*6. The beta distribution with parameters a > 0 and 3 > 0 has density

rla+p) ., |
————— (1 —2)ft, ze(0,1);
fapl(z) =4 I'(a)l'(53) ( )P, (0,1);
0, otherwise.
Suppose Xi,..., X, are i.i.d. from a beta distribution.

a) Determine a minimal sufficient statistic (for the family of joint distri-
butions) if @ and 3 vary freely.

b) Determine a minimal sufficient statistic if a = 243.

¢) Determine a minimal sufficient statistic if o = 2.

a) The joint densities are

| n T F(Oﬂ 4 3)
expl{a — 1); logz; + (8 — 1); log(1 — z;) + nlog T3
a full rank exponential family with
T = (Z log X, Z log(1 — Xz))
i=1 i=1
a minimal sufficient statistic.
b) Now the joint densities are
n T F(E‘.IB)
, 2 :
expl(;ﬁ — 1) ; log[z; (1 — ;)] + ; log z; + nlog TRALG)

a full rank exponential family with minimal sufficient statistic
2 _
Z log[z; (1 — ;)] = 2T + To.
i=1

¢) The densities, parameterized by (3, are



*T.

a1 a2
pa(e) = exp| (6% ~ DTi(x) + (8 — 1Ta(o) + nlog 1)
Suppose pg(x) o<z pg(y). Then

p2(z) - p2(y) and pa(z) - pa(y)
pi(z)  piy) pi(z)  piy)

Taking the logarithm of these and using the formula for pg,
3T1(z) + To(z) + nlog 20 = 3T (y) + T2(y) + nlog 20,
and
8T (z) + 2T5(z) + nlog 495 = 8T (y) + 2T»(y) + nlog 495.

These equations imply T'(z) = T(y), and T is minimal sufficient by The-
orem 3.11.

Logistic regression. Let Xq,...,X,, be independent Bernoulli variables,
with p; = P(X; =1),i=1,...,n. Let t,...,t, be a sequence of known

constants that are related to the p; via

D

= Cl—'—ﬁf!..
1 —p;

log

where a and 8 are unknown parameters. Determine a minimal sufhicient
statistic for the family of joint distributions.

The statistic T = (3_1—; X;, > . t;X;), is minimal sufficient.



*8. The multinomial distribution, derived later in Section 5.3, is a discrete
distribution with mass function

n!

I T
' [pl >'< U X pss?
T X - X Il
where zp, ..., 2z, are nonnegative integers summing to n, where pq, ..., ps

are nonnegative probabilities summing to one, and n is the sample size.
Let Nii1, Ni2, Noy, Noo have a multinomial distribution with » trials and
success probabilities p11, p12, P21, p22. (A common model for a two-by-two
contingency table.)

a) Give a minimal sufficient statistic if the success probabilities vary
freely over the unit simplex in R*. (The unit simplex in R? is the set
of all vectors with nonnegative entries summing to one.)

b) Give a minimal sufficient statistic if the success probabilities are con-
strained so that pi11pos = p1apo1.

a) The statistic (N1, N12, Naoy) is minimal sufficient. (The statistic (Nyq,
Nia, Noy, Nas) is also minimal sufficient.)
b) With the constraint, (N1 + Ny, N1; + Naq) is minimal sufficient.



*9. Let f be a positive integrable function on (0, o0). Define

0)=1/ [ f(a)da,

and take py(z) = c(0)f(z) for x > 6, and pg(z) = 0 for x < 6. Let
Xq,..., X, beiid. with common density pg.

3

a) Show that M = min{Xy,..., X, } is sufficient.

b) Show that M is minimal sufficient.

a) The joint density is zero unless x; > 6, i = 1,...,n, that is, unless
M(z) = min{zy,...,z,} > 6. Using this, the joint density can be written
as

po(x) = " (O)I{M(x) > 6} Hf(ﬂ?z‘);

and M (X)) is sufficient by the factorization theorem.
b) If pg(x) g pe(y), then the region where the two functions are zero
must agree, and M (z) must equal M (y). So M is minimal sufficient by
Theorem 3.11.
*¥17. Let X, X1, Xo,... be 1.i.d. from an exponential distribution with failure
rate A (introduced in Problem 1.30).
a) Find the density of ¥ = AX.
b) Let X = (X; + - + X,,)/n. Show that X and (X2 +--- + X2)/X"

are independent.

a) If y > 0, then P(Y < y) = POAX < y) = [V Ne= dx =1 — eV,
So Y has density d(1 — e V) /dy = e¥, y > 0, the standard exponential
density.

b) The joint densities are A" exp{—nAZ}, a full rank exponential family
with T = X a complete sufficient statistic. Let Y; = AX;, so that regard-
less of the value of A, Y7,..., Y, are ii.d. from the standard exponential

distribution. Then (X7 +--- —I—XE),/YZ — (Y4 -+ Kf)/?g is ancillary,
and independence follows by Basu's theorem.



