Inferences about Mean Vectors

Univariate Case:

Xl; X2> (RS Xn ~ N]_(/,L,O'Z)
Hypothesis testing

Hoill:lloandHli,U?éHo
X,s=t=

S/\f

Under Hj :, t follows the student’s ¢-distribution with n — 1 degrees of freedom
Decision rule: reject Hy, if | t |> t,,—1(/2)

which is equivalent to: don’t reject Hy, if | t [< t,-1(a/2)

4] taoy(a)2) % < t(er/2)
<:>X—t(a/2)% 1o <X+t(a/2)%
Decision rule based on [X —t(a/2) 7=, X + t(a/2) =]

Don'’t reject Hy, if o € [X — t(a/2) 5 X + t(a/2) 5]

Confidence Interval:
Random interval: [X — t(a/2) X + t(a/2) —], denoted by 1.

The probability that I does contain the true population mean:

P[I contains the true mean)]

= P[X — t(a/2) <M0§X—f—t e is true]

(04/2)% |

-

—_



| X —u
= Pl—

[ s/\/n
Hence the Confidence level is 100(1 — )%

< t(a/2) | pis true] =1 — a.

Questions:
What does the confidence level mean? If you are given with a confidence interval [170, 180]
with confidence level 95%, can you say that the probability that the interval contains the

true mean is 95%7? How to construct a confidence interval with a given confidence level?

Multivariate Case

Hoiﬁ:ﬁoandHliﬁ#%

Recall the univariate case:

: X
Reject Hy, when t = |s/—\/“—7f| > t(a/2)

s?= <)§/:/’%°>2 > 2(ar/2)

&t =n((X) = no)(s*) (X — o) > t*(a/2)

By analogy, generalize to multivariate case:

(Hotelling’s T statistic)

Under H,, what is the distribution of 72:



Decision rules at significance level a:

Reject Hy, if T? = n(X — 4ip)(S) " M(X — mp) > =2

(n—p)

Likelihood Ratio Test

Hy: fi= o and Hy : fi # o
)?1, )?2, cee )?n is a random sample (sample). The likelihood function is:
| joint density of
Ly, 2) = { X1, X, ..., X0 }

MLEs:

The maximum likelihood is:

A

L(, X)) = max L(p, 33) = (2m)~"P/2em0/2 | 3 |71/
i,

Now under Hy: pg is fixed

Ho = fho

ZS0 = 52?21()@ - Mo)(fz’ - MO)'

and the maximum likelihood is

L(fio, o) = max L(po, ) = (2m) "2 7#/2 | 5 [~/
NO?
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Clearly L(to, %) < L(fi,%). So how different are they? The ratio between them is called
the likelihood ratio
L(:d07 zi0)

~

L(p, %)

3 _n A n/2
5 /2:<\z\)
[ X2 [ X |

A2/™ ig called the Wilk’s lambda statistic. The decision rule is

Reject Hy, if A < ¢,

Results:

Decision rule:

Reject Hy, if A < ¢,

T2
S AN <o, e (14

-1 2/n
< (Ca
T < (e

2

1+ > (ca) ™™ & T? > (n—1)[(ca) " = 1]

n—1
ST > ¢

Conclusion: Hotelling’s T? test is euqivalent to likelihood ratio test.

Confidence Regions

100(1 — «)% confidence region R(X):
P[R(X) will cover the true parameter §] =1 — «
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Recall: under Hy : = g

T? = n(X — po)'S (X — po) ~ wF

n P p,n—p
Now, define
RO = frsn(x =057 (X —) < C20E (@)
R(X) covers the true mean p is equivalent to
(X — s (X - < B Pp ()

Since

- - -1
Pln(X — p)'S X —p) < %Fp,n_l(a) | @ is the true mean] =1 — «

R(X) is a 100(1 — )% confindence interval for p.

Simultaneous Confidence Intervals

—

ﬁ: (M17u27"'a,u'p)a X' = (X15X27"'aXp)

Confindence interval for o'y = ayptq + agpio + ...+ appty. Let 7 = a1 Xy +aeXo + ...+ a,X,.
pz = a'p, 0% = a'Sa, and Z ~ Ny(a'p,a'Sa). The sample mean and sample variance for Z

are Z = a'X and S% = a'Sa. And,

_Z—pg _ (a'X1—d'p)

B Sz/v/n B va'Sa

For a specific vector a, the 100(1 — «)% cofindence interval for o'y is given as follows,

t

dX —ty 1()2) Vf‘/'ﬁsa << dX —t, 1(a)2) ”\“/'7*_?“

n(a'X —d'p)®  n(d(X —p)’
a'Sa N a'Sa

s {dp:t*= <ty i(a/2)



In order to make the confidence statement for all possible a'u, we need to determine ¢ such
that
1 — a = P[for all a,t*> < ¢?]

n(a' (X —p)® _ ,
[for all a, % <7
P EE =) _ 5
= — L
[mc?, x a'Sa <]
We have the following result
n(a'(X — ) v va(w 2
P (X — X —u)=T
max s n( w)'S( m)

: 2 ., (n=1)p
Since T ~ " Fynp,

(n—1)p

l—a=PI*<d=c=
-p

pn—p(Qt)

Hence simultaneouse confidence interval for all a is given by

n(a'X — a'p)? - (n—1)p
a'Sa ~ n—p

_ —1 ! _ -1 !
—adX— UFpn,p\/asaga'uﬁa'XvL qunip\/aSa
n—p T n n—p T yn

Result: Let X;, Xo, ..., X, be a random sample from N,(u, ¥) population with ¥ positive

pin—p(Ct)

definite. Then, simultaneously for all a, the above intervals will contain a'p with probability

1—o.

Bonferroni Method for Multiple Comparison

One-at-a-time intervals for py, pa, ..., fm:

Xi = taoa(@/2)y/ 2 < < Ko+ o (a/2) /2

n
_ 5 _ s
Xy — th1(a/2) % < pg < Xo +tp-1(a/2) %



— [ Smm S Smm,
Xm - tn_l(a/2) T S M1 S Xm +tn_1(a/2) —

n

But, the statement that all the ¢ intervals contain the u;’s do not the confidence level 1 — a.
In fact,

PJall ¢ intervals contain the p;’s | <1 —«

Bonferroni Inequality:
Suppose P[C; is true] =1 — a4, i =1,2,...,m, then
Plall C; are true] > 1 — Y P[C;isfalse] =1 — (q + aa + ...+ )
i=1
If g + g+ ...+ ap = «, Plall Cj’s are true] > 1 — a.

Bonferroni Intervals for pq, ..., fim:

Xitto1(a/2m) /2 i=1,2,....m
n

So that

P[X; £ tn_l(a/2m)\/% contain y;, for all i) > 1 — «
Similarly, for any given m vectors, @y, ds, . . . , @,,, we can contruct the Bonferroni confidence
intervals for @;ji where i =1,2,...,m.

Large Sample Inference

The population model is not assumed to be normal. When the sample size is large,

n(X — p)'S HX — p) ~ XZ approximately

So,

Pln(X — p)'S™(X — p) < x3()] = 1 — a approximately

Hypothsis testing:



Hy:p=poand Hy : p# po

Decision rule:

Reject Hy if n(X — p)'S™H(X — 1) > x2(e)

Simultaneous confidence interval for all a'pu:

_ 'Sa
'X £ /2a)] 2
a xa(a) "

Inferences with Missing Observations

missing by random mechanisim

EM algorithm:

Step 1 (Prediction step):

Given some estimate 6 of the unknown parameters, predict the contribution of any missing
observation to the complete-data sufficient statistics.

Step 2 (Estimation step):

Use the predicted sufficient statistics to compute a revised estimate of the parameters



