STAT512, Semester 1 2017-2018

Analysis of Variance Models

1 Non-Full-Rank Models

y=X0+e,

where E(€) = 0 and var(e) = oI, but X does not have a full
column rank, i.e., rank(X) = k < p < n and X'X is singular.

In this model, the p parameters in 3 are not unique.

Example 1.1 One-way Model:

(yu\ (1 1 0\ (611\

Y12 110 €12

e I R I I

Ya1 101 €91
T2

Y22 101 €99

o) \101) e/

2 Estimation

2.1 Estimability of 3

The least squares approach lead to solving the normal equations

X'X3=Xy.



Theorem 2.1 If X isn X p of rank k < p < n, the system of
equations X' X3 = X'y is consistent.

PROOF: The system is consistent if and only if (AA ¢ = ¢)
X'X(X'X) X'y =Xy
Since X' X (X'X )~ X" = X', the system is consistent. []
Since the normal equations are consistent, one solution is ,8 =
(X'X )~ X'y. Some general results are given below.

(1) B is a linear function of y.

A

(2) E(B) = (X'X)"X'E(y) = (X'X)” X'X 3, which depends
on (X'X)™ and it is biased.

3. 3 is not estimable. Suppose a linear function Ay estimates 3,
B=FEAy) = E(AXB3+ Ae) = AX.

Since this must hold for all 8, we must have AX = I,,. But
rank(AX) < rank(X) < p. Hence, AX # I, and no such

an A exists.

2.2 Estimable function of 3

Definition 2.1 A linear function of parameters X' B3 is said to
be estimable if there exists a linear combination of the observa-
tions with an expected value equal to X' B3, i.e., N'B is estimable

if there exists a vector a such that E(a'y) = N'3.
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Theorem 2.2 In the model y = X3 + €, where E(y) = X3
and X is n x p of rank k < p < n, the linear function N'(3

s estimable if and only if any one of the following conditions
holds:

(i) X' is a linear combination of the row of X, i.e., there exists

a vector a such that
aX =\
(ii) X' is a linear combination of the rows of X'X or X is

a linear combination of the columns of X'X, i.e., there

exists a vector r such that
rX'X=XN o XXr=MA\
(iii) X or X' is such that
X'X(X'X) A=A o NX'X) X'X=)\,
where (X'X)™ is any (symmetric) generalized inverse of
X'X.
PROOF: We only prove the “if” part. (i) If there exists a vector a
such that A’ = @’ X, then
Bla'y) = dBly) = d X8 = NB.

(ii) If there exists a solution to X'X» = X, then by defining

a = Xr, we have

El@'y)=EFr'X'y)=rX'E(y)=rX'Xp=\Np.
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(i) If X' X(X'X)"X = X, then (X'X)A is a solution to
X'Xr = \in part (ii).

Conversely, if A'3 is estimable, then X’ X r = X has a solution
vector, which can be found as » = (X'X)~A. Substitution into
X'Xr = Xgives that X' X(X'X)" A=A

Thus we can examine linear combinations of the rows of X or

of X'X to see what functions of the parameters are estimable.
Example 2.1 Consider

(1101 0) (1)

aq

11001 5
) e
10110 ?

\10101) P
\ 52/
For example, row(3)-row(1), we have X' = (0,—1,1,0,0),

thus X' = —oy + ay is estimable.

We take linear combinations a’ X of the rows of X to obtain
three linearly independent rows. Subtracting the first rows from
each succeeding rows in X, then subtracting the second and

third rows from the fourth row of the matriz yields

(1101 0)

0 0 0 —-11
0O —-11 0 0

\00000)
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Thus we have three linearly independent estimable functions

B =pn+a+ b, b3 =0 — B, A0 =as— ay.

3 Estimators

3.1 Estimators of \'3

From theorem 2.2 (i) and (ii) we have the estimators a’y and
v’ X'y for X'B, where @’ and ' satisfy A = a’X and X' =
' X' X, respectively. A third estimator of '3 is X,B, where B is
a solution of X'XB = X'y.

Theorem 3.1 Let X3 be an estimable function of B in the
model y = X3 + €, where E(y) = X3 and X is n X p of
rank k < p < n. Let ,B be any solution to the normal equa-
tions X' X8 = X'y, and let v be any solution to X'Xr = .
Then the two estimators N'B and v X'y have the following

properties:
(i) EINB) = E(r'X'y) = X8,
(ii) N3 is equal to ' X'y for any B or any r.
(1ii) N B and ' X'y are invariant to the choice of 3 and r.
PROOF: (i) Since

EXNB)=NEB)=XN(X'X)"X'Xp.



By theorem 2.2 (iii), X' (X'X)"X'X = X, therefore E(X'3)
becomes
E(NB) = Xg.
By theorem 2.2 (ii),
Er'X'y)=r'X'E(y)=r"X'X3=Ng.
(ii) By theorem 2.2(ii), if A'B is estimable, A = ' X' X for some
r. Multiplying the normal equations X’'X ,B = X'y by r’ gives
rX'XB=rX'y.
Since 7’ X' X = X, we have
NG =rXy.
(iii) To show that ' X'y is invariant to the choice of 7, let 7
and 75 be such that X' Xr; = X' Xry = X. Then

M X'XB=r' X"y and rAX' X8 =7,X"y.
Since /1 X'X = L X' X, we have | X'y = v, X'y. It is clear
that each is equal to XB. ]

Example 3.1 Fzample 11.3.1 (Rencher (2000), p.273-274).

Theorem 3.2 Let X'B be an estimable function in the model
y = X8+ €, where X isn X p of rank k < p < n and
cov(y) = o2I. Let r be any solution to X' Xr = X and let 3
be any solution to X'XB = X'y. Then the variance of XB
or of ' X'y has the following properties:
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(i) var(r' X'y) = o’r' X' Xr = o*r' .
(ii) var(NB) = o2 X (X' X)"A.
(iii) var(X'B) is unique, that is, invariant to the choice of v or
of (X'X)".
PROOF: (i)
var(r' X'y) = v’ X'cov(y) Xy = o’r' X' Xr = o*r' .
(11)
var(N'B) = XNeov(B)A = N (X'X)" X' X (X'X)™ .
Since A'(X'X)~X'X = X, therefore (ii) is proved.
(iii) Since
N(X'X) A =7(X'X)(X'X) (X' X)r =r'X'Xr =1,
it is only need to show that A'(X’ X))~ is invariant to the choice
of (X'X)~. Let Gy and G5 be two generalized inverse of X'X.

Then
XG X =XGX'.

Multiplying both sides by a such that a’X = X', we obtain
adXG X'a=dXGX'a

or

NG A = N,G .



Theorem 3.3 If X'B is an estimable function in the model
y=X0B+¢€, where X isn X p of rank k < p < n, then the
estimators X' 3 and 7' X'y are BLUE.

PROOF: Let a linear estimator of A’3 be denoted by a'y, where
without loss of generality a'y = b X'y + c'y, that is, @’ =
' X'+, where 7’ is a solution to A" = r’ X’ X . For unbiasedness
we must have
NB=E@dy) =dXB=rX'Xp+d/XB=(r'"X'X+X)g.
Thus must hold for all 3, and we therefore have
N=r'X'X+cX.
Since A" = v’ X' X, it follows that ¢/ X = 0.
var(a'y) = a'cov(y)a = o’d’'a

=’ (X' +)(rX +c)

= (P X' Xr +r'X'c+Xr+cc)

=’ (P X'Xr + ce).
Therefore, to minimize var(a’y), we have ¢ = 0 and that ' Xy

is BLUE. O

3.2 Estimator of o2

An estimator of o2 is




where SSE = (y — X8)(y — XB), B is any solution to the
normal equation X'X 83 = X'y, and k = rank(X).

Theorem 3.4 For s* defined in equation (1) for the non-full-
rank model y = X3 + € with E(y) = X8 and cov(y) = o°1I,

we have the following properties:
(i) E(s*) = o*.

(ii) s* is invariant to the choice OfB or to the choice of gen-

eralized inverse (X' X)~.

PROOF: (i) Since SSE = ¢/'(I — X(X'X)~X")y, we have

E(SSE) =tr{[I - X(X'X) X'|(c*I)} + B X'[I - X(X'X) X'| X[
= tr{[I - X(X'X) X'|(c*I)}
= {tr(I) — tr[I — X(X'X) X']}
= (n — k)o?,

where k = rank(X'X) = rank(X).

(ii)Since X (X'X )~ X' is invariant to the choice of (X'X)™. O
3.3 Normal Model

For the non-full-rank model y = X 3 + €, we now assume that
Yy~ N,(XB,0°T) or €~ N,(0,0I).

With the normality assumption we can obtain maximum likelihood

estimators.



Theorem 3.5 If y is N,(X3,0°I), where X isn X p of rank

k < p <mn, then the mazimum likelithood estimators for 3 and

O'2 are

B=(X'X) X'y,
¥ = (y~ XB)ly - XP)

PROOF: Exercise. []

Theorem 3.6 Ify is N,(X3,0%I), where X isn x p of rank
k < p <n, then the maximum likelthood estimators B and s

(corrected for bias) have the following properties:

(i) B is N,(X'X)"X'XB,0%(X'X)"X'X(X'X)").
(ii) (n — k)s?/o? is x*(n — k).
(iii) B and s* are independent.

PROOF: Exercise (the proof is the same with the full-rank case). ]

4 Testing Hypothesis

It can be shown that unless a hypothesis can be expressed in terms
of estimable functions, it cannot be tested (see Searle 1971, pp.193-
196). This leads to the following definition:

Definition 4.1 A hypothesis 1s said to be testable if it can

be expressed in terms of estimable functions.
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Typically, a testable hypothesis can be written as
HO . C/B = t,

where C' = (Cl(l)’ c’<2), e ,c’(m))’7 ciyB=1ti,i=1,2,---,m. We

assume that
(1) C has a full row rank, tank(C') = m.

(2) c’(i),B are estimable for all .

Theorem 4.1 If y is N,(X3,0°I), where X isn X p of rank
E<p<mn,if Cismxpof rank m < k such that C(3

1s a set of m linearly independent estimable functions, and if

A

B =(X'X) X'y, then
(1) C(X'X)"C" is nonsingular and invariant to (X' X)~.
(ii) CB is N, (CB,c2C(X'X)"C").

(iii) SSH/o* = (CBY[C(X'X) C'| {(CB)/o? is x*(m, N),
where A = (CB)'[C(X'X)~C'|"HCB)/20>.

(iv) SSE/o* =y'[I — X(X'X)"X'|y/o? is x*(n — k).
(v) SSH and SSE are independent.

PROOF: Since
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is a set of m linearly independent estimable functions, then by the-
orem 2.2 (iii) we have ¢(;)(X'X )" X'X = ¢ fori =1,2,--- ,m.
Hence,
CX'X)"X'X =C. (2)
Since rank(AB) < rank(A), we have
rank(C) < rank(C(X'X)"X") < rank(C).

That is, rank(C(X'X)~X") = m. Since rank(A) = rank(AA’),
we have
rank(C) = rank(C(X'X)”X’)
= rank(C(X'X)"X'X(X'X)"C'] (3)
=rank(C(X'X)"C")
In the last equality, we use the equality C(X'X) " X'X = C.
Thus, C(X'X)~C" is nonsingular. The invariance of C(X'X )~ C"
follows from the invariance of X (X'X )~ X",
(11)
E(CB)=CE(B)=C(X'X)"X'X8.
By (2), we have E(CB) = CB.
cov(CB) = Ceov(BC' = *C(X'X)"X'X(X'X)"C".
By (3), we have cov(C8) = 02C(X'X ) C'.
Due to that C8 is a linear function of y, (ii) is proved.
(iii) By part (i), cov(CB) = 02C(X'X)~C". Since
FlCX'X) CT e X'X) C'Jo* =1,
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the result is followed.

(iv) Exercise. (v) Exercise. [

Theorem 4.2 Lety be N,(X3,0°I), where X isnxp of rank
kE<p<mn, and let C, C3, and B be defined as in theorem
4.1. Then if Hy: C3 =0 1is true, the statistic

7o SSH/m
~ SSE/(n—k)
_ (CRY[C(X'X) CH(CB)/m
SSE/(n —k)

is distributed as F(m,n — k).

PROOF: Exercise. []

5 Reparameterization

In reparameterization, we transform the non-full-rank model y =
X3+ ¢, where X isn x p of rank £ < p < n, to the full-rank-
model y = Z~y+¢€, where Z isnxn x k of rank k and v = U3 is
a set of k£ independent estimable functions of 3. Thus, Zv = X 3,

and we write

Z~y=7ZUpB =X},
where X = ZU. Since UU' is nonsingular (rank(UU") = k),

we have

ZUU' = XU,
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and
Z = XU'(Uu) .
Now Z is a full-column rank matrix (rank(Z) > rank(X) = k),
and the results for the full-rank model can then be applied here.
Hence, we have (the least square estimators)
Y=(2'2)"'Zy,
1 SSE
2 AN/ A
=y -2y (y-2Zy)= —
Since Zv = X3,

Zy=XB,
and therefore
SSE =(y - XB)(y - XB) = (y — Z%)(y - Z7).
Also, for any estimable function X'3, we have
NB=ad'XB=dZ~,

hence,

—_—

NGB =dZ¥.
i.c., the estimator of X’'@ is invariant to the reparameterization.

Example 5.1 We illustrate the reparameterization technique

or the model v;; = u+ 7 +¢€:,0 = 1,2,7 = 1,2. In matriz
f Yij = W js 2,5 =1,
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form, the model 1s

(11 0) (en)

110 H €12
y=XB+e= T T+ :
1 01 €921
T2
\“/

\101}

Since X has rank 2, there exist two linearly independent es-
timable functions. We can choose these in many ways, one of

which s p+ 11 and p+ taus. Thus

7!
Y1 n+ T 110

y={")= - n | =UB.
V2 1+ To 101

T2
1 0)
10

01]
Ry
It is easy to verify that Z~v = X3 and ZU = X.

6 Side Conditions

The technique of imposing side conditions provides (linear) con-
straints on a non-full-rank model such that the parameters unique
and individually estimable. Another use for side conditions is to

impose constraints on the estimates so as to simplify the normal
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equations. Note that the side conditions must be nonestimable
functions of 3.

The matrix X is n X p of rank k& < p. Hence the deficiency
in the rank of X is p — k. In order for all the parameters to be
unique, we must define side conditions that make up this deficiency
in rank. Accordingly, we define side conditions T'3 = 0, where T'
is a (p — k) X p matrix of rank p — k such that T3 is a set of

nonestimable functions.

Theorem 6.1 If y = X3 + €, where X s n X p of rank
k<p<mn,and if T is a (p — k) X p matrix of rank p — k
such that T3 s a set of nonestimable functions, then there
us a unique vector 3 that satisfies both X' X8 = X'y and
T3 = 0.

PrOOF: Combine the two equations, we have

yy (X €
(1)) ()
x\ [x). |
Thus,( ) ( >1sp><pof rank p (nonsingular), and we have
X\ (X (x\ (v
-i(z) () () ()
_ (X’X+T'T)_1X’y.
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Example 6.1 Consider the model y;; = p+7i+ej, 1 =1,2,5 =
1,2. It can be shown that the function T + 15 is not estimable.
The side condition T1+71 = 0 can be expressed as (0,1,1)3 =0,
and X' X +T'T becomes

42 2 0 42 2
X'X+TT=[220+]1 (011)= 231
2 0 2 1 213
Then
2 —1 —1
(X’X+T’T)_1:£ -1 2 0
-1 0 2

With X'y = (y.. y1., y2.), we obtain
B=(X'X+TT) ' X'y
— 371. - 37 )

Yo. — Y.
since Y1 + Yo = y.. and ¥;. = ;. /2.

7 Full and Reduced Model Test

Suppose we are interested in testing Hy : f; = --- = [, in the
non-full-rank model y = X3 + €, where B is p x 1 and X is
n X p of rank k < p < n. If Hy is testable, we can find a set of
linearly independent estimable functions X}3, - -+ , A;3 such that
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Hy is equivalent to

i1e; 0
G 0
It is also possible to find
AP
Yo = :
B

such that & functions A3, - -+, A} are linearly independent and
estimable, where k = rank(X). Let

()

We can now reparameterize from the non-full-rank model to the

full rank model
Yy=24vy+e=2Z1v +Zryy; +¢,

where Z = (Z1, Z,) is partitioned to conform with the number of
elements in v, and ~ys.

Since y = Z~y+€ is a full-rank model, the hypothesis Hy : v, =
0 can be tested as in the full-rank model. The test is outlined in
table 1. Note that the degrees of freedom, t, for SS(vq|vs) is
the number of linearly independent estimable functions required

to express H.
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Table 1: ANOVA for testing Hy : v; = 0 in reparameterized balanced models

Source of Variation d.f. Sum of Squares F-Statistic
. ~ N SS t

Due to -, adjusted for v, t SS(v1lv2) = Z'y — 44 Z4y %

Error n—k SSE =vy'y—~4'Z'y

Total n—1 SST = y'y — ny?

Table 2: ANOVA for testing Hy : v; = 0 in reparameterized balanced models

Source of Variation d.f. Sum of Squares F-Statistic
Due to 3, adjusted for 3, t SS(B118s) = B/X’y - B;X’Qy %
Error n—k SSE:y’y—B/X’y

Total n—1 SST = y'y — ng?

Sine in the reparameterization model, we have X B = Z7, we
have
BX'y=+42y,
where B is any solution to the normal equation X'X ,3 = X'y.

Similarly, corresponding to y = Zyv5 + €*, we have a reduced

model y = X 13, + € obtained by setting ) = --- = ;. Then
Bz Y =3 Zsy.
The test can then be expressed as in Table 2, in which B/X 'y is
obtained from the full model y = X3+ € and B;X Ly is obtained

from the model y = X3, + €, which has been reduced by the
hypothesis Hy : 81 = --- = f3,.
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8 One Way analysis of Variance: Balanced Case

8.1 The one-way model
The one-way balanced model can be expressed as follows:
ij::u—i_Oéz—i_EZja i:1727"°7k7 j:1727”'7n" (4)

If aq,- -,y represent the effects of k£ treatments, each of which
is applied to n experimental units, then y;; is the response of the
7th observation among the n units that receive the ith treatment.

The assumptions for the model are
(1) E(ei;) = 0 for all 4, 7.
(2) var(e;;) = o for all 4, 5.
(3) cov(eij, €r5) = 0 for all (¢,7) # (r, s).
We sometimes have the distribution assumption that
(4) €;; is distributed as N (0, o?).

In this model, we often use p; to denote the mean for the ith
treatment, i.e., E(y;;) = pi, using assumption (1), we have p; =

1+ ;. We can thus write the model in the form
ylj:/“LZ+€Zj7 i:1727"'7k7 j:1727'”7n°

In this form of the model, the hypothesis Hy : pt1 = o = -+ - = s

1s of interest.
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8.2 Estimation of parameters

Extending (4) to a general k and n, the one-way model can be

written in matrix form as

(yl\ (jj(_)'--

004 ---
o R R

) L)1) e

(1) e

aq

[anR (an)
——

€2

or

y=XB+e
where 7 and 0 are each of size n X 1, and y, and €; are defined as
(yz'l\ (62'1\
Yi2 €2
Y, = ) y €= ) .
Thus, the normal equation X'X B = X'y takes the form

n nO-- 0 a

n 0n--- 0 al=1wy |,

where y = le yij and y; = Z]’ Yij-
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A generalized inverse of X'X is given by

(0 0 --- 0\

(X/X)_: 0 1/.72 O | (5)

\0 0 - 1/n)
Then a solution to the normal equation is obtained as
[0
B—(x'x)xy-|"].
\?]k;. )

The estimators in (6) are different for different (X'X)~, but they

(6)

give the same estimates of estimable functions, since X,B is invari-
ant to the choice of B

Using B in (6), we can express SSE in the following form:

SSE =y'(I - X(X'X) X')y

=yy— B X'y
k' n k

=> D> =D vy
i=1 j=1 i=1

2 v
Thus, s* (E(s?) = ¢?) is given by

2 1 2 22
S = m[zyij — Z%]



8.3 Testing the hypothesis Hy: g = pio = -+ = g

Using the relationship pu; = p+a;, the hypothesis can be expressed
as Hy : a1 = ag = - -+ = ., which is testable because it can be
written in terms of k£ — 1 linearly independent estimable contrasts,
for example, Hy: a1 —as =1 —ag=---=a; — a; = 0.

For simplicity, we illustrate the testing procedure with k = 4.
In this case, B8 = (u, a1, ag, ao, ag)” and the hypothesis is Hy :
a1 = a9 = a3 = ay. Using three linearly independent estimable

contrasts, the hypothesis can be written in the form

a1 — Q9 0
Hy: lai—a3| =101,
] — Oy 0

which can be expressed as Hy : C3 = 0, where

01 -1 0 0
C=|010 -1 0 |. (7)
01 0 0 —1

The matrix C' in (7) is not unique, for example,

01 -1 0 O
Co=100 1 -1 0
00 0 1 -1
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Using C in (7) and (X'X)~ in (5), we have

211
1
C’(X’X)_C’:ﬁ 121]. (8)
112

To find the inverse of (8), we write it in the form

. 100 111 .
CX'X) C'=—{[010[+]|111]|}="(Ts+3as}).
001 111
By the formula:
B led B!
B+CC/_1:B_1_ :
( ) B
we have
I;'5.5515" 1
C(X'X) C) " =n(I;— 3939373y r— 2 g5), (9)
L+73315775 4
where J3 18 3 x 3.
In addition, we have
j/ _j/ O/ O/
1 n n = = 1
CX'X)X'=—1j, 0 —j, U [=-4 (10

i 00 g,

where 7/ and (0" are 1 X n.
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Using (9) and (10), we have
SSH = (CB)[Cc(X'X)"C''Cp
-y X(X'X)ClC(X'X)CI''C(X'X) X'y
'[lA'n(zg - iJg)lA]y
i

AA——AJA
[n 4n k ]

(30, —d, —J, —J,)
1 \-J, 3J, —J, —

4n —-J, —-J, 3J, —J,
\—Jn —-J, —J,, 3J,

=y Bly
Note that
(17, 0 O O) (7, 7, J, J,)
1o 41, 0 O I I S S
m” n|lo o0 41, O| 4nl|Jg, J,J, J,
\0 O O 4Jn) \Jn Ju Ju Ju)

Hence, we have

1

4
1
§ YiJnY; in YJuny

|
== Z Vg — YT y

:_Zyz ——y
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Table 3: Ascorbic Acid (mg/100g) for three packaging methods
A B C
14.29 20.06 20.04
19.10  20.64  26.23
19.09 18.00 22.74
16.25 19.56 24.04
15.09  19.47  23.37
16.61 19.07  25.02
19.63  18.38  23.27
Totals (1;) 120.06 135.18 164.71
Means (g;.) 17.15  19.31  23.53

Example 8.1 (Ascorbic Acid) Three methods (A-C) of pack-
aging frozen foods were compared by Daniel (1974, p.196). The
response variable was ascorbic acid. The data are given in the
table 8.1.

To test the hypothesis Hy : 11 = s = u3, we calculate

2 419.952
J. _ — 8398.0001
kn (3)(7)
1< 1
2 2 2 2
- 2 _ 21120.06% + 135.18% + 164.71%] = 8545.3457
3 7
D)y =8600.3127
i=1 j=1

The sums of squares for the treatments, error, and total are
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Table 4: Analysis of Variance for the Ascorbic Acid Data

Source  d.f. Sum of Squares Mean Square F
Method 2 147.3456 73.6728 24.1256
Error 18 54.9670 3.9537

Total 20 202.312

then

2

3
1 Y
SSH = - 2 2 — 8545.3457 — 8398.0001 = 147.3456

Z Yi. 21 )

SSE = Z i — = Z y? = 8600.3127 — 8545.3457 = 54.9670

SST = Z - y—l 8600.3127 — 8398.0001 = 202.3126

These sums of squares can be used to obtain an F-test, as
shown in table 8.1. The p-value for F' = 24.1256 is 8.07 x 107°.
Thus, we reject Hy : 1 = o = 3.

8.4 Hypothesis test for a contrast

In exercises, we have shown that for the one-way balanced model,
contrasts in a’s are estimable, that is ) . ¢;oy is estimable if and

only if > . ¢; = 0. Since

k k k k
ZCz‘Mz':ZCz 1+ o) MZCi+ZCiai:ZCiaia
i=1 i=1 i=1

1=1 1=1

the contrast ) . ¢;ay is equivalent to ) . c;p;.
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A hypothesis of interest is
k k

HO:ZCZ-&Z-:O or HO:Zci,LLi:O,

which represents a comparison of means if ) . ¢; = 0. For example,

Hy: 3py — pg — p3 — g =0

can be written as

1
Hy:py = g(m + 3 + ),

which compares p; with the average of po, ps and pug.

The hypothesis can be expressed as Hy : €3 = 0, where

c = (0,cq, -+ ,¢c1) and B = (p,aq, -+, ). Assuming y is

Nin(X B,0°I), Hy can be tested using the following F statistic:
(€B)[¢(X'X) | !B
SSE/k(n—1)

__ (eBp

s2c(X'X)~c

o cm)

23/
where s2 = SSE/k(n — 1) and (X'X)™ and B are given by (5)
and (6).

F:

9 Two-Way Analysis of Variance: Balanced Case

Suppose we have the additive (no-interaction) model

ij:M+Oéz+5j+€Zj) 7::17"'7&7 ]Zlaab
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This model is two-factor design with balanced data. Factor A (for

«) has a levels. Factor B (for 8) has b levels. Only one observation

y;; in each (4, 7) cell.

In matrix form, the model can be written as

y=X0+e,

where y = (ylla"' y Y1by Y215 5 Y205 7 5 Yaly * ayab)/;
/6: (/J,Oél,"' 704a7617"' 761))7

€ = (6117 T, €1, €21, €2y €l 7€ab>7 and
(,u v g s P Pao-e 55\
1 1 0 0 1 0 0
1 1 0 0 0 1 0
1 1 0 0 0 0 1
1 0 1 0 1 0 0
1 0 1 0 0 1 0

X:

1 0 1 0 0 0 1
1 0 0 1 1 0 0
1 0 O 1 0 1 0
\1 0 0 1 0 0 1)
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It is not easy to find a generalized inverse (X'X ). Instead, we

can impose two side conditions Y7 | o; = 0 and 2221 B; =0 to

solve the normal equation: X'X ,3 = X'y.

\a11---100---

(abM‘FbZi i t+a),; 5;’\ ( abp \
b(p+ar) + 32, B; b(p + a)
X'X3= b(p+ ) + 32 B b(p + o)
a(p+ Br) + 3 i a(p+ B1)
\ alp+B) +3 0 ) \alp+ 56)}
X’y = (y..,yL, oy Yas Yy ,y.b)/

So the solution are:

A
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where
f=uy./(ab) =7,
o=y /b—p=y. -y, i=1--,a
Bi=yjla—fp=y;—9, ,j=1--b
We now proceed to obtain the test for Hy : a1 = -+ = a
following the outline in table 2. The hypothesis Hy : a1 = an = a3
can be expressed as Hy : o — ay = 0 and a3 — a3 = 0. Thus
Hj is testable if a; — aw and a1 — a3 are estimable. Since each
expectation of observation E(y;;) = p + a; + 3; is estimable, and
any linear combination of (p+ a; + B;)’s is estimable, a; — a9 and
a1 —ag are both estimable. (a1 —ay = (u+ay+61)— (p+as+51))
First, we calculate
(4.)
Y1.

A

SS(M,CY,&):BX/y:(/l,&l,"',&G,Bl,"',ﬂby Ya.
Y
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since Y,y = y. and Yy =y..

The error sum of squares SSE is given by

2 a2 2 b

o/ Y Yi. Y. Y.
y@—ﬁX@=§yﬂh3—( 3—%%%§ﬁ
ij '

a :
1=1 7=1

To obtain B;X Ly in table 2, we use the reduced model y;; =
p+a+ B +e€; = p+ B+ €j, where o = ap = a3 = o and
1t + a is replaced by p. The normal equations X5 X8, = Xy

for the reduced model are
abji+ ap +abr =y,
aji+af =y,
aji+afy = y..
Using the side condition Bl + Bg = (0, the solution to the reduced
normal equations is easily obtained as
=9, Bi=y1—0., . B=ys—7.

Thus, we have

2 b 2 2
3 fot ) 2 Y Y oy
SS(u, B) = ﬁzXlzy = [y +Lyat By = a_'[ﬁ'(Z Zj_a_“)'
J=1
Al / ~/ / a yZQ ,y2

i=1
The test is summarized in table 5. The test statistic for Hy : 5 =

.-+ = [ can be obtained similarly.
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Table 5: ANOVA for two-way models

Source of Variation d.f. Sum of Squares F-Statistic
Due to a adjusted for p and 3 a—1 SS(alp, B) =71, %2' - Z—z F = %’%
Due to 8 adjusted for 1 and b1 SS(Blma) =Y, L~ By = 55000/0-1
Error (a—1)(b—1) SSE =y'y— B X'y

Total ab—1 SST =355 — ‘Z—i
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