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This paper is devoted to the distribution of the busy pericd for a queue
in which the customers are served m at the time if there are m or more
customers present and all at once if there are less than m present.

The method used is that of the imbedded semi-Markov process. The result
is expressed in terms of the roots of a transcendental equation. Expliclt ex-

Pressions in real time may be obtained using a Lagrange expansion.

l. The jmbedded semi-Markov Process

We assume that customers arrive at a service booth with a single server
according to a Poisson process with rate ). They are served-not necessarily
in order of arriVaJ.-in batches of size m iIf there ere m or more customers
Present. If less than m customers are DPresent at the end of a service per=-
lod, they are served together. We assume that the distribution function of
a batch of size k is Hk(x), k=1,.0.,m and we also assume that the suc-
cessive service times are conditionally independerit » 8iven the successive
batch sizes.

S<'3me aspects of this queue were discussed previocusly by Bloemena El] » Le
Gall [2] and Rumnenburg [1].

Let -J'O denote the queue-length at + = O+ and let Jn, n>1 be the

queue size immediately after the n-th departure from the queue. Let Xl be
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the time until the first depe;rture and let Xn, n > 1 dencte the time between
the (n-1)st and the n-th departure. It follows from the properties of the
Poisson process that the sequence of pairs (Jn,Xn) s >0 with Xy= 0

2.5 1s a general semi-Markov sequence, as defined by Pyke B] .

~
The transition probability matrices Q(x) and Q(x) for this sequence

are defined as follows:

(1) Q 3(x)

P{Xl <x, )= le0= i} s i,j = 0,1,...

Q=)

.P{Xn <x J = len_l= ig s a>1l, 1,j=0,1,...

They are given by:

(2)  qyyx) = f; [1 - eMey )] e %ﬂi aE(y), 1=o0
Q(x) = JJO( e %%—LJ— a 1 (v), 0<i<m
Qij(x =0 i>m, j<i-m
Qy () = f; ™M %%’%j;—:; a 5 (), 1>m §>1i-m.

Let xo be the residual service time of the batch which is in service at time

t =0 and let IO be the batch size if different from zero. We assume that:

(3) P{xo <% Iy= k% = k(x), | kK=1,00.,m



Using this notation we obtain for the probabilities Qi.j (x):

L d-itk
(&) Qij(x) =z r; ™™ %m a W (y) i ko
Q (%) = Qp5(x)

The summation extends over all k for which 1<k <m and i-j<k<i
and an empty sum Is equal to zero.

We also obtain a general semi-Markov sequence if we only consider the
lengths of the actual service times between departures. The probabilities
Ri.]' (x) and Ri.j (x) of this semi-Markov sequence are identical to those

given above, except for the factor 1 - e-x(x-y) which is dropped.

2. The Busy Period

Provided the distributions Hk(x) are not degenerate at zero, the cor-
responding Markov chain jL Jpe 220 % is irreducible with matrix P = {p ij%
with Py = Qij(oo).

The successive busy periods are given by the times between successive re-
currences to the state O in the semi-Markov process with matrix R(x). It
is clear that they form a renewal process, since the semi-Markov process is
regular and irreducible.

In order to find the distribution of the busy period we may apply the
usual argument for finding the first passage distribution. This argument was
previously applied by Takacs |:5J to the busy period of the M|G|1 queue.

Let G(k,n,x) be the probgbih’.ty that a busy period consists of at
least n services, which last a length of time less than or equel to x and

such that at the end of the n-th service period k customers are waiting.
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In semi-Markov terminology this is the probability that starting in state
0, the process with matrix R(x) performs n or more transitions in a length

of time x without returning to O and is in state k after the n-th tran-

sition.
We have:
. -AY {kx)k
and for n > 1:
m-1 _ . k
G(k,n,x) = Z r G(r,n-1,x-y) e %3,[)— a Hr(y)
r= ' '

mts ‘.x : k+m-v
-2y (A
+ - -
) [ olwndx) o KILM_\, + a4 E(y)
v=m

If we denote the Laplace-Stieltjes transform of G(k,n,x) by r'(k,n,s) and

the generating function

0o
Z z¥ I(vtm,n,s)
v=0

by cm(z,n,s), we obtain for n > 1:

m=-1
(6) szm(z,n,s) + Z 2E I(k,n,s) =
- k=0

m-1
z I(r,n-1,s) hr(s-i-k.-)»z) + hm(s+,\.-kz) Cm(z,n-l,s)
r=1



in which hr(s) is the L.S-transform of Hr(x).

Finally we introduce the generating functions:

oo
(8) Dm(z,w,s) = Z Cm(z,n,s) W,
' n=1
and
©
(9) Er(w,s) = z I(r,n,8) Wy r = 0,1y.0.,m-1:
' n=1
whence:
‘ m-1
(10) szm(z,w,s) + Z z° Er(w,s) =
' =0
whl(sﬂ.-kz) + whm(sﬂ.-?\.z) Dm(z,w,s) +
m=-1
W z hr(s-!-l.-?\.z) Er(w,s)
r=1
Finally:
(11) | Dm(z,w,s)-=
) m-1
- r
wh, (s+A-)z) = r_.o(w,s) - z Ez - whr(sﬂ.-)\.z)j Er(w,s)
r=1

m
z - whm(sﬂ.-)\.z)
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The L.S;-transform of the distribution of the busy period is given by Eo(l,s).
We know by lemma 1, p. 82 of Takacs [5;] that the denominator of (11) has
exactly m roots z = 7p(s,w) in the unit circle. If w + 0 and if b (s)
does not vanish in the right half plane, the roots are distinct.
We obtain the following system of linear equations for the unknown func-

tions Er(w,s) by expressing that the roots 7p(s,w) are also roots of the

numergtor:
m-l
r
(12) EO(W,s) + 2 E)'p(s,w) - whr(sﬂ,-x?pa Er(w,s) =
r=1 '
R ~
Whlb'ﬂ.-)\. YD(S,W)/\[, p = l,u.o,mo
In particwlar
(13) Ey(wss) =
2 m=-l :
2 -1
H l 7p" Whl 7p- Wh2 easn 7? - Whm-ll]

In determinant notation.

We now examine when Eo(l,o) = 1. The root 7,(s,w) of the equation:

=]

¢ )
z = LWhm(Sﬂ'-kZL

where the right hand side is the principal value of the m-th root, is real

for s 20, w= 1. We have:



7l(o+, 1) <1 @—> o /m>1
71004, 1) =1 &> o /m<I/A

in which o« is the first moment of Hm(x).

In the latter case Eo(l,o) = 1 as both determinants reduce to the minors
of their first entries and thesé are equal. Hence the queue is in equilibrium
if o fm< AL, Tuis result is intuitive, because close to equilibrium the
queue will behave like the queue in which only batches of size m exactly

are allowed. The equilibrium conditions for both these queues are the same.

Some specisl cases

l. For m=1 we £ind the busy period of the M|G|1 queue.
2. Let hr(s) = b"(s) for r = l,+¢.ym. This is the case in which the
service time of a baich Is made wp of the sum of r individual service times.

If we set w =1 we obtain from formula (12):

(1%) Eo(l,s) = h[s+k-?~7(s,l)/\,f = 7(s,1)

where 7(s,l) is the unique root in the unit circle of the equation

z = h(s+\-Az)

This is obviously the same as for the M[G|1 queue, since the mammer of ser-
vice is irrelevant to the busy period as long as the individual service times

are not affected.
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3. Let hr(s) = h(s). This is the case, discussed by Bloemena, LeGaell
and Runnenburg. The service time does not depend on the number of customers

in the batch. In this case some simplifications are obtalned:

(15) Eo(w,s) =

Poem 7 (e A2esw) o 2 He,m

m 5 -1
I 70" 7s 7p-7§ 7?31 ‘7”

Tais expression can further be mimplified in terms of symmetric functions of
the roots 7p(s,w)5 P = lyeee,me e.ge

For m= 2:

,16) b, (_T«T:S)

. -1
',"‘(,s,w} 72(3_.W) E’l(s,w) + 72(s,w) - ﬂ/
For m= 3:

- -1
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