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1. Tatroduction and Summary

Let Xl, xe,...,xn be jointly normally distributed random variebles with
EX;= 0, EXC = 1 and EX,X = py5s 143=1,2,000pn. Lot X(y) De the kth order

statistic when Xi’s are arranged in an increasing order as follows:

(1.1) Xe1) <A(2) sx(k) < .o gx(n).

Many problems of statistical inference, notably the ones in multiple de-
cisions and life testing involve the use of ordered Xi's. In an earlier pa-
per Gupta, Pillai and Steck (196L4) considered the distribution of linear func-
tions of X(i)'s and gave closed form results for the case when the random
variables are equally correlated. Also in the same paper closed form ex-
pressions for the distribution of the range W=X(n)- X(l) were obtained for
n=3 and 4 for the gemeral case. In this paper we study the characteristic
functions of individual order statisties and also the linear functions for the
bivariate and trivariate cases for the general correlation matrix. Formulae
for the expected values of X( X? ) and X( ) ( ) and the first and second
moments of a linear function of the X(i)’s are obtained. The JOlnt distribu-
tion of the range and the mid-range is given in a closed form in the trivariate

case, from which the distributions of the mid-range, and the mid-range-range
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ratio are derived, again in closed forms. Best linear unbiased estimators of
the common mean of three correlated normel variables have been obtained and
tabulation of the coefficients made for different sets of values of piJ's
Applications in the fields of life testing and time series analysis are dis-

cussed.,

2. The Bivariate Case

In the bivariate case, the characteristie function is given by:

lt X It X+t X

(2.1) (bX(l)’X(z) (tl,tz) _ E(e (1

Hence

-2) X 2 =
(2 <b( ()(1
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Now we state a lemma which simplifies (2.2).

Lemma 1. For any real number ¢ and B

2
=

(2.3) 8 (X +8) e dX = 8 (

where &(+) denotes the c.d.f. of the random varisble w(0,1).

)

et

1 r’ X2/2
2x

After completing squares, pérforming Integrations on Xl and using the
lemma (2.3), one obtalns from (2.2), the following explicit closed form for
the characteristic functionm.

. , 42, 2
to 20t L, +
(2.32) 4);{ - (tl,"cz) = 2 exp(- = ;2 2) 5 (J I =L (6 -t ).
(1)*%(2)




Note that the formulz (2.32) gives the answer for the characteristic function
in an explicit form and has been obtained directly. The formla (5) in the
paper by Owen and Steck (1962) after evaluation of the characteristic func-
tion of the two ordered random variables (arising from independent case) re-
duces to the right hand side of (2.3a).

It follows from (2.3a) that

2

: £ ——
- _ 2 Jl-p .
(2)
and by substituting t2 = tl, we get the characteristic function for X(l)'
Note that the characteristic function of & linear function of X(l) and
X(e) can be obtained from (2.3a) by substituting t; = ait(i = 1,2) and

is given by

.5) (baj_x(]_ (t) =2 exp[- %-(ajz_+2pa a +a | ;5 D i"(a 8y )) .

rom (2.5) one can obtain all the moments of a X(l) + a X(2 and verify
tha usual formulae for ay = &, = 1 4d.e. the case of the midrange. The
characteristic function for al = a2 =1 is
(2.6) b (t) = exp [-t2(14p)]
. X . + X - p d}
(1) *(2)

and hence midrange follows the normal distribution N(O » 2(l+ p)).
From (2.5) we obtain the density function £(y) of

Y = alx(l) + a -).(2) as

|+

(2.7) f(y) =

I\

0(0

-it

£ j ¢3(t <y
-CC



which after seme simplifieetion glves

2 5P
(2.8) £(y) = J;g exp(- 27) $ ()
where

§ = a?_ + ag + 2p a,a, and n= [,/221 p) (a l)] / [(l-i- p)(a2+ al)a_].

By substituting a;=0 and a, =1 in (2.8), we obtain the density

function for XCE)’ which is,

(2.9) £(X(g) = /E— exp(- =21 ) 9 ('L(i%r

which is a special case of the distribution of the maximum of several equally
correlated normal random variables and is discussed and tabulated by Gupta
(1963). Now we discuss the evaluation of the demsity function of the sta-

1)

byl X1 and X2.

cision problems (See Gupta (1956) and Gupta and Sobel (1957)).

2) 0]

This statistic arises in connection with some multiple de-

tistic a A( + a3 K( - A where X_. 1is N(O,l) distributed independently

A convolution of the earlier derived distribution of a X( )+ a X<

1 2)

with X, gives the following result for the density g(Z) of

Z = g X( ) + a X( - X

1 2)

(2.10)  g(2) = —E—— exp [- z Z

).
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3. Trivariate Case

E[ei(th(l) + ¢ X(2) + % X(3)) J

(3.1)
' -
1(tX+tX+tX) -(XAlX)/E )
= = j e Ze dX dX CL/(
{30 11/2 37_ < 3
lJJJ X < X < IA )
1S X3S X
where the (i,3,k) represents a permutation of the positive integers

(1,2,3) eand where the summation extends over all the 6 permutations of

(i,j,k). We shall evaluate the one term of (3.1) corresponding Xl < X2 < X3.
#e transform from X, X, X3 (x; < X, < x3) to
WV = - %
v X3 z{l
(3.1a) M= X3 + X
Us=X,+ (A32X + at% )/A22
12 22 . - -1 . ‘g
wvhere A", A™, etec. are elements of A (a3x23 matrix) whose positions

are dencted by respective upper suffixes. Then

(:" i(t X, + t X + £, X)) -(X’AJX/E
(3.2) 1= | e T1 22 733
<% < (e 2Ja 72 2
X SX, Sy
o P CorrHd
1/% - [ ar | an ( expht (M Wy, 5t (M+W
2|al™ <(ex)? 4 -J ~ o
0 “®© CotHd, W

2 2
W W i
- 2L Jav

+1it,(U + %M + bw)] exp [~ u(l_pBT B lx-(l+pl3)



where

{2.2)

)
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After some

we get

[
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(3.5)
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THP137P10 P | s T | , _ 1P13*Pr07Pos |
2(1+p, ) ’ 2(1 ) 2(1~py5)

2 2 2

1 = P = Py3 = Pog + 2015000,

simplification (completing the squares) and integrating out U,

=)

exp [—tg/AreEl 7 b, () ( (3 /Aee (0 a,0)
a2 0E 4 2 - /22

- == it
-Q(/AQ2 (coM + a,w) - ___gé_ )] : rbl (M)am

M
wl (M) = exp [~ ETEIEZET + %? (t; tgt 2aot2)J

2
U, (W) = exp [ Miag) *2 (h 2t 5]

Now integrating out M by applying the lemma (2.3), we obtain

(3.6)

2

———eeen _t (l+p )
-+ 1 -2 13 2

I=53, ZE:EZETE exp | T n (t 1*tg*eagt, )] I,




where

o

(3.7) I, = j exp[ —({_'2—)-+-—( 34t +2bt )]@(d) @(d)]dw
0

Where

/22 it —
Cq /22 (l+pl3)i(‘cl+t3+2a t,)- f;g v [a22 ai
(3.8) ¢ (€,) = § ( T

S+ 2222 (145 ) o

).

13

Thus, formula (3.6) provides the characteristic function ¢(tl,t2,t3) for

X, < X2 < X3. By permuting the indices 1,2,3 in (3.6), we can obtain the

other cases. Note (3.6) involves an integral Il'
It should be pointed out that the characteristic Tunction for the

linear function a X(l) + a X(E) + a A( 3) is given by

(3.82) d)a. thg+ a X

: ¢ 2’X(a t, 2%, a t)

(2)* 23%(3) ~ KX

Special Case

If we are interested in bX (tl) we can find this by substituting

(1)
ty= t,= 0 in the 6 terms of ¢)X % (tl,tg,t3). Thus
3 (2)7%(2)°%(3)
(3.8b) ‘ o) (t.) = = Tt dqk (t,,0,0)
L)' 4,5k 1
where

(3.9) Tt dsk (tl’tg’t3) = integral similar to I of (3.6) which corresponds

to the permutation (i,j,k).



Now we write one term in (3.8b), viz.

l4p ~
1,2, 1 T .2 ,
(3-20) 123 (¢,,0,0) = 3 1-p )% sxp|- Tlitll Ii’a 3("':L'O’o)

where

= 15 W 1c, /A22(l+p Yo + /a2 d
(3.11) Ii,2 3(tl,o 0) = f expE- l"(pr) 2—!- ][i 13
0

jl+2A22 (l+p13) 02

. [22 f 33
iC, /A <l+°12)t1 + \/A .

-3 ¢ — )] aw
: 3 2
/1+2A (1+p130o
Frea (3.11), we obtain
. b11’2’3“1 0,00 1
(3-12) E(Xllxl SXp 2 X3) 19 %y ttl =0

BT ; _ 1 /i'pls 1,2,3 1 il 1,2,3
(3-13)  E(x; .{lgxesx_j) =-3 = 3 + 5 \/7(1-_)' Iy

"

(3.14) %3 = - 2 e(ey) L—("——)' {ea}?]
52

a, A , i=1,2,

* \/ l+2A22(l+pl3) cg :

e(d,)
25! (2 (ot s

o(a

;)

and

o] | o

(3.15) 1,723 -

- L
2

6{d,) { 2 1
_‘a—— '\(Q(dl)) +§ﬁ_—pl—3-y} ].



Agaln frem (3.13), by permuting the indices 1,2,3 of Py 42 OnE obtains the
other 5 terms.

Special Case

I py5 =0 1% §=1,23, wehave

__ 1 I L I
¢y = -d, = 52 % = 5(i5ay 5

(3.16)
A = 422 a330 (140)/[ (1-0) (1420) 1582532418 L (l-o)(lt@p)J
so that
(3.17) 1,975 = 0 ang I;;"j’k = + 2 for all 1,k
1 - v = 3 i
(3.18) EX(y) = 6B(x |%; < X, $X5) = - 3 /-—QEK

walch checks with the result obtained directly for this case and further for
P = 0 checks with the well-known values.
From (3.8a), following similar methods as for obtaining the

Bx, | %, < X5 £%;), we can obtain

(3.19) E(ale taX, + a3X3le <X, < x3)

1l-p
- ;.J_.ii 1’2’3 .:.L.. 1 1}213
T2V x I5 * 2 Inil-pj3s I6

where

2:3 _ (. 2,3
I;’ 7= (-ag + ay + 2ba,) I%’ ’

and

1,2,3 25 1,2,3
16: ’0 (al + a3 + 2a0a2 Zyigézﬂtﬁ Ik, P



Fram (3.19) we obtain

pl 2, 3 : 1
(3.20) E(x [x1<x < X5 ) =D J -T31 - 1- ( 224 C‘rdm%),gzi

and
(3.21) E(X lx<x<x)-i'l—-piill,2’3+l 1 2,3
) 3771 2= 737 T 2 4 3 2 RE:D_BTI;}.’ ’ .
Again, putting -a, = 33 =1 and a, = 0, we get
s

L - v <v ) = 13 2,3
13-22) B(Xy - Xy | X, %< X,) _\/ - I%, 3
Similarly,

3 - v _ 1 2,3
(3.23) B + %[ X< X)) -JW 23

rariance between X(j) and X(E)’ J=1,3.

From (3.8) proceeding as usual we obtain

(3.24) E(X X< X< X, §=1,3) = §

where

o(a,) - o(g;)

3253

(3.25) I}JJ. = 51; [O(l+pl3) +b }fj(l-pi3j] arc tan[

]
V) Fgf@ +6(d,)0(d)

bCO(l+pl3)9(d2)

1 = -

+
25/2(T-5,) (g-l-_iglgy +[0(a,)]%)

2

+ —30

X Cofg(de)]2(1+pl3)).0]

2 d2



o(d,)
[ ¥(2-py3) + pCy(140),) —%—

1

" on ,/Ezl-pl3j(2—(1%—pgy + [e(dl)]z)

ito Co[g(‘j‘l)jg(i*"13)’"o 1
2 3

1

0 is obtained by putting &) = a3 = 0 and ay = 1 in Xx defined

in (3.28) below. It should be noted that X; = -1 or +1 according as

where A
J =1 or 3. Further, in the case of equal correlation, we obtain from (3.25)

5 - E( P E)
(3.26) 6E(X, X, |5, < X< X;) = E(x3x2|x15 X<%) = p+%2 (1 - p).

. . r 2 :
Now we obtain EL(a:LXl +a X, + a3X3) IX]_S X< X3 1. starting from (3.8a)

‘ it(a.X.+ 2, X + a X )
axd differemtiating the function E[e T+ 22 337

twice partially
w.th respect to t and putting t = 0, we obtain after simplification (details

omitted)

. )2
(3.27)  E[ (agX*+ a i+ 2 %75 < X8 x3]

- o(a,) - e(4,)
L C 5+62(1-pl3)_[ arc tan | i Z 1
Vel [ ey * o(a,)e(d,) ]
L1 0 1 [2(1-0.,)5% o(d, ) (25 -re(a,))]
- [241=py3 2 2

_1 j 1013 L - [2(z-
‘)‘t —

. : ) 829(d ) + a(28-28(4,)
T Bise)fiamey+a] ’ ]

913



where
-2,;;22 + (l+pl )A22(a ‘e +2a a )
B = 3 3
1422
(3.28) 5 = (-al + ag + 2ba2 )/2
and

\/ (l+pl3 (a +a, +2aoa2) - (a2 /\/A22 )

J 1+ 28 (l+pl3) Cg

where aO,C b,d., 2 are defined in (3.3), e(d ) and G(d ) are defined by

1’
(3.14) and where A% - (l-plS)/lA' As a particular case take 8y = a3 =0,
@_L: 1 and Piy =P (211 4,3, 1 ¢ j), then we obtain
13.29) E (1) = 6E(X§IX15 X,< x3) =1+ (2-p)[ 1+ /3/(2r) ]

which agrees with the well-known result for this case (see, for example, Owen
and Steck (1962)).

“. Distributions of the Range, Mid-range and the Ratio of Mid-range to the Ran;’e

The distribution of the range for n =3 and L normel random variables
for the general case has been obtained by Gupta, Pillai and Steck (196L4). Now
we shall obtain closed-foxy, expressions for the distribution of the ratio of
mid-range to the range.

For the case of n = 3 correlated normal random variables, it is easy
to show that the joint density function of W, M, U (defined in (3.1a) 1is

glven by

WE Mz A22 U2 ]

e@[" L;(l-plq) - h(l+p£)' ) ,
2(2n)3/2 |5 1/2 '

(b.1) £(W,M,U) =



Iobeprating out U In (L.1) and writing ¥y = JA22 W/2 ang --

Z =

1 Jr_—.M(l *Ppy3 - Ppp - 923)/2(1 + pl3) we obtain
2
(h.2) £(Wy,2) = C exp [- (l-pli,:) 21 16 (240, (a41)) - §(zl+wl(a-»l)) Ji
where
(k.3) 2 = (pyp-Pp3)/(1-py3) and D = 2[A22(l+ol3 (1 —3;5——39 1t
‘and

c=1 ﬁ/(aAeg(l-pB)) .

From (4.2) we obtairn (by putting zl/Wl = Ul and W, =W

1 1 and integrating
out Wl) , the density function of U, is
4]
Y= ) 2
(L.l) f(U)—r 22/ (aH)" exp--g'l-(l-"——l—-;?)]
1 ,/l N +l) 1. /(a+l)
L 1. a ik
-U
B - )
S0 /(a1 in L
el £ (1 - — L —
J1 /(a1

1+xl/ ( a-l)2

where
_ 22 .
Ay = DU? + 2/(A (1-p13)).
Equation (4.4)provides the density function of

(140, ,=P1 4P )
_ M 13 P127P23
(4.5) U =

1 (L + 013)




1k

Again from (4.2), we obtain the distribution of gz by meking use of

1
the following lemma.

Lemma 2. For any real numbers Ozl and Bl

(k.6) f ¢(a + B x)e” /2 g () #(oy A1460)

+ (arc tan Bl)/2n /J 151/\/ )

2n

where V(h,q) is the V-function of Nicholson (1943). Applying lemma 2 to

{4.2) for integration with respect to W., we get

1

~Dz%/2
D) fy(z) = (B e B {a(a 148D - 8(ayffred)

+ ,—(arc tan Bl)-(arc tan BQ)J/:r
2 2
- ev(zl//1+Bl, lel/ l+Bl)

+ 2V(2, /1455, 2B ,/1+B§)} ,

where B, = (a+l) \/ (l-pl3)A22/2 and B,= (a-l)/ (l-pl3)A22/2 .

S5« Best Linear Unbiased Estimators of the Common Mean of the Three Correlated

Normal Random Variables

Now we consider the use of the results in the previous Sections for the
construction of the best linear unblased estimstors of the common mean n of

t ] !
three correlated normal random variables. Let Xl, X2 > X3 be normal random
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variables with the common mean p, common variance unity and

E(X{Xé) = o35t u?. Then we are interested in finding the linesr funetion
based on X(i) which is an unbiased estimator of p and which has the small-~
est variance in the class of all linear unbiased estimators. Lgt ZaiXEi)

be the estimator that we are looking for. Then the condition for unbiased-
ness, implies

(5.1) Ta =1, Ta E‘x(i)= 0.

It should be pointed out that (5.1) gives two necessary conditions for
the unbiasedness of an estimator based on any number of random variables. Now
we have to minimize the variance of ZaiXZi) which is the same as the vari-
ance of ZaiX(i) and can be computed by using the formula (3.27) for all the
six permutations of the subscripts 1,2,3. Thus one minimizes the variance of
EaiX(i) subject to the condition Zai= l, and the condition that the sum of
the terms obtained by interchanging the subscripts of pij in (3.19) equals
zero. The equations that determine the coefficients corresponding to the
minimum value are given in the Appendix. : Table I
gives the values of ai’s for selected set of values of 912’p13’923' The
computations were carried out on IBM 7090. It should be vointed out that

the selected values of pij have to satisfy certain linear restrictions.

6. Applications

(1) Test of equality of the means of a multivariate population

involving a common p.

(3) < (3) i) .
Let k(l) < X0%) < .. <X n)? J=1,25;¢44,k, be the n ordered random

variables which have come from a multivariate normal population with mean
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vector (“1’“2""’“n) and a common correlation coefficient p. Suppose we

are interested in testing the hypothesis X against the alternative A where

(6-1) H: “.l = p.2 = see = ,J.n’ A: I’lO't H)

then the following simple test can be applied. Let Wj= Xgi; - X%ig and

W

Way™ WX Wﬁ' Test: Reject H if > ¢{oyn,k) where Cc(o,n,k) is a

max 3 k
W,
275

J=1

constant which depends on the size of the test and on n and k. In fact,

C(osm,k)  is such that

W
W.
d
j=
k
It should be pointed out that the fact that the distribution of W /(EZFG)
J=1

1s independent of P has already been shown in the Dpaper by Gupta, Pillai
and Steck (196L4).

It should be pointed out that the above forms an irportant application
to the situatioas in life testing where the observations are ordered and we
can perform the test without knowlig the unordered random samples from the
multivariaﬁe normal population for which the common correlation coefficient

is unknown.
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(ii) Confidence Imterval fdr the Common @ in a Multivariasnte Normel Popula-

tion with Common Méan and Common Known Standard Deviation.

It is clear that if X(n) and X(l) are the largest and smallest of n
equally correlated random variables with a common mean, and common standard
deviation say unity, then one or two-sided 100 o percent confidence bounds

for p are obtained from

X, X ' X, =X
1} rem— 1
(6.3) -ELC_L_L < Jip <& S ,
2 1

where Cl and 02 are the perceniiles of the distribution of the range of

n Independent and identicglly distributed normal random variables. It may be
pointed out fhat in life'testing where the observations are naturally ordered,
use of (6.3) gives a confidence interval statement for p even when the un-
ordered sample is not Fnown.

(iii) Test of equality of two oscillations in non-overlappirng intervals of

equal length in time series.

Tests based on the ratio of differences between peaks and troughs from
two non-overlapping intervals of equal length might be indicative of the na-
ture of the oscillations involved in the time series. If we assume the vari-~
ables to follow a multivariate normal distribution within intervals of equal
length, this test would amount to the one based on the ratio of two indepen-
dent ranges in the correlated case. (The distribution of this ratio for
comnon mean and common standard deviagtion can be obtained as a series of
beta functions using the distribution of range developed by the authors as
a series of gamma functions which is available in Mimeograph series No. 13
Department of Statistics, Purdue University. For the case of measns not nec-

essarily equal the distribution has not been worked out.) To establish the
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equality of two oscillations, in addition, tests based on the differences of
mid-ranges may have to be carried out. However, since tests based on the dif-
ferences of mid-ranges cannot be easily performed, the ratio of mid-range to
the range can be used to test any assigned value of the average of two popu~-
lation means (corresponding to the peak and trough) and this test can be re-
peated for each interval. In all the discussions above, it is assumed that
the varlables have a common standerd deviation, otherwise adjustmeniis have
to be made at various stages. Also the assumption of a multivariate normal
distribution means that the set of correlation coefficients are known, or
otherwise have to be 2stimated possibly through the use of serial correla-
tion coefficients. However, if the correlation coefficients are neither
known nor evaluated, some simulation process could be adopted for the per-
formance of the tests.

The authors are grzteful to the referee for bringing to their attention
the result in Lemma 2. They also wish to thank Mrs. Louise Lui, Statistical
Leboratory, Purdue University, for the excellent programming of the material
in the Appendix of this paper for computing Table 1 on IBM 7094 computer,

Purdue University's Computer Sciences Center.
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Appendix

The condition o, EX(i) =0 given in (5.1) reduces to the following

equation by using (3.19) and o, = 1.

(A.1) kpay = ka8, + kg

where

ll'pl 1) ?1'912 2) {1'92 3)
—\.,—%—3-1:5 +_"“T[—'—I§ + ﬁ-l‘g

1ppg 1), |1 2) , |1® (3)
‘“‘i I( N I( '_nides I

-1/2 ‘
)] 01 * (2A C01(“"13))-1:} Iﬁl)

+ [n(l-pl3
-i/2 33 -17 .(2)
* [“(1'912)] [Coa+ (287705 (140p,5)) ] Ty

-1/2
+ fn(l-p23)] | [co3+ ((2AllCO3(l+p23))-l] I£3)}

1 51'°13 1) )1'912 2) . | l'°23 (2)
k3 =) [\i a1 I§ * n I3 +~J i3 I3

~i

-1/2 -1/2
+ [n(l-pl3)] Iﬁl) + [n(l-pla)] IlL + rﬁ(l_p )] I(3)
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1 . 2 .
where (1) is a simpler notation for I'31’ s3 in (3.1L), dll’dEl’COl’g(dll)
and e(del) being the same as dl’dz’co’g(dl) and e(de) respectively in
(3.1&). I?Ee) 1s obtained from 13(,1) by interchanging in the latter p13

and P15 and so also .dle from dll,d22 from del,co2 from COl etc.
Similarly Iﬁl) is a briefer notation for 1,23 in (3.15), ILEQ) 1s
obtained from IL(’_l) by interchange of p13 and Pyne Further, I3(3 ) is
obtained from I?gl) by interchanging in the latter pl3 and p23 and
similarly I}S_?’) from IL(,_l) . dl3,d2'3,vco3 etc. are obtained in a similar
manner,

The value of &y corresponding to the minimum variance is given by the

zquation

{A.2) ’?'l a, =£2

B
N

i
(

=

-1 -1
22 33
_ A 2 A 2
21‘2 [ Al(LE)_' * Gy (Ltey5)) + Azc'Lez_ * Cop(lte, )
(All)-l P / ko koo s ko
+ A3( 5 + 003(1+923)) + Bl(d21+ El-) +B2(d22+ EI) +B3(d23+ 1—{—;)
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