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Sumary

In (I) and (II) we considered a queue with Poisson input and seml-Markov
service times and studied its virtual waiting time process, its busy periocds,
the queue length and the output process.

In this paper we apply some of these results to a queue in which the suc-;
cessive customer types vary cyclically. A particular case of this is the queue
with bulk service and fixed bulk size:. We show how the equations simplify
greatly in the latter case and we obtain slightly more detaliled results for
this queue, than the ones that were previously known.

We refer to (I) and (II) for definitions and notations and we will number

the equations continuously in the three papers.

1l. The Queue with Cyclic Customer Types

An important example of a queue with semi-Markov service times is the
queue in which there are m types of customers, arriving in cyclic order.
The matrix of transition probability distributions Q(x) takes on the follow-

ing special form:
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0 Ql(x) 0 seees O
0 0 Qz(x)..... 0
ax) = :
c:> 0 0 eeeee @ o(x)
Q(x) o 0  veeer O

in which Qj (x), 3 = 1,000, m denctes the service time distribution of the

Jj=th type of customer.

The bulk gqueue

We obtaln a queuweing process whose relevant features are identical to those
of the queue in which the customers are served in groups of size m only, by
setting Ql(x) s ’Q‘m-lc x) equal to a distribution degenerate at zero and
Qm(x) equal to Q{x), the service time distribution of the groups.

This can be done as follows. We define the customer type of the n-th cus-
tomer as the residue class, module m in which his order of arrival n, falls.
We label 0, I, 2j,.0.,m-1 a&s my1,2,...,m-1 and assign a service time equal
to zero to all customers who are not of type m. The customers of type m
are served during a length of time equal to that of a group of size m.

The random variable J,_, defined in (I) as the type of the last customer

t
to arrive before time +t is here also equal to the queue-length, modulc m.
This random -variable was introduced earlier by Takics [l] to make the process
of the virtu.al waiting time Markovian.

We now recall from (I) and (II) that the characteristics of a semi-Markov

queue may be expressed in terms of the roots of the determina.nt-al equation (6)

detfz I - w x'f(s+x-xz)] =0



vhich lie in the unit circle |z| <1 and the elgenvectors of the matrix
v(sHn-Az).
We now calculate these roots and the eigenvectors. ILet ¥ (s) be the

LsS. transform of Qj (x); 3 = 1,...,m then equation (6) can be written as

m |
(128) 2t =W Iy (sthehe)

v=1

In order that we may consider the m~th roots of (128) and still be dealing with
analytic function? we must impose the weak, but somewhat intractable, non-
degeneracy condition that none of the functions ‘\"j (s); § = 1,...,m vanishes
in the right half-plane Re s > O.

This is satisfied for a large class of distributiorn functions. If it is
not satisfied we may meke a careful investigation of the Riemann surface for

n 1/m

(129) I ¢ (s+h-rz)
. y=1 V

and show that it is possible to choose the cuts in such a way that the end=-
results of our calculations, such as the distributions of the busy periods
have transforms, analytic in the open right half-plane. However, this is very
d{fficult to do in general and hence the non~degeneracy conditions, which ap-
pear in (I) and (II). As before we will assume throughout this paper that

the root (129) takes on m distinct values, defined as analytic functionms

of s+\-Az in the region Re s >0, |z| < 1.

We then write the m equations



; llip
(130) Z = we - %(S"'X'LZ), g = l,co;,m

in which T]m(sﬂ.-}\,z) is the principle value of (129). Let 7p,(s,w) be the

root with smallest absolute value of equation (130). Ve note that we have

2mip
<l3l) 7p(s’W) = 7m S,W' e o for P = l,-;t,m.

so that 1t suffices to solve the equation (130) corresponding to p =

Next we calculate the left and right eigeﬁvectors of ‘cﬂe matrix ¥(s)
corresponding to the m eigenvalues eEHip/ o ‘nm(_s). We obtain for the right
eigenvectors &-p (s): '

2ip

e O n,{s) C"mp('s)

(132) tn(s) @y (s)

2mip
m

e nm(s) oy (S)

\"l(s ) Clzp(s )

2p
o m
-J;m_l(s )ezmp (s )— e

'nm(s)ca -1p (s)

which ylelds if we set cymp(s) =1

a3

l = s e
(133) ka(S) Ipls) Jigls)enety 1 (s) T
P = l’.o.,mn

B
I



We note that this normalization is a desirable one, since

a/km(0+) =1

Solving the corresponding equations for the left hand eigenvectors we find the

row-vectors Ep (s) +ith

mp
(138) B =zl ™ n(s)| wyls) ... ¥y a(s) #ye)

fOl’ p=l,...,m; 4€= l,...,m..
It is easy to Vverify that the matrix with the Ep as colums and the ma-
trix with the B'p as rows are each others inverse. The normalization used in

B, 1s again the proper ome, since By ) (O+) = 1/m .

12.. The successive sy periods_

We first calculate the critical quantity 1 + A nﬁ(o+) whose sign deter-

mines the stability or instability of the queue, as shown in (I). We obtain:

m

(135) 1+x'n1;1(o+)=1-x/m Zozj
j=1

where an. is the mean service time of the J=th custcomer.

We conclude that the queue will be transient if and only 1if % is less

m
than n% ZQJ. » unstable when equality holds and transient when the reversed
J=1

inequality holds.
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Let now E:L 3 (w,s) be the generating function - lLaplace transform of the
Jjoint distribution of the number of customers served in a busy period of length
not exceeding x - and such that the type of the first customer of the busy
period is i and the type of the first customer of the next busy period is
Jj. We have shown in (I) that the transforms By j(w,s) are obtained as the

solutions to a system of linear equations (30) given by:
m

(136) Z Eiv(w,s) a/vasﬂ,-X?p.(s,w)J =
v=1

7p(s,w) czip[s+x-7\.7p(s,wa, Pr 1 =300, m.

If we substitute the expressions found in (133) and keep account of equa-

tion (130) we find:

m
(137) Z Eiv(w,s) w v 7Z(S,W) q;_{l Eﬂ.-k}'p(s,wﬂ... q;;i’lEﬂ.-M'p(s,wB =
v=1

+ -
7; 1 (s,w) w

i -1 -1
k,’l S+l-).7‘; 2o 1yi-lE+7\.-N)’A

In the case of the bulk queue these equations simplify further, since

qfl(s) = eee = d;m_l(s) =1 and \p-m(s) = §(s). We obtain:

n
(132) LB (08) W 7Y (s,) = w7t 7P (o)
v=1

For 1 =1,...,m=1 we obtain the expected result:



(w,s) =0 for j+i+1

This corresponds to the zero service length of customers other than those of
type m.

For 1 =m we have:

m
(139) ) By (8) w7 (syw) = W oY (s,w)
v=1 ' ’

The solution to this system may be written symbolically

k

km m-1
1 7 e eer 71
, o A 0 P P
(llLO? Emk(w,s) =W H - 7k 1 T
p LI Y W 3 p a8 p

By a direct argument Takacs El) has found an expression for the sum on k of
7

E,mk(wis ) ®
Analogous expressions may be obtained for the initial busy period.

13. The Virtual Waiting time

Following the results of (I), we first calculate the probebilities of idle-
ness. We substitute the expressions (133) into the equation (51). The trans-

forms W%iej(s) are given by the following eauations:



m , ‘ .
(14) z W"{v(s) 7;’-1 (s,1) q;;_ltgp(s)) vee 15;:)3_'1 E;p(s)j =
vl -

N A R O R CRV RS RO R A (A ) P
in which

gp(s) =8 +\ - N)’p(s,l)

In the bulk gueue we should take the initial virtual waiting time to be the
total service time, that remains for the complete batches that are in the sys-
tem at t = O.

The equations (14l) simplify further to:

m .
(11@ z () 7;-1 (s,1) = Qil:gp(S)j C;l (s) Vi-l(s)
v=1 -

*
and the calculation of the Wiv(s) again involves the inversicn of a Van der
Monde matrix in terms of the roots 7p(s,l) p=1yee.,m

The system of differential equations for the transforms Qij(t’s) is also
greatly simplified in the case of a cyclic gueue. We find, from equation (60):
D)

(1h3) 5% Q 5 (t,8) =

(s-x) Qij(u,s) + A Qi,j_l(t,s? “"’j-l,,j(s) -s wij(t,o)

fOI‘ J = 2,00-, Me



and

;a—b;c- Qil(t,s} = -»(s-x.)Qil(t,s) + mim(t,s) -J/ml(s) -5 wil(t,o)

Concluding Remark

Further results on the cyclic queue and the special case of bulk service
may be obtained by substituting the expressions for the roots 7p(s ,Ww) and
for the eigenvectors of the matrix ¢. In the case of the bulk queue these

lead to a direct derivation of Takacs' results.



|2].

(1),

(13).
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