Continuous Random Variables and Probability
Distributions

Definition X is a continuous random variable if its possible values
for an interval. For example, A < x < B.

pmf is not proper for continuous r.v.

A physical analog: probability = mass

Limit of density histogram

Definition:(pdf)
Let X be a continuous r.v.. Then a probability distribution or prob-
ability density function (pdf) is a function f(z) such that

Pla< X <b)=[ fz)dz
The graph of f(x) is called the density curve
Two conditions

L.
2.

Pla< X <b);Pla< X <b); Pla< X <b); Pla< X <b)
Two simple example

1. Uniform Distribution
X: waiting time for bus



f<x){1é5 0<z<5

otherwise

2. Exponential distribution:
X: the time between two consecutive phone calls

x>0

fla) = { "

otherwise

Examples 4.3 and 4.4

Cumulative distribution function

F(z)=P(X < x) / fly
Example Uniform distribution over [A, B]

Calculate probability using cdf

P(X >a)=1- F(a)
Pla < X <b) = F(b) — F(a)

Obtaining f(x) from F(x)



(100p)th percentile 7(p)

p=P(X <n(p) = F(n(p)) = [™” f(y)dy
Median

Expected value or mean
E(X)=px =] = f(z)dz

E(h(X)) = pngx) = [ h(x) - f(z)da

E(aX +b) =aE(X)+b

Variance and standard deviation

ok =V(X) = B(X —p)?) = [(a — p)*flz)da

o0

ox = \/V(X)

Shortcut for variance calculation

V(X) = E(X*) — (BE(X))”



V(aX +b) = a*V(X)

Please read all the examples in section 4.2 carefully
Normal Distributions

Definition A continuous r.v. X is said to have a normal distri-
bution with parameters u and o if the pdf of X is

L -/

flz;p,0) = 5

where —oo < 1+ 00 and o > 0.

0. X ~ N(u,o)
1.
7 fayp,0)de =1
2. E(X)=u
3. V(X) = o*

4. Density curve

Standard Normal Distribution

Definition The normal distribution with parameters u = 0 and
o = 1 1is called a standard normal distribution. A random variable
with a standard normal distribution is called a standard normal ran-
dom variable and will be denoted by Z.



The pdf of Z:

The cdf of Z:

1
O(2)=P(Z < z) = /_ e ¥y

- N2

Cumulative probabilities for standard normal distribu-
tion
Appendix Table A.3

Calculate probability for Z using Table A.3
1. P(Z <1.25)

2. P(Z > 1.25)

3. P(Z < —1.25)

4. P(—.38 < Z <1.25)

How about nonstandard normal distribution” Propo-
sition
If X ~ N(u,o0), then > has a standard normal distribution, i.e.,

Thus,




P(X <a)=P(zZ <2

P(X >b)=P(Z>

Example: X ~ N(1.25,0.46)
1. P(1.00 < X < 1.75)
2. P(X >2)

Percentiles of normal distribution

Standard normal distribution

100pth percentile

10th percentile:

60th percentile:

97th percentile:

z, hotation

Upper tail with area a.

100(1 — «) percentile of the standard normal distribution
(critical values)

Important standard normal percentils and critical val-
ues



P a oz
09 0.1 1.28
0.95 0.05 1.645
0.975 0.025 1.96
0.99 0.01 2.33
0.995 0.005 2.58

General normal distribution N(u, «)
100pth percentile of X ~ N(u, «):

p=P(X <a)=P(E L <M _pz<2h

o o o
£ is the 100pth percentile of the standard normal distribution that
can be derived from Table A.3

(100p)th percentile (100p)th percentile | i
B for standard normal

for N(u, o)
Example: find the 60th percentile of N(2,4)

Normal approximation to binomial distribution Propo-
sition Let X be a binomial rv based on n trials with success prob-
ability p. Then if the binomial probability histogram is not too
skewed, X has approximately a normal distribution with g = np



and o0 = \/npq. In particular, for x = a possible value of X,

area under the normal curve
<zx)= : ~
P(X < z) = B(z;n,p) ( to the left of z + .5 )
r+0.5—np

N
In practicem the approximation is adequate provided that both np >
10 and ng > 10
Example 4.19

:(I)(

Exponential Distributions

X ~ Exp(A)
pdf:
Ae ™M x>0
fla:A) = { 0  otherwise
1
E(X)=—
(X) =
1
cdf

1—e ™ 2>0
F("’;A)_{ 0 2<0



Applications
elapsed time between the occurence of two successive events
life time of electronic device

Chi-square Distributions

X ~ x*(v) : v is the number of degrees of freedom
pdf

1 v/2—1 _—x/2
Fayw) — | FrEm e 2 20
’ 0 x <0

0. Gamma function:

[(v/2) = /0+00 z’? e dy

1.

EX)=v
2.

V(X)=2v
cdf:

| flyv)dy >0
FW”*‘{ 0  2<0
critical values are give in Table A.7
Density Curve
Application
Used in statistical inference



