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1. Introduction and Summary

The logistic curve 'y = k/(1 + aeP%)  has been used in studies
pertaining to population growth by Verhulst [17] and by Pearl and Reed [14]
and by several later authors. The logistic function P =1/ (l+e-(a+6x) ) has
been very widely used by Berkson [l ] , Berkson and Hodges [2 ] as a model
for analyzing bioassay and other experimehts involving quantal response.
Birnbaum [3] has mentioned it as a model in some problems pertaining to tests
of mental ability. Gumbel [8] has shown that the asymptotic distribution of
the midrange of the exporential type initial distributions is logistic. In
connection with problems invelving censored data, Plackett [13 [16] has
considered the use of tihz logishic distribution.

In this peper 2 random variable X is said to follow a stendard- logistic
distribution ( denoted by L, a2)) if its cumulative distribution

function (c.d.f.) is

1

(1.1) F(y;u,a) =
.[l + e-(z&E)._%,]



The probability density function (p.d.f.} corresponding to (1.1) is

syl o

/T [L+e \%(Y"M)/GJE ’

(1.2) £(y;su,0) =

where - <y<®, -0 <p<w and ¢>0.
It should be noted that the distribution (102) is symmetrical with mean p
2 -
and variance o . The moment generating function of X = %—;E’- is easy to

derive (See'for example, Gumbel [8]) and is
(1.3) M (t) = Mast/a)/ Ma-t/e), & = /342

In this paper order statistics from the standard logistic distribution

L(0, 1) are studied. If X ..y X are n independent and identi-

cally distributed logistic random variables with density function,

1/2
—, =0 <X <®

1/2)2

e-xn:'/ 3

T

3l/ 2

(1.4) £(x) =
(l-l-e-x“/ 3
then we are concerned with the moments, the distribution and some estimation

problems using the ordered random variables X(l) ) X(g) X(n) where

(1.5) Xy $Xpy S -0 < Xy S -+ < X(p)



In the sequel, we shall call X(k)" the kth order statistic in a sample
of size n from the logistic distribution {0, 1).

In this paper the exact expressions for the moments of X(k) have been
derived. The values of the first four exact moments for all sample. sizes n
from 1 to 10 have been tabulated (Table 1). More generally, the moments of
X(k) have been expressed in terms of expressions involving Bernoulli.and
Stirling numbers of lst kind. These derivations are obtained from the moment
generating function which has been derived. The cumulants of X(k) are
expressed in terms of polygamma functions (a result also earlier mentioned
by Plackett [15|) end using tabulated values of these functions ] 1,
we have given numerical values of the Tirst four cumlants of all order statistics
for all sample sizes n from 1 to 10 (Table 2). Table 3 gives the percentage
points of x(k) (i) for all k (k <n) eand all n from 1 to 10 (ii) for
k =1, nand % and Egg (n even) or g%;(n 0dd) for n =11 (1) 25. In
Section 3, we obtain series expansions for the joint moment generations function
and covariance of the two order statistics. In Section 5, the use of one and two
order statistics for estimating p and o in L(u,cz) is shown. In Section 5,
expressions (closed form) are derived for the cumlative distribution function
ané the density function of the sample range. Section 6 also gives a short

table of the c.d.f. of the sample range for the logistic for n=2 and 3.

Section T gives a description of the tables in this paper.



2. Momenis apd Cumulants of the kth Order Statistic

Mhe mowent generating function M{t) of X(k) is

-=xg(n.~=k+l)

(2.1) M(t) = (k)) = ]-m;—rffqy S s

(l*e“’xg)

B(k+:/g,n-k+1-t/g)
B(k, n-k+l)

(2.2) M(t) =

where B(p,q) and "'(x)' are the usual beta and gamma functions.

After some algebraic simplification (2.2) can be written as

(2.3) M(t) = Ekliﬂ (;_;C)’TeC(nt/ g) (k-1+t/g)

where (:‘é)n = x(x-1) ... (x-n+l) .

By expanding cosec(rt/g) in powers of t and by writing (x)
in terms of Stirling numbers of first kind, we obtain
3t3

(k 1] (n-&)l fé* ER

1)n k

(2.%) M(t) =

=1

o
...+ 2£2(2L|31) B (g—t-)a)?‘d:] [> (k-l-i't/s)is(l,n)]

vhare Bn and s(i,n) denote the Bernoulli numbers and Stirling numbers of

first kind, respectivzly.



Now (2.4) can be expressed as

= sti,m) 1Byt

o n i 2h-l ) oy i- gl -l
te_ 2z '((-_2—@[—)% (3)(1{-1) JBLS(:-,H)(E) ]

From (2.5) collecting the cocfficient of % 2r-1  ona tZr we obtain

: 1)n *(2r-1 .-
(2.6) p‘ér l(k,n) = Ei T ((k l)l ( k;I S s(i,n)+2>r > .
- g =R 1=or °1(2r) 3=1 1=2(7-3)
ajbi,z(r-j)S(i’n’]
(-1)*" 1‘:(Er | n r n
1 :
1w o) = Fr Le=2)p (a-k)] [::;a Filera) *LR) =g ey

2501, 202541 S(l’n)]

= (ivplqyi-d s
where a| and by s = (j)(k 179, 0<5 <1,

1
|
j
>
~
W
)
A

! =(ix-1) - W(n-k), we obtain the identity

1
Since i



7 -y - n 3 i
L= Nl RS ~2_rs v
(2.8} Wmi-1) - -T’r'{"‘,. LY = -_77,-_-j‘_"~"'"":"'_ I 2 (Z¥k-1) s{i,aj
" !' FRALFE “ i='—' (4
2 2 R
1o i, .
+og > (k-1) s(l,n)]
im0

Similar identities cw h~ shhaaned Ly equating,

N IVES B DT oSS D Ry
:Kr = grLﬂ}( (k-1) - ( lr.).{
in terms cf ' and p' and using {2.6) and (2.7).

2r-1 2r

to the expression available for K e

It should be pointed ot *iat £or small n , the computation of exact
moments is simpler if we collect the coefficient of the appropriate power
of t in the right hand side of (2.3). This procedure was followed to obtain

the exact values of moments that are given in Table I.

Cumulants of X(k)

We rewrite (2.24 as

(2.9) M(5) = __I_l.;g;}’t/g) E‘n-k%l-t/g)
M) Tlhaes)

From (2.9) w2 cbtair the rth cumlant 3'<I_(k,n) as



r
(2.310) H.(k,n) = 4. = log, Me+t/e) | + . = log_ r(n-k"'l-t/s)l
dt t=0 t=0

(2.11) X (,n) = -]Ar-[rjx(r‘l)(k-l) + (-1)F dx(r‘l)(n-k):l
g

’ R
dI'-l C‘@_ +x)
e r(14x)

where w(r-l)(x) =_§{; log (El#x)'=
dx €

/

a0 = 9 - R

Using formula (2.11) and tables of polygemma functions W(r)(x) given
in[4] [s5], ve have computed TK(k,n) for r=l, 2, 3 and 4 for all
order statistics in a sample of size n, n = 1(1)10. These are given in
Table II.

It is clear from (2.11) that

(2.12) K ppp(kon) = - 35 (n-k+1,n)

(2.13) K, (k,0) =3<2r(n-k+l,n)‘

Using the series erpaisions for v(r'l)(x) and  W(x)

(2.14) () = (1) ()7 3 l(l)r,rze
= jtx

. o 21 2

(2.15) B(x) " [; - ;Tx]



8.

(r-1)] (-1 | 2
(216) Hlm) = ——tp— [ 5tz s L], v 22
g L 3=1 (J+e-1) =1 (J+n-k)®
R A I R N I S P -
(2'17) }(l(k)n) == g | k + k+l + s e 0 + Wk] lf n k > k l .-

From (2.17), we obtain for the special cases

2.18 K (mom) = - L.,
(2.18) 1 (m,2m) L
(2.19) ]‘l(l:n)=--?;=[1+%+... +E%TJ'_

Formula (2.19) is given in [8,5.12€]. It should be mentioned that Plackett |15
gave the ‘",f.r(k,n) (r=1, 2, 3, 4¥) in the form (2.16) and (2.17) for the

case n-k < k-1.

3. Covariance Between the { th and mth Order Statistics{(m >1)

The joint moment generating function of X( 1 ) and X(m) (m >9‘) is

b @ f’ x4y by m- ¢ -1
(3.1) Mt,t,) =Blet T)=c g \ el 25 (8) Fy)-F()]
-0 \.{
n-m
[1-F(y)]  f(x)e(ylaxay
n |

vhere C = (LD D] and vhere f(x) and F(x) are defined

22 Seetion 1.



ATter substituting pl= 1/(1+exp(-gx)) and Pg= 1/(1+exp(-gy)) we obtain

P,
t/e §. Y

(3.2) Mlxp,t5) = g S (l'P) p, (pypy)” L

0 0

(l-Pz)n"mdp_l .

- 2-1 oo

(3.3) =C r; Z (-1)% (m-a{-l)
' g=0 =0

[(9 -l+'bl/g) B(m+y +(tl+t2)/grn-m+l—t2/g) ]
¥ [ (D414t /g)
From the above expression for the joint m.g.f. of the i).th and mth order

statistics, one can cbtain the bivariate moments as follows.

~. T+3
) . 1’.5 = ! » = 1
(B8 B0 ) = era () (m) = s et |
gt
12 l_t2-0
The case T = 1 ard s = L is important. In this case (details omitted)

we obtain

(3.5) oy .
2:l% gy Kemy) = Gov (R g ) K()) + B¢ gy

,‘
)



J.0.

~ 0.1 nm
m- -l pom (ot Loty (oemy 1 2
Loy c D)\ (e )3

(3.6) = 9-2-> 2
g i=0 =0

e | 1 1 1 e
"2 " 3 37 T mh 2=
r=1 r(mtc+r) (m-i-1) (m+c) x=1

1 mmRe
m¥r+c) x ¥

e

1 1
(m+r-i-l){(m+r+c)2 { )

L
]
=

4. Percentage Points, Modes snd Some Remarks on the Distribution of X(k,)

The density function &y n( x) and the c.d.f. B n(x) of the kth order
2

2

statistic in a sample of size a from L{0, 1) are,

e-;:g;(n-k-l-l)
' - <KX<® o

24
k.1 b ix) = o
( ) k,n** Blk,n-k L) (l_“e-xg)nﬂ ’
By diffeveriiating toe ahove expression for hy n(x) with respect to x,
)
¢l statistic is

we f£ind that the mode ' (%,rn) of the kth order

0 Sinl = & log i
\Ee2 L, nl = p lc.gé: )

Also the exoreszion Tor the c.d.f. H (x) is
' Z,n

(h.2) H, = I (k,n-k+1)
0 1/(1+exp(-xg))



whers I__(,P, g' is the irsomlete bHzta functlicn,
PN

.1
- Y

———— -

\ ,'-' - -—-—---'v:———-"'\“‘r- ey .‘f— v "
04"31 Hk,n"‘“) ToE{k,nenil; e B i’ Faanh f o EEs T
Nl RALES IR SN )
n-k+j+1
k-1 .
(b)) B (x) = sty 5o (1Y L) =2 fery ab.
Hk,n Blk,n-%k41, ey J 7 n-kjHl tl_l-e-axg

From (4.2) we see that the (100)c-percentage points 'xa(k,n) of X(k) is

the solution of

1
g

log

(4.5) wllsn) = e 1-B (k,n-k+1) °

Using values of Bo(k,n-k+l) from [ 7] [12], we solved for :I:'.a(k-,n). These
are given in Tehle TII. Note that for k=1 and k = n, we see from (L.3),

(4.4) or otherwise that

(4.6) -xl_a(l,n) = xa(n,n) = % log, 175

Note that relations (4.1)-(4.5) are true in general for any continucus distribu-
tion if 1/(1+e *8) ig replaced by the c.d.f. of the given distribution. This
Is in virtue of the well-known result that the c.d.f. of the kth order statistic
is a beta variable. Further,from the symmetric relation satisfied by the
incomplete beta functions, it follows that the 100 percentage of X(k) is
-100(1-c:) percentage point of X(p-ie1) This velation can be verified,

mathematically, for the X( of the logistic distribution by using (4.5).

k)



o

Tne distribution of the sum of two symeetidical crder statistices

= i j LAmS . +bi p ecti
V= X(k) + X(n—k+l) is of irterest in some prchlems In +tbis connection,

the following remark is relevant. From {4.Z), we sce that
(4.7) Hk,n(x) * Hn-k+l,n(-x) =1
(4.8) hk,n(x) = hn—k+l,n(-x)

The above expressions are true for i:he'ordef statistics from any continuous

symeetric distributions.

5. Applications of the Distri'b\rtion.i of X(k) in Obtalning Estimates of

TR O fwe
p and g Based on Simgle Order Statistics
~N

In some problems it may be desirable to obtain estimators of yu and o
using only a single order statistic. Such estimators are " inefficient_. r
Mosteller [13] first described and studied such ''inefficient” estimators.

We are co_ncerned with inefficient estimators where only a single order stetistic
is used. |
(a) Poinmt Estimators of p Based on Y(k) (¢ is Known)
If y(k) is the obsezfved kth ordered statistic in a sample of size n from

L(u, 02) , then an unbiased linear estimate of pu 1is
(5.1) m =a+by(k)

where a=a(k,n) and b=b(k,n) are so chosen that p is unbiased estimate

of u.
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It follows from (5.1) that

(5-2) n = B0 = & + bfurony(k,a) |

and hence b =1 and a = -op.i(k,n).

Hence
(5.28) = gy - o).
(5.3) Va.rf.f = o‘2 T {k,n)-= czuafk,n),

From (5.3) and from the expression for jfe(k,n) » . 1t is easily seen that
Ver 1 decreases(increases)  if k < n-k+l (k > n-k+l). Hence the
unbiased minimum veriance linear estimator in the class of inefficient single

order statistics is

A Lo ol
(5""’) L =-c p'l([g;—'])n) + y([%_:’:-])

vhere [x] denotes the largest integer < x.
+ 2 +1
(5.5) var (f) = o* % ([B,0) = o, ([, n) .

Fowr the Cramér-Rao lower bound for the variance of 5 = S(Xl, X2’ ooy Xn)

of an unbiased estimator p in the distribution L(u,cz) can be shown to be

(5.6) Var

(o7
iv
o,



1h.

Hence the efficiency of o (as measured by the ratio of the above lower bound

and the variance of fi as given in (5.5)) is

(5.7) e(f) = - —
ek n-[22]
41
n[— -2 = = 2> ==§]
3 x=1 x X= x

The following brief table gives the values of e(ff) for selected values of

n{odd)

n 3 5 T 9
e(@) | .78 .76 .75 .75

Confidence limits for u

If o is known, then the 100(1l-ct) percent confidence limits for g

based on a single order statistic are
(5.8) Y(k) - Ucl and .V(k) - 0‘02 s
where C, and C, are the percentage points of X(k) such that

1 2

%

5.9} f(X(k)) DAy =1-a.
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The expected values of these limits are
(5.10) B+ cik.‘l(k,n) - o€, and p + axl(k,n) - oC, »

The limits get closer to each other and hence the length of the interval

ol
2

for n = 2m + 1, the two-sided symmetrical confidence limits for p with

gets shorter as k approaches (n cdd), %or B-'-é'-e-(n even). Hence

confidence coefficient 100(1-c) percent are

(5.11) Y1) = © % o (m+1l, 2m+l), V) ¥ % o (m+l, 2m+l),
1-= 1-=
2 2
The limits yleld the shortest 100(1-¢t) percent confidence interval

estimstor for p with length 2¢ x (m+l, 2m+l).

13

Estimator of g based on range and guasi-range

An unbiased estimator @ of o based on a quasi-range can be written

as Tollows

| y -y
A _ Tn-k41) " (k) , _ e}
(5‘12) O' - 2__}<J'(n-l{+l,n) 2 k - l’ 2, cso gy [2] R
This type of estimator for ¢ was studied first by Mosteller [13]
who showed that for large samples the variance of 6’: is minimized if
lé = A £ .0694. In another paper we intend to study a similar result for

the logistic distribution. Here we just propose the range or the quasi-range

as estimmtors of ¢. The factor ‘which goes with the quasi-

Qxi(n-l’_-kl;n)

range and mekes it unbiased can be optained from the Table II of this paper.



If we nc2 the estimator based on the range, which is,

(=.23 A e Z@.L(_YQTL
- 2:Kl n,n

then we are naturally interested in the distribution of the range. We study

this in the next 8ection.

6. Distribution of the Range

let us define the sample range Wn by

(6-1) Wy = () - ¥0)Yo = Xay - X)

where Y(k) and X(k) denote the kth order statistics from the logistic
distributions L{u, 02) and L{0,1), respectively.

Now, the joint density function of X(l) and X(n) is
) , n-2
(6«-2) h'\X(l)’ Xi’:n)) = n(n-l), F \X(n)) - F(X(l))J f(X(l)) f(X(n))

from which we obtain the dencity function p(w) of the range Wn as

. n-2
(6.3) p(w) = n(n-1) * [F(xﬂr) - F(x)_J £(x) £(xtr)ax .
U L

The cumletive distribution fuactinp I-{".In <%7), 2T the raage is
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. ) e ., _, ga-l
(g} Ly <w)=n S E«\xw) - F(:'.)J f£(x)ax .
-
or
n-1 n-1 3 E'D '
(6.5) (W, <w) =n>_ ("] (-1)° 5 [Pxw)] ™23 ()] Y (x) .
3=0
~Co

Tt should be pointed out that formmlae (6.2)-(6.5) apply to the
distribution of range from any continuous distributions. Also if the
distribution is symmetric sbout x = 0, this fact can be utilized to
express (6.2)-(6.5) slightly ¢if<erently.

Now:we shall derive the c.d.f. of the range W from L(u.,ae). We

start with (6.5) and obtain

:‘L..u-]:. . N .! ci:'.\ - g{ ap
(6.6) Pl <wd=ni_ (-1 O7F) —£e__d =
n 73 T2 (1m T (14e78)PH

Form (5.6) by substituting t = 1/{1+a exp(-g x)], we obtain

1—1-:-1 ATi=1 1 -1
(6.7) POW_ <w) = a_ {707 (2)Y &7 A(4m)

—— -
j.:o J

where
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1
: ’ -j-2
{6.2) pi.n) = )t L o(et) 7 g, o = a-l
G
1 Bk a c a-3-2
=N (% G (eI e
(—C)n- (= G
D
or
n-1 a-3-1
. -1 [,n-2 j+ n~-1 o a -1
, B 3 1]
69 atm = = [0 (0 e v S (0H () =
' o)

Hence, from (6.7) and (6.9), we obtain the c.d.f. of W as

o-1 n-1 jHL
a-L a-j-1 - )
{((J'i'l)( 1)‘] log (—) + > — ( a ) (- l)a a a-j-ilj ,

a+a +1

where in the first term inside the braces (?;i)is. tobeput equal to zero
for j > n-2 .
67

By differentiating (€+36) with respect to w one can obtain the density

function p(w) as follows

[ o

n-

(6.11) p(w) =

IVI

(nJ’.l) (-1)3 g 23 [(a'+2) a A(JH, n+1)-(j+1)A(3,nﬂ .

cn
I
O

For n =2 and 3 we obtain from (6.10)



‘C\'u:‘l:) Pl _<_ ‘.,-) = S LA
2 (1-a)
(6.23) B, < w) = Li9as9a”-ed-Clave) (1te)
J'.“‘\ i 3 -_— ) .

(1-2)3

Using (6.12) and (6.13), the probsbility integral of the range has
been computed for n =2 and 3. These values are given below in Table A
along with the values of the probability integral of the sample range of the

normal distribution MN(u,1) which have been taken from [12].

Table A
Probability Integrals of the Sample Range from
I{u,1)(top) and from N{u,1)(bottom),

N 20| .»0| .60{ .80 | 1.00] 1.50| 2.00{ 2.50{ 3.00| 3.50| L4.00
.12039}.23768] .34902[ . k52121 . 54213 ] . T30L7]. 851091 . 9222k [ . 96113} . 981211 . 99115
1125 |.2227 {.3286 {.428k {.5205 |.7112 |.8k27 |.9229 |.9661 |.9867 |.9953
.01306| .05138| . 11084 | . 18655| .28725{ . 50027| .69272| . 82676 .93300{ .95340| . 97765
.0110 |.0431 |.094k |.1616 |.24OT7 |.461k |.6665 |.8195 |.9145 |.9870 |.9988

It is interesting to note that for - <w <o or ,0<a<1l, we

obtain from (6.12) and (6.13)
Rl 2
(6.14) (i~a}+2(gwa) >1 - a" > 2(gwa) ,

, 3 .
( [-&)#6(gwa)(142) > 149a(1-2)-a3 > 6(ava)(1+e),

‘where a=exp(-gw) and g=n/3l/ 2
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In general,for 0 <a <1, we have

"
(1~ n-1 iq . n- a-j=1 ;)
—{ == (n-1 J+l7% (n-1 J 1, s===m-ly, &8 -1
(6.15)M >§=o (")) (-1 208 T + - oL B j >0

o+l

and

B
1
o]

(6.16)

1"l

[
Il
O

(*ThH(-1)% a5+l[(j+2)a A(J+lyn%l)=(.i+l)A(J,n)] >0
where A(j,n) is given by (6.9) .

7. Description of Tables and Comparison with Normal Order Statistics

Birnbaum [3] hes tables and graphs comparing normal and logistic order
statistics. A . comparison of this type is omitted in this paper. It may
be recalled that Plackett [16] observed that the standard logistic and standard
normal are similar in shape between the range of logistic probability levels
.05 and .95. A comparison with the tables of Owen [11, p.25l£] and Pearson
and Hartley's tebles |12, p.104] chows that the two c.d.f.'s agree to within
2 wnits in the second decimul place. The density function curve of the
logistic crosses the density curve of the normal between 0.68 and 0.69. The
inflection points of the standard logistic are + 0.53 (approx.) whereas the
inflection points of standard normel are + 1.00 .

Table 1 of this parer gives the exact expressions for the moments about
the origin of the kth order statistic in a sample of size n from the
L(0,1). |

Since p.I'.(k,n) = (-l)r_ul',(n-kﬂ,n), we give only the values of
p,i_(l:,n) for k=1, 2, ..., nf2 (n even), (n+l)/2 (n cdd). The. range of

values of n is n = 1{1)10.
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Table 2 gives the numerical values of :Kr(k,n), the cumilants of the
kth order statistic in a sample of size n from the L(O,l) distribution.
The values are correct to six decimal places as glven in the table. The
valves of nrange from 1 tolOby jumps of 1. Only the lower half of n
order statistics are tabulated for each n. The remeining values can be
ohhained from the symmetry relation :kr(k,n) = (-1)F :Kr(n-k+l,n). In
computing the +table 2, we have used the tables of the polygamma functions
[, =1,

Table 3 gives the percemtage points of the Ikth order statistic in a
sample of s3ize n from the L(O,l) distribution. These computations are
similer to the computations described in [6], [9], [10]. The percentiles
of the distributions were obtained from [12], [7]. The values are given
to four decimal places. Independent checks have revesled no errors.
However, the fourth decimal pléce may be off by one unit. The table con-
tains values for k=1(1)n, n=1(1)10 and k:l,%(n even), Egi (n 0dd) and
n, for n=11(1)25. The 100 percentage points are listed for « = .50,
.75, .90, .95, .975 and .99, The 100(1-c;) percentage point of kth order
statistic is the negative of the 100 percentage point of the (n-k+l1)th

" order statisiic.
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TABLE II
Cumulants of the kth Order Statistic in a

Sample of Size n from a Standard Logistic Distribution
n k Xy X, x5 Xy

1 1  0.000000 1.000000  0.000000  1.200000
2 1 -0.551329 0.696036  -0.335168 0.645636
] 1 -0.826993  0.620046 -0.37T06h  0.610989
2 0.000000 0.392073 0.000000 0.091274
y I -1.010770 0.580272  -0.3894TT 0.604145
2  -0.275664 0.316082  -0.041896 0.056626
1 -1.1h48502 0.567274  -0.39471h 0.601980
5 2 =0.357441 0.282308 -0.054310 0.049782
3 0.000000 0.240091 0.000000 0.021949
1 -1.258868 0.555116  -0.397396 0.601093
6 2 -0.597273 0.263331  -0.059547 0.047617
3 -0.183776 0.206317 ~0.01241h 0.015135
1 -1.3%0756 0.546672  -0.39894T 0.600665
7 2 -0.707539 0.251152 -0.062228 0.046730
3  -0.321609 0.187320 -0.017651 0.013006
L 0. 000000 0.17254k 0.000000 0.008291
1 -1.429517 0.540k69  ~0.399925 0.600434
a 2 -0.799432 0.242709  -0.063780 0.046302
3 -0.43186574 0.175161  -0.020332 0.012082
L -0.137832  0.153546 -0.005237  0,006125
1 -1.498433 0.535719  -0.L00579 0.600299
2 -0.878188 0.236505  -0.06475T 0.0L60TL
9 3 -0.523763 0.166718 -0.021884 0.011654
L -0.248098 0.141387 -0.007918 0.005238
5 0.000000 0.134548 0.000000 0.003960
1 -1.559692 0.531967 -0.401039 0.602143
2  -0.947104 0.231756 -0.065411 0.045936
10 3 -0.60252L 0.16051h  -0.022861 0.011423
4 -0.339986 0.13294L  -0.009LTO 0.004810
5  -0.110266 0.122390 = -0.002681 0.003073




Percentage Points of the kth Order Statistic in a

TABLE IIT

Sample of Size n from a Standard Logistic Distribution
\\Qi © 0.500 0.750 0.900 0.950 0.975 0.990
n k
1 1 0.0000 0.£057 L.211h 1..5234% 2.0198 2.533%
5 1 -0.4859  0.0000 0.h251 0.6863 0.9220 1.211h
2 0.4859 1.C289 1.6083 2.0126 2.4054 2.9170
1 -0.7h28 -0.2933 0.0792 0.2972 0.4872 0.7126
3 2 0.0000  0.3996 0.7789 1.022L 1.24k72 1.5278
3 0.7h2  1.2659 1.8367 2.2385 2.6305 3.1410
1 -0.0077 .0.k359 -0.1382  0.0598  0.2290  0.h251
y 2 -0.2%0% 0.0966  0.hkhk  0.6098  0.7848  0.9968
3 Q.25 ,  0.5277 0.9892 1.2062 1.4469 1.7241
L 0.9479  1.k312 1.9977 2.3983 2.7893 3.2999
1 -1.0507 -0.6290 -0.2957 <0.1090 0.0482 0.2279
2 -0.4313 -0.1013 0.1868 0.3593 0.5109 0.6912
5 3 0.0000 0.3186 0.6156 0.8021 0.9710 1.1777
3 0.4313 0.7861 1.1402 1.3738 1.5922 1.8677
5 1.0507 1.5583 2.1222 2.5221 2.9128 3.4230
1 -1.1578 -0.7428 -0.4188 -0.2396 -0.0900 0.0792
2 -0.56L0 -0.2478 0.0227 0.1820 0.3202 0.4k822
5 3 -0.1748  0.1178 0.3825 0.5446 0.6889 0.8623
3 0.1748  0.4753 0.7612 0.9428 1.1084 1.3120
5 0.56L0  0.9094 1.2583 1..897 1.7070 1.9813
6 1.1578  1.6615 2.2237 2.6230 3.0136 3.5236
1 -1.247% -0.8373 -0.5199 -0.3457 -0.2015 ~-0.0396
2 -0.6709 -0.3639 ~-0.1049 0.0456 0.1751 0.3253
3 -0.307hk -0.0307 0.2148 0.3626 0.4925 0.6L97
7 & 0.0000 0.2726 0.5245 0.6808 0.8210 0.9905
5 0.3074  0.5967 0.8756 1.0541 1.2176 1.4193
6 0.6709 1.0102 1.355h 15554 1.8017 2.0752
T l.24h7h  1.7485 2.3095 2.708k 3.0987 3.6087
1 -1.32k5 -0.9179  -0.605k  -0.4351  -0.2948  -0.1382
2 -0.760% «0BE01 CLO052 -0.0347 0.0585 0.2005
3 -0.b1k3 0 inf2 C Pl 3.3 0.345k 0.4850
8 b -0.1326 0.1029 Ly 0.u537 0.6209 0.7705
5 0.1326  €.30:27 ¢ 3385 5.8, 0.8265 1.0935
5 0.41k3  0.0959 0.9701 1.14%5 1.30%95 1.5088
7 0.760k  1.0953 1.k378 1.6858 1.88sL 2.1555
g 1.3245 1.8236 2.3835 2.7824 3.172 3.6825




TABLE L1L (CUNLD)

fai

w

k 0.500 0.750 0.900 0.950 0.975 0.990

1 -1.3921 -0.9883 -0.6795 -0.5122 -0.3748 -0.2223
2 -0.837h -0.5420 -0.2973 -0.1573 -0.0386 0.0973
3 -0.5037 -0.2453  -0.0219 0.1098 0.2238 0.3566
L -0.2395  0.00kbL 0.2222 0.3536 0. 4690 0.6056
5 0.C000  0.2421 0.L46u6 0.6017 0.7238 0.870kL
6 0.2395 0.4910 0.7291 0.8791 1.0147 1.1799
7 0.5037 0.7799 1.0506 1.2254 1.3863 1.5857
8 0.637h  1.1689  1.509%  1.7377  2.0961  2.2255
9 1.3921 1.8899 2.4493 2.8478 3.2373 3.7478
1 -1.4523 -1.0507 -0.7450 -0.7C69  -0.L450  -0.2957
2 -0.9050 -0.6135 -0.3734 -0.2370 -C.1217 0.0096
3 -0.5808 -0.3282  -0.1117 0.0152 0.1243 0.2506
L -0.3290 -0.0935 0.1145 0.2388 0.3L72 0.4b7h7
5 -0.1069  0.1228 0.3311 0.1579 0.5699 0.7031
6 0.1059 0.3266 0.5559 0.5900 0.8099 0.9544
7 0.3290 0.5742 0.8082 0.9562 1.0904 1.2543
8 0.5808 0.8528 1.1206 1.2943 1.4543 1.6531
9 - 0.9050 1.23k0 1.5729 1.8007 2.0151 2.2876
10 1.4523 1.9434 2.5073 2.9056 3.2953 3.8051
1 -1.5066 -1.1068 -0.8035 -0.8403 -0.5073 -0.3606
6 0.0000 0.2199 0.421% 0.5149 0.654k 0.7853
11 1.5066 2.0017 2.5601 2.9583 3.3482 3.8580
1 -1.5561 -1.1578 -0.856k -0.6948  -0.5634  -0.418&9
6 -0.0895 0.1210 0.3118  0.ho77 0.5298 0.6511
7 0.0895 0.3022 0.4985 0.56196 0.7273 0.8564
12 1.5561 2.0503 2.6082 3.006k 3.3962 3.9060
1 -1.601% -1.20Bk  -0.90h7  -0.7445  -0.614k  -0.4716
7 0.0000. 0.2029 0.3883 0.5016 0.6017 0.7210
13 1.601 2.1216 2.6526 3.0506 3. 440k 3.9501
1 -1.643k  -1.247h  -0.9492  -0.790C -0.6611  -0.5198
7 -0.0770 0.1185 0.2955 0.Lk029 0.497h 0.6092
8 0.0770 0.2740 0.4552 0.566.4 0.6651 0.7827
1 1.643k  2.1362 2.6936 3.0915 3.4813 3.9910
1 -1.6823 -1.2873  -0.990L  =0.8322  -0.70k2  -0.5642
8 0.0000 0.1893 0.3620 0.4672 0.5606 0.6701
15 1.6823 2.17k6 2.7318 3.1296 3.5194 k.0290
1 -1.7187 -1.3245 -1.0286 -0.8713 -0.7hh2 -0.6054
8 -0.0675 0.1156 0.2815 0.3820 0.4703 0.57h7
9 0.0675 0.2519 0.k211 0.5245 0.6150 0 7248
15 1.7187 2.2105 2.7575 3.1653 3.5550 b, 06LG




TABIE III (CONT'D) 7.

& 0.500 0.750 0.900 0.950 0.975 0.990
n k

1 -1.7528 -1.3%93 -1.064k  -0.9078 -0.7815  -0.6437
17 9 0.0000 0.1781 0.3403 0.4390 0.5259 0.6287
17 1.7528 2.2443 2.8010 3.1987 3.5884 L4.0981

1 -1.7850 -1.3921 -1.0981 -0.9421 -0.8164 -0.6795
18 9 -0.0602 0.1128 0.2694 0.3642 0. hh7h 0.5455
10 0.0602 0.2341 0.3933 0.4905 0.5761 0.6778
18 1.7850 2.2760 2.8326 3.2303 3.6200 h.1296
1 -1.8153 -1.k230 -1.1298 -0.974h  -0.8k93  -0.7132
19 10 0.0000 0.1687 0.3222 0.4153 0.4973 0.5941
19 1.8153 2.3061 2,8625 3.2602 3.6498 4.1594
1 -1.8441 -1.4523  -1.1598 -1.0049 -0.8803 -0.T450
20 10 -0.0542 0.1101 0.2588 0.3487 0.4276 0.5203
11 0.0542 0.2194 0.3702 0.4620 0.5429 0.6387
20 1.8441  2.3346 2.8909 3.2885 3.6781 4.1877
1 -1.8715 -1.4802 -1.1882 -1.0338 -0.9097 -0.7750
21 11 0.0000 0.1606 0.3066 0.3951 0.4729 0.56L47
21 1.8715 2.3617 2.9179 3.315L 3.7050 L.2146
1 -1.8975 -1.5066 -1.2152 -1.0613 -0.9377 -0.8035
o U -0.0k0k  0.1075 0.249L 0.3351 0.4103 0.4987
12 0.0494  0.2069 0.3506 0.4379 0.5147 0.6055
22 1.8975  2.3875 2.9436 3.3L411 3.7307 L. 2h02
1 -1.9224 -1.5319 -1.2h11 -1,0875 -0.9642 -0.8306
23 12 0.0000 0.1536 0.2931 0.3776 0.4518 0.5392
23 1.9224 2.4121 2.9680 3.3656 3.7552 h.2648
1 -1.9462 -1.5561 -1.2657 -1.1125 -0.9896 -0.856L
ol 12 -0.0453 0.1050 0.2409 0.3231 0.3949 0.479k
13 0.0453  0.1962 0.3336 0.4171 0.4903 0.5768
ok 1.9462  2.4357 2.9916 3.3801 3.7787 4.2882
1 -1.9691 -1.5792 -1.2892  -1.1364 -1.0138¢ -0.8811
25 13 0.0000  0.1L75 0.2813 0.3623 0.4333 0.5169
25 1.9691  2.4584 0.3016 3.4116 3.8012 h.3107
For given n, k and «, the above table gives the values of y
for which ’
F(y)
1 - n-
B(Xk,n~-k+1) j K l(l-x)n kdx = ¢
o}

where PF(y) denotes the c.d.f. of a stgadard logistic random variable.
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