Canonical Correlation Analysis

Goal:

Identify and quantify the association between two sets of variables.

Examples
1. aptitude variables achievement variables
2. personality variables ability measures
3. price indices production indices
4. psychological attributes physiological attributes
Ideas

Consider the correlations between the linear combinations of the variables in the first set
and the linear combinations of the variables in the second set.
Suppose there are p variables in the first set, denoted by X); ¢ variables in the second set

denoted by X . And we assume
X Y1 X2
Cov ( xX@ | = ( Y1 Mo )
The covariance between X and X® is represented by 215 which involves p X ¢ parameters.
Canonical correlation analysis is to summarize the associations between the X®) and X®

sets in terms of a few carefully chosen covariances (correlations) rather than the pg covari-

ances in Xjs.

Definition
Let U = ¢’X™ and V = ¥’X®, the canonical variables and canonical correlations are de-
fined as follows:

First pair: U; = af XM, Vi = b, X @

Var(Ul) = a'IEHal =1
Var(Vl) = b&ZQle =1
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Second pair: Uy = ahb XM, Vo = b, X

Corr(Us, V3) = max Corr(U, V)
Var(Uz) = Var(Vz) =

Cov(Us, Uy) = Cov(Uz, V1) =0

Cov(Vz,Uy) = Cov(Vz, V1) =0

kth pair: Uy and V}, having unit variances which maximize the correlation among all choices

uncorrelated with the previous £ — 1 canonical variable pairs.
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Where a = £5;/%4, b = £57%b, £10 = £5/°S12555 7%, and S9; = X/,. Based on (1), the
canonical correlations and variables can be calculated as follows.
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Canonical conrrelations and variable for standardized variables

Let 2O = (ZV, Z§V, ..., Z() and 2 = (2, Z{,..., Z®), and

Y

Cov(zM, 7)) = p = ( pii p )

Denote the pairs of canonical variables are

U1, VD), Uz, V5), - (U, Vi),

prp
which can be calculated as follows.
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Notice that the canonical correlations do not change.

Relations between (U, Vi) and (U7, V}?)

Up = af(XM — p )) Vi = bl (X® — ;@)
= aa (X7 — ) + .+ akp(?fé)l i) = ba (X3 - )+ + bkq(ff)l‘z) — )
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Hence, a} = V111/2ak and b} = V212/2bk for k =1,2,...,pand V}; = diag(aﬁ), . --,Uﬁ)) and
Voo = diag(oﬁ), a0 qq 2)) Another way to calculate p?, ay, by
1.
det( 2122 221 ka) =0
2.

S L1225 o (ax) = piak)



Y L1341 T2 (be) = pi(br)

Interpreting canonical variables and relations
The canonical variables can be interpreted much as in principal components.

1. by coefficients

U; al

g=| =] [x0 = axw
Up al
Vi by

V= V2 _| X® = Bx®
, b

2. By correlations with the original variables.
pux = Cov(U, X) = Cov(U, Vi/?) = ABu Vi 2

Similarly, py xe = A12Ve /%, py.x = BEasVay/? and py xy = BSa1 Vi7"

Shared variances
Puj(x()) = MaxX Corr (U, ' X ) = Corr (Uy, Vi) = px

Py, (x(1)) = Max Corr(a'XW, Vi) = Corr(Uy, Vi) = pr

p2: the propotion of the variance of Uy explained by X® or of V}, explained by X®).
Canonical correlations and variables based on S and R

Same analyses can be developed as above for S and R.

Canonical variables used as summaries of X(!) and X®

Counterexample 10.3
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Verify that the first pair of canonical variables are U; = ngl) and V; = Xl(z) and p; = .95
but they dont’ summarize ¥;; and Y9y well.

When the canonical variables are good summaries?
XY =AU = (aW,a?, ... a®)U

Where ) are the jth column. Please note that a¥) consists of the coefficients associated

with U;. Similarly, we have
x® — p~1x@ — (b(l), b(2), e b(l))X(Q)V

1. COV(U) = ASHA, = S = At (A_l)l (Why)?

Sy = aDa® 4 ¢@a® ... 4 q@)g@

2. Cov(V) = BSpB' = Sp = B7Y(B™Y)

Soo = bW £ p@p@" 4 ... 4 pOp@)

3. COV(U, V)qu = ASlgB

!

Represent X" and X® in terms of the first  pairs of canonical variables

Uy
Uz

U,



So,

Sy = a®aW 4 q@g® 4 ... 4 g0

G = bW 1+ p@pA ... 4 IO

1o = pra™pV 4 - 4 paMp)

Matrices of errors of approximations:
Sll — gll — a(r+1)a(7‘+1)’ + e _|_ a(p)a(p),
Sy — Sog = b TP+ 4 oL 4 pl@)p(@)
Sy — 819 = pryral OB 44 p e @ple)
Propotion of explained sample variance (based on R)
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The total sample variances of Z() and Z® are
trace(Ryy) = p

and

trace(Ra2) = ¢

If the first r pairs of canonical variables are used to approximate the original variables.

Uy
70 70 — (0@ a0y [ P2
U,
Vi
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The approximate variance and covariance matrices are
R =Pl +-- o aBa
fla =T e

Then the approximate total sample variance based on Z() and Z® are

_ oo p o
trace Ry = trace() aDa") = SN r,zjj’z;

i=1 i=1j=1

~ r . 7 g r
trace Ry = trace() bpl)) = SN r,zjﬂ;

i=1 i=1j=1



So,

R2 _( Propotion of total variance trace(Ri1)
zMy,..Up — explained by Uy, ---, U,

p
trace(Rys)
q

R2 __( Propotion of total variance
ZOWVi,Vy T explained by Vi,---,V,

Large sample inference

Under normal assumptions, formal tests are available to check if canonical correlation analysis

is necessary.

HO : 212 = 0 versus H1 : 212 7& 0

Likelihood ratio test with Bartlett correction: Reject Hy at level « if

-1 L+ DR [T( - ) > ()

i=1
If Hy is rejected, then the following sequential tests can be further carried out.
HE:py #0,-- pp 0, ppy1=--=p,=0v.s. HF:p; #0 for some i > k

Reject HY at level o if
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