A localized version of the SK model with external field
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Abstract: In this note, we consider a Sherrington-Kirkpatrick- (SK)-type model on Z¢ for
d > 1, weighted by a function allowing for any single spin to interact with a small proportion of
the other ones. Both mean field and diluted cases are considered, and we compute the replica
symmetric solution at high temperature in those two cases. We are also able to study the influence
of some boundary conditions on the replica symmetric solution under mild assumptions.

1 Introduction

Conceived originally as a simplified model that could describe the main behavior of some special alloys (see
[8]), the Sherrington-Kirkpatrick (SK) model has become in fact a canonical example of disordered system,
and the techniques introduced to handle it are also used in a wide number of applications, ranging from
neural networks (cf. [10], [1]) to polymer measures [2] or biodiversity [4]. On the other hand, some substantial
progress has been made in the understanding of this canonical model, through the introduction of Parisi’s
ansatz [6] and the smart path method (see [5], [10]).

In this paper, however, we would like to focus on one of the main simplifications that have been made
in order to make the original SK model solvable, that is the mean field approximation. Indeed, letting
all the spins interact with each other allows the limiting mixing behavior of the system to take place in a
simple way. On the other hand, the results on short range models with random interactions are scarce (see
however e.g. [7] for an account on the topic). Nevertheless, the mean field approximation is often seen as
an oversimplification, physically unrealistic; in particular, it does not take into account the geometry of the
system under consideration. Thus, our aim in this note is to introduce a kind of localized mean field model,
that will partially respect the the geometric shape of our system, but also share some features of the original
SK model with external field

For N,d > 1, our space of configurations will be ¥ = Xy = {1, 1}CN, where C)y is the finite lattice box
Cn = [-N;N]? in Z%. For a given configuration o € X, we will consider the Hamiltonian

—Hy (0) = % Z q (Z]_V]) 9(i,jy0i0j + h Z oi, (1)
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where /3 stands for the inverse of the temperature of the system, N = 2N +1, (,5) is our (abusive) notation
for a pair of sites i,j € Cy (taken only once), {g¢ ;) : (i,j) € Cn} is a family of IID standard centered
Gaussian random variables, and h represents a constant positive external field, under which the spins tend
to take the value +1. Our localization is represented by the function g, which can be thought of as a smooth
frame, and which is only assumed to be defined on [—1, l]d such that ¢2 is of positive type, so that ¢2 is
non-negative and invariant by symmetry about the origin. We also assume ¢? is continuously differentiable,
including at its periodic boundary. We refer to Section 2 for some more detailed information about our
model. Notice that

1. When h = 0, this kind of localized model have been considered in [11], using the martingale method
introduced by Comets and Neveu [3]. In our case, however, the results will have to be obtained thanks
to the smart path and cavity methods.

2. Having a localizing weight of the form ¢( %) implies that each spin will interact with at least a proportion
of the N others, which means that we will stay in the mean field range.

This paper’s aim is to get the replica solution for the model defined by the Hamiltonian (1) and some

related ones, at high temperature: let Zy =) 5 e Hx(9) and py(B) = L E[log(Zy)]. First, if 5o stands

for the L? norm of ¢ on [—1,1]%, and if SK (3, h) is the usual replica solution for the SK model at temperature
5, we will get that, for 8 small enough,

py (8) ~ --SK (Vih )| < .

for a constant C' depending on the parameters of the model. Observe here that the speed of convergence
obtained is of order N instead of N¢ in case of the SK model. This is due to the slow rate of convergence of
some Riemann sums, and we will also show how to obtain some better bounds by changing the assumptions
made on ¢ (namely by letting ¢ having smoother oscillations). It is also worth noticing that the final result
does not depend on the actual shape of ¢, but only on its L? norm ~y. The proof of this result will heavily
rely on some Fourier analysis performed on ¢, combined with the cavity and smart path methods. Note
however that the usual cavity-method ingredient of “proof by induction on N” is not used; rather, some
explicit calculations are performed for fixed V.

Once the geometry of the system is reintroduced by our weight ¢, it will also be natural to study the
influence of the boundary conditions on the limiting behavior of the system: we will show that those boundary
condition will not affect the replica symmetric solution at high temperature under very mild assumptions, a
common fact shared with the Ising model.

We will then make another step towards a nearest neighbor type model, and consider on > the Hamil-
tonian

—Hy(0) =8 Y anli = )16.5)96.00i05 +Bh Y oi,

(1.J)€C ot
where v(; j) is an i.i.d. sequence of Bernoulli random variables with parameter ﬁ, ie.
i v
Plup=10)=%5 Plup=0=1-4

This defines a diluted localized model, for which a given spin interacts (in mean) with a finite number of
spins in its neighborhood defined by ¢. This is a natural extension of the previous model, also considered for
the non-localized case in [9], [10], and has, from our point of view, one additional advantage: the limiting
behavior of this system will involve the whole structure of ¢, through the introduction of a Poisson point
process with intensity ¢, and not only its L? norm as in the mean field case. On the other hand, the formula
obtained for the replica-symmetric solution becomes quite involved, and we refer to Theorem 3.16 for a
precise description of the result we obtained.

Our paper is organized as follows: in Section 2, we deal with the mean field localized model , starting
with some preliminary results on the cavity method and a definition of the overlap suited to our situation in
Section 2.1, getting then the replica solution in Section 2.2, and considering the influence of the boundary
conditions in Section 2.3. Then, we treat the diluted case in Section 3.



2 The localized mean field case

We consider a random Gibbs measure on the configurations of spins in the finite lattice box Cy = [-N; N4
in Z? defined by its Hamiltonian H = Hy on ¥ = Xy = {—1,1}°~ as follows. For each o € ¥y let

g i—J
—Hy (0) = Kz Z q N 9(i,5)0i0; +h Z o;

(i,5)eCnN i€Cn

where 8,h are fixed positive numbers, N = 2N + 1, (i,7) stands for a pair in C counted only once, the
set { 9 ¢ (i,5) € C’N} is a family of IID standard centered Gaussian random variables, and ¢ is a function
defined on [—1,1]¢ such that ¢ is of positive type, so that ¢? is non-negative and invariant by symmetry
about the origin. We also assume ¢ is continuously differentiable, including at its periodic boundary. The
Gibbs probability measure is defined for each o € ¥y by

Gn(o)=B(o)/Z
where

B(o

N (0) = exp (=Hn (0)),

Zy =Y B(o).

ogEXN

)
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Note that whether the sum over (i, j) € Cy includes the diagonal ¢ = j or not does not effect the Gibbs mea-
sure. The average with respect to the Gibbs measure is denoted by (-), that is (F) = Z~' Y o B(0) F (o),
while the expectation with respect to the randommess of the g(; ;)’s is denoted by E. When a func-
tion F is defined on (Xy)", then F (01702, ‘e 70") is a random variable on the product space of sev-
eral independent replicas of the Gibbs measure, and we still use the notation (F) which now denotes
Z5" 202(01’02 oM E(SN) JT4—1 B(0;) F(c). Note however, that the same random variables g; ;) are
common to all the replicas of the Gibbs measures. We will commonly use the abusive notation (F (o))
instead of (F).

The interaction function ¢ can be taken to signify, for example, that interactions decay with the distance
between sites of Cy. For example, ¢ (z) = 1/2 4+ 1/2cos (7 |z|). A function ¢ that decays very fast near
a peak at the origin signifies a very weak interaction except at neighboring sites. In all cases, denoting the
Euclidean inner product in R? by a dot -, we have the following Fourier representation for ¢:

F@)=w+ Y. qucos(rk o) 2)
kezd—{0}

_ E ,ykeurk:-m
kezd

where the greek letter ¢ denotes the imaginary unit, where {7y}, 54 is a family of nonnegative reals, where
v_i = Y for all k # 0, and we assume
Z |k e < o0

k
which ensures differentiability.
A quantity of interest is the expectation of the logarithm of the so-called partition function Z:

pNn =pn (B, h) = ]éd [log Zn].

Lemma 2.1

*% 3 (el
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Proof. Follows from the definitions with some simple algebra.



2.1 The Cavity method

The cavity method which we propose is influenced by the presentation of Talagrand in [10]. Some of the
passages below are reminiscent of this work. In particular, the calculations in paragraph 2.1.2 seem to be
fairly standard; a reader familiar with the subject can skip these. We have included these and other details
in order to increase readability and self-containedness.

2.1.1 Notation

We introduce notation that will be useful in implementing the so-called cavity method for this problem. The
idea is to single out a site m in Cy and create a cavity there, by progressively decorrelating the spin at m
from the other spins. Any calculations to be performed on the Gibbs measure with decorrelated site m will
be easier than with the full Gibbs measure.

Set C = {i € Cn;i # m}. We decompose, for all o € By,

—Hy (U) = _H}\rll (pm) +om (h + 9m (pm))

where p,,, denotes the ordered spin values except for the m-th spin, that is, the (]\7 d_ 1) -tuple (ai;i € C’}{})

B m—i
Im (pm) = Nd/Q Z q N 9(m,i)Ti,

el

and we denote

and we also use the notation

i
—HY (pm) = Y Q< N‘]>9(z‘,j>0i0j+h > o

ijecy i€Cy

This new Hamiltonian is similar but not identical to the Hamiltonian —Hpy_1 on Xny_1. Note in particular

. ——d
that HY has N4 — 1 variables, while Hy_; has N — 1 variables. For a function f = f (¢,,; ) depending
on o, and other variables, let Av f (---) denote the average of f with respect to the two values o, = £1.
Then we can write, for any function f on Xy,

(f) = ZL > { l > f(am,pm)e"m(h*g’"(”m))] exp (—Hy (pm))}
)}

N A
{pm=(0iieCy om=%1
1

Z <A"f('7pm)e'<h+9m<pm>>>

—m

where (-)_  denotes the average of a function of p,, only with respect to the Gibbs measure with Hamiltonian
H7}}, so that necessarily the normalizing function Z above must be equal to

Z = <Av e'(h+g’"(”’”))> = (cosh (h + gm (Pm))) _ 1, -
—,m ’
We now introduce the decorrelation scale for the spin at site m, by progressively killing the only term
that is responsible for correlation, namely g, (pm), and replacing it with an independent Gaussian r.v. of
appropriate magnitude, as follows. For any ¢ € [0, 1] let

Gt (om) = Vtgm (pm) + BVIVI —1G

where G is Gaussian A (0,1) independent of everything and 7 is a number that will be chosen later. For
t = 1, this changes nothing. For ¢ = 0, there is indeed no correlation left between o, and the other
spins. More precisely we can now introduce the averaging with respect to a measure with this new partial
correlation for fixed t. We do this in a multivariable setting, where a function f depends on an n-tuple of

configurations of spins (01, vt ,a”), and possibly some other variables. The averaging operator Av



operates on ,' Oyttt Ccalculatin, € average o W1 respec O a possibilities 1or
t n by calculating th ge of f with t to all 2" possibilities f

(0'1’...70'1’.. ) Let

Emon,t = €Xp (ZO’ h—i—gmt pm))>

Em,t = 5m,17t
Zm,t = <Av5m’t>_)m

1
<f>m7t - (Zm,t)n

i (1) =B [(1),]] =B

<ll v J ‘Sm,n,i >7’m
( ', )’IL AV J E’NLJL,t —m|

2.1.2 Calculation of the variations of v, ;

We have
agm,n,t — Z /6\/;G i:o_l
ot \[ =1 2 vi—ti3 "
and
8t <AV gm t < Omdm pm) - ﬁam )
and thus
O t (f)
ot

— ; v L & O'l 1
-F [(Zm,t)n <A ! (2\/¥ ; mm (pm)> Em,n,t>’m]

1 BViG o
_E[(Zm,t)n <A f2 T mntZU >m]

)

1
—nE

=A-B-C.

To calculate A we use the following identity, valid if G is a Gaussian random variable:

E [0F/0g (G)]. Since we have for each i # m,

n Ogm
a‘S‘m,n,t _ mntz 1 99 pm)

ag(ﬂl,z) om ag(m, )
mj\; z) ol

— l
= ng,n,t Zlffmq (
8Zm,t _ <A 6'gm t >
ag(m,l) ag(m )

B BVt m—i

= <A.V ng,to-mq N g; .
A = A1 — ”IIAQ,

we get

1 BViG
)"t (AV fEmmt) <Av5m,t (Mamgm (pm) — wﬁa’”) >_ m]

E[GF(G)] =



with

and .
1 0Z,, 1 m—1
4 :gc:ﬁE (Zimo)" 8g<m,’f> <Avf Mgm’"’t;(’f”"Ngmq( N )U§>’m1’
SO "
b= 2 () 2 e (et i)
ieCm LI=1
and

_ 52 B ’L l n+1 l n+1
D §:umt folo )
ieCy
where in the second line we combined the product of one average over n independent replicas of the Gibbs

space with one average over an additional replica of the Gibbs space into just one average over n + 1
independent replicas. This yields

2 . n ,
A= % Z ¢ (mN z) LZ Vit (fofU )_"Zl/mt (folon ol o) |

1=1

For B, using again integration-by-parts, now for the Gaussian r.v. G itself, since

agm’mt = gm,n,t Z Cfi,,ﬂ\/;m,

aG
=1

aZmyt - 85m,t

oG <A" oG >_7m

= <Av Sm,tamﬂ\/;\/m>

—,m
we obtain

2. M M 24 N
B="TS S e (sahath) —n” Tg (fobonh)

1=11'=1
To calculate C' we first write C = C; — Cy with

e A ) (AYEngoman (om)) ]

m,t
BVEG >

Cl =nE

1
02 =nE T o ngl <AV fgm,n,t>_7,m <AV gm’t

= 5,
(Zm.t) 21—t

We first rewrite the products of Gibbs averages as single Gibbs average, and then use the same calculations
that lead to the expression for A to get:

I

icCy

. n+1
> [Z Vi, t fa_l n+1 I n+1) _ (’fl + 1) Vit (fo_;l+10_;z+20_gz+lo_::l+2) ] )

The same calculations as for B yields similarly that

2An+1 2 A

Cy = n= Z Vint fam0"+1) n(n+1) g7

n+1 _n+2
2 )-

V.t (fam O



Grouping all our calculations, and some algebra, yield that the quantity Ov, ¢(f) is equal to

2Nd Z < > <2 > (fallafoi;bgﬁn)

i€Cn 1<i<l’'<n

—2nZth le ntl l n+1)
+n(n+ v (fo"'H ZH'Q :,L,JFIJ;”))

_ 5727: (2 Z Vm,t <f0'rno' ) - 27’2,2 Vm, t fo'mo-;r:1+1) + n(n + 1)1/7” t ('f n+10%+2) ) ’ (3)

1<I<l’'<n

where we used the fact that for ¢ = m, the corresponding term is zero.
We now identify overlap-type quantities. Let

For k € Z¢ — {0}, set now

Rl U _ _ LTri‘k/No_ﬁlo_é (4)
Nd
i€Cn
while for £ = 0 we use instead .
Ry =R —r,  pi= (5)
70

We call R the basic overlap quantity for our problem as it measure the average overlap of spin values

for a fixed configuration. The Rl 5 are also overlaps, albeit relative to a certain Fourier mode k. That all
these overlaps are significant can already be seen immediately since, according to Lemma 2.1, a quantity

2
of importance for the behavior of the partition function is precisely ZkeZd—{O} Vi ’R}f‘ + 70 |R1»2}2' The

sum of this last series can thus be considered as the total overlap relevant to the problem of studying the
partition function. With these overlap notations in mind, the expression for Ovy, ; (f) /0t in (3) easily yields
the following, which the reveals relevance of v, ; to the calculation of expected overlaps.

Proposition 2.2 For any f: X% — R and t € [0, 1], the derivative of vy, (f) is given by

Wna ) _ g2 5™ e“”"k/N< > v (1R onor)

kezd 1<I<l/'<n

— TLZth (le gl "+1) + an—i— 1)Vm,t (fWJﬁflafn“) ) (6)

2.1.3 Bounds on v,

Lemma 2.3 There exist positive constants ¢, 4.3 and c;’qﬁ that depend only onn, q and B, and are uniformly
bounded in 3 for B € [0, 1], such that if f is a positive function on (Xn)" then for allm € Cy and t € [0,1],

U, (f) < cnq,8v (f) (7)
and
s () = v ()] = 002 (1) | 32 s (|21 ) | ®)
kezd



Proof. See [10, Proposition 2.4.3]. |

This lemma, whose short proof follows essentially that of the corresponding result in the cavity method
for the standard Sherrington-Kirkpatrick model, will be combined with the explicit expression for vy, ; in
Proposition 2.2 and a separate calculation of v,,; for ¢t = 0 to obtain information on the actual expected
overlaps, under v = vy, 1, i.e. for t = 1.

2.1.4 Overlap calculation at ¢t =0

Lemma 2.4 For fitedm € Xy , let f be a function on (Xx)" that does not depend on the values ol , 02, -+ ,om.

Then for any subset I of {1,--- ,n} we have

Vim0 (fHalm> =E [tanh (Y)ul] Vm.o (f)

lel

where Y is the Gaussian random variable defined as follows, with a standard normal variable z:

Y = Bzy/yr + h.
Proof. See [10, Lemma 2.4.1].

2.1.5 Overlap expressions at t =1

The previous result, which states explicitly how v,, ¢ separates the site m from the other ones, will be
exploited in order to determine the most convenient value of r when estimating the expected-overlap-type
quantity

O:=v Z Vi ‘R,lc’Q

keza

‘2
The first step is to notice the following consequence of a symmetry property among sites.

Lemma 2.5 We have, for any fired m € Cy,

(|02 <o) = (2 1) (het, ).

Proof. We can write by definition

v (R = r?) =v ((31»2 —7) (;d 3 olo? —r>> .

i€Cn

However, under v, for fixed i, the joint law of o} 0? and R? = Jéd ZjeCN 0310]2 does not depend on ¢; indeed
the variables g(; ;) are IID and the interactions under the Gibbs measure, modulo the values of the fixed

9(i,j)’s, are invariant under translation by definition. Therefore we have

mTm

v (1B = ") = v ((R* = 1) (oho?, — 7))

which is the lemma’s assertion. 5 ]
Using Lemma 2.5 and expanding one of the two factors in ‘R}f’ in O we can now calculate O using a

fixed arbitrary value m € Cy, yielding the following.
Corollary 2.6
O =y ((Rl’2 — 7“) (U}nagT — 7“))

1 1,2 1 _2\ uwi-k/N
+ Z o0 Z 'ykl/(Rk aiai)e .
kezZd—{0} 1€CN




In order to exploit Lemma 2.4, we must modify the above expression for O by completing the following
two tasks:

(i) estimate the error made by replacing the arguments of v; ¢ by functions that are of the same form as
those in Lemma 2.4;

(ii) estimate the error made by replacing v by vy, 0 (or v; as appropriate).

2.1.6 Task (i). Separation of cavity variable from others

We deal with task (i) first. It is sufficient to replace R'? by the same quantity with the m-th term omitted:

define . ) .
(R1’2)_’m = — E olo? =RY? - —glo2 =RY2 40 < ~ )
d K3 K3 d m-m d
N ieCy N N

and similarly let

—,m 1 .
1,2 o 1 _2 umick/N
(Rk ) = E o,0;¢€

eid

1 1
_ plL2 1 2 umm-k/N — 1,2
=R, Ndomame R°+0 (Nd> .

Note that the “big oh” terms that are the difference of R and R™™, or of Ry, and (Ry) """, are uniform

in all parameters, random or otherwise. Specifically let Oy denote the expected overlap quantity O with v
—,m

replaced by v, 0 or v; ¢ as appropriate Thus, according to Corollary 2.6, and using the quantities (Ri’2>

with no m-spin dependence, we must have (or define):
Oy = YoVm,0 (((le)_)m - T) (Urlno'?n - 7‘))

1 —i N
b Y e ((R) Cola) e

kezd—{0} i€Cn

1 1 2 1 2 1 1
twima (ot (Gt =0+ X LY e
kezd—{0} ieCn

The completion of task (i) can then immediately be summarized as the following.

Lemma 2.7

O =0vmo (((B)" =) (ohot 7))

© S () Tent) e o (5),

kezd—{0} i€Cn

2.1.7 Task (ii). Estimating the difference between the overlaps at t =0 and ¢t =1

We now prepare the tools for proving and exploiting task(ii), beginning with an elementary lemma, due to
Lattala and Guerra, and whose proof can be found i.e. in [10, Proposition 2.4.5]:

Lemma 2.8 For any choice of the parameters ,~v9,h > 0, there is a unique solution r in [0,1] to the
equation

r = E [tanh? (8207 + h)] . (9)

This lemma allows us to eliminate one of the terms in our overlap calculation Qg (at ¢ = 0 with separated
spins) by choosing r properly.



Lemma 2.9 Let r be the solution of equation (9). Then, for any m € Cy,
Vim0 (((Rl’z)_’m — r) (oylnofn — T)) =0.
Proof. By Lemma 2.4 we have
vmo (((R*2)77" = 1) (oho? — 1))

= VUm,0 ((Rl’Q)i’m - 7“) [E [tanh (Bzy/0T + h)2] - 7«}
=0.

which finishes the proof. O
Similarly, with this choice of r, regarding the other term in Oy we can write

Z ;;kd Z Vi0 ((Rllc2) 030?) et RIN

kezd—{0} i€Cn
1 — N
= ¥ g X () ) e o
kezd—{0} i€Cn
=7 Z Vi (A,lﬁ,—kAi—FA‘z)
kezd—{0}
where
1. 1,2 ik /N
Ak .fl/(Rk; >Nd e; e
ieCn
1 —i
2 . . 1,2 _ pl2 vrick /N
A= > uz,o((Rk ) -R >e L
i€eCn
]‘ 1,2 1,2 ik
om iy 3 [ (7)o ()] e
i€CnN
Let

this is the Riemann sum approximation of

d 1
dl,emmrk — </ dzem’ajk,)
»/[l,l]d H 1

=1 B

and since this product is zero because at least one of the components k; of k is non-zero, we can bound |Sy|
by |k| /N, since |k| is a bound on the integrand’s gradient. However one may prefer to rewrite the Riemann

sum as
d 1 N
_ = ik /N
=I5 3 )
= 1=

which shows that it is the product of the d Riemann sum approximations for the d integrals f_ll dze'™k

Therefore, |Si| can also be bounded above by (|k| /N)Z(k) where Z (k) is the number of components of k
that are non-zero. We state this second result formally for future use.

Lemma 2.10 Consider the following two conditions:
(H) There exists an integer d' € {2,--- ,d} such that for every k € Z% — {0} such that v, # 0, the number
Z (k) of components of k that are non-zero satisfies Z (k) > d'.

10



(H*) Condition (H) holds and we have
Z i [k|* < 0. (11)

kezd—{0}
Under Condition (H) we have for all k € Z¢ — {0}
d/
L]
|/4k| S Nd' -

For now, let us only use the first estimation on Aj, which does not require any additional assumptions
on the structure of ¢, namely:

k|
ALl < | 12
We easily obtain the following.

Lemma 2.11 There exists a constant k that depends on 8 and q but is bounded for 8 bounded such that

k 1 k
| |+A—<2u

1 2
|Ak+Ak|SW Nd_ Na

(13)
and

2 2
A3 < RB2 (‘R}f‘ > 3 rt/? (‘R}ﬁ‘ ) . (14)

kezd

Proof. As noted before, (R,lc’2> . R,i’2

yield (13). For the estimation (14) on A3, we only need inequality (8) in Lemma 2.3. O

< N—? and ’R}C’Q‘ < 1. Thus, ignoring Lemma 2.10, these facts

Remark 2.12 In the remainder of the article, k will stand for a positive constant depending on 3 and q
and that is uniformly bounded in the range of our parameter B; we will allow k to change from line to line.

We are ready to state and prove the result which completes task (ii).

Lemma 2.13 There exists a constant k that depends on 8 and q but is bounded for 8 bounded, such that

0= 00 <O (M) +u8 [ 3w | | 3w (‘R}fr) (15)

kezd kezd

Proof. We can first write, using Lemma 2.3

Z’Yk

kezd—{0}

2 2
< kB2 Z e ? (‘R}QQ‘ ) Z T e (‘R}CQ‘ )

keza\{0} kezd

1 RL2 .
Nd Z [V (R,lﬂ?aila?) — Vo (Rllcao—ilo'?)} olmi-k/N

i€CnN

Similarly
Yo [V (B =) (omom = 7)) = vio (B"? =) (omom, = 7))

<o (| (12 1) (b, =) ) | 3 o (|27

kezd

< 'yo/¢52y1/2 (‘Rl,Q B r]2) Z ,le/Q (’RiQr)

kezd

2 2
=i ([R5 ) | 5 w2 (|t |

kezd

11



where we used the fact, from Lemma 2.8, that r € [0, 1].
We thus have

|O — Ol

co(¥)ens 3wt (|f) | 5 e (|mf)

kezd—{0} kezd

2 2
+’70/i521/1/2 (’Ré’2‘ > Z ’7le/2 (‘Ri’Q‘ )

kezd

~ 2 2
<0 (54) +nt Y a8} | S e (|
kezd kezd
2

=0 (N‘d) + KB° Z vt/ (‘R}C’Qr)

kezd
~ 2
<o (N ) +r8 [ ZWQR;?\) ,
kezd kezd

which proves the lemma. O

2.1.8 Self-averaging overlap limit

We are now in a position to estimate 0. We show that for small 3, this expected total overlap, which is
recentered using the value r, converges to 0 at the speed 1/N as long as ¢ has a continuous gradient. Since
r does not depend on the random media g, the appellation “self-averaging” is used.

Proposition 2.14 Let 8 > 0 and let r =7 (8) be the solution of

r=FE [tanh (Bzn/7or + h)*

where z is a standard normal random variable. Let k be the constant defined in Lemma 2.13, i.e. Kk is a
constant that depends on B and q but is bounded for 5 bounded. Assume that

S Ikl < o0, (16)
kez?
and that B is so small that
Hﬂz Z Vi |]€‘ < 1.

keza

In that case, we have, for N large enough, with Ri’z defined by (4) and (5),

2 T2 kezi—{o} Yk |kl
0o<v ~ ’Rl’z‘ <
kgd eI (1= kB2 (Xhezs ) N

Proof. We have, using (13), (14), and (15)
122
0<O0=v Z%‘Rk’ ’
kezd

<|O—00l+7r Y (AL + A7+ A)
kezd—{0}
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<wf [ 3 Zyky<‘3,52’2> +0(N)

kezd kezd
2 |k
o 2wy
kezd—{0}
2 2
+r Z kB2 v? (‘R?‘ ) Z vt/ <‘Ri2‘ )
kezd—{0} kezd

:0(N_d)+/iﬂ2 Z’yk O+r Z fyk%

kezd kezZd—{0}
2 2
+ kB2 Z ypt/? (‘R}f‘ ) Z ypvt/? (‘Riz‘ ) (17)
kezd—{0} kezd
o r
<0 (N d) +rB [ 30w | O+ D w2k (18)
kezd kezd

where we used Jensen’s inequality to identify the presence of O in line (17), and we recall that O (N _d) is

a function that tends to zero as fast as N~ and that this convergence holds uniformly in all parameters.
We now assume the C! condition (16). Thus since  is bounded for 3 bounded, for 3 sufficiently small we
can make k3> (Zkezd %) smaller than 1. The result of the proposition follows. O

Corollary 2.15 Under the same assumptions as in Proposition 2.14, assuming additionally that Condition
(H’) holds, we have

2 7Y kezi—{o} Vk k[
o<v 5 )Rl’z‘ < —.
kgz:d " (1= B2 (Xheze 1)) N

Proof. This follows trivially from the proof of Proposition 2.14 if we use Lemma 2.10 instead of the bound
(12). O

2.2 Consequence for the partition function

Let s be the solution of the equation

s = E [tanh® (Bzv/s + h)] (19)
where z is a standard normal r.v. This s = s () is uniquely defined by Lemma 9. Let
F(B,h,s) = B*(1 —s)* /4 +1log2 + E [log [cosh (B2v/5 + 1)]] (20)
and
SK (B,h) = F(B,h,s(B))- (21)

The function SK is known to be the limit of py in the standard Sherrington-Kirkpatrick model. The
calculations of the previous sections imply the following theorem on the behavior of the expected logarithm
of the partition function py in our situation.

Theorem 2.16 Under the hypotheses of Proposition 2.14, we have

BC (B)
N

oy (8) - %smw’oﬁ,h) < (22)

where the constant C depends on h, q, and B3, and is bounded for 8 € [0, Bo].
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Proof. Recall from Lemma 2.1 that

0 i— 2 2
N I LRI S (X R (e
(i,5)€ECN kezd—{0}
=0 (B1+ B2+ B3).

We have that Bj is a Riemann sum approximation of

471 / ddyq® (x — y)
[—1,1]¢x[—1,1]¢
= 4*d/ dy/ dz'q* (z')
(—1,1]4 (—1,1]¢—y
= 4_d/ dy dz'q® («')
[_171]d [_171]d

= 2_d/ da'q* (z')
[-1,1]¢
= "0-

where we used the fact that ¢? is periodic in all variables, with period 2. Therefore, since by the C! condition
(2) on g, the gradient in [~1,1]¢ x [~1,1]¢ of ¢ (x — y) is bounded by

cg::22’yk|k|<oo
kezd

we have .

|B1 — 70| < Nq- (23)

Using this and Proposition 2.14, we can write for 8 < (o,

Opn
'85 —YB —7"2705
cq 1,22 1,2 2 2
Sﬁq+5 > ’YkVORk")Jr’YOV(’Ro’ JrT‘)T"Yo
kezd— {0}
¢y 1,22 1,22 2 1,2 2
Nq—&-ﬁ Z VeV <‘Rk’ ‘ ) + yov (‘Ro’ ‘ +r°+2rRy ) — 7%
kezd—{0}
C// 2
= ﬁq +p Z ViV (‘R}f’ > + 2yorv (R(l)’2>
kezZd
c’ 28rc! 1
<% a — 42 ’ (RLQ)‘. 24
_N+1_1‘5522k62d7kN+ nor | (Fo (24)

To estimate the last term, if we simply say that

1/2

2\ 1/2 2 1
‘1/ (R(l)’Q)’ <v (‘Ré’z‘ ) < Z VeV <’R;1€’2’ > < Kﬁ,h,qﬁ, (25)

keza

this does not allow us to get the announced convergence of order 1/N. The following improvement is
necessary. It is proved by showing how our choice for r allows the terms of order 1/v/ N to get killed off.

Lemma 2.17 For 3 < By,

v (Ré’Q)‘ < K (B,q) /N where K (3,q) is bounded for B bounded.

14



Proof. By symmetry among sites, we have

v (Ré’z) =v (R1’2) —-r

12
= 0;07
it
( N 1€CN
= I/(O'}na'?n —7") =v(f)
for any fixed value of m, where we define the function f = o} 02, —r. Recall also in general that from Lemma

2.4 we have for any function g defined on X (that depends on spin values from n independent replicas) but
that does not depend on any replicas of o,,,

Vm,0 (garrb 72n) = Vm,0 (g) E [tanhn (Y)] = Vm,0 (9) r (26)
where Y = 3,/707z + h with z a standard normal r.v. In particular we obtain
Vm,o (f) = 0. (27)

This is important because of the following observation: we have

(1) =t (1) + v (D) + | 1 ( /0 sl ds)

y;mo(f)+/01 </Otumq(f)ds>dt. (28)

We see that our task is to control v}, o (f) and vy, ; (f).
From Proposition 2.2 we have

l/ 52 Z’Ye”rmk/NVms(leQ 1 ) (29)
kezd
o 452 Z PYke”rm.k/NVm,s (fRi,JU}nU;>
kezd
4342 Z e TmRN Y, (fRiAUfnUfn) '
kezd

’ 7\ —H,m
Next, in the above formula, replace the terms Rﬁc’l by their non-m dependent terms (Ri’l )

d m-m

N\ —.m ’ 1 ’
1,1 _ pll U vom-k/N
(Rk ) =R - % /N,

It is easy to check that, because of fact (27), this will not change the values of any of the terms. ILe.

—\ —-m
Vm s 62 Z Yk emm k/NVm s <<R1172) fO’}nO'?n)

keza

- 452 Z YkVm,s ((Ri,3)_’ fJ;qUE’n)
kezd

#3583 surs ((BE) " st
kezd

which, after expanding f with the m-dependent factors above, and using again the result (26) from Lemma

2.4, yields
Vo (1) = 28) 32 et 0,0 ((REF) ). (30)

kezd
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where
7 =E [tanh’ V],  &B) =1-4r + 37

By iterating the formula (29) for v}, , (f) we can calculate vy, ., (f). Rather than writing down all the
terms in vy, . (f) we will simply note that we will obtain a sum of terms of the form

l l/ l,ll l// l/// l/l7l//l
c (6) Vm,s (famngk OmOm Rk/ )

where [,1’,1” and I"’ are integer numbers between 1 and 6 and the constants ¢ (8), which may be complex
numbers, are bounded when 3 is bounded. We then estimate each of these terms as follows:

2>1/2
)

1 /W " ///W
¢ (8) s (Fohob R bty BT
ll/ 2 1/2 l// l///
<) flowvms (|RE]) v (R

<c®) (1+7) [um,s <]R};2}2> + Via (\Ri‘?

Putting all these estimates together yields:

|V':7lz,s (f)| < K (B) Z Yk Z YkVm,s (‘RllcQ’Q)

kezd kezd

SK@) D w | 2r | D [kl %

kezd kezd
1
where we used Proposition 2.14 with 8 small enough and xis a constant that depends only on 8 and ¢ and
is bounded when f is small enough. Again, we will allow k below to change from line to line.
The estimate (31) on the second derivative of v, ; (f), together with (28), imply immediately

v (f) = vmo (N < - (32)

=] =

We now rewrite v,  (f) with the intention of controlling the errors made by replacing ¢t = 0 with ¢ = 1,

and replacing (Rllf) 7 with R,lf for every k. The first replacement will be handled thanks to Lemma 2.3

and Proposition 2.14, while the second will only require noticing that we trivially have

o () ™) o ()| =

Accordingly we write L

Vino (f) = B2E(B) Y wv (R}f) + D1 + Do (34)

kezd

where - _

D=5 T o ()~ (7))

kezd

and

Dy =B%(8) Y [Vm,o <(R;1cz)_m> ~Vm,o (Rllcz):| :

kezd
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We have by Lemma 2.3 and Jensen’s inequality

Dy| < B%(B8) Y wmBh| > %f\/u <‘Ri32

kezd k'€z4

) e ()

2

= 64/1 Z YeA |V <’R,1€’2’2>

kezd

<BR[ D wm | D wv <‘Ri’2’2>

kezd kezd

so that by Proposition 2.14,

K
[Dil < - (35)
Now by (33) we immediately get
1
Dol < 6% ) szt () (36)
kezd
<+ (37)

Now combining (32), (34), (35) and (37) we obtain
K . . 2 K .
DI = (D) = s (D4 Vo (D] < 4@ (D82 Y o2 (|R12]) < e @) ()]
kezd—{0}
where we used again Jensen’s inequality to apply Proposition 2.14. Therefore
K
v (N (1= 52701 —4r +37]) < N

which proves the lemma for 8 small enough. O
Thanks to this lemma we now obtain from (24):

0
pN—Voﬁ(l—Tz)‘ <

i
9B N

where k depends only on 3, h, g and is bounded for 5 € [0, fy].
The first step to conclude the proof of the theorem it to perform the following integration:

pn (B) —pn (0) =70 /OB (1 —r(b)Z) bdb

_ /OB [aapg(b)—% (1-r07) b} b

< ﬂ%. (38)

Therefore we need to calculate two terms. Calculating px (0) is trivial because we have by definition

pn (0) = ﬁlog [ S II e’”i}

oceXN i€CnN

1 o
- ﬁ 10g |JEI;[N (ai—zil eh )]
L Z log (2 cosh (h))

vd
N 1€Cn

= log 2 + log (cosh (h)) . (39)
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For the final calculation we can use known facts about the standard Sherrington-Kirkpatrick model. Let s
be the unique solution of the equation (19). We see that

s(8) = q(v08) . (40)
It is known (see [10, Lemma 2.4.5]) that with F' and SK defined by (20) and (21), we have

/0/3 (1 —s (x)2> rdr =SK (8,h) —log (2cosh (h)).

By performing the trivial change of variable b = /792 demanded by relation (40) we obtain

B
/ (1 —r (b)z) bdb = —SK (758, h) — log (2cosh ().
0 o

Now combining this (38) and (39) we obtain the theorem. O

The final result we present in this section shows that while the complete structure of ¢ does not seem
to effect the limiting behavior of the partition function beyond the average value 7o of ¢2, the speed of
convergence towards this value may depend heavily on the behavior of q. We show that the speed can be
increased to the order N~ as long as Condition (H’) from Lemma 2.10 holds. This condition restricts the
Fourier decomposition of ¢ to containing only terms of the form cos (k - ) where k -z is the sum of at least
d’ terms kjz;. Moreover the summability part (11) of Condition (H’) means that g2 is d’ times differentiable.

Corollary 2.18 Under the hypotheses of Corollary 2.15, we have

o (8) — 5K ()| < P20

where the constant C' depends on h, q, and (3, and is bounded for 8 € [0, Bo].

Proof. In the proof of Theorem 2.16, including Lemma 2.17, some estimates are already of order N~¢ =
0 (Nd/>. For the others, we may use Corollary 2.15 instead of Proposition (2.14) in all its occurrences.
This improves all estimates that were originally of order N~! to the order N *d', with the exception of the

estimation (23) for the term B;. To deal with this last term, we only need to use Condition (H’). Indeed we
write

1 L (i
|B1 — 0| = R2d Z fZ(N)—’YO

(i,5)€CnN

:ﬁ S o Y e

kezt—{0}  (i,j)eCn

_ ngd Z e (Z em-kq’/N) Z e tmkd/N

kezd—{0} ieCn JECN
The conclusion of Lemma 2.10 also means that

1 E ik /N
— e

Vd
N i€CnN

k]
Nd'*

<2

which implies immediately that

2 d
|31770\§W Z Ve [k
kezd—{0}

Thanks to Condition (11), the corollary is proved. O
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2.3 Boundary conditions

In this section, we will show that the previous results are not affected if we take into account some boundary
conditions in the Hamiltonian Hy: let {w; : i € Z%} be an arbitrary deterministic family of real numbers,
such that |w;| < M for a given constant M > 0 (in fact, w; could also be allowed to depend on N, but we
will not try to go deeper into that possibility). For N > 1, consider the Hamiltonian:

—Hy(0) = —Hn(0)+ Y wioi,
1€dCN

where
dCx = {i = (ir,...,iq); Ik < d,|ix| = N}.

Notice that {w; : ¢ € 9Cn} stands for the boundary condition, acting on each o; on dCy. It can also be
observed that H} can be written as

. B i—J
_HN(U):Nd/2 Z W\ N g(i7j)0z'0'j+hz oi + Z hios,

(i,j)€ECN i€C, i€dCyN

where C%, = Cy\OCn, and h; = h + w;.
Denote by pi(8), (f)«, vi the equivalent to pny(8), (f), v, related to the Hamiltonian H}. Then we
have the

Theorem 2.19 Under the hypotheses of Proposition 2.14, we have

pC (B)
N

Py (B) - %SK(Mﬁ,h) <

where the constant C' depends on h, q, and B3, and is bounded for 8 € [0, Bo].

Proof: The result is of course easily obtained once the self-averaging property for R,lf is established. Thus,
we will just try to stress the main differences between the current case and the one dealt with at Proposition
2.14: first, note that the symmetry property (among sites) is no longer true, and hence the equivalent to
Corollary 2.6 is

1

= X
N meC N

[w (12~ 1) (aho?, — 1))

XS e (Wbt e

kezd—{0} i€Cxn

Thus Lemma 2.7 becomes

1

Oozﬁ

lwm,o (2" =) (oho2 = 7))
Y W D Ymo ((Rzlf)’ma}na?n) e”m"“/N} +0 (N‘d).

kezi—{0} meCxn

meCn

As far as Lemma 2.9 is concerned, it is only valid for m € C},. However, invoking the fact that ||8g Iiv‘l =

O(N~1), relation 10 becomes

> i 2 v (W#Uf) TN = Y (Af+ AR+ AR) 40 (;)

kezd—{0} N i€CN kezd—{0}

Up to those terms of order N1, the proof goes now along the same lines as for Proposition 2.14. O
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3 The diluted case
The model under consideration here will be of the form
—Hy(0)=8 Z an(t — J)76,)96.,5)0i05 + Bh Z o, (41)
( ,J)GCN 1€Cn

where 3, h and ¢ have been defined in the previous section, gn(z) = g(x/N) and v(; ;) is an i.i.d. sequence
of Bernoulli random variables with parameter fy/]\Afd, ie.

v v
P(vup =1) = o T (Vg =0) = X

with N standing for (2N + 1)%, which is the size of Cy. We will also set M, = ¢l co-

Contrary to the method we used for the mean-field case, in which calculations were performed for each
N independently, the study of our diluted model will be based on an induction procedure on N, and this
will force us to consider the Hamiltonian H on a general subset F' C Cy, of size K, that is the quantity

_HF<U) = _HNF ﬁ Z qN i _j),y(l,j)g(’b,j 0i03j +ﬂhzgz
(i.4)er i€F

Having this fact in mind, our basic method will continue to be the cavity method, inspired again by the
presentation in [10]; it will take the following form in our current situation: for any m € F, notice that

_HF(U) = _HF'm (J) + ﬂam Z ’Vme Uz +h],
icFm

m

where /™ = Y(im), 9" = 9(i,m) and

F" ={ieF;i#m}, Wi (0:) = qn (i — ™) 9(5,m) -

For any F C Cy, denote by (.)r the Gibbs average on F with respect to the Hamiltonian Hp. Then, for
f:F* — R, we have

(AV fémn) .
Np=—F—""7—
<Av €m> .
Fm

where

n

Emn =exp | B Z Uin Z YW (o;) + h ,

l= ZeFrn

and &,, = Am71. We will denote by E}:¢9 the expectation given the randomness contained in {~]" ) grsie B

and by E}, (resp. EY,) the expectation when the given the randomness contained in {y/";i € F™} (resp. in
{gm;ie F™Y).

3.1 Preliminary results

Let n,k > 1 and f : F — R, depending only on a given set of coordinates (op,,...,0p,), where 7 =
(p1,---,pk) € FF (here we suppose |F| > k). We will first show that if f is antisymmetric with respect to
one of its coordinates, then E[(f)r] is asymptotically small. Let us begin with an easy lemma quantifying
the probability of an interaction within 7, whose proof is left to the reader.

Lemma 3.1 Define An . C ) by
Ang = {w; there exists (i,§) € % i # Iy Vi) = 1} .

Then
2

B

P(Ayz) < 1.
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We also label the following Poisson law bound on the number of interactions with a fixed site (whose
proof is postponed until the proof of Lemma 3.10 Step 1) for further use.

Lemma 3.2 Letp € Cy, J, defined by
Jpy =U{i € Cn; 7 =1}, (42)
and set r =r(p) = |Jp|. Then, for N large enough, with k, = exp((57)/2) and 4 = 2, we have

N ,.’yu
—5
P(r=u) <k,e ul
for any u > 0.

Let f: F" — R, with n > 2, and let us write, for j < k,
f = f (U}‘Pjaagljj;o-f%l)]wagj; . ';U?E‘Pj70-gj> ’
with obvious notations. Let us call 7} the that transformation that permutes the first two occurrences of

the jth spin in 7:

1 1. .2 2. g n
fon (Uppj7a'pjao.ﬁp]‘ao-pj7"'7UFPj7Upj)

— 1 2., 2 1. ) n
_f(Uppj7o-p]v7o-ﬁvpj70-pja'"70-13‘Pj70-pj>

The next proposition on the behavior of antisymmetric functions, adapted from [10, Theorem 4.2.1], will be
useful in order to get some pure state results.

Proposition 3.3 Let F C Cy such that |F| = K, and f,f" : F" — R be two functions depending on
coordinates in m = (p1,...,pr) such that f' o Ty = —f" and |f'| < af (in particular, we assume f to be a
positive function). Then, given a constant v > 0, there exists strictly positive constants Bo = Bo(y, My) and

b = 2v such that if 8 < By,
o[ 101el] K0

(Hr Nd

Proof: First, observe that, using Lemma 3.1, we have

452 <ol ]

We will now work on the last term of the right hand side, and always assume that A% is satisfied.

Step 1: Let J,, be the set defined by (42), and note that J,, N7 =) on A% . Since we will use the cavity
method with respect to oy, , we will call U; the equivalent of transformation 77}, performed on a function f

defined on FP¢. Then, it is easily seen that, on A% _,

[Av f’épm} o [[ Ui=-Avfé, .

i€Jp,
Consequently, writing Jp,, = {i1,...,4,} (here notice that r is a random integer depending on ), we also
have . .
AV f'€pn = % [(Av P€pen) = (AV /) 0 Ul U, | = ;Zl fo
where - .
fo= (Av &) o [T Ui = (A £Epn) o [T Ui = £ = 12
v=1 v=1
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Note that f, satisfies fs o U;, = —fs, which means that fs is still an antisymmetric function.

Step 2: We will now get an estimate of f; in terms of Av fépkm, similar to the relation between f’ and f.
Indeed, we have

n q—1
1 1 n l . l
= Avgzl’k’-"v";?k lf/(a yee,0") exp ([3 ;1 T (an(pr — i) gir o, + h)) o | I1 T;,
= v=

=Av, _ n f’(al,...,a”)é’pk,nexp (L(l)),

pr P
with
) —ﬂZ%k ZQN m —i,)gt* (o}, o7 ") .
Similarly,
f(z) =Av, ob, o] f’(ol, . ,a”)épk,n exp (L(Q)) ,
with

2)—ﬁZakaqN m —iy)gl* (o}, — o))

Then, it is easily checked that

2 s—1

ILO1 <283 M, |g7*| < 48M, Z\gf’kl

=1 v=1
The same estimate holds for L(?), and invoking the fact that

6" — e¥] < ez —y|
if x,y € [—a,a], we get

o] < 4BM,|g"* | exp (zqu 3 |gfj|> AV f€pn] -

v=1

Step 3: We are now ready to state our induction hypothesis. We will assume that for K > 1, § small
enough, any subset F' of size K and any functions f, f’ fulfilling the hypothesis of our proposition, then

{1 hab
E[ Py } N (44)

This is true if K = 1. Indeed, then, F' is a singleton {p} and 7 = {p} so that the event A% . is empty, and
the second term on the right-hand side of (43) is null, so (44) is true with b = . Consider then a subset F’
of Cy of size K + 1, and f, f’ satisfying the assumptions of our proposition. Then

(e _~ e
(fip =1 <Av fgpk,n> ’

Fri

and applying the induction hypothesis, we have, on A% ,

fe] o 4%° BM ab -
5y |52 < S e (450, 3
<f>F s=1
Thus, integrating with respect to the randomness in g yields

B {(f}F} < kk?BMyabr(1+ BM,) .
Nrl™ N

) |

XPp (8rﬁ2MqQ) .
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Now, using Lemma 3.2, some elementary computations of exponential moments for a Poisson measure, and
combining with (43), we get

E[<f/>F} <2 1+ kByb(L + BM,)

(Hr Nd

5
exp (27 + 8(BMy)* + 2y (e8(ﬂMq>2 - 1)) ] .
Hence, if a, b, 8,7 are such that

v [1 + KBYb(1 + BM,) exp (527 +8(8M,)* + 2y (eg(ﬁM‘l)2 - 1))}

does not exceed b, our proposition will be shown. This occurs for small § and b = b(y) as announced.
Indeed, take b = 2v. Then it is sufficient to take

2687 (1 + BM,) exp <5; +8(BM,)? + 2y (eSWMq)z - 1)) <1,

which is obviously true for small 3. |

Remark 3.4 Notice that, applying this first result to f' = o} (O'Jl» — ajz) and f =1 for arbitrary i,j € Cy,

we get, for a constant k > 0, a mean measure of how fast spins decorrelate as the system size increases,
which is intuitively consistent with the fact that we started off by assuming that each correlation probability
is v/N:

K

Nd

E{[(0ioj) = (i) (o)) || <

Remark 3.5 In many of our future computations, a rate of 1/N? could be attained. However, some Riemann
sums convergence will push this rate down to 1/N. This is why, from now, we will often use the trivial bound
1/N? < 1/N for our estimates.

We will turn now to some preliminary results in order to get the limiting behavior of the magnetization,
and let us introduce first some notation: for two [—1,1]*-valued random variables X and Y, define the
Monge-Kantorovich distance between the law of X and the law of Y by

p(L(X),L(Y)) = sup {E[f(X)] - E[f(Y)]; f € L)} (45)
Zin{E“Xl —XQH; (Xl,Xz) EMX’Y}, (46)

where L) denotes the set of Lipschitz functions bounded by 1, with Lipschitz constant lesser than 1, and

Mxy is the set of random vectors in 2* with marginal laws £(X) and L(Y) respectively. For a vector
&= (&1,...,&) € [-1,1]", a function ¢ on {—1,1}", define (@)¢ by

D= [ || S v ) e, (), (47)

where v¢; is a Bernoulli measure on {—1,1} with mean ¢;.

Let 7 = (p1,...,pr) be a sequence in F*, where F' C Cy. We will also need to introduce a generalized
cavity method, singling out all the elements of 7 at once, and changing the integration over Cy for an
integration over C'y_1: set

F*"={ieF;i¢n},

and for j € {1,...,k} define J,,; as in (42). Define also éﬂ,n by

n k

Exn=exp |BY Y ol | D W/ (o) +h (48)

=1 j=1 i€y,
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As usual, we will designate éml by .. Then, for any f: 7" — R,
(AVfEn),
F7T

<Av ff,r> .

F‘r\'
The expectation given the randomness in 7 will be written as EY'9 and, when conditioning only on the values
taken by «, by EY. We will consider the set By » = An » U AS\?W U Ag\?,)ﬂ, where

<f>F =

AS\I,?W = {w; there exist i € ACy,1 € U?zljpj U, Y = 1}
AS\%)W = {w; there exist i € F,j # j',ip, = Vip, = 1} :

Then By, satisfies the following property, whose proof relies on results in the proof of Lemma 3.10 Step
1l.a.

Lemma 3.6 The probability of the set By  is bounded as follows:

P(Bnz) < mk%. (49)

Proof: We use the results of Step 1.a in the proof of Lemma 3.10 with § = 0. Therein, with p a fixed site,
the quantity Ay denotes the probability P [r (p) = k], and is estimated as Ay < ke~ 27 (29)" /!, so that

P |r(p) > 2log N‘i} < k~/N9. Then using the trivial fact that the cardinality of dCy is of order N9~ up
to a constant kg4, we write

k
PAY] < D | X PEE S, vwn =1+ Y P ey = 1]

1€0CN j=1 lem
Kaky b
< N NP A E T, v = 1]
1€0CN j=1

We estimate the last probability above as follows:
P [Ell € Jp; 1Y) = 1]
<P [r (pj) < 2log N%; 3l e R (O 1} +P {r (pj) > QIOgNd}

ra Y Koy
< 2log N K + Td
Therefore L
P V] < M itk (210g 0L 22
N =T T BN T e
which proves the lemma, given that the calculation for AS\Z,?W is easier, and that it is trivial for Ay . |

Remark 3.7 The lack of interaction between 0Cy and U?ZlJpj U m, responsible for the additional term
log(N) in (49), is only needed in order to get Lemma 3.9.

Since By, is an exceptional set, we will always work (unless specified) on BY .- In that case, set

k
r= Z Z Yi,p;» (50)

i€F j=1
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and
e = {z cFmig 8C’N}.
Then, on By .,
<Av ff:'ﬂn> o
(flp= <Av<‘fﬂ>F7

-

and notice that now F™~ C Cx_;. In particular, on By x

’C;yr (<Jp1>F [ <ka>F)
. <Avapi5;>ﬁm - <AV prfﬂ>ﬁm
(Av 5,r>ﬁm_ <Av5ﬂ>ﬁm_

The next lemmas are then a first step towards the limiting behavior of (o;).

Lemma 3.8 Let Y be the random vector defined by
Y = (o) e 15 € F™7),

and set, for i€ {1,...,k},

<Avapi<§'7r>ﬁ <Avapi<‘:’ﬁ>y
<AVE:'W>FW,7 <Av<‘:’7r>y

where the numerator and denominator of v; are defined by (47). Then, on BY ., we have, for a constant
K =kg, >0,

Ui = v; = )

p(EZ(ulv"'7uk);£7r(v1ﬂ'~'vvk)) < HN; exp (2B(h+ﬁ))

Proof: The definition of the distance p easily implies that

k
p (L, oo )i L300, 00)) < S B [l — i),
=1

Let {s;;j < K} be an enumeration of Fm= set f=AvE,, ' = Av in(‘:'w, and for j < K|

fi=f (U;l,...,Ugj,U;j+1,...,U;K) ,
and f] similarly. Then, notice that
R T € ry
<f1>]3‘7r,7 <fK>ﬁ‘7r,—

Thus,

K
B [lu; —vil] <) E}
j=1

(Fi)pee {F5) pr
(fi-pm— Fi)pm |

The lemma is now obtained using the antisymmetry of f]’-_1 — fj’v7 the fact that all the J,,, are disjoint on
BY » and that | >°. J,, | = r where 7 is defined by (50). O
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We will show in the next section that (0;)r converges in law to a certain random variable with law 7,
by a fixed point argument. Let then X = {X;j € F"} be an i.i.d. sequence of law 1 on [—1,1], and set

<Av inéﬁ>X

w; = =
A
< vgﬂ>x
Define now, for § € N, K = |F|,

IN((S):{FCCN,KZNd—(S},
and for N >1,6 € N, k< N¢

D(N, 6, k)
:sup{p(ﬁ (<0t1>F,...,<th>F);n®k); |F| € IN(6),t1,. .., tk GF}.

We also set D(N,d,k) =0if k > N¢. Then we have the following result, for which we refer to [10, Lemma
4.4.2], and from which there is little doubt that our strategy should include an induction on the value of
D (N, 6, k) with respect to N.

Lemma 3.9 Suppose that F' € In(0). Then outside By, we have

p(L(v1,...,v5); L(wi, ..., wg))

o0 2 r
< w1+ Bexp @B+ 8) ~21) 8- 3 EV DV~ 1,6+ k1) + 2P(Bx).
r=0 ’
3.2 Limit law for the magnetization
Our first task here will be to give an asymptotic expression for the law of (w1, ..., wy). Set then, for r > 1,

N>1and 7= (i1,...,15) € F%,

gK,r,T — gK,r,‘r (Ula vy Opy 5) = €Xp </B Z qN(is>gsUs<€ + /Bh5> )
s=1

where (g1,...,9s) are i.i.d. standard Gaussian random variables and e represents as usual an independent
spin.
On the other hand, if x = (x1,...,,) is a sequence in [—1,1]%, set

gr,z = €exp (ﬂ Z Q(zs)gsase + ﬂh€> ) (51)

s=1

and define, for a given p € [—1,1]", the quantity

B (Av Egr,x>p - (sinh (B30, a(ws)gs0s + Bh»p
Uralt) = (&G, = Teosh (B sy a(ws)gss + BR)), 52

In the sequel, we will consider the random variable UWC(X(T))7 where X(") = (X1,...,X,) is an i.id.
sequence of law 7 on [—1,1]. Let now Z be a Poisson point process on [—1,1]¢ with intensity v dz. A given
realization of Z is of the form (r,¢), where r € and &€ = (&,...,&) € [0,1]%%". Define then Gz = Gre
and Uy = U,.¢(X")). If 5 is a probability law on [~1,1]%, one can construct the transform T as follows:
consider {X,,;n > 1} an i.i.d. sequence of random variables of law 1. Then, for a realization (r,&) of Z, set
Vzn as the law of the random variable U 7z, and if E, designates the expectation with respect to the Poisson

point process Z, put .
Tn=Egz[Vzn],
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which means that if S is a random variable with law T, and if ¢ is a test function on [—1, 1], then
E[6(S)] = E [Ez [0 (02)]] (53)
— .- *vlr E (x™)
;e 7! /[1,1]d><r [¢ (U”g( )ﬂ de.

We then have the following.

Lemma 3.10 There exists a constant k > 0 such that for any F € In (0),

i Kk
p(Llwr,. . wp); (Tn)®*) < = [k+1+7 (140 + Bl Valloo) +7] -
Proof: Notice first that, outside By, the random variables wy, ..., w; are independent. Hence, using the

fact that |w;| <1 and the expression (46) defining p, we get

P 2
p (L, wn)s (L(wn)®) < %

We will now turn to some estimates on the law of w = w;. For notational sake, we will set p; = p,
wy =w, gi = g;- Then, if ¢ is a function in L), recalling definition (48), we get

(54)

<AV56XP (65 Zier Wi(oi) + Bhs) >X
<AV exp (Zz‘etlp BW{(oi)e + Bhs) >X

i1 —p iy — P
:E|:1/)X,g,r<1N 3y N ):|7

E[p(w)] =E | ¢

where

Uxgr@n ) = 6 (Una(XO)
iy ( (sinh (8 (37—, a(i)gi + 1)) x )
(cosh (B (Xizy a(zi)gi + 1)) x )

and where r = |J,| and 41, -+ ,4, are an enumeration of the r sites in F' that interact with p.
Then, using some standard calculations for the binomial distribution,

ESX [p(w)] = ZATBT,
r=0
with A, =0 for r > K, and for r < K — 1,

(76 (-5

nu—-p r—p
Br: Z wX,g,7’(N PRI N), (55)

T
AK—l

A,

(1yeeyir) EA(FP 1)

where A(F?,r) stands for the set of ordered combinations of r elements among those of F?, and

K1 = ([éliz_l);)! - ‘A(Fp”)"

Note in particular that Ay = P [|J,| = k|, and is indeed the binomial probability of k successes (interactions
from within F' to p) among K — 1 trials with success probability v/N¢.
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We will now look for the limit of A, and B, separately in Steps 1 and 2 respectively.
Step 1.a: From the Poisson approximation of the binomial distribution, it is clear that

lim A, =e 77—
N—oo 7’!

but we will look for some sharper estimates for that convergence. First, remark that

K—1\ _ No & §+3
GBS (]

j=1

Hence, using the fact that (1 —z)(1 —y) > 1— (z +y) for z,y > 0, we get

. Ndr
) <Cpa< (56)

Ndr <1_7’(25—|—T—|—1)

7! 2Nd

Invoking now the fact that log(1 —y) < —y for y € [0, 1), if N is large enough, we have

A, < lexp (—M) (1— :Y ) .
r! Nd Nd

Recall that £=1 > 1 — %. Hence

N
A, < e*V%eXp <(5;;)7) (1 7 >_r. (57)

- %

We will first use a crude bound on A,: if N is large enough, then

< 2,
=5

and if @J—S\%M < 7, which of course occurs for N large enough, we get
[,
A, < m,e_"’l,

r!

with k, = exp(5y/2) and ¥ = 2v. Now, if V is a Poisson random variable with parameter 4, the following
exponential bound holds true, for v > 0:

(e=1)7
PV >uv)< S

e'U
In particular, if v > log(N%) + (e — 1)4, which is true for v > 2log(N%) when N is large enough, we have

1
PV >v) < —.
Nd

Thus, up to an exceptional set of probability less than /N ¢ we can assume that r < 210g(]\7 4). For
notational convenience, we will set Gy = {w;r > 2log(N9)}.

Step 1.b: Recall that (57) holds true for any r. Hence, if r < 2log(N?),

(0+1)y
T r exp( < )—1 1
A, — e—vl' < e N + 1
r!

"\ (R
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Furthermore, it is easily checked that, for NV large enough, and r < 210g(N 4,

VI I O R -
Nd 2 ( 7) Nd

and o+1 2(6
1
exp (HW) 204y
Nd Nd
since e* — 1 < 2u for u < 1. Hence, for IV large enough, on G%;, we have

)

T TI2(0+1
A —e L <9 {W} ~ (58)
r! r! Nd
On the other hand, it is clear from (56) that
r K —(r+1)
Ar27(1—7> (1—7) {1—%]
7! Nd Nd 2N
- K
z”(l— 7) {1_7"(2“@].
7! Nd 2N
Moreover, if 2 > 0, it holds that 1 — 2 > e~*(1 — 2?), and hence
T 2
ATZ’YeXp<—’yAK> (1— 7 > [1—%]
rl Nd N2d INd
T 2
Zle—’y |:1_27 +T(2§+7ﬂ+1):|7
r! 2N
which means that 5 5
r 12 2 1
Ar—efvlzfefvl i A+r+ ) . (59)
7l 7l N4

Now, putting together (58) and (59), we get, on G%;,

<e

"
_ v
A, —e o

[0+ 1+9) +r(1/2 46 +2y) +7°/2
! Nd ’

Plugging the values of the first two moments of a Poisson law into this last equation, and using the fact that
G is an exceptional set, we get

SAT (108 + 12) + 572

A, — 67Wl -
2Nd

rl

r=0

Step 2.a: Our next task will be to obtain some sharp estimates on B,., defined by (55). Set first

1 11 — Ty —
) _ Z 1—p r—D
Br 7]\A]d’r wX,g,r( N TN >

(i1 ,eesin) EACE?, 1)

Then

Ndr _ A%fl

‘BT ~BW )
N A,

< l9x,g,rlloo >

(7;1)~~-7i1')€A(Fp)T)
However, by inequality (56), we have
_ Nt — Ap _r(20+r+1)

R S o (00
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Hence

_ (1) 7"(25 +7r+ 1)
[B: = BO| < lox g lloe = o (61)
Furthermore, inequality (60) also yields
- 204+r+1)
BT—B(l)‘ < o r@rr+l) 62
B = BO| < gl (62

where

5 1 i1—p iy — P
B’I‘_W ‘ Z wX7g,r (N)“.’ N .
(7‘17"‘1ZT)€(CN)T

Because of the periodicity of ¢, we can identifying B, as the Riemann sum corresponding to the integral of
¥x g over [—1,1]9". Thus, setting

IX,g,r :/ ¢X,g,r(m17---,$r) dx1-~-d$r7
[_1,1]d7‘

we get that

|Br = Ix | < % o

Putting together (61), (62) and (63), we obtain

1
|Br = Ixgsrl < 57 [x gl + 19x.grlloor (28 + 7+ 1)]. (64)

Step 2.b: Let us compute now ||¢x g,r|lcc and ||tx g,r|lp). The first one is easily obtained, since

||¢X’gmHoo < ||¢||oo <L

To estimate the Lipschitz constant of ¢x 4, for r > 1 and x = (z1,...,z,) € [-1,1]%", set

where .
vp(z) = (Z oiq(xi)g; + h) .
i=1

For each ¢ € {1,...,7}, notice that z; is of the form {z;(j);j < d}, with z;(j) € [-1,1]. Thus, with obvious
notations,

O, (j)lr(x) = BgiOu,jya(wi)

(cosh(v,(z)) (cosh (v, ()%

)

l (o;cosh(vp(z))y  (sinh(vr(2)) y (os sinh(v,(x))

and thus
|00,y r ()] < 28 Val|solgil,

which yields
19l < 28l Bl Valloo D 1gil < 281 Valloo Y lgil,

i=1 i=1

and hence, taking the expectation with respect to the g’s only,

E [[¥xg.rllim] < 2(2m)28) Valloor- (65)
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Plugging this estimate into (64), we get, for a constant £ > 0,
: K
E"[|By — Ixgrll < 57 [BIVdlloo +20 +7 + 1] r.

On the other hand, we will also need the following trivial bound on B,:

|Br‘ < ”'l/}X,g,rHoo < ||¢Hoo <1 (66)

Step 3 (conclusion): We are now ready to estimate the distance p(L(wy, ..., wz); (T1)®%). Note first that
p ()™ (Tn)®*) < ko (L(w); T).

Let now ¢ be a function in L(*) and S be a random variable of law T7. Invoking the definition (52), relations
(53), (65), and (66), we have proved that

[E[p(w)] - E[¢(5)]]

o0

= Ki:lE[ATB 26_7 E|lx,.]
SHL

r=0

" By
roeloy +Z€7 EE" [|B; — Lx,g.rll

r=0

o
Nd [T+~ +1)+ ]+N[ﬁ||Vquo+7+1+25]

Sﬁ [1+~9(1 40+ B[ Valleo) +77] -
This, together with (54), ends the proof. |
Recalling the definition of D(N, 4, k), Lemma 3.9 and 3.10, it is obvious that the natural candidate for

the limit law of (o) is the solution to the equation n = Tn. We will now show that this equation has a
unique solution.

Proposition 3.11 Suppose that 3, and My satisfy

l\.')\)—l

KBM, (1 + BMy) exp (2(8My)?) (v +7%) <

for a constant r large enough. Then there exists a unique solution 1., to the equation n = Tm.

Proof: We will first state some elementary results, and then apply them to prove that T is a contracting
map for the distance p.

Step 1: It can be shown, by a slight variation of [10, Lemma 4.3.1], that, {a,;r > 0} being a sequence of
positive numbers such that Zrzo a, = 1, we have

14 (Zar/ ,U'rfdg Zar/ Vrédé.) < Zar/ ﬂr,f;%z&)dg (68)
= Jie 1,1]4r 1 1]dr

Furthermore, if f : {—1,1}" — R, and p € [—1,1]", (f), being defined by (47), we have (cf. [10, Lemma
4.3.3)), fori € {1,...,r},

Oy, <f>p = <Aif>p’
where, for n € {—1,1}",

Aif(n) =5 (fi") = f(n;)),

l\D\H
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with
77?: = (7}1,. coMic1, £L Mg, 777T)'

Step 2: From the previous step, for any p = (p1,...,pr) € [—1,1]", and U, ;(p) defined by (52), we have

<A1 (AV 5g7’,:z)>p <AV 5gr,m>p <A7 (AV gr,x)>p
O OOl = R, (AVG,.)’ '

Moreover
|A1 (Avggr,z” - |AV (5Aigr,x)| S Av |Aigr,m|7

and having in mind equation (51) defining G, ., it is easily seen that
|Aigr,w‘ S 2BMq‘gZ| €xXp (26Mq‘gl|) )

from which the upper bound
|0iUr2(p)| < 28Mq|gi| exp (28My|gi|) (69)

follows.

Step 3: Let p',p? be two elements of [—1,1]". Then, from (69), we have
’Ur,r(pg) - Ur,z(p1)| < 28My|gi| exp (28Mq|g:]) |p2 - p1’ .

Consider now pu1, 2 two probability measures on [—1, 1], and {Xi(l),Xi(z);i < r} some independent copies
of random variables of law p; and ps respectively. Set, for j € {1,2},

T (1) = £ (Unie (X))
Then we have
o (Trw (1) s T (p12))
< 28M,rE[|g| exp (268Mq|g|)] E [|X(1) _ X(2)|1}
< KBM,(1+ Mq)ez(BquTE “X(l) _ X(z)h} 7
where |z[; is defined on " by [z[1 = >, |2i[. Hence, taking the infimum of this last quantity over M x ) xe),
we get

2
P (Tmc (1) Ty (n2)) < K“BMq(l + Mq>62(/BMQ) 7"2P (s p2) -

Now, using (68), we have

p (T (p1);T (p2))

> T
<KBMqy(1 + M,)e*PMo) ZrQe*”Z—,/ | Pl pz)dg
r=1 s

2
=rBMy(1 + Mq)€2(BM“) (v + ) p(p; p2).-

Hence, under the hypothesis (67) of our proposition, T' is a contracting map defined on the probability
measures on [—1, 1], which shows our claim. O
We can now turn to the main result of this section, that is the limit law for the magnetization.

Theorem 3.12 Let k > 1. Then, for a strictly positive constant k = Kg ~,q, we have

k +log(N)

p(L(n) - fow)) 1) < kB
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provided
vexp (28(h +B)) (1+~v+4(1+8)B8) < 1. (70)

Proof: We assume the following induction hypothesis: for some constant x = kg 4 and for all 6 € N,
k€ N—{0}, and F € Iy (9),

k+logN —1

D(N = 1,6,k) < sk (1+8) —"—

(71)
We can begin the induction at N = 3 by choosing the constant x large enough, since the above inequality
needs only to be checked for k,§ < 29, and its left-hand side is some fixed finite value that can be absorbed
into k. Note first that using 7 = {1,--- , k} and ' = Cl itself, then we have that the sequence (o1) ,- -+ , (ok)

is identical to (0p,) s+, (0p,) - From Lemma 3.8 and 3.9, we then have, for any 6 > 0 and F' € Ix(9),

p(L{o1),....{ok)); L(wy,...,wg))

< rexp (28(h + B)) x (W +90 +Z\‘§)(k +18N) 14+ ) f: e (2:')TD(N 161k r)) ,
r=0 '

and invoking now Lemma 3.10, we get, if n, is the solution to the equation T'n = 7,

p(£(<01>7"'ﬂ<0k>);n§k)

k (1 +96) (k + log(N = 279)"
K o +Z(E(+XNL(+Eg(()%)))) 11L(1 + 5)45 e*”( g!) D{N v\, 6 + k,r))
) % ~ Y 1+7+40F8)8 + N ) )
In the last step we used the induction hypothesis (71) and the fact that £+ 1+ < 2k (1 + §). If condition

(70) is satisfied, this allows to propagate the induction hypothesis to the next step N, which ends the proof.
O

< kgexp (28(h + B)) x
< kqexp (26(h

3.3 The replica symmetric solution

As usual, set Zn = Y x5 exp(—Hnx(0)). In our context, it will be easier to consider this quantity as a
function of the parameter -y, instead of 8. Set then

P (1) = < Bllog(Z)],

and call py () the right derivative of py with respect to 4. It can be shown, as in [10, Lemma 4.4.5], that
for a constant x > 0,

K

bmgh (e mnn)).

(i,5)ECN

where

Note that, setting Cy, = Cn\{0}, g; = g(0,j), this last expression can be symmetrized to obtain

o= & Blos (7))
J

*

N

Denote by Egz the expectation on C} conditioned on the values of g ;), 7(0,5)- The following Lemma will
be essential in the computation of p/y ().

33



Lemma 3.13 Let XU = ((00), (0})). Then, for any j € C%, if v <o and B is small enough, we have

E“g}% Hlog (<6QN(j)gj0'0‘7j >) —log (<eQN(j)gj000j>X(j)) H

< H'YO eB(MQL‘]j H’h) log(N)
= N )

for a strictly positive constant k.,

Proof: This result is obtained using the same techniques as in Lemma 3.8. (|
One can also go one step further, and replace XU by n®2:

Lemma 3.14 Let j € C} and Y U) = (Y0,Y;) be two independent random variables of law 1., such that

klog(N)
—N

R () R (G M |

_ Fpe2 M2 log(N)
— N )

E[l[{(o0 = Yo)[] + E[[{o; — Y})[] <

Then

Proof: By standard methods, using Theorem 3.12 and the bound

[log(z1) — log(z2)] < =221

that holds for z1, z5 € [a,00) with a > 0, we have

) ) B(Mqlg;l+h) 1o (N)
7,9 QN(J)Q'O’UU'>) _ (< qN(J)g'aoav> )H < F%® g
EC;FV Hlog (<e 39094 log ((e 59093 o < N .

Integrating this result with respect to the remaining disorder in g,~y, we get the desired result. ]
We can now state our main result concerning the derivative of px (7).

Proposition 3.15 For any o > 0, there exists a constant k., such that for v < vy and beta small enough,

P (7) _/ dx/ E [log <<eq(z)gels2> )} dn-(y1)dn,(y2)
1,14 [-1,1]2 Y

- Hwemﬂwdﬁk&+hnoguv)
- N

Proof: Lemma 3.14 implies directly that

P OeZBMq (BMg+h) log(N)

! _ qn(j)gere2 7
Pn(7) Td Z /[—1,1]2E[10g <<e >y dny (y1)dn, (y2)| < N

jecy,

The result is then obtained by Riemann sums approximation, once the gradient of

o B [log ((crme=) )|

is controlled, which can be done as in the proof of Lemma 3.10, Step 2.b. O
There is now little to change to the proof of [10, Theorem 4.4.2] to obtain the following
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Theorem 3.16 Under the conditions of Proposition 3.15, we have

Klog N
(1) = F()| < ===,

with

v e .
Fo)=tog@-3 [ do [ LewdPewry T [ de [ H@oa ).
[-1,1]¢ [-1,1]2 : [—1,1]¢ [-1.1]"

r=1 r
where
L(z,y)=E {log (<6q(z)95152> >} ’
y
H(z,y) =E {1og <<€Zgl q(r)gsass> )] .
y
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