Comparisons of Several Multivariate Means

Paired Comparisons:

There are two scenarios in which paired comparison should be applied. 1). Same exper-
imental units are measured before and after treatment. 2). Two different treatments are
randomly assigned to each pair of identical or similar experimental units.

Original Data:

treatment 1 treatment 2
units T1,%2,-..,Tp T1,%2,...,Tp
1 T111, 112, - -5 T11p  T211,T212,---,T21p
2 Z121,%122,---,%12p L221,T222,---,TL22p
n Tinl, Tin2y - - - Tinp T2n1, Txn2;-- -, Lonp
Working Data:
units 1 2 e P
1 Dy = 2111 — 2o11 D12 = Z112 — T212 - .. Dlp = T11p — T21p
Doi = z191 — To21 Doz = T122 — T2 ... sz = T12p — T22p
n Dnl = T1inl — T2n1 DnZ = T1n2 — T2n2 - -- an = Tinp — Tonp
Let
D; = (Dﬂ,Dm, .. aDip)
Assuptions:
1.
o1
Op
2. D1, D, ..., D, is a random sample from a multivariate normal distribution.
Inferences about ¢:
_ 1M S
n ‘:

=1

—_



Sp=— Z(ﬁi — D)(D; — DY
7 = (D - 0)(5) (D - 6) ~ B,

Hypothesis testing:

H025:(50V.SH12675(50
Reject Hy, if T? = n(d — 8o)'(Sq) "1 (d — &) > “L2F . (a)

n—=p

100(1 — )% confidence region:

(6 n((d) = oy(S) " (d-0) < P VPR )

n—p

Simultaneous confindence intervals for d1, 02, ..., 0,

;i d; £ %Fp,n_p(a) (Sa)ii

n

We can also contruct simultaneous confindence intervals for a'd. And the Bonferroni 100(1 —

a)% simultaneous confidence intervals for 4y, ds, ..., 0, are:

(SZ'C CL + tn—l(%)\/ %

Repeated measures

Design: Same experimental units with more than two treatments (measurements).

Data: )
units treatment 1 treatment 2 --. treatment q
1 X11 X12 .. qu
2 X21 X22 .. ng
n an an e an
Let

X' = (X1, Xs,...,X,)

E(XI) = (/’Llalj’?; .- 'nuq)



Various types of Differences:

1.
M1 — 2 1 =1 0 0 H1
H1— 3 1 0 -1 0 H2
: = = Cip
H = Hg Lol 17\
2.
M2 — M -1 1 0 --- 0 0 H1
M3 — U2 0 -1 1 --- 0 0 M2
: - : Do Co : = Cop
g — g1 o 0 0 - -1 1 Hq

C: and )y are called contrast matrices. Let C' be any contrast matrix.

Inference about C'u:

X = % ?:1 Xj, S = ﬁZ?ﬂ(Xj - X)(Xj - X)’
Hypothesis testing:
Hy:Cu=0vs. H :Cu#0

Rejesct Hy, if T% = n(CX — 0)(CSC")"{(CX —0) > el p  .i(a)

n—gq+1
Confidence region:

{Cn:n(eX —cpycseyiox —op < LD p )

n—q+1
Simultaneous confidence intervals:
du: @X + \/(";l)éizl)Fq—l,n—qul(Oé) *’56

Comparing Two Independent Samples

Assumtions:



1. )?11, .. .,lez random sample from p variate population with mean u; and variance
matrix ;.

2. le, .. .,Xgm: random sample from p variate population with mean u; and variance
matrix Y.

3. These two samples are independent of each other.

Further assumptions:

1. Both populations are multivariate normal.

2. 31 =3,

Summary statistics: X, Si; Xs, Ss Pooled variance matrix:

(’le — 1)51 + (’I’Lg — 1)52
ny+no —2

Spool =

Estimation:

estimate for M1 — M2 Xl — XQ

_ _ 1 1
Cov(Xy — Xo)=(—+ )X
ov(X; 2) (nl + ng)
, R
estimate for Cov(X; — Xs) : (— + —)Spoul
1 Ty

Hypothesis testing:

HO:,ul—,u2=50v.s. Hli,ul—/,tz#do

Reject Hy if
1 1
T? = (21 — To — 60)'[(— + —)Spoot] " (ZT1 — Ta — &) > ¢
nqi N9

where

2 (n1 +no —2)p

a (n1 +ne—p— 1) p,n1+nrp,1(a)

Simultaneous confidence intervals for a'(u; — po):

_ _ 1 1
a'(X1 - XQ) + c\/a’(— + —)Spoola

U3 na



Bonferroni confidence intervals for a}(u; — po), - - ., al, (u1 — po)

= — a 1 1
a;(Xl - X2) + tn1+n2—2(%)\/a§(_ + n_)Spoolai

when ¥y #£ ¥o:
Let n; — p and ny — p be large. Then an approximate 100(1 — a)% confidence ellipsoid for
[1 — po is given by all py — po satifying

%= Ko = (= )1+ oS0 K = Ko = (= )] < X300

Simultaneous confidence interval for a’(u; — p2)

U —~— [, 1 1
a (Xl - XQ) + Xf,(a)\/a (n—lsl + n—252)a

One-Way MANOVA

Data and Assumptions:

Population 1: )211, X127 cee Xlnl
Population 2: Xgl, XQQ, cee X2n2
Population g: Xgl, )292, ceey X'gng
1.)211, )212, .. ,Xlnlz random sample ~ population with mean y; and covariance matrix %

2. Samples are indenpendent.
3. All populations have a common covariance matrix .
4. Each population is multivariate normal
Univariate case:
Model:
Xij = p+7+e;

with the constraint: >} ; nym =0

Hypotheses:



Hy:mm=m=---=17,=0v.s Hy :not all of them equal to 0

Estimation equation:

z; =T+ (5 — )+ (z; — Ty)
Variation decomposition:

i iy — 1) = Sim(m—-1)? 4+ X (v — )
(SStot) (SStr) (SSres)

ANOVA Table:

Source of Variation Sum of Squares Degree of Freedom

Treatment SStr g—1
Residual SSres Yiim—g
Total SStot Z‘?:l n —1
F-test for Hy:
Reject Hy if
o SSu/lg—1)

- F
SSres/ (>, n — 1) > g—1,2n,_g(a)
Multivariate Case (MANOVA):
Model:

Xij = p+m+e;

with the constraint: 7 _; ny7 = 0.
Estimation equation:

—

Ty =T+ (T — )+ (z; — T)

Variace matrix decompsition:

g9 n 9 9 n
Z Z(xlj — .’f‘)(.’L‘lj — .’E)I = an(.’fl — .’E)(J_?l — ii')l + Z Z(J)lj - a_cl)(xlj — .’Z‘l)l
=1 j=1 =1 =1 j=1
= Bggp + Wgsp
Hypotheis:
Hy: m=m=...=71,=0v.s. Hy:Not all of them are equal to 0’s

6



MANOVA Table:

Source of Variation Sum of Squares Degree of Freedom

Trez.itment Bggp g—1
Residual Wgsgp Y=g
Total B+W S am—1
Let Aq,..., A\ be the eigenvalues of W™'B, and we have the following test statistics for one-
way MANOVA:
1. Wilks’ Lambda:
SN |
A =
l:l_Il 14+ X
2. Pillai-Bartlett trace:
S )\l

3. Roy’s greatese root:

4. Hotelling-Lawley trace:

where s = min(g — 1, p). Note that: 1). When s = 1, all these tests are equivalent, i.e., they
give the same p-value. 2). Wilk’s Lambda test is based on the likelihood ratio test. 3). The
null distributions of these test statistics are complicated but programmed into most good
statistical packages such as splus and sas. 4). No one test dominates the other. Which is
the best depends on the nature of the differences expected.

Pairwise comparison (Bonferroni approach):

We need to construct simultaneous confindence intervals for 7; — 7; where 1 < k.1 < g,
1 <i<pand!# k. The total number of pairs is m = pg(g—1)/2. Based on the estimation

equation, the estimats for 7; and 7; are

i = (Tr); — (%); and 7 = (T;); — (T)s



So the estimate for 7,; — 73; is

~

Tki — Tii = (xk)z - (xl)z
And the variance of the above estimate is

1 1
Val"(f']m' — 7A'lz) = Va,r(:ik)i + Var(il),- = (’I”L_k + n—l)O'm

Recall X is the population covariance matrix. The estimate for X is

w
n—g

3=

Hence ¢j; = Tz”_ig where w;; is the ¢ x ¢ diagonal entry of W. We have:

N . 1 1. wy
V&I‘(’f’ki — le’) = (— —+ — "
Nk nn—g

where n = Y74 n,. The Bonferroni confindence interval for 74; — 7; is

_ _ 0" w1 1
Tri — T4 + tng(%)\/n _”g(n_k + TL_l)

Two-Way MANOVA

Two factors:
Factor 1: g levels; Factor 2: b levels

Model:

Xlkr=ﬂ+7'l+5k+’nk+elkr
l=1,2,....,9;k=1,2,....b;r=1,2,...,n
with constraints:
S>u=> 6= =2 =0
] k

Clkr ~~ Np(O, Z)



Estimation equation:

Tpr =T+ (T — Z) + (T + (T — Tp. — T + T) + (Tier — Tix,)

Sample covariance matrix decomposition (SSP decomposition)

((SSPtot) Xk (T — Z) (Tir — )’ gbn — 1
(SSPpac 1) = X bn(z,. — 7) (7. — T) g—1
(SSPrye9) =i gn(Ts —2)(Ts — T)' b—1

(SSP ) = El El TL(J_?lk — X — T+ .T)(.flk — X — T+ .T)I (g — 1)(b — 1)
(SSPr651) =30 2k 2r (Tikr — Tuw) (Tier — Zir.)' gb(n —1)

where

gn—1=(g—1)+Ob—-1)+(¢g—1)(b—1)+gb(n —1)

Two-way MANOVA Table:

Source of Variation Sum of Squares Degree of Freedom

Factor 1 SSP g—1

Factor 2 SSPEE % b—1
Interaction SSPint (g—1)(b—1)
Residual SSPreS gb(n - 1)
Total SSP¢ot gbn — 1

Wilks’ test statistics:

For interaction:

A | SSPres|
| SSP;y ¢ + SSPres |
For Factor 1:
A — | SSPres |
| SSPg,. 1 + SSPres |
For Factor 2:
e

| SSPfac2 + SSPreS |
Other test statistics include Pillai-Bartlett trace, Roy’s greatest root, and Lawley-Hotelling

trace, etc.



