Multivariate Normal Distribution

Two reasons for the practical use of the normal distributions:
1. a bona fide population model
2. sampling distribution (central-limit effect)

Univariate case
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p-dimensional normal distribution:

¥: positive definite X ~!: positive definite
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Result: Constant-density contour of f(z)
ellipsoids: (7 — @1)'S~H(Z — i) = ¢
center: fi

axes: cy/Arer, e/ Asgea, ..., ey /Ae,

Properties: Given that X ~ N,(fi,%), and X is positive definite.
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The conditional distribution of X 1, given that X, = T, is normal with mean i+ X155y ((x)g—
jio) and covariance matrix X1; — Y19X55 Yoy

5 (X —@)S X —fi) ~ X; (Chi-square distribution with p degrees of freedom)
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X>(a) is the upper 100a percentile of the x2 distribution
Estimation

Suppose )?1, )?2, e, X, is a random sample from N, (ji,X)

Multivariate normal likelihood:
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Maximum Likelihood Estimator and Estimate
f=XandS =1y (X, - X)(X; - X) =18

7 and 3 = LY (F - z) (% — 7)) =228
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Remark. X and S are sufficient statistics

Sampling distributions
1. X ~ Ny(p, =%)

2. (n —1)S ~ Wishart random matrix with n — 1 degrees of freedom.



3. X and S are independent.

Large Samples
Xy, Xs,...,X,, ~, distribution with mean p and covariance matrix X
X and S sample mean and sample variance-covariance matrix

LLN: (Law of Large Number)
X — ji, and S — ¥ in probability when n — 400

CLT: (Central Limit Theorem)

when n — +o00

Checking for multivariate normality

Univariate normality

Q-Q plot:

1. Order the original observations to get z(1), (), .-, T(), and their corresponding proba-
bilities values (1 —1/2)/n,(2—-1/2)/n,...,(n —1/2)/n.

2. Calculate the standard normal quantiles g1y, q(2), - - -, q(n)-

3. Plot the pairs of observations (g, zq)),- -, (¢mn), ©(n)) and examine the straightness of

the outcome.

Bivariate Normality

make scatter plot and look for an elliptical scatter



General Normality
Chi-square Plot:

1. Calculate the squared generalized distances ( or the Mahalanobis distances):

where : =1,2,....n
2. Order the distances from smallest to largest as d%l) < d%z) <. <L d%n).
3. Graph the pairs (g, ((i—1/2)/n), df;)), where g.,((i—1/2)/n) is the 100(i-1/2) /n quantile

of the chi-square distribution with p degrees of freedom.

Transformations to Near Normality

Special cases:

Original Scale Transformed scale

1. Counts, y VY )
2. Proportions, p  logit(p) = %logl%}

3. Correlations, r, Fisher’sZ(r) = 3log

1+7r
1—r

General power transformations:
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where
70 = 13,0
n<
Apply power transformation to each element of x = (21, s, ..., 2,).



