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Abstract

We describean approachto building modelsfor datawith
randomeffects.Themodelingincludesbothrandomlocation
effectsandrandomscaleeffects. Theapproachconsistsof a
sequenceof steps.In eachstep,modelbuilding toolsbasedon
certainstatisticsareusedto studythestructureof thedataand
identify orcheckanaspectof themodel;theresultsof mostof
the stepsareusedexplicitly in subsequentsteps.This paper
presentsthe propertiesof the statisticsfor a generalclassof
locationandscalemodels,andbriefly describesthesequence
andthetools.Thepaperis asupportingdocumentfor (Cleve-
land, Denby, andLiu 2000),which introducesthe approach
anddescribesby examplehow it is usedin practicefor model
building.

1 Intr oduction

Models used in practice for data with randomeffects —
bothBayesianandfrequentistmodels— areoftencomplex.
Addedto thestructureof thefixedeffects,whichby itself can
be complex, are the assumptionsabout the random-effects
distributions. The model complexity hasimpededprogress
in the developmentof modelbuilding tools. For example,it
is commonlythe casein practicethat random-effectsdistri-
butionsaresimply assumedandnot checked.

In applications,random-effectscomponentsof modelsde-
scribethe variationin units. For example,in an experiment
in ratgrowth, theunitsaretherats.In almostall applications,
unit variability is modeledby randomlocationeffects.How-
ever, scalescanvary acrossunitsaswell, andoftendo. Still,
randomscalevariation is seldommodeled. A small num-
ber of examplesmay be found in (Lindley 1971; Leonard
1975;Brady1985;CoxandSolomon1986;James,Venables,
Dry, andWiskich1994;Chinchilli, Esinhart,andMiller 1995;
Nusser, Carriquiry, Dodd, and Fuller 1996; Johnson1997;
Lin, Raz,andHarlow 1997;Clark,Cleveland,Denby, andLiu
1999; Cleveland,Denby, andLiu 2000). Responsestreated
in thesereferencesaresubjective-scaleratingdata,university
coursegrades,foodnutrientintakes,lengthsof menstrualcy-

cles, fabric breakingstrengths,heartpulserates,respiration
ratesin soybeanmitochondria,and serumcholesterolcon-
centrations.But it seemslikely that therearerandomscale
effectsin many othertypesof data.

Cleveland,Denby, andLiu (2000)presentanapproachto
modelbuilding thatconsistsof a sequenceof stepsin which
the resultsfor eachstepareusedin subsequentsteps.They
treatmodelswith randomscaleeffectsaswell aslocationef-
fects. In the context of examples,they presentmotivation,
background,thesequenceof steps,andthetoolsusedin each
step.Thetoolsdependonstatisticsderivedfrom thedata,and
in the paper, the statisticsandtheir propertiesarepresented
for thespecificmodelsin theexamples.

This paper is a supportingdocumentfor (Cleveland,
Denby, andLiu 2000). We presenta generalclassof mod-
els andgive the statisticsand their propertiesfor the class.
We alsobriefly describethesequenceandthetools,but there
areno examples.Section2 presentsthegeneralmodel.Sec-
tion 3 presentsformulason which the modelbuilding tools
arebased.Section4 presentsthe modelbuilding sequence;
it containsreferencesto Section3 but we suggesta cursory
readingbeforereadingSection3, andamoredetailedreading
after. Overall, thispapergivesanefficientpresentationof the
methods,andsetsout neededformulas,but is quitedry.

2 A GeneralModel for Data with Ran-
dom Location and ScaleEffects

The discussionhere is carried out for a generalclass of
random-effectsmodelswith normal errors. The classpro-
videsadequatefits to awideclassof datasetswith responses
measuredon a continuousscale.Thenormalityof theerrors
could be replacedby anotherdistribution but would require
considerationsbeyondthoseof this paper.

Supposethat ����� for � = 1 to � and � = 1 to � � aremea-
surementsof a response.Eachunit � has � � observations
of theresponse.Supposethereare 	�
 fixed-effectsexplana-
tory variablesand 	
� random-effectsexplanatoryvariables.
Let ������� ��� bethemeasurementsof the 	 -th fixed-effectsvari-



ableandlet ������� ��� bethemeasurementsof the 	 -th random-
effectsvariable.Let �������� �"! � � bethenumberof obser-
vationsof theresponseandof eachexplanatoryvariable.

Themodelis�#��� � ��$%� �"!'& �����(������� ���*) �,+%� �"!.- �/��� � ������� ���0)21 �435���76 (1)

The & �98 & � ! �5: 6#6�6 : & ����$;�=<?> arefixed-effect parameters.The- � �@8 - � ! � � : 6�6�6 : - �/� + � � <?> , theparametersof therandomlo-
cationeffects,are i.i.d. multivariaterandomvariables. We
will supposethattherandom-effectsexplanatoryvariablesare
containedin thespacespannedby thefixed-effectsexplana-
tory variables,andtake AB8 - ����� � < = 0. The 3 ��� , error terms,
arei.i.d. normalwith AB8 3 ��� <���C . If thestandarddeviation
(scale)of the 3 ��� is constant,it will bedenotedby DE8 3 < . We
will allow for oneform of fixedscaleeffects— thescalede-
pendson thevalueof a categoricalexplanatoryvariable,F ��� ,
normally one of the fixed-effectsvariables ������� ��� . In such
a casewe denotethe error scaleby DHG�8 3,��� < . The 1 � , the
randomscaleeffects,arei.i.d. scalarrandomvariables,andAB8 1JI� <K�ML becausewe have parameterizedthe varianceof35��� . Finally, we supposethat thethreecollectionsof random
variables— - � , 1 � , and 3,��� — aremutuallyindependent.

Throughout,we will use D I 8ON;< to denotethe varianceof
thescalarrandomvariableN . Wewill takesomelibertieswith
subscripts.If wehaveacollectionof variablesN � all of which
have thesamevariance,we will simply use D I 8ON;< insteadofD I 8ON � < ; we have alreadybegunthis conventionwith DE8 3 < . If
the varianceof N � dependson a categorical variable, F � , we
write D G 8PN � < . We have alreadybegun this conventionwithD G 8 3 ��� < . A similarconventionholdsfor thecovariancematrixQ 8ON;< of a multivariaterandomvariableN .
3 Unit Regressions:The Statisticsand

Their Properties

Mostof ourmodelbuilding methodsarebasedonunit regres-
sions: � ��� is regressedon ��� ! � ��� : 6�6#6 :R�S�/�,+ � ��� for each� = 1
to � . Whentherearefixedlocationor scaleeffects,we cor-
rect � ��� for theseeffectsbeforecarryingout theregressions.

3.1 Adjustment of T4U#V for Fixed Location and
ScaleEffects

Supposefor the momentthat & ����� and D'G�8 35��� < are known.
We will correctthe responsefor thefixed locationandscale
effectsusingtheseknown valuesandthencarryout the unit
regressions.Of course,in practice,we mustcorrectwith es-
timates,andin Section3.8wediscussestimation.

Let W ��� be � ��� adjustedfor thefixedlocationeffects:W ��� � � ���YX � $%� �"!'& �����(������� ��� 6 (2)

Let Z ��� be � ��� adjustedfor both thefixed locationandscale
effects: Z ��� � W ���D'G48 35��� < 6 (3)

Even whenthe error varianceis constant,we adjustfor the
scale;as we shall see,in this constantcasethe adjustment
servestheusefulpurposeof scalingtheerrortermin aconve-
nientway.

3.2 The Unit RegressionEquation

Let [ ����� ��� � ������� ���D G 8 3 ��� <\ � � - �D'G�8 35��� <] ��� � 3 ���D G 8 3 ��� <^ ��� � 1 � ] ��� 6
ThenEquation3 becomesZ ��� � � +%� �_!�- �/��� � [ ����� ���0) ^ ��� : (4)

or Z ��� � � +%� �"! \ �/��� � ������� ���0) ^ ��� 6 (5)

Equation4 maintainsthe random-locationparametersin the
original unitsandrescalesthe ������� ��� , andEquation5 main-
tainsthe ������� ��� in the original unitsandrescalesthe - � . In
someapplicationsthe first is convenient,and in othersthe
secondis convenient. In the remainderof this paperwe will
usethescalingof Equation4.

For fixed � , conditionalon - � and1 � , Equation4 for � = 1
to � � is theunit regressionequationfor unit � . Theunknown
parametersare - � and 1 � , andtheerrors

] ��� arenormalwith
mean0 andvariance1. Theunit regressionequationin matrix
notationis Z � �a` � - � )21 � ] � �a` � - � ) ^ � :
where Z � � 8bZ �;! : 6�6#6 :?Z ��c7d < >^ � � 8 ^ �;! : 6�6#6 : ^ � c d < >] � � 8 ] �;! : 6�6#6 : ] � c d < >



and̀ � isan � �_e 	;� matrixwhose8f��:,	'< -th elementis

[ ����� ��� .
Let g � ��` � 8O` >� ` � <5h ! ` >� (6)

be the projection matrix onto the spacespannedby the
columnsof ` � , and let ig � �kj c d X g � where j c d is the� �le � � identity matrix. Let m ��no� bethe 8bp5:q�4< -th elementofg � , andlet im � nr� bethe 8bp5:s��< -th elementof ig � .

3.3 Estimates of Random Location Parame-
ters

Theleastsquaresestimateof - � from the � -th unit regression
is t- � � 8b` >� ` � < h ! ` >� Z �� - � )u1 � 8O` >� ` � < h ! ` >� ] �� - � )u1 �7v#� (7)

where v#� �w8O` >� ` � < h ! ` >� ] �yx �z8OC':#8b` >� ` � < h ! < 6
The distribution of

t- � is an additive-multiplicative convolu-
tion of the distributionsof - � , 1 � , and v � . The distribution
dependson both - � and 1 � , and it changeswith ` � . LetQ 8 - < bethevariance-covariancematrix of - � , andlet

Q 8 t- � <
bethevariance-covariancematrix of

t- � . ThenQ 8 t- � <{� Q 8 - < ) 8b` >� ` � < h ! 6 (8)

3.4 Residuals

Theresidualsfrom theunit regressionaret^ � � 8 t^ �
! : 6#6�6 : t^ � c;d < >� Z �|X ` � t- �� 1 � ig � ] �� 1 � t] � 6
where t] � �}8 t] �;! : 6�6#6 : t] ��c d < > �~ig � ] �yx �z8PC.:�ig � < 6
Thus D I 8 t] ��� <�� im ���(��6 (9)

3.5 StandardizedResiduals

Thestandardized residuals aret� ��� � t^ ���� im ���(� � 1 � t] ���� im ���(� x 1 � �z8OC':�L�< 6 (10)

Let
t� � ��8 t� �;! : 6�6#6 : t� � c d < > 6

Thedistribution of

t� ��� is independentof - � , dependson 1 � ,
anddoesnotvarywith � � . Thedistributionis amultiplicative
convolutionof the 1 � andthestandardnormal.For example,
suppose 1 I� x j4��8P��:,� X L < (11)

where ����� . j4��8P��:,��< is an inversegammadistribution
with shape� andscale� , which meansthat � dividedby the
randomvariableis ��8s��:#L�< ; themeanis ��8s� X L�< h ! andthe
varianceis � I 8P� X L�< h I 8s� X �7< h ! . Supposefurthermorein
ourexamplethat �K����� is aninteger(greaterthan4). Thent� ����x�� 8O�H:RC.:#L X �4�
��<
where � 8P�':,C.:5� I < is a W distribution with � degreesof free-
dom,location0, andscale� .

The effect of D I 8 1 I <K�9C is to make the tails of the

t� ���
heavier than thoseof a normal,at leastasmeasuredby the
standardcoefficientof kurtosis,which is zerofor thenormal.
Thevarianceof

t� ��� is AB8 t� I��� <{�}L7:
thevarianceof 1 I� is D I 8 1 I <��aA 1��� X L�:
and AB8 t� ���� <����'8PD I 8 1 I < ) L <
becausethe fourth momentof a ��8OC.:#L�< variableis 3. The
coefficientof kurtosisof the

t� ��� isAB8 t� ���� <A I 8 t� I��� < X �|����D I 8 1 I < 6 (12)

As D I 8 1 I < increases,thecoefficient increases.

3.6 ResidualVariance

Let � I� be the residualvariance,the residualsumof squares
dividedby thedegreesof freedom:� I� � t^ >� t^ �� �|X 	;� � 1 I� t] >� t] �� �|X 	;� 6 (13)

Then � I� x 1 I���w�{� 8b� ��X 	;�H< (14)

where�w��� 8O��< is amean-square distribution with � degrees
of freedom,the distribution of a chi-squarerandomvariable
dividedby its degreesof freedom. The distribution of � I� is
independentof - � , dependson 1 � , andvarieswith � � . For



example,if 1 I� x j���8s��:5� X L < , and �����7� is an integer
greaterthan4, then� I� x 8?L X �4�
��<=��8b� �|X 	;��:R��<
where ��8s� ! :5� I < is an � -distribution with � ! and � I degrees
of freedom.

If D I 8 1 I <���C , thenD I 8P� I� <�� �� � X 	 � 6 (15)

Theeffectof D I 8 1 I <���C is to inflate D I 8P� I� < becauseD I 8P� I� <{� �� � X 	 � ) D I 8 1 I <� ¡L ) �� � X 	 �{¢ 6 (16)

3.7 StudentizedResiduals

Thestudentized residuals aret£ � ��8 t£ �;! : 6�6�6 : t£ � c;d < > � t� �� � :
andwehave t£ ��� ��¤ � � X 	 �� im ���(�

t] ���¥ t] >� t] � 6 (17)

A randomvariableon ¦ X L�:�L�§ hasa double squared beta
distribution, ¨ �E© 8 � :5��< , if its distribution is symmetricand
its squareis distributed © A ��ª 8 � :,� < . We can think of this
distribution asfollows. Startwith a © A ��ª 8 � :,� < variableon
[0,1], and take the squareroot, which hasa “squaredbeta”
distribution becausethe squareis a © A �Sª 8 � :5� < (just like a
“log normal” is a variablewhoselog is normal). Now sym-
metrizethesquaredbetaby reflectingthedensityaboutzero;
the result is a “doublesquaredbeta” (just like a “doubleex-
ponential”,which is a symmetrizedexponential).

A simplederivationshows thatt£ ��� x ¤ � � X 	 � ¨ �E© 8=L
�;�«:�8b� � X 	 � X L�<,�;�7< 6 (18)

Thedistribution is independentof - � and 1 � , but it changes
with � � .

3.8 Adjustment of T4U#V for Fixed Effects Using
Estimatesof the Fixed- EffectsParameters

Our adjustmentmethodis to follow Section3.1;we estimate
thefixedlocation-effectsparameters,bothlocationandscale,
assumetheestimatesarethetrueparametersandusethead-
justmentequationsin Section3.1.

We estimatethe the & ����� by

t& ����� , the leastsquaresesti-
matesfrom regressing� ��� on the 	 
 variables������� ��� for 	 =

1 to 	 
 . The leastsquaresestimatesarereasonablebecause,
taking expectationsacrossall randomvariables,AB8 t& �����R<y�& ����� , althoughin the end we will have more efficient esti-
mateswhenthewholemodelstructureis takeninto account;
however, for modelbuilding, the leastsquaresestimatesare
likely to beadequate.Beforemoving to scaleestimationand
adjustment,wecorrectfor thefixedlocationeffectsassuming& �����{� t& ����� , forming W ��� .

Next we estimatetheerrorscale.First, supposeit is con-
stant,equalto DE8 3 < . Wecarryout theunit regressionswithout
scaleadjustment,forming

t- � , andthenestimateDE8 3 < bytD I 8 3 <{� ���� �"! � c;d�R�"! 8bW ��� X � � +� �"! t- ����� � �S�/��� ��� < I� X �¬	 � 6
As statedin Section3.1,we carryout scaleadjustmenteven
in this constantcasebecauseit providesa convenientscaling
for themodelbuilding. Now supposethescaleisnotconstant,
equalto D G 8 3 ��� < . Let � 8OF�< be the set of indices 8b�_:s��< for
which F ��� ��F , and let 	�G be the numberof uniquevalues
of F ��� . FromEquations3 and4 andSection3.4we have the
following ��G equations:A %­ � G ��® W ����X � � +� �_! t- �/��� � ������� ���D G 8 3 ��� < ¯ I � %­ � G � im ���(��6 (19)

Notethateach im ���(� dependson the � G valuesof D G 8 3 ��� < . We
remove theexpectationsfrom Equation19 andform thefol-
lowing ��G equations:%­ � G ��® W ����X � � +� �_! t- �/��� � ������� ���D G 8 3 ��� < ¯ I � %­ � G � im ���(��6 (20)

Repeatedsolutionof theseequationscanbeusedto estimate
the DHG�8 3,��� < . We begin with estimatesof

t- ����� � without scale
adjustment,that is, assuminga constanterror scale. Then
we solve the ��G equationsin Equation20 gettingestimates
tD'G�8 3,��� < . Thenwe adjustfor the error scaleusing thesees-
timates,recomputethe

t- ����� � , and then recompute

tDHG48 35��� < .
Theprocedureis iterateduntil it converges.

3.9 Estimating Variances

In thecourseof our modelbuilding, we will useestimatesof
thevariancesD I 8 1 I < and D I 8s� I� < , andestimatesof thecovari-
ancematrices

Q 8 - < and
Q 8 t- � < . Equation12canusedto form

anestimateof D I 8 1 I < :tD I 8 1 I <{� � �� �"! � c;d�R�"! t� �����7� X L 6 (21)



Equations16 and 21 can be usedto form an estimateofD I 8P� I� < :tD I 8P� I� <{� �� � X 	 � ) tD I 8 1 I <   L ) �� � X 	 � ¢ 6 (22)

Equation8 canusedto form anestimateof
Q 8 - < :tQ 8 - <����°h ! �%���_! 8 t- � t- >� X 8O` >� ` � <5h ! < 6 (23)

Equations8 and23canbeusedto form anestimateof
Q 8 t- � < :tQ 8 t- � <{� tQ 8 - < ) 8b` >� ` � < h ! 6 (24)

4 A Sequenceof Model Building Steps

The modelbuilding processconsistsof a sequenceof steps.
In eachstep, model building tools basedon certainstatis-
tics areusedto study the structureof the dataand identify
or checkan aspectof the model; the resultsof mostof the
stepsareusedexplicitly in subsequentsteps.

4.1 Step 1: An Initial Specificationof the Re-
gressionComponentsand Fixed ScaleEf-
fects

We needaninitial partialmodelfor thedatafrom themodel
classin Equation1 that specifiesthe structureof the fixed-
effectsregressioncomponent� $%� �"!'& �/���(������� ��� :
therandom-effectsregressioncomponent� +%� �"!.- ����� � ������� ��� :
andany fixedscaleeffect D G 8 3 ��� < . At thisstageweleaveopen
theform of thedistributionsof - � and1 � ; thesespecifications
comein later steps. Also, specificationsthat alreadyexist
in the modelclass,suchasthe normality of the 3 ��� andthe
independenceof 1 � and - � , will becheckedin latersteps.

Specificationof theregressioncomponentsandfixedscale
effects will dependon our knowledgeexternal to the data,
but we can explore the dataas well usingvisualization. It
is not possibleat this level of generalityto lay out specific
explorationtools.Thenatureof theexplanatoryvariablesde-
termineswhatis likely to beuseful.It is sometimeshelpful to
visualizethedatafor eachunit separately, for example,if the
explanatoryvariablestakeonthesamevaluesfor eachunit. It

is sometimeshelpful to studythedependenceonfixed-effects
explanatoryvariablesby visualizationsthatpoolacrossunits;
in sodoingthevariability in thevisualdisplaysbecomesthe
errorvariability togetherwith therandom-effectsvariability.

4.2 Step2: Initial Adjustment of the Fixed Lo-
cation and ScaleEffects

As describedin Section3.8, we estimatethe fixed location-
effectsparameters,& ����� , andthe fixedscale-effectsparame-
tersDHG48 35��� < , andthenadjustfor thefixedeffects.Weconsider
theestimatesto bethetruevaluesin thesubsequentsteps.

4.3 Step 3: Checking the Assumption of Nor-
mality of the Err ors

The assumptionof normality of the errors, 3 ��� , or equiva-
lently, thestandardizederrors,

] ��� , canbecheckedusingthe
studentizedresiduals,

t£ ��� . FromEquation18,undernormal-
ity, t£ ����x ¤ � ��X 	;�'¨ �E© 8=L �7�«:�8b� �±X 	
� X L�<,�;�7< 6
If � � is constant,the

t£ ��� areidenticallydistributed(i.d.), and
we checktheassumptionby an i.d. quantileplot (Cleveland
1993). If the � � vary, thenthe

t£ ��� arenot i.d., andwe usea
mixturequantileplot (Cleveland2000).

The normal distribution is symmetric,and the standard-
ized residuals,

t� ��� , can be usedto checkthe symmetryof
the

] ��� , which providesa partial checkof normality. From
Equation10, t� ��� � 1 � t] ���� im ���(� 6
If

] ��� is symmetric,

t� ��� is symmetricbecause

t] ��� is sym-
metric and 1 � is a nonnegative randomvariable. A normal
quantileplot of the

t� ��� is oneway to checktheir symmetry.
Supposethe normaldistribution doesnot appearto be a

goodapproximation.Sometimesa transformationof the re-
sponsecanbetheremedy. If not,we mustfind a non-normal
approximation.Often,thediagnosticplotsfor normalityhelp
identify the new distribution. But the above distributional
resultsfor the statistics

t£ ��� and

t� ��� do not hold in general
undernon-normality;we mustfind their distributionsunder
otherassumptionseitherby derivationor simulation.In some
caseswe might want to use other statisticsin their place.
Thesubsequentstepsin our modelbuilding processneedal-
terationin a similar way; the non-normalcaseproceedsus-
ing the sameframework asthe normal,but the detailsmust
change.Here,we will supposethatnormalitydoesprovidea
goodapproximation.



4.4 Step4: Checking for the Presenceof Ran-
dom ScaleEffects

We now have in placea specificationof normality for the] ��� . Basedon this specification,we explore the datausing
the standardizedresiduals,

t� ��� , and the residualvariances,� I� , to determineif randomscaleeffectsappearto bepresent.
If randomscaleeffectsarenot present,then,from Equa-

tions10 and 14,
t� ����x �z8PC.:�L <�:

and � I� x �w�{� 8b� ��X 	;�H< 6
We cansearchfor evidenceof randomscaleeffectsby study-
ing the empiricaldistributionsof

t� ��� and � I� to seeif they
follow theseno-scale-effect referencedistributions. For

t� ���
we simply usean i.d. normalquantileplot. For � I� , if � � is
constant,we useani.d. MSQ quantileplot, andif � � varies,
we usea mixture MSQ quantileplot. In the latter casewe
needthevarianceof � I� , which, from Equation15, isD I 8P� I� <�� �� �|X 	;� 6
.

Quantileplotsaretypically moreeffective if thedisplayed
variableshave distributionsthat aresymmetricor nearlyso.
Theempiricaldistribution of � I� is typically stronglyskewed
toward large values,but the fourth rootsareoften closerto
symmetric,soourpracticeis to plot fourthroot � I� againstthe
fourth rootsof thequantilesof thereferencedistribution.

4.5 Step5: Identifying the Distrib ution of ²�U
We now havetwo specificationsin place— normalityfor the] ��� andanassumptionthat randomscaleeffectsarepresent.
Basedon thesespecifications,we explorethedatausing

t� ���
and � I� to specifythedistributionof 1 � .

FromEquations10 and 14,t� ��� x 1 � �z8OC':�L <�:
and � I� x 1 I���w��� 8b� �³X 	
�H< 6
Graphicaldeconvolutionprocedures,onebasedon � I� andan-
otheron

t� ��� , areusedto identify theunknown distributionof1 I� .
For

t� ��� , wepositadistribution for 1 I� , generate(deriveor
simulate)quantilesof the referencedistribution, 1 � �z8OC':�L < ,
andmake ani.d. quantileplot of the

t� ��� usingthegenerated
quantiles.

For � I� , we posit a distribution for 1 I� , generatequantiles
of thereferencedistribution 1 I� �w�{� 8b� �0X 	
�H< , andmakean

i.d. quantileplot if the � � areequalanda mixture quantile
plot if not. To carryout themixturequantilemethodwith � I�
we usetheestimate

tD I 8s� I� < of D I 8s� I� < from Equation22.
For thedistribution of 1 I� we canconsiderstandardfami-

lies for positiverandomvariables.Four arethefollowing:
1. Gamma: ��8P��:,����� h ! < , where � is the shapeparam-

eterand � thescale;themeanis �H� andthevarianceis� I � .
2. Weibull: ´µ8s��:5�@�·¶ h ! 8P� h ! ) L�<R< , where � is the

transformationparameterand � the scale;the meanis�H¶�8s� h ! ) L < and the varianceis � I 8P¶�8s�7� h ! ) L�< X¶ I 8P� h ! ) L <?< .
3. InverseGamma:j���8s��:5�¸�¹� X L�< , where� is theshape

and � the scale,and � divided by the randomvariable
is ��8s��:#L�< ; the meanis �"8P� X L�< h ! andthe varianceis� I 8s� X L�< h I 8s� X �7< h ! .

4. Log Normal: º��z8s��:5� I � X �7��< , where � and � are
the meanand scale(standarddeviation) of the natural
log of therandomvariable;themeanis »
¼�½�¾�¿RÀ I andthe
varianceis »
¾�¿ X L .

The scaleparameterof eachof thesedistributional families
hasbeensetto avaluethatmakesA¸8 1 I� <��wL . Oneparameter,� , remainsto specifya memberof thefamily. Oneapproach
is to usetrial valuesandmake a quantileplot for eachtrial
value. A secondis to choosean � so that the varianceof
the distribution is equalto the estimatedvariance

tD I 8 1 I < in
Equation21. This leadsto thefollowing valuesfor � :

1. Gamma:�¸� tD h I 8 1 I < .
2. Weibull: � is thesolutionto

tD I 8 1 I <{�¹�7�H¶ h I 8P� h ! <=¶�8s�7� h ! < X L .
3. InverseGamma:�¸� tD h I 8 1 I < ) � .
4. Log Normal: �¸� X C 6 ÁEÂfÃ�Ä 8=L ) tD I 8 1 I <?< .

4.6 Step6: Identifying the Distrib ution of Å�U
We now have threespecificationsin place— normality for
the

] ��� , anassumptionthat randomscaleeffectsarepresent,
anda specificationfor thedistribution of 1 I� . Basedon these
specifications,we explorethedatausingtherandomlocation
estimates

t- � to specifythedistributionof - � .
FromEquation7, t- � � - � )21 � v �H6

The distribution of 1 I� has been specified, and v�� x�z8PC.:#8O`Æ>� ` � < h ! < . We posit a distribution for - � , generate
thedistributionof - � )Ç1 � v � , andcomparethis referencedis-
tributionwith thatof theempiricaldistributionof

t- � . Visual-
ization tools to carryout the comparisonwill dependon the
positeddistribution and the structureof the random-effects
regressioncomponent.Thus,as in the specificationfor the1 I� , weuseagraphicaldeconvolutionprocedure.



To illustrate the considerationsin carrying out the spec-
ification let us look at a simple specialcase. Supposethat
therandom-effectsregressioncomponentis a singlelocation
parameter;that is, 	 � �ÈL , - � � - � ! � � , and �S� ! � ��� �ÈL .
Suppose� � �a� is constant.Thesimplemodelthenis�#��� � - � )u1 ��35��� (25)

for � = 1 to � and� = 1 to � . In this casev#� ��� h ! c%�R�"! ] ��� � i] � :
and D I 8 v <���� h ! 6 Because- � is ascalar, wereplace

Q
by D I

in Equations8 and 23. Equation8 becomesD I 8 t- � <{��D I 8 - < ) ��h ! :
andEquation23 becomestD I 8 - <���� h ! ® �%� �"! t- I� X � h ! ¯ 6
In positing a distribution for - � we specify its varianceto
be

tD I 8 - < . Theresulting- � )Æ1 ��v�� areidenticallydistributed
with areferencedistributionwhosequantileswecomputeand
comparewith the quantilesof

t- � by an i.d. quantileplot.
Notethatif � is largeenoughthat � h ! is smallcomparedwith
tD I 8 - < , thentheempiricaldistribution of

t- � providesa direct
look at the distribution of - � . It is tempting,of course,to
begin by positingnormalityfor - � . If this failsandthequan-
tile plot suggeststhat the distribution is symmetric,but has
longertails thanthenormal,thenwe canposit � 8P�':,C.:,� I < , aW -distributionwith � degreesof freedom,location0,andscale� . Thevarianceof this � is � I ���.8O� X �7< , so if � is specified
we have � I � tD I 8 - < � X �� 6
We cantry differentvaluesof � andmake a quantileplot for
each.

4.7 Step7: Checking the Dependenceof ²�U onÅ�U
Oneimportantassumptionof thegeneralmodelof Equation1
is that 1 � and - � are independent.Thereis always a dan-
ger that 1 � dependson - � becausevariability frequentlyin-
creaseswith anincreasingmeanlevel. Oneway to checkfor
dependenceis to plot fourth root � I� against

t- � .

4.8 Step 8: Checking for Remaining Corr ela-
tion

Let usreturnto thesimplemodelof Equation25. Thecorrela-
tion between� ��� and � � � is D I 8 - <R�«8PD I 8 - < ) D I 8 3 <?< . In other

words,therandomlocation-effectsinducewithin-unit corre-
lation. Thecorrelationstructureis, of course,complex for the
generalmodelof Equation1. We canstudythestandardized
residualsand the studentizedresidualsto searchfor higher
than expectedcorrelationas a way of detectingpoor spec-
ification of the random-effects regressioncomponent. The
detailsof how to searchwill dependon the structureof the
random-effectsregressioncomponentand the natureof the
explanatoryvariables.
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