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Abstract

We describean approachto building modelsfor datawith
randomeffects. Themodelingincludesbothrandomlocation
effectsandrandomscaleeffects. The approactconsistsof a
sequencef steps.In eachstep,modelbuilding toolsbasedn
certainstatisticsareusedto studythestructureof thedataand
identify or checkanaspecbf themodel;theresultsof mostof
the stepsareusedexplicitly in subsequergteps. This paper
presentghe propertiesof the statisticsfor a generalclassof
locationandscalemodelsandbriefly describeshe sequence
andthetools. Thepapeiis asupportingdocumentor (Cleve-
land, Denby andLiu 2000),which introducesthe approach
anddescribedy examplehow it is usedin practicefor model
building.

1 Intr oduction

Models usedin practice for datawith random effects —
both Bayesiamandfrequentistmodels— are often complex.
Addedto the structureof thefixedeffects,which by itself can
be comple, are the assumptionsaboutthe random-efects
distributions. The model compleity hasimpededprogress
in the developmentof modelbuilding tools. For example, it
is commonlythe casein practicethat random-efectsdistri-
butionsaresimply assume@ndnot checled.

In applicationsrandom-efectscomponentsf modelsde-
scribethe variationin units. For example,in an experiment
in ratgrowth, theunitsaretherats. In almostall applications,
unit variability is modeledby randomlocationeffects. How-
ever, scalescanvary acrossunitsaswell, andoftendo. Still,
randomscalevariationis seldommodeled. A small num-
ber of examplesmay be found in (Lindley 1971; Leonard
1975;Brady1985;CoxandSolomon1986;James)/enables,
Dry, andWiskich 1994;Chinchilli, EsinhartandMiller 1995;
Nussey Carriquiry, Dodd, and Fuller 1996; Johnson1997;
Lin, Raz,andHarlow 1997;Clark, Cleveland,Denby andLiu
1999; Cleveland,Denby, andLiu 2000). Responsegreated
in thesereferencesresubjectve-scalaatingdata,university
coursegradesfood nutrientintakes,lengthsof menstruakty-

cles, fabric breakingstrengthsheartpulserates,respiration
ratesin soybeanmitochondria,and serumcholesterolcon-
centrations.But it seemdikely thattherearerandomscale
effectsin mary othertypesof data.

Cleveland,Denby andLiu (2000)presentinapproacho
modelbuilding that consistsof a sequenc®f stepsin which
theresultsfor eachstepare usedin subsequensteps. They
treatmodelswith randomscaleeffectsaswell aslocationef-
fects. In the context of examples,they presentmotivation,
backgroundthesequencef stepsandthetoolsusedin each
step.Thetoolsdependn statisticsderivedfrom thedata,and
in the paper the statisticsandtheir propertiesare presented
for the specificmodelsin theexamples.

This paperis a supportingdocumentfor (Cleveland,
Denby andLiu 2000). We presenta generalclassof mod-
els and give the statisticsand their propertiesfor the class.
We alsobriefly describethe sequencandthetools, but there
areno examples.Section2 presentghe generaimodel. Sec-
tion 3 presentdformulason which the model building tools
arebased. Section4 presentghe modelbuilding sequence;
it containsreferencedo Section3 but we suggest cursory
readingbeforereadingSection3, andamoredetailedreading
after Overall, this papergivesanefficient presentatiomf the
methodsandsetsout neededormulas,but is quitedry.

2 A GeneralModel for Datawith Ran-
dom Location and ScaleEffects

The discussionhere is carried out for a generalclass of
random-efects modelswith normal errors. The classpro-
videsadequatdits to awide classof datasetswith responses
measuren a continuousscale. The normality of the errors
could be replacedby anotherdistribution but would require
consideration®eyondthoseof this paper

Supposehatr,; for u = 1tom andj = 1to n, aremea-
surementf a response.Eachunit v hasn, obsenations
of theresponse Supposédherearek, fixed-efectsexplana-
tory variablesand ks random-efects explanatoryvariables.
Letv(g),; bethemeasuremenisf the k-th fixed-efectsvari-



ableandletw;,; bethemeasurementsf the k-th random-

effectsvariable.Let N = 2321 n,, bethe numberof obser

vationsof theresponsandof eachexplanatoryvariable.
Themodelis

k kp

Tuj = Z Q(k)V(k)yuj + Zﬂ(k)uw(k)uj + Yu€uj. (1)
k=1 k=1
Thea = (aq),--.,a,))" arefixed-efectparametersThe

Bu = (Byus - - -» Birs)u)' the parametersf the randomlo-
cation effects, arei.i.d. multivariaterandomvariables. We
will supposehattherandom-efectsexplanatoryariablesare
containedn the spacespannedy the fixed-efectsexplana-
tory variables andtake E(B1),) = 0. Thee,;, errorterms,
arei.i.d. normalwith E(e,;) = 0. If the standarddeviation
(scale)of thee,,; is constantjt will bedenotedoy o (). We
will allow for oneform of fixed scaleeffects— the scalede-
pendson thevalueof a categoricalexplanatoryvariable,z,;,
normally one of the fixed-efects variablesv),;. In such
a casewe denotethe error scaleby o.(e,;). The,, the
randomscaleeffects, arei.i.d. scalarrandomvariables,and
E(y2) = 1 becauseve have parameterizedhe varianceof
€y;. Finally, we supposehatthethreecollectionsof random
variables— 3, v,, ande,; — aremutuallyindependent.

Throughoutwe will uses?(d) to denotethe varianceof
thescalarandonwvariabled. Wewill take somelibertieswith
subscriptslf we haveacollectionof variablesy,, all of which
have the samevariance we will simply useo?(6) insteadof
a%(8;,); we have alreadybegunthis conventionwith o (¢). If
the varianceof d;, depend®n a categorical variable, z;, we
write o,(dx). We have alreadybegun this corventionwith
o0 (ey;). A similarcorventionholdsfor thecovariancematrix
¥ (8) of amultivariaterandomvariabled.

3 Unit Regressions:The Statisticsand
Their Properties

Mostof our modelbuilding methodsarebasecdbn unit regres-
SIoNs: 1, IS regresse®dn w(yyy;, - - - , W(ky)u; fOr €achu =1
to m. Whentherearefixedlocationor scaleeffects,we cor-
rectr,; for theseeffectsbeforecarryingouttheregressions.

3.1 Adjustment of r,; for Fixed Location and
ScaleEffects

Supposefor the momentthat ;) and o (e,;) areknown.
We will correctthe responsdor the fixed locationandscale
effectsusingtheseknown valuesandthencarry out the unit
regressions Of course,n practice we mustcorrectwith es-
timates,andin Section3.8 we discussestimation.

Lett,; ber,; adjustedor thefixedlocationeffects:

ko
tuj = Tuj — Z k) VU(k)uj - 2
k=1

Let y,; ber,; adjustedfor boththefixedlocationandscale
effects: ;

uj
02 (€uj) ' )
Even whenthe error varianceis constantwe adjustfor the
scale;aswe shall see,in this constantcasethe adjustment
senestheusefulpurposeof scalingtheerrortermin acorve-
nientway.

Yuj =

3.2 The Unit RegressionEquation

Let
W(k)uj
Ty = —F7—x
(k)uj o, (fuj)
Bu
9, =
“ Oz (euj)
T
CUJ Oz (euj)
ThenEquation3 becomes
kg
Yuj = Z Bk)yuT(kyuj + Tuj> 4)
k=1
or
kg
Yuj = Za(k)uw(k)uj + Tuj- 5)
k=1

Equation4 maintainsthe random-locatiorparametersn the
original units andrescaleghe w,,,;, and Equation5 main-
tainsthe w(y),; in the original unitsandrescaleghe 3,. In
someapplicationsthe first is corvenient,and in othersthe
seconds corvenient. In the remainderof this paperwe will
usethe scalingof Equation4.

For fixedu, conditionalon 3,, and-,,, Equatiord for j =1
to n,, is theunit regressiorequatiorfor unit u. Theunknown
parametersare 3, andy,, andtheerrors¢,; arenormalwith
mean0 andvariancel. Theunit regressiorequatiorin matrix
notationis

Yu = XuBu + Yulu = XuBu + T,

where
Yu = Wulr s Yun,)'
Tu = (Tutly--e)Tun,)
Cu = (CUI"")Cunu)I



andX, isann, x kg matrixwhose(j, k)-th elements 2,
Let
P, = X, (X! X,) ' X}, (6)

be the projection matrix onto the spacespannedby the
columnsof X,, andlet P, = I,, — P, wherel,, is the
Ny X Ny, identity matrix. Let p,,;; bethe (3, j)-th elementof
P,, andlet p,;; bethe (i, j)-th elemenbf P,.

3.3 Estimates of Random Location Parame-
ters

Theleastsquare®stimateof 3, from thewu-th unit regression
is

~

Bu (X0 Xu) ' Xy
= But 'Yu(qu;Xu)_qul;Cu

Bu + Yubu (7)

where
§u = (X;XU)_IXLCu ~ N(07 (X;Xu)_l)

The distribution of 3, is an additive-multiplicative corvolu-
tion of the distributionsof 3., v,, and§,. The distribution
dependwon both g, and~,, andit changeswith X,,. Let
¥(B) bethevariance-cwariancematrix of 3, andlet X(5,)
bethevariance-cwariancematrix of Bu Then

E(Bu) = E(ﬂ) + (X;;Xu)_l- (8)

3.4 Residuals

Theresidualdrom the unit regressiorare

~

!
Tu =

(Futs -« Tuny)
= yu— Xubu
= YuPulu

= 'Vugu-

where

é-u = (éul;---aéunu)l = PuCu ~ N(O;Pu)

Thus

~

UQ(Cuj) = Pujj- 9)

3.5 Standardized Residuals

The standardized residuals are

7A'uj Cuj

Puj = —L= = yu—2
Y Pugi/Puii

~7N(0,1).  (10)

Let . . .
"/}u = ("/}ula te awunu)l-

Thedistribution of zﬁu]- is independenof 3, depend®n v,
anddoesnotvarywith n,,. Thedistributionis amultiplicative
convolution of the~,, andthe standarchormal. For example,
suppose

72 ~ IG(h,h — 1) (11)
whereh > 2. IG(h,]) is aninversegammadistribution
with shapeh andscale), which meanghat A divided by the
randomvariableis G(h, 1); the meanis A\(h — 1)~! andthe
varianceis A\2(h — 1)=2(h — 2)~!. Supposeurthermorein
ourexamplethatd = 2h is aninteger (greaterthan4). Then

~

tuj ~ T (d,0,1—2/d)

whereT(d,0, \?) is a t distribution with d degreesof free-
dom,location0, andscale\.

Theeffect of 62(2) > 0 is to make the tails of the i,
heavier thanthoseof a normal, at leastas measuredy the
standarccoeficientof kurtosis,whichis zerofor thenormal.
Thevarianceof ¢,,; is

E( A2') = ]-a

uj
thevarianceof 42 is
02(’72) = E’Y’i - 17
and .
E(y;) = 3(0*(v*) + 1)
becausehe fourth momentof a N (0, 1) variableis 3. The
coeficientof kurtosisof the,,; is

E(y;)

W _ 3 =30%(+).
(2, (r%)

(12)
As o?(?) increasesthe coeficientincreases.

3.6 ResidualVariance

Let s2 be the residualvariance the residualsumof squares
dividedby the degreesof freedom:

2 ToTu > Gl
= = . 13
0 ok Y — ky (13)
Then
52 ~Y2MSQ(ny — kp) (14)

whereM SQ(d) is amean-squaredistribution with d degrees
of freedom,the distribution of a chi-squareandomvariable
divided by its degreesof freedom. The distribution of s2 is
independenbf 8, dependsn +,,, andvarieswith n,,. For



example,if v2 ~ IG(h,h — 1), andd = 2h is aninteger
greatetthan4, then

si ~ (1 —=2/d)F(n, — ks, d)

whereF(f1, f2) is an F-distribution with f; and f> degrees
of freedom.
If o2(y%) = 0, then

20,2\ __ 2
Theeffectof 02(v?) > O istoinflatec?(s2) because
27,2\ __ 2 272
) = g TN (14 ) a9
3.7 StudentizedResiduals
Thestudentized residuals are
¢Zu = (éul: s 7(51”“)1 = %7
andwe have
N Nu— kg Cuj
oy = Y10 ui an

VPui

A randomvariableon [—1, 1] hasa double sguared beta
distribution, DSB(r, s), if its distribution is symmetricand
its squareis distributed BET A(r, s). We canthink of this
distribution asfollows. Startwith a BET A(r, s) variableon
[0,1], andtake the squareroot, which hasa “squaredbeta”
distribution becausehe squareis a BET A(r, s) (justlike a
“log normal” is a variablewhoselog is normal). Now sym-
metrizethe squaredetaby reflectingthe densityaboutzero;
theresultis a “double squaredeta” (just like a “double ex-
ponential”,which is a symmetrizedexponential).

A simplederivationshowvs that

buj ~ \/Tu — kgDSB(1/2, (n,, — kg —1)/2).

Thedistribution is independenof g, and~,, but it changes
With n,,.

(18)

3.8 Adjustment of r,; for Fixed Effects Using
Estimatesof the Fixed- Effects Parameters

Our adjustmentmethodis to follow Section3.1; we estimate
thefixedlocation-efectsparameterdyothlocationandscale,
assumehe estimatesrethe true parameteraindusethe ad-
justmentequationsn Section3.1.

We estimatethe the oy by &), the leastsquaresesti-
matesfrom regressingr,; onthek, variablesv(y),; for k =

1to k,. Theleastsquareestimatesrereasonabldecause,
taking expectationsacrossall randomvariables,E(d ) =
a(r), althoughin the endwe will have more efficient esti-
mateswhenthewhole modelstructureis takeninto account;
however, for modelbuilding, the leastsquaresstimatesare
likely to be adequateBeforemoving to scaleestimationand
adjustmentye correctfor thefixedlocationeffectsassuming
Q) = Qqx), formingt,;.

Next we estimatethe error scale. First, supposet is con-
stant,equalto o(¢). We carryouttheunit regressionsvithout
scaleadjustmentforming 3,,, andthenestimater () by

m Ty k A .
Dt Ej:l (tuj — Eki1 IB(Ic)uw(lc)uj)2
N — mkg '

52(e) =

As statedin Section3.1, we carry out scaleadjustmeneven
in this constantasebecausé providesa corvenientscaling
for themodelbuilding. Now supposghescaleis notconstant,
equalto o, (e,;). Let Q(z) be the setof indices(u, j) for

which z,; = z, andlet k, be the numberof uniquevalues
of z,;. FromEquations3 and4 and Section3.4 we have the
following n, equations:

k A~ 2
tuj — [i u uj
E§:< i = 21 Butin) J) = Pujj- (19

Q) 7z (€us) Q)

Notethateachp, ;; depend®onthen, valuesof o, (e, ). We
remove the expectationfrom Equation19 andform thefol-
lowing n, equations:

k N 2
- ujg -

Q) 7z (€us) Q)

Repeatedolutionof theseequationsanbe usedto estimate
the o, (ey;). We begin with estimatesof 3, withoutscale
adjustmentthat is, assuminga constanterror scale. Then
we solve the n, equationsn Equation20 getting estimates
6. (€y;). Thenwe adjustfor the error scaleusing thesees-
timates,recomputethe B(k)u, andthenrecomputes (e,;).
Theproceduraes iterateduntil it corverges.

3.9 Estimating Variances

In the courseof our modelbuilding, we will useestimateof
thevariances?(y?) ando?(s? ), andestimate®f the covari-
ancematrices®(3) andX (43, ). Equation12 canusedto form
anestimateof o2 (?):

P 2?21 ij

(") = 3 -1 (21)



Equations16 and 21 can be usedto form an estimateof

o?(s3):
22 = —2 420 (1+—2—). (2
v Ny — kﬂ TNy — k‘g
Equation8 canusedto form anestimateof X(3):
2(8) =m™ Y (BuB, - (X Xu)TH (23
u=1

Equations8 and23 canbeusedto form anestimateof $(3,,):

A A

%(Bu)

S(8) + (X, Xu) ™ (24)

4 A Sequenceof Model Building Steps

The modelbuilding processconsistsof a sequencef steps.
In eachstep, model building tools basedon certain statis-
tics are usedto study the structureof the dataand identify
or checkan aspectof the model; the resultsof mostof the
stepsareusedexplicitly in subsequergteps.

4.1 Stepl: An Initial Specificationof the Re-
gressionComponentsand Fixed ScaleEf-
fects

We needaninitial partialmodelfor the datafrom the model
classin Equationl that specifiesthe structureof the fixed-
effectsregressiorcomponent

ko
D k) Vkyugs
k=1

therandom-efectsregressiorcomponent

kg

Z Bk)yuW(kyujs

k=1

andary fixedscaleeffecto, (¢,,;). At thisstagewveleave open
theform of thedistributionsof 3,, and+,,; thesespecifications
comein later steps. Also, specificationghat alreadyexist
in the modelclass,suchasthe normality of thee,; andthe
independencef v, andj,, will bechecledin latersteps.
Specificatiorof theregressiorcomponentandfixedscale
effects will dependon our knowledge externalto the data,
but we can explore the dataas well using visualization. It
is not possibleat this level of generalityto lay out specific
explorationtools. The natureof the explanatoryvariablesde-
termineswhatis likely to beuseful. It is sometimedelpfulto
visualizethe datafor eachunit separatelyfor example,if the
explanatoryariablegake onthesamevaluesfor eachunit. It

is sometimedelpfulto studythedependencenfixed-efects
explanatoryvariablesby visualizationghatpool acrosaunits;
in sodoingthevariability in the visual displaysbecomeghe
errorvariability togethemwith therandom-efectsvariability.

4.2 Step2: Initial Adjustment of the Fixed Lo-
cation and ScaleEffects

As describedn Section3.8, we estimatethe fixed location-
effectsparametersq ), andthe fixed scale-efects parame-
terso, (e,;), andthenadjustfor thefixedeffects.\We consider
theestimatedo bethetruevaluesin the subsequergteps.

4.3 Step 3: Checking the Assumption of Nor-
mality of the Err ors

The assumptiorof normality of the errors, e,,;, or equiva-
lently, the standardizeerrors,{,;, canbe checledusingthe
studentizedesidualsg,,;. FromEquation18, undernormal-

ity,
qguj ~ VN = ksDSB(1/2, (ny — kg — 1)/2).

If 1y, IS constanttheq@uj areidenticallydistributed(i.d.), and
we checkthe assumptiorby ani.d. quantileplot (Cleveland
1993).If then,, vary, thentheqSuj arenoti.d., andwe usea
mixture quantileplot (Cleveland2000).

The normal distribution is symmetric,and the standard-
ized residuals,i,,;, can be usedto checkthe symmetryof
the (;, which providesa partial checkof normality. From
Equationl0,

o Suj
= Yu—F—-
v/ Pujj

If ¢,; is symmetric,ib,; is symmetricbecause’,,; is sym-
metric and~y, is a nonneyative randomvariable. A normal
quantileplot of theqﬁuj is oneway to checktheir symmetry

Supposethe normal distribution doesnot appearto be a
goodapproximation.Sometimes transformatiorof the re-
sponsecanbetheremedy If not, we mustfind anon-normal
approximation Often, the diagnostiglotsfor normalityhelp
identify the new distribution. But the above distributional
resultsfor the statisticsg,,; and,; do not hold in general
undernon-normality;we mustfind their distributionsunder
otherassumptiongitherby derivationor simulation.In some
caseswe might want to use other statisticsin their place.
The subsequenstepsin our modelbuilding processeedal-
terationin a similar way; the non-normalcaseproceedsus-
ing the sameframework asthe normal, but the detailsmust
change Here,we will supposdhatnormalitydoesprovide a
goodapproximation.

1ﬁuj



4.4 Step4: Checkingfor the Presenceof Ran-
dom ScaleEffects

We now have in place a specificationof normality for the
Cu;- Basedon this specificationwe explore the datausing
the standardizedesiduals i),,;, and the residualvariances,
s2, to determindf randomscaleeffectsappeato be present.

If randomscaleeffectsarenot presentthen,from Equa-
tions10and 14,

’(ﬁuj ~ N((]) 1):

and
52 ~ MSQ(n, — kg).

We cansearctfor evidenceof randomscaleeffectsby study-
ing the empirical distributions of +,,; and s2 to seeif they
follow theseno-scale-dect referencedistributions. For zﬁuj
we simply useani.d. normalquantileplot. For s2, if n,, is
constantwe useani.d. MSQ quantileplot, andif n,, varies,
we usea mixture MSQ quantileplot. In the latter casewe
needthevarianceof s2, which, from Equation15, is

2
20,2y _
o (S”)_nu—kg'

Quantileplotsaretypically moreeffectiveif thedisplayed
variableshave distributionsthat are symmetricor nearly so.
The empiricaldistribution of s2 is typically stronglyskewed
toward large values,but the fourth roots are often closerto
symmetric soour practiceis to plot fourthroot s2 againsthe
fourth rootsof the quantilesof thereferencedistribution.

4.5 Step5: Identifying the Distrib ution of ~,

We now have two specificationsn place— normalityfor the

Cu; andanassumptiorthatrandomscaleeffectsare present.

Basedon thesespecificationsye explorethe datausingzﬁuj

ands? to specifythedistribution of .
FromEquationslOand 14,

,&uj ~ IYuN(Oa 1)5

and
s ~ YaMSQ(n, — kg).

Graphicaldecowolutionprocedurespnebasecn s2 andan-
otheron ¢u; areusedto identify theunknown distribution of
Va-

For zﬁuj, we posita distribution for 42, generatéderive or
simulate)quantilesof the referencedistribution, ~, N (0, 1),
andmake ani.d. quantileplot of thezﬁuj usingthegenerated
guantiles.

For s2, we posit a distribution for 2, generateguantiles
of thereferencedistributiony2 M SQ(n,, — kg), andmake an

i.d. quantileplot if the n,, areequalanda mixture quantile
plotif not. To carry out the mixture quantilemethodwith s
we usetheestimates?(s2) of o2 (s2) from Equation22.

For the distribution of 42 we canconsiderstandardami-
liesfor positive randomvariables.Four arethefollowing:

1. Gamma:G(h, A = h~1), whereh is the shapeparam-
eterand A the scale;the meanis Ah andthe varianceis
A2h.

2. Weibull: W(h,A = T"1(h ! + 1)), whereh is the
transformationparameteiand A the scale;the meanis
AL(h~! + 1) andthe varianceis A?(T'(2h~1 + 1) —
r2(h=t +1)).

3. InverseGamma:IG(h, A = h—1), whereh istheshape
and A the scale,and A divided by the randomvariable
is G(h,1); themeanis A(h — 1)~ andthe varianceis
A2(h—1)"2(h—2)"L

4. Log Normal: LN (h,)\? = —2h), whereh and X are
the meanand scale(standarddeviation) of the natural
log of the randomvariable;the meanis e"+**/2 andthe
varianceis e*” — 1.

The scaleparameteiof eachof thesedistributional families
hasbeensetto avaluethatmakesE(y2) = 1. Oneparameter
h, remainsto specifya memberof the family. Oneapproach
is to usetrial valuesand make a quantileplot for eachtrial
value. A secondis to choosean h so that the varianceof
the distribution is equalto the estimatedvariances?(v?) in
Equation21. Thisleadsto thefollowing valuesfor A:

1. Gammah = 67 2(y?).

2. Weihull: h is thesolutionto
62(y?) = 2hT2(h~HT'(2h7 1) — 1.

3. InverseGammah = 6~ 2(y?) + 2.

4. Log Normal: h = —0.51og(1 + 62(y?)).

4.6 Step6: Identifying the Distrib ution of 3,

We now have threespecificationsn place— normality for

the ¢,;, anassumptiorthatrandomscaleeffectsarepresent,

anda specificatiorfor the distribution of v2. Basedon these

specificationsye explorethe datausingthe randomlocation

estimates3,, to specifythedistribution of 3,,.
FromEquation?,

ﬂu = ﬂu + 'Yué-u-

The distribution of v2 has been specified, and ¢, ~
N(0,(X!X,)™1). We posita distribution for 3,,, generate
thedistribution of 8, +v,£., andcomparehis referencelis-
tribution with thatof theempiricaldistribution of 3,,. Visual-
izationtoolsto carry out the comparisorwill dependon the
positeddistribution and the structureof the random-efects
regressioncomponent. Thus, asin the specificationfor the
v2, we useagraphicaldecowolution procedure.



To illustrate the considerationsn carrying out the spec-
ification let us look at a simple specialcase. Supposehat
therandom-efectsregressiorcomponents a singlelocation
parameterthatis, kg = 1, By = B1yu, andw(yy,; = 1.
Supposer,, = n is constantThesimplemodelthenis

Tuj = Bu + Yu€uj (25)

for u =1tom andj = 1ton. In thiscase
n
& = n~! ZCUJ = Cu,
j=1

ando?(¢) = n~1. Because3, is ascalarwe replace by o
in Equations8 and 23. Equation8 becomes

0*(Bu) = 0*(B) +n~",

andEquation23 becomes

6%(8) =m™" (i B n*) :
u=1

In positing a distribution for 3, we specifyits varianceto
bes?(B). Theresulting, + v.£. areidenticallydistributed
with areferencalistributionwhosequantilesve computeand
comparewith the quantilesof Bu by ani.d. quantileplot.
Notethatif n islargeenougtthatn=! is smallcomparedvith
&%(B), thenthe empiricaldistribution of 3,, providesadirect
look at the distribution of 3,. It is tempting,of course,to
begin by positingnormalityfor 3,,. If thisfails andthe quan-
tile plot suggestghat the distribution is symmetric,but has
longertails thanthe normal,thenwe canposit7'(d, 0, \?), a
t-distributionwith d degreesof freedom)ocation0, andscale
. Thevarianceof this T is A2d/(d — 2), soif d is specified

we have i
2 _ 22 -
We cantry differentvaluesof d andmalke a quantileplot for

each.

4.7 Step7: Checkingthe Dependenceof v, on
Bu

Oneimportantassumptiorof thegeneramodelof Equationl
is thatv,, and g, areindependent.Thereis alwaysa dan-
gerthat~, dependn 8, becausevariability frequentlyin-
creasesvith anincreasingneanlevel. Oneway to checkfor
dependencss to plot fourth root s2 againsts,,.

4.8 Step8: Checking for Remaining Corr ela-
tion

Letusreturnto thesimplemodelof Equation25. Thecorrela-
tion betweenr,; andr., is o%(8)/(c2(B) + o2(€)). In other

words, the randomlocation-efectsinducewithin-unit corre-

lation. Thecorrelationstructurds, of course complex for the

generalmodelof Equationl. We canstudythe standardized
residualsand the studentizedesidualsto searchfor higher

than expectedcorrelationas a way of detectingpoor spec-

ification of the random-efects regressioncomponent. The

detailsof how to searchwill dependon the structureof the

random-efectsregressioncomponentand the natureof the

explanatoryvariables.
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