4;5 0.8920 1.0000 0.9436 1.0000 0.8722 1.0000
f, Lo 1.0855 1.1269 1.1497 0.971k 1.1150
Bz 1.0h47 1.0772 1.1256 1.1300 1.0000 1.0479

Moments f,=50  £,=10 1,50 £,=10 £,=50  £,=10
Ahi5  pe Ao<h,5  p=3 A<h.5  peh
Ratio (A/E) Ratio (A/E) Ratio (A/E)
Eg.(4.1)  Eq.(4.2) Eg.(k.1) Eq.(4.2) Eq.(4.1) Eg.(k.2)
ks 1,0000 1.0000 1,0000 1,0000 — 1.0000 1.0000

sy 0.8568 1.0000 0.91k4k 1.0000 0.9530 1.0000
0.8570 1.1233 1.0348 1.2161 1.1999 1.31k3

b,  0.7802 1.0903  0.9313  1.13hk9  1.0491 1.1708
Mﬁg; - 0.9256 1.0000 0.9563 1.,0000 0.9762 1.0000
1.1676 1.2619 1.4003 1.4788 1.6633 1.7274
By  1.0627 1.0902 1.1138 1.1349 1.1551 1.1708
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However Bl and 52 are generally better in the case of Eq. (4.1) even
 for p=1. From the foregone analysis it may be concluded that approxima-
tion (4.2) is useful for smaller values of p while approximation (h.1)
nmight be more accirate for commaratively larger values of p. ther it
should be pointed out that the condition £, > (p-l)fé applies for both
approximations, '

The authors wish to thank Mrs. Louise Mao Iui, tatistigal ILaboratory,

‘Purdue University, for the excellent programming of the material for the
computations in this paver carried out on the IBM T09L Computer, Purdue

University's Computer Science's Center.
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