Simple Linear Regression

Data
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x: independent, predictor, or explanatory variable

y: dependent, response variable
x is deterministic and y is random

Scatter Plot: linear trend

Linear regression model

Y =fy+ iz +e e~ N(0,0%)

The true regression line: y = [y + f1x
For fixed z: Y ~ N(fBy + Sz, 0?)
Source of variation for Y

Estimating (5, and 5,

The measure of the goodness of fit
Vertical deviation: y; — (by + by;)
Sum of Square Deviations:

f(bo,b1) = X [yi — (bo + byz;)]?
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Principle of Least Square:

f(Bo, B1) = minf(by, by)

Bo and 5’1: the least square estimates of 5y and ;.
Estimated regression line (least square line)

y= Bo + 3195
Formulas for Bo and Bl
Of(by,b
00001 _ oy — by — bye)(=1) = 0
0bg
O0f(by,b
9f(bo, b1) =3 2(y; — by — biz;)(—z;) =0
0bg
B _ “(zi —Z)(yi — ) _ Sy
! Z(CUZ' — f)Q Sz
where
Sgy = 2Ty — (Z ZUZ)(Z yi)/n
Bo =y — 51273
Example
Estimating o
Fitted values:
?jl,@%---a@n

Residuals:

A

YI = Y1,Y2 — Y2y Yn — Un

2



Residual Sum of Square:

SOE = f(BO;Bl) =Yy — Bo — 51%']2

The estimate of o2

SSE
5'2 2

The Coefficient of Determination
Total Sum of Squares:

SST =S (yi — 9)2 = X o2 — (X w)?/n
Error Sum of Square:
SSE = Y (y; — 9:)%/(n — 2)
Regression Sum of Square

SSR = SST — SSE

Coefhicient of Determination:
5 oSR SSE
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Example

Inferences about 3, and j,
Point estimators:

. Sm-H¥i-T)
ﬁl N Z(CIJZ' — f)Q

= > ¢Y;

3



where ¢; = (z; — Z) /S22, Sz = S(2; — T)°.

Bo=Y —z=%(1/n—zc)Y,

5_2 _ Z(Y; - BO - lei)2
n—2

E(f1) = b1, E(Bo) = fo

2

Var(Bl) =Y cVar(y;) = ;—
)
Vam([%o =Y (1/n — z¢;))*Var(Y;) = o*(1/n + :—)

The distributions of Bl and Boi

t distributions:

~ t(n —2)




100(1 — @)% confidence intervals

L. p
2. o

Hypothesis-testing for 5, and [

1. Hy: 1= B
Test statistic:

2. Hy : Bo = Boo
Test statistic:

Linear relationship test (model utility test)
1. t test

2. ANOVA

Inferences concerning iy

pyix = Po + Pra’

fiyir = Po+ Pra”
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(" - &)(a; — 7)

E(CBi — 51_7)2

A A 1
Bo + 1z = Z[ﬁ + Y =X d,Y;
Let }A/ = By + Pz’

B(Y) =

Var(Y) =

Theorem

_ Bo + Prx* — (Bo + Piz*) . Y — (Bo+ Brz®)

T —
SY SY

~ t(n —2)

100(1 — «) CI for pry =

A prediction interval for a future value of Y

E(By+ prz* —Y) =0

Var(ho + fra — V) =L+ -+ &

Theorem



T _ Bo + 51 -Y
a 1, (@*=3)?
100(1 — «) CI for a future Y observation

~ tin —2)

Exmaple

z 1 2 3 4 D 6 7 38 9 10

y 5.86 7.21 6.33 11.58 10.55 11.09 15.83 16.76 20.11 20.03

y 480 6.52 824 996 11.67 13.39 15.11 16.82 18.54 20.26

e 1.05 068 -191 162 -1.12 -230 0.72 -0.06 1.56 -0.23



