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1. Summary and Introduction: Distribution problems in multivariate ansly-

sils are often related to the Joint distribution of the characteristic roots of
a matrix derived from sample observations teken from multivariate normal popu-
lations. This joint distribution (under certain null hypotheses) of s non-
null characteristic roots given by Fisher [4], Girshick [5], Hsu [6], and Roy

[14] can be expressed in the form

s
_ W . \0
(1.1) f(gl,“ues) = C(s,m,n) I;I Qi(l Qi) n{e,- 6,)

0<8<..Se.<1

where

(2.2) ¢(s,mn) = o2 El r(SmEReilt)/ [r(Egiy r(@gH) r(y/2) ]

ant m and n are defined differently for various situations described in [9l,

[11]. Nenda [7] hes shown thet if g, = 10; (i=l,...,s), then the limiting
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distribution of i;is as n tends to infinity is given by

s -
- .y i S | e
(1'3) fl(gl’b?_’.." gs) - K(S)m) iEl gi € iga (gi gj)

0<g Seee SE <o

where
(1.4) K(s,m) = 1/ 2/[511'(?1“-"%39‘-) r(i/2)]-
i= : -

o=

 The distribution (1.3) can also be arrived at as that of 575 7%
(1i=1,2;.44558) where 73.'.5 are the roots of the equatioh s -7y %= o where
S 1is the variance-covariance matrix computed from a sawmple taken from aiy
s~variate normal population with dispersion matrix . In this Paper, the
first four moments of Wés) » the second elementary symmetric function (esf) in

t
8 € s » have been obtained.

2. Formulae for the first four moments of Wés) .

.The Joint distribution (1.3) can be thrown into a determinantal form of the

Vandermonde type and integrated over the range R, 0 < g’l Seee £ §s< o, giving

°° ~g © n "
s -1 S 4. Jn S
fo g“: e dgs....fo gs e dgs

s
(2.1) Jerl(gl: EosseesEy )i§1d5i=5(s;m) .
| - 2 i1 6 2 g
J‘.o §I:f e dgl"fr lff e dgl




Now denote by W(s-l,s-2,...,l,0) the determinant on the right side of
(2.1). Using Lemma 1 of [12], the first four moments of Wés) can be obtained

as Tollows: (denoting E(Wz(zs))r by ul).

(202) . ui = K:(S,m) "'](S,S"l,S"B,.og:l,o)

K(S,m) [W(S‘*‘l_qs,s-3,...,l,0) + W(S’l'l,s-l,S-E,S-LI-,...,1,0)

1

(2.3) )

+ "’(5,5'1,5"2,3"3’5"5, LK) -,l,OJ

(e.u) by = K(s,m) [W(s+2,5+1,5~3,.0.,1,0) + 2 w(s+2,s,s~2,§-u,...,1,o)
+ 3 W(s+l,8,8~2,5~3,5-5,44.,1,0) + W(s+2,s-l,s-2,sf3,s—5,...,l,O)
+ w(s+1,s,é-1,s-n,...,l,o) + 2W(s+l,5-1,5-2,5-3,5-,8-6,...,1,0)
+ W(sy8-1,5-2,5-3,8-l,8=5,5-T,.4.,1,0)]

and

(245) uy = K(s,m)[W(s+3,542,83,440,1,0) + 3W(s+3,5+L,52,8=4y...,1,0)
+ O (s+2,5+1,5~2,5~3,8=5,444,1,0) + W(s+3,5,5-1,5ky..4,1,0)
+ 3W(5+3,5,5-2,5=3,5~5y 4 ¢0,1,0) + 3W(s+2,8+1,8-1,8=4,...,1,0)
+ TW(s+2,8,5-1,8=3,8=55444,1,0) + SW(s+2,8,5-2,53,5=4y5-65444,1,0)
+ 3W(s+l,8,8=1,8-2,8=5,04,1,0) + GW(s+l,s,8-1,5-3,5-k,5-6,...,1,0)
+ 6W(s+1,5,5-2,5-3,5-4,8%5,5T,40.,1,0)

+ W(S+3,S"'l,5"2,$"3’S"'l.'*,s-6, . -’1,0)
+3W(S+2,S"l,s"2,s"'3)5"’4‘,3"5,5"7, .s .,1,0)
+ 3W(S+l,S"l,5‘2,5“3;3"1},5"5’8"6,3"8’ e -,1,0)

+ W(S’S—1,3'2,3"3;5"—’-,5"5,3'6,3"7,5‘9,u . -,l’O)]o



3. A method of evaluation of the W-determinants. ILet us denote by

V(qs,qs_l,...,ql) the determinant which could be obbained from W(qs,qs_l,... »9)

-£,
by replacing §i by 8, in (l.l), e * by (1-ei)n and the range of integra-~

i
tion by that in (1.1). Pillai [8], [10] has given a method of reducing the sth
order determinant V(qs’qs-l""’ql) in terms of (s-2)th order deberminants
and an sth order determinant with A changed to qs-l, the last one being zero
if qs-l = Qg_q° The method of reduction for W(qs,...,ql) can be deduced from

that for W(qs,...,ql) in [10] and we obtain the following:

1
s~j-1. '
(3.1) W(agsaq_qseeesqy) =2 Z(-l) ’ T(ag*a52) Wlag qseeer8iyysay q9eersay)
J=8-1
+ (m"'qs) W(qs-l’qs-l """ql)
A +1
vhere I(p;2) = | x* e ax = I(p+1)/22*,
¢)

The values of the W~determinants involved in (2.2)-(2.5) are obtained using

(3.1) and presented in the followiﬁg section.

Lk, Values of the W-determinants. Let us seb

(4.1) (2g + a)(2g + D)ev. = Glayb,...).

Then for the first moment

(4.2) K(s,m) W(s,8-1y8-3,+44,1,0) = s(s-1) M(s,s+1)/23.



In fact, in general

(4.3)  K(s,m) W(sy8-1y8-2,40.,5=i41,8-1-1,...,1,0) = (i) M(s-i+2,....,s+1)/zi.

For the second raw moment, we get

(k) K(s,m)W(s+1,5,53,.4.,1,0)

= [(Z) NKs,s+l)/2h3IJ[ﬁs(s+l)m?+ 25(252+ 5s+9)m#sh+hs3+lls2+ 83+121f

(Ll-¢5) K(S,m) W(S+l,S-l,S-2,S-ll-,--.,1,0)
= r(g) M(S-l,s,S+1)/26][2(3s-l)m#3sg+s+101

+ (m+S+l) I{(S,m) W(S,S-l,S-E,S-}-!-,...,l,O)

The last determinant on the right side of (L4.5) is evalusted by putting i=3

in (4.3). In general

(L‘-a6) K(S,m) W(S+l,s*l,s*2, ) -,S"i‘l'l,S'ri"l, e 0,1,0)

= [i (i) M(s-i+2,...,s+1)/zi+l(i+1)}[2(s+1)m + (s+l)(s-12)+i+l].

K(s,m)W(s,5-1,58~2,5-3,5=5,404,1,0) is obtained from (4.3) by putting i=h. Now

using the results (L.2)~(L.6) we get Moy the second central moment of Wés), as




(2.7) Hp = L) 1(s,541)/214(s-1)m + 252 2643].

For the third raw moment, we get

(L.8) K(s,m) W(s+2,8+1,5-3,4..,1,0)

= [(SZE)M(S,s+l,s+£,s+3)/26‘33][hs(s+l)m2+25(2s2+5s+21)m*sh+hs3
+ 23524208 +72].

In fact, in general
()4'.9) K(S,m) W(S+2,S+l,s-2,.o.,S-i+l,S~i-l,.-.,l,O)

= [i(i'l)(iig)M(s-i+2,...,s+3)/ei+53!][hs(s+l)m?+25(282+5s+hi+l3)m

45 (5+1) (s 43+ 412)46 (141)(142) ].
(k.10) K(s,m)W(s+2,5,8=2,8-y...,1,0)

- [(Sil)M(s-l,s,s+l,s+2)/25'l5][25(8s+l)m?+s(1632+l9s+109)m

+ bs™19534505 24505 4180]

+(m+s+2) K(S,m) W(S+l,S,S-2,S-)+,...,1,0)'

The value of the determinant in the last term on the right side of (h.lo)

is obtained by putting i=3 in the following general result:



(ha11) x(s,m) W(S+L,5,8-2, 400 ,8-1+1,8~i=1,...,1,0)
= [(2-1) (D (s 42, oo ,541) /213 (142) I s (541 JuPt2s (252458421 45 )m
+s”+us§+(ei+7)s2+(2i+h)s+ei(i+1)j
Now K(s,m) W(s+1,8,5+2,5=3,8~55s04,1,0) 1s obtained from (4.11) vy putting

i=k.

(b12)  x(s;m) W(s+2,5~1,5~2,5~3,55,4..,1,0)
= [(s;l)M(s-e,...,s+2)/2531][2(55-2)m+5s2+s+h2]
+ (m+S+2) K(S,m) ‘i'l(S+l,S~l,S'2,S-3,S-5,-..,l,O).
In fact, in general

()4-313) K(S,m) V](S+j,S‘l,S'2, LX) o,S"i"'l,S'iP'l,- . -l,O)

+j=2y 5 +j-1 . R L I
= [(ijf 2)(§+§_1) M(s-142, .00 543)/27 Y 3(143)] =

x [2{(1+3=1)5-3} mh(i+3=1)s24(i-3=1)s+j (1-1) (14541)]

+ (m‘l"s""j) K(S,m) ¥'T(S+j-l,s-l,s~2,...,S-i‘l‘l,s-i-l,...,l,O).

The value of the last determinant on the right side of (lL.l2) is obtained

easily from (4.6) by putting i=l.



(llcl}-l-) K(S,m) W(S+l,s,s—l,s-1+,---,l,0)
8, 6, , a 3 2 2
= [(3)1‘4(s-l,s,s+l)/2 WI[8(s=1)s(s+1 ) +12(s~1 )5 (s +28+5 )
b oe3imn2
+ 2(s-1)(3s 495”4325 “+1hs+72)m

+ s(s-1) (slhl-l',s 3 +175 2 +1hs +72) + 1hL]

Now, K{(s,m) W(s+l,5~1,5~2,5-3,5~4,5-6,...,1,0) is obtained from (4.6) by putt-
ing i=5 and K(s,m) w(s,s-1,s-2,s-3,s-a,s;5,s-7,...,1,0) from (%.3) with i=6,

For the fourth raw moment we get

(4.15) K(sym) W(s+3,8+2,5-3,4..,1,0)
= [(SZQ) M(s,s+1,s+2,s+3)/28 517 x
x [16s(s+1)(s+2){s+3 )mh+8s (s+2)(s+3) (1;52+lll-s+l!6)m3
+ u(s+1)(s+2)(6s“+u833+23352+609s+720)m?
+ 2(s+2)(us6+h6s5+310s”+1320s3+3542s2+5802s+6480)m

+ (542) (543) (2411574616 1437353411186 2400568 41320)+2880].

(4.16) K(s,m) W(s+3,841,8-2,8~l,...,1,0)

= [(s;-e) M(s=1,.us ,s+3)/281p:][85 (s+1)(5s43 )m3+lps (l5s3+lp732+189s+213 )m2

L

+ 2(155”+70s *+4035549665 2418125 41140 )

L

+ 536+3ls5+2178 +7695° +2210s2+l;5lés+5760]

+ (m”'s+3) IC(S,m) 'W(S"‘2,S+l,S"2’S-LI-,..-Jl’o).



The value of the determinant in the last term of the right side of (4.16)

is obtained from (4.9) by putting i=3. K(s,m)W(s+2,s+l,s~2,s-3,s-5,...,l,,O)
is deduced from (4.9) with 1=k,
(h‘ol?) K(S,m)W(S‘X'?),S,S-'l,S-’-!-,-..,1,0)
= [(S;E) 1‘4(5"1:-"’5"’3)/28 3] x
x[ 852 (s-1 )m3 +His(s-1) (332+2s+21+)m2+2(s -1)( 3sh+h53+h9s 212ls+180 n
L P J -
+ s(s-1)(s +25 4255 +2hs+180)+360]
+ {m+s+3) K(s,m) W(s+2,8,5~1,8-l,...,1,0).
The value of the determinant in the last term on the right side of (l'r.kl7)
is obtained from the following result by putting i=3.
(J+518) K(S)m) I‘I(S’PE,S,S"‘J.,S"3,n-n,S"i‘l“l,S"i"l,0-0,1,0)
= [(i-e)(iﬁ) M(s-i+2,...,s+2)/2i+l‘(i+2)m} x
x [85(s-1) {3(i+1)s+2(1-1)In +hs (s-1)79(141)s242(71-1)s

+ 2(61%4001+h ) }m°

+ 2(s-1){9(i+1)s”4e(111+1)s3+(21+12+85i+17)se+2(6i2+19i+5)s
+ 2ni(i+1){i+2)}m
+ s(s-l){3(i+l)sl"'+2(5i+l)s3+3(l’r12+15i+3)324'2(6i2+19i+5)s
+ 2bi(i+1)(i+2)} .+ 2h(1-1)i(i+1)(i+2)]

+ (111+S+2) {(S,m).W(S’*'l’S,S'l’S"3, .e .,S-i'l'l,s-i-'l,- . -,1,0),
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where the values of the last determinant on the right side of (4.18) is obtained

from the following:

(h‘-l9) K(S’m) W(S’l'l,S,S-l,S-3, LS -,S"‘i'!'l,s"i"l, .o 0’1,0)

= [(i-a)(i) M(s-i+2,.,.,s+1)/zi+l(i+1) 417 x

x[8(s+l)s(s-l)m3+12s(s-l)(s2+2s+i+2)m?

+ e(s-1){3s4+9s3+(6i+1u)s2+(3i+5)s«61(i+1)}m '
+ 8(s-1){s ths3+(3148)524(3145) 5461 (141)] + 6(i-1)i(i+1)].

K{s,m)W(s+3,8,8-2,5-3,8~5,...,1,0) is deduced from the following result by put-

ting i=)-l‘ .

(L,'- 20) K(S ,m) W(S+3,S,S-'2, e ’S"i+l,s-i"l’ ey ,1,0)

= [0 (Gom(s-142, ...,543)/2" " (143) 1] x

X [Lts{3(i+2)s+(i-6)}m2+2s{6(i+2)s2+3(31-2)s+1212+h9i—6}m

+ 5(s41){3(142)sP+(51-6)s+121 (1+4) }+121 (142) (143)]

+ (mhs+3)K(s,m)W(s42,8,5~2, 4+ y5~i+l,8~1~1,.,.,1,0)

where the value of the determinant in the last term on the right side of (4.20)

is given by
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(5.21) K(s,m)W(s+2,5,5-2,.01,8-i+1,8-1-1,...,1,0)
= [(1-2)(517) M(s-142,...,542)/2 "3 (242) 317 x
x [hs{2(i+1)e+i-2luP+os {4 (141)s%+(7i-2)s+(6124191-2) Jm
+ s(s+1){2(i+1)s%42(21-1)5461 (143 )61 (141) (1+2) ]

+ (m+s+2)K(S,m)W(S'l'l,s,S-2, L ,S'i+l,s-i'l, see ,1,0),

where the value of the determinant in the last term on the right side of (4.21)

is obtained from (4.11).

(k.22) K(s,m) W(s+2,5+L,5=1,5~lty...,1,0)
= [(S;E)M(s~l,...,s+3)/2113 X
3 2, f ooy 2
x [8(s+1l)s(s-1)m +is (s~1) (35 “46s+31)m
N - b a3422a2
+ 2(s-1)(3s 498 4654305 +240 )urts (s-1) (5 +hs>+33s +305+240)+480].

K(s,m)W(s+2,5,5-1y8-3,5~5,...,1,0) is obtained from (%.18) by putting i=lt and

K(s,m)W(s+2,5,5~2,5-3,8~1,5-6,...,1,0) from (k.21) with i=5.

(4.23) K(s,m)w(s+l,s,s-l,s-2,s~5,...,l,o)
= [ M(s-2, 00 p541)/2° 517 x
X [l6(s+l)(s)(s-l)(s-2)mh+l6s(s-l)(s-2)(2s2+33+ll)m3

+ h(s-l)(5*2)(6sh+1253+65s2¥s+2h0)m?

o+ 2(s—2)(hs6+6s5+5hsu-6833+h6232-698s+l680)m
+s8+257+l536+109s5~28886$h+5423l383-hl56h9082+lh607096s-l9h08320]-
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(The eightkdegree (last) polynomial in s in [ ] on the right side of
(4.23) is true only for s=U,5,000,9.)

K(s,m)W(s+1,s,5-1,8~3,5-4,5-65...,1,0) is obtained from (4.19) by putt-
ing i=5; K(s,m)W(s+l,s,8-2,5=3,8-k,5-5, s=T,...,1,0) from (k.11) with i=6;
K(s,m)W(s+3,5-1,52,8=3,5-4,5-6,44.,1,0) from (k.13) by putting j=3 and
1=5; K(s,m)W(s+2,5~1,8-2,8=3,8-U,8-5,5-T,+44,1,0) from (4.13) by putting
J=2 and i=6; K(s,m)W(s+l,5-1,5-2,5-3,5-k,5-5,5-6,58,44.,1,0) From (4.6)
with 1=7; and K(s,m)V(s,s-1,5-2,5-3,8=},5=5,6-6,8-7,5-9,,..,1,0) from (4.3)
by putting i=8. |

s
5. Some remerks. It may be pointed out that 2 7 gi is distributed
i=1

[8] as a chi-square with s(2wis+l) degrees of freedom and hence the distri-
bution problem in this case is very simple. However, the moments of the second
esf presented in this pé,per show that the distribution problem herein is no
longer so. However, methods similar to those employed by Pillai [11], [13]

in obtaining (through the use of moment quotients) approximate percentége

s
points for the test criterion V(s) = Zei’ where @€'s follow the distribu-
i=1

tion (1.1), can be succesmsPully whilized here also. Tt might also be pointed
out that several tests based on the esf's of the characteristic roots have

been observed to have monotonicity property of power [1], [2], [3].
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