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Abstract: In this note, we consider a Sherrington-Kirkpatrick- (SK)-type model on Zd for
d � 1, weighted by a function allowing for any single spin to interact with a small proportion of
the other ones. Both mean �eld and diluted cases are considered, and we compute the replica
symmetric solution at high temperature in those two cases. We are also able to study the in
uence
of some boundary conditions on the replica symmetric solution under mild assumptions.

1 Introduction

Conceived originally as a simpli�ed model that could describe the main behavior of some special alloys (see
[8]), the Sherrington-Kirkpatrick (SK) model has become in fact a canonical example of disordered system,
and the techniques introduced to handle it are also used in a wide number of applications, ranging from
neural networks (cf. [10], [1]) to polymer measures [2] or biodiversity [4]. On the other hand, some substantial
progress has been made in the understanding of this canonical model, through the introduction of Parisi's
ansatz [6] and the smart path method (see [5], [10]).
In this paper, however, we would like to focus on one of the main simpli�cations that have been made

in order to make the original SK model solvable, that is the mean �eld approximation. Indeed, letting
all the spins interact with each other allows the limiting mixing behavior of the system to take place in a
simple way. On the other hand, the results on short range models with random interactions are scarce (see
however e.g. [7] for an account on the topic). Nevertheless, the mean �eld approximation is often seen as
an oversimpli�cation, physically unrealistic; in particular, it does not take into account the geometry of the
system under consideration. Thus, our aim in this note is to introduce a kind of localized mean �eld model,
that will partially respect the the geometric shape of our system, but also share some features of the original
SK model with external �eld
For N; d � 1, our space of con�gurations will be � = �N = f�1; 1gCN , where CN is the �nite lattice box

CN = [�N ;N ]d in Zd. For a given con�guration � 2 �N , we will consider the Hamiltonian

�HN (�) =
�

N̂d=2

X
(i;j)2CN

q

�
i� j
N

�
g(i;j)�i�j + h

X
i2CN

�i; (1)



where � stands for the inverse of the temperature of the system, N̂ = 2N +1, (i; j) is our (abusive) notation
for a pair of sites i; j 2 CN (taken only once),

�
g(i;j) : (i; j) 2 CN

	
is a family of IID standard centered

Gaussian random variables, and h represents a constant positive external �eld, under which the spins tend
to take the value +1. Our localization is represented by the function q, which can be thought of as a smooth
frame, and which is only assumed to be de�ned on [�1; 1]d such that q2 is of positive type, so that q2 is
non-negative and invariant by symmetry about the origin. We also assume q2 is continuously di�erentiable,
including at its periodic boundary. We refer to Section 2 for some more detailed information about our
model. Notice that

1. When h = 0, this kind of localized model have been considered in [11], using the martingale method
introduced by Comets and Neveu [3]. In our case, however, the results will have to be obtained thanks
to the smart path and cavity methods.

2. Having a localizing weight of the form q( �N ) implies that each spin will interact with at least a proportion

of the N̂d others, which means that we will stay in the mean �eld range.

This paper's aim is to get the replica solution for the model de�ned by the Hamiltonian (1) and some
related ones, at high temperature: let ZN =

P
�2�N e

�HN (�) and pN (�) =
1
NE[log(ZN )]. First, if 
0 stands

for the L2 norm of q on [�1; 1]d, and if SK(�̂; h) is the usual replica solution for the SK model at temperature
�̂, we will get that, for � small enough,����pN (�)� 1


0
SK (

p

0�; h)

���� � C

N
;

for a constant C depending on the parameters of the model. Observe here that the speed of convergence
obtained is of order N̂ instead of N̂d in case of the SK model. This is due to the slow rate of convergence of
some Riemann sums, and we will also show how to obtain some better bounds by changing the assumptions
made on q (namely by letting q having smoother oscillations). It is also worth noticing that the �nal result
does not depend on the actual shape of q, but only on its L2 norm 
0. The proof of this result will heavily
rely on some Fourier analysis performed on q, combined with the cavity and smart path methods. Note
however that the usual cavity-method ingredient of \proof by induction on N" is not used; rather, some
explicit calculations are performed for �xed N .
Once the geometry of the system is reintroduced by our weight q, it will also be natural to study the

in
uence of the boundary conditions on the limiting behavior of the system: we will show that those boundary
condition will not a�ect the replica symmetric solution at high temperature under very mild assumptions, a
common fact shared with the Ising model.
We will then make another step towards a nearest neighbor type model, and consider on �N the Hamil-

tonian
�HN (�) = �

X
(i;j)2CN

qN(i� j)
(i;j)g(i;j)�i�j + �h
X
i2CN

�i;

where 
(i;j) is an i.i.d. sequence of Bernoulli random variables with parameter 


N̂d
, i.e.

P
�

(i;j) = 1

�
=




N̂d
; P

�

(i;j) = 0

�
= 1� 


N̂d
:

This de�nes a diluted localized model, for which a given spin interacts (in mean) with a �nite number of
spins in its neighborhood de�ned by q. This is a natural extension of the previous model, also considered for
the non-localized case in [9], [10], and has, from our point of view, one additional advantage: the limiting
behavior of this system will involve the whole structure of q, through the introduction of a Poisson point
process with intensity q, and not only its L2 norm as in the mean �eld case. On the other hand, the formula
obtained for the replica-symmetric solution becomes quite involved, and we refer to Theorem 3.16 for a
precise description of the result we obtained.
Our paper is organized as follows: in Section 2, we deal with the mean �eld localized model , starting

with some preliminary results on the cavity method and a de�nition of the overlap suited to our situation in
Section 2.1, getting then the replica solution in Section 2.2, and considering the in
uence of the boundary
conditions in Section 2.3. Then, we treat the diluted case in Section 3.
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2 The localized mean �eld case

We consider a random Gibbs measure on the con�gurations of spins in the �nite lattice box CN = [�N ;N ]d
in Zd de�ned by its Hamiltonian H = HN on � = �N = f�1; 1gCN as follows. For each � 2 �N let

�HN (�) =
�

N̂d=2

X
(i;j)2CN

q

�
i� j
N

�
g(i;j)�i�j + h

X
i2CN

�i

where �,h are �xed positive numbers, N̂ = 2N + 1, (i; j) stands for a pair in CN counted only once, the
set
�
g(i;j) : (i; j) 2 CN

	
is a family of IID standard centered Gaussian random variables, and q is a function

de�ned on [�1; 1]d such that q2 is of positive type, so that q2 is non-negative and invariant by symmetry
about the origin. We also assume q2 is continuously di�erentiable, including at its periodic boundary. The
Gibbs probability measure is de�ned for each � 2 �N by

GN (�) = B (�) =Z

where

B (�) = BN (�) = exp (�HN (�)) ;

Z = ZN =
X
�2�N

B (�) :

Note that whether the sum over (i; j) 2 CN includes the diagonal i = j or not does not e�ect the Gibbs mea-
sure. The average with respect to the Gibbs measure is denoted by h�i, that is hF i = Z�1

P
�2�N B (�)F (�),

while the expectation with respect to the randomness of the g(i;j)'s is denoted by E. When a func-

tion F is de�ned on (�N )
n
, then F

�
�1; �2; � � � ; �n

�
is a random variable on the product space of sev-

eral independent replicas of the Gibbs measure, and we still use the notation hF i which now denotes
Z�nN

P
�=(�1;�2;��� ;�n)2(�N )n

Qn
k=1B (�j)F (�). Note however, that the same random variables g(i;j) are

common to all the replicas of the Gibbs measures. We will commonly use the abusive notation hF (�)i
instead of hF i.
The interaction function q can be taken to signify, for example, that interactions decay with the distance

between sites of CN . For example, q
2 (x) = 1=2 + 1=2 cos (� jxj). A function q that decays very fast near

a peak at the origin signi�es a very weak interaction except at neighboring sites. In all cases, denoting the
Euclidean inner product in Rd by a dot �, we have the following Fourier representation for q2:

q2 (x) = 
0 +
X

k2Zd�f0g


k cos (�k � x) (2)

=
X
k2Zd


ke
��k�x

where the greek letter � denotes the imaginary unit, where f
kgk2Zd is a family of nonnegative reals, where

�k = 
k for all k 6= 0, and we assume X

k

jkj 
k <1

which ensures di�erentiability.
A quantity of interest is the expectation of the logarithm of the so-called partition function Z:

pN = pN (�; h) =
1

N̂d
E [logZN ] :

Lemma 2.1

@pN
@�

=
�

N̂2d

X
(i;j)2CN

q2
�
i� j
N

�
E
h
1� h�i�ji2

i

=
�

N̂2d

X
(i;j)2CN

q2
�
i� j
N

�
� �

X
k2Zd


kE

*����� 1N̂d

X
i2CN

e��i�k=N�1i �
2
i

�����
2+

:

Proof. Follows from the de�nitions with some simple algebra.
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2.1 The Cavity method

The cavity method which we propose is in
uenced by the presentation of Talagrand in [10]. Some of the
passages below are reminiscent of this work. In particular, the calculations in paragraph 2.1.2 seem to be
fairly standard; a reader familiar with the subject can skip these. We have included these and other details
in order to increase readability and self-containedness.

2.1.1 Notation

We introduce notation that will be useful in implementing the so-called cavity method for this problem. The
idea is to single out a site m in CN and create a cavity there, by progressively decorrelating the spin at m
from the other spins. Any calculations to be performed on the Gibbs measure with decorrelated site m will
be easier than with the full Gibbs measure.
Set ĈmN = fi 2 CN ; i 6= mg. We decompose, for all � 2 �N ,

�HN (�) = �Hm
N (�m) + �m (h+ gm (�m))

where �m denotes the ordered spin values except for the m-th spin, that is, the
�
N̂d � 1

�
-tuple

�
�i; i 2 ĈmN

�
and we denote

gm (�m) =
�

N̂d=2

X
i2Ĉm

N

q

�
m� i
N

�
g(m;i)�i;

and we also use the notation

�Hm
N (�m) =

X
i;j2Ĉm

N

q

�
i� j
N

�
g(i;j)�i�j + h

X
i2Ĉm

N

�i:

This new Hamiltonian is similar but not identical to the Hamiltonian �HN�1 on �N�1. Note in particular

that Hm
N has N̂d � 1 variables, while HN�1 has \N � 1

d
variables. For a function f = f (�m; � � � ) depending

on �m and other variables, let Av f (� � � ) denote the average of f with respect to the two values �m = �1.
Then we can write, for any function f on �N ,

hfi = 1

ZN

X
f�m=(�i:i2Ĉm

N )g

(" X
�m=�1

f (�m; �m) e
�m(h+gm(�m))

#
exp (�Hm

N (�m))

)

=
1

Z

D
Av f (�; �m) e�(h+gm(�m))

E
�;m

where h�i�;m denotes the average of a function of �m only with respect to the Gibbs measure with Hamiltonian
Hm
N , so that necessarily the normalizing function Z above must be equal to

Z =
D
Av e�(h+gm(�m))

E
�;m

= hcosh (h+ gm (�m))i�;m :

We now introduce the decorrelation scale for the spin at site m, by progressively killing the only term
that is responsible for correlation, namely gm (�m), and replacing it with an independent Gaussian r.v. of
appropriate magnitude, as follows. For any t 2 [0; 1] let

gm;t (�m) =
p
tgm (�m) + �

p
r̂
p
1� tG

where G is Gaussian N (0; 1) independent of everything and r̂ is a number that will be chosen later. For
t = 1, this changes nothing. For t = 0, there is indeed no correlation left between �m and the other
spins. More precisely we can now introduce the averaging with respect to a measure with this new partial
correlation for �xed t. We do this in a multivariable setting, where a function f depends on an n-tuple of
con�gurations of spins

�
�1; � � � ; �l; � � � ; �n

�
, and possibly some other variables. The averaging operator Av
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operates on f = f(�1m; � � � ; �nm; � � � ) by calculating the average of f with respect to all 2n possibilities for�
�1; � � � ; �l; � � � ; �n

�
. Let

Em;n;t = exp
 

nX
l=1

�lm
�
h+ gm;t

�
�lm
��!

Em;t = Em;1;t
Zm;t = hAv Em;ti�;m

hfim;t =
1

(Zm;t)
n hAv fEm;n;ti�;m

�m;t (f) = E
h
hfim;t

i
= E

�
1

(Zm;t)
n hAv fEm;n;ti�;m

�
:

2.1.2 Calculation of the variations of �m;t

We have
@Em;n;t
@t

= Em;n;t

 
1

2
p
t

nX
l=1

�lmgm
�
�lm
�
� �

p
r̂G

2
p
1� t

nX
l=1

�lm

!
and

@Zm;t
@t

=

*
Av Em;t

 
1

2
p
t
�mgm (�m)�

�
p
r̂G

2
p
1� t

�m

!+
�;m

and thus

@�m;t (f)

@t

= E

24 1

(Zm;t)
n

*
Av f

 
1

2
p
t

nX
l=1

�lmgm
�
�lm
�!
Em;n;t

+
�;m

35
�E

24 1

(Zm;t)
n

*
Av f

�
p
r̂G

2
p
1� t

Em;n;t
nX
l=1

�lm

+
�;m

35
� nE

"
1

(Zm;t)
n+1 hAv fEm;n;ti�;m

*
AvEm;t

 
1

2
p
t
�mgm (�m)�

�
p
r̂G

2
p
1� t

�m

!+
�;m

#
= A�B � C:

To calculate A we use the following identity, valid if G is a Gaussian random variable: E [GF (G)] =
E [@F=@g (G)]. Since we have for each i 6= m,

@Em;n;t
@g(m;i)

= Em;n;t
nX
l=1

�lm
@gm

�
�lm
�

@g(m;i)

=
�
p
t

N̂d=2
Em;n;t

nX
l=1

�lmq

�
m� i
N

�
�li;

@Zm;t
@g(m;i)

=

�
Av

@Em;t
@g(m;i)

�
�;m

=

�
Av

�
p
t

N̂d=2
Em;t�mq

�
m� i
N

�
�i

�
�;m

we get
A = A1 � nA2;
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with

A1 = E

24 1

(Zm;t)
n

*
Av f

1

2
p
t

X
i2Ĉm

N

@Em;n;t
@g(m;i)

nX
l=1

�lm
�

N̂d=2
q

�
m� i
N

�
�li

+
�;m

35 ;
and

A2 =
X
i2Ĉm

N

E

"
1

(Zm;t)
n+1

@Zm;t
@g(m;i)

*
Av f

1

2
p
t
Em;n;t

nX
l=1

�lm
�

N̂d=2
q

�
m� i
N

�
�li

+
�;m

#
;

so

A1 =
�2

2N̂d

X
i2Ĉm

N

q2
�
jm� ij
N

� nX
l;l0=1

�m;t

�
f�l

0

i �
l
i�
l0

m�
l
m

�
;

and

A2 =
�2

2N̂d

X
i2Ĉm

N

q2
�
m� i
N

� nX
l=1

�m;t
�
f�li�

n+1
i �lm�

n+1
m

�
;

where in the second line we combined the product of one average over n independent replicas of the Gibbs
space with one average over an additional replica of the Gibbs space into just one average over n + 1
independent replicas. This yields

A =
�2

2N̂d

X
i2Ĉm

N

q2
�
m� i
N

�" nX
l;l0=1

�m;t

�
f�l

0

i �
l
i�
l0

m�
l
m

�
� n

nX
l=1

�m;t
�
f�li�

n+1
i �lm�

n+1
m

� #
:

For B, using again integration-by-parts, now for the Gaussian r.v. G itself, since

@Em;n;t
@G

= Em;n;t
nX
l=1

�lm�
p
r̂
p
1� t;

@Zm;t
@G

=

�
Av

@Em;t
@G

�
�;m

=
D
Av Em;t�m�

p
r̂
p
1� t

E
�;m

we obtain

B =
�2r̂

2

nX
l=1

nX
l0=1

�m;t

�
f�lm�

l0

m

�
� n�

2r̂

2

nX
l=1

�m;t
�
f�lm�

n+1
m

�
:

To calculate C we �rst write C = C1 � C2 with

C1 = nE

"
1

(Zm;t)
n+1 hAv fEm;n;ti�;m

�
Av Em;t

1

2
p
t
�mgm (�m)

�
�;m

#
;

C2 = nE

24 1

(Zm;t)
n+1 hAv fEm;n;ti�;m

*
Av Em;t

�
p
r̂G

2
p
1� t

�m

+
�;m

35 :
We �rst rewrite the products of Gibbs averages as single Gibbs average, and then use the same calculations
that lead to the expression for A to get:

C1 =
n�2

2N̂d

X
i2Ĉm

N

q2
�
m� i
N

�" n+1X
l=1

�m;t
�
f�li�

n+1
i �lm�

n+1
m

�
� (n+ 1) �m;t

�
f�n+1i �n+2i �n+1m �n+2m

� #
:

The same calculations as for B yields similarly that

C2 = n
�2r̂

2

n+1X
l=1

�m;t
�
f�lm�

n+1
m

�
� n (n+ 1) �

2r̂

2
�m;t

�
f�n+1m �n+2m

�
:
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Grouping all our calculations, and some algebra, yield that the quantity @t�m;t(f) is equal to

�2

2N̂d

X
i2CN

q2
�
m� i
N

� 
2

X
1�l<l0�n

�m;t

�
f�l

0

i �
l
i�
l0

m�
l
m

�
� 2n

nX
l=1

�m;t
�
f�li�

n+1
i �lm�

n+1
m

�
+ n(n+ 1)�m;t

�
f�n+1i �n+2i �n+1m �n+2m

�!

� �2r̂

2

 
2

X
1�l<l0�n

�m;t

�
f�l

0

m�
l
m

�
� 2n

nX
l=1

�m;t
�
f�lm�

n+1
m

�
+ n(n+ 1)�m;t

�
f�n+1m �n+2m

�!
; (3)

where we used the fact that for i = m, the corresponding term is zero.
We now identify overlap-type quantities. Let

Rl;l
0
=

1

N̂d

X
i2CN

�l
0

i �
l
i

For k 2 Zd � f0g, set now
Rl;l

0

k =
1

N̂d

X
i2CN

e��i�k=N�l
0

i �
l
i (4)

while for k = 0 we use instead

Rl;l
0

0 = Rl;l
0
� r; r :=

r̂


0
: (5)

We call Rl;l
0
the basic overlap quantity for our problem as it measure the average overlap of spin values

for a �xed con�guration. The Rl;l
0

k 's are also overlaps, albeit relative to a certain Fourier mode k. That all
these overlaps are signi�cant can already be seen immediately since, according to Lemma 2.1, a quantity

of importance for the behavior of the partition function is precisely
P

k2Zd�f0g 
k

���R1;2k ���2 + 
0
��R1;2��2. The

sum of this last series can thus be considered as the total overlap relevant to the problem of studying the
partition function. With these overlap notations in mind, the expression for @�m;t (f) =@t in (3) easily yields
the following, which the reveals relevance of �m;t to the calculation of expected overlaps.

Proposition 2.2 For any f : �nN ! R and t 2 [0; 1], the derivative of �m;t(f) is given by

@�m;t (f)

@t
= �2

X
k2Zd


ke
��m�k=N

 X
1�l<l0�n

�m;t

�
fRl;l

0

k �l
0

m�
l
m

�

� n
nX
l=1

�m;t

�
fRl;n+1k �lm�

n+1
m

�
+
n(n+ 1)

2
�m;t

�
fRn+1;n+2k �n+1m �n+2m

�!
(6)

2.1.3 Bounds on �m;t

Lemma 2.3 There exist positive constants cn;q;� and c
0
n;q;� that depend only on n; q and �, and are uniformly

bounded in � for � 2 [0; 1], such that if f is a positive function on (�N )n then for all m 2 CN and t 2 [0; 1],

�m;t (f) � cn;q;�� (f) (7)

and

j�m;t (f)� �m;0 (f)j � c0n;q;��
2�1=2

�
jf j2

�24X
k2Zd


k�
1=2

����R1;2k ���2�
35 : (8)
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Proof. See [10, Proposition 2.4.3]. �
This lemma, whose short proof follows essentially that of the corresponding result in the cavity method

for the standard Sherrington-Kirkpatrick model, will be combined with the explicit expression for �m;t in
Proposition 2.2 and a separate calculation of �m;t for t = 0 to obtain information on the actual expected
overlaps, under � = �m;1, i.e. for t = 1.

2.1.4 Overlap calculation at t = 0

Lemma 2.4 For �xedm 2 �N , let f be a function on (�N )n that does not depend on the values �1m; �2m; � � � ; �nm.
Then for any subset I of f1; � � � ; ng we have

�m;0

 
f
Y
l2I

�lm

!
= E

h
tanh (Y )

jIj
i
�m;0 (f)

where Y is the Gaussian random variable de�ned as follows, with a standard normal variable z:

Y = �z
p

0r + h:

Proof. See [10, Lemma 2.4.1].

2.1.5 Overlap expressions at t = 1

The previous result, which states explicitly how �m;0 separates the site m from the other ones, will be
exploited in order to determine the most convenient value of r when estimating the expected-overlap-type
quantity

O := �

0@X
k2Zd


k

���R1;2k ���2
1A :

The �rst step is to notice the following consequence of a symmetry property among sites.

Lemma 2.5 We have, for any �xed m 2 CN ,

�
���R1;2 � r��2� = �

��
R1;2 � r

� �
�1m�

2
m � r

��
:

Proof. We can write by de�nition

�
���R1;2 � r��2� = �

 �
R1;2 � r

� 1

N̂d

X
i2CN

�1i �
2
i � r

!!
:

However, under �, for �xed i, the joint law of �1i �
2
i and R

1;2 = 1
N̂d

P
j2CN �

1
j�

2
j does not depend on i; indeed

the variables g(i;j) are IID and the interactions under the Gibbs measure, modulo the values of the �xed
g(i;j)'s, are invariant under translation by de�nition. Therefore we have

�
���R1;2 � r��2� = �

��
R1;2 � r

� �
�1m�

2
m � r

��
which is the lemma's assertion. �
Using Lemma 2.5 and expanding one of the two factors in

���R1;2k ���2 in O we can now calculate O using a

�xed arbitrary value m 2 CN , yielding the following.

Corollary 2.6

O = 
0�
��
R1;2 � r

� �
�1m�

2
m � r

��
+

X
k2Zd�f0g

1

N̂d

X
i2CN


k�
�
R1;2k �1i �

2
i

�
e��i�k=N :

8



In order to exploit Lemma 2.4, we must modify the above expression for O by completing the following
two tasks:

(i) estimate the error made by replacing the arguments of �i;0 by functions that are of the same form as
those in Lemma 2.4;

(ii) estimate the error made by replacing � by �m;0 (or �i;0 as appropriate).

2.1.6 Task (i). Separation of cavity variable from others

We deal with task (i) �rst. It is su�cient to replace R1;2 by the same quantity with the m-th term omitted:
de�ne �

R1;2
��;m

:=
1

N̂d

X
i2Ĉm

N

�1i �
2
i = R1;2 � 1

N̂d
�1m�

2
m = R1;2 + 0

�
1

N̂d

�
and similarly let �

R1;2k

��;m
:=

1

N̂d

X
i2Ĉm

N

�1i �
2
i e
��i�k=N

= R1;2k � 1

N̂d
�1m�

2
me

��m�k=N = R1;2k + 0

�
1

N̂d

�
:

Note that the \big oh" terms that are the di�erence of R and R�;m, or of Rk and (Rk)
�;m

, are uniform
in all parameters, random or otherwise. Speci�cally let O0 denote the expected overlap quantity O with �

replaced by �m;0 or �i;0 as appropriate Thus, according to Corollary 2.6, and using the quantities
�
R1;2k

��;m
with no m-spin dependence, we must have (or de�ne):

O0 = 
0�m;0

���
R1;2

��;m � r� ��1m�2m � r��
+

X
k2Zd�f0g

1

N̂d

X
i2CN


k�i;0

��
R1;2k

��;i
�1i �

2
i

�
e��i�k=N

+ 
0�m;0

�
1

N̂d
�1m�

2
m

�
�1m�

2
m � r

��
+

X
k2Zd�f0g

1

N̂d

X
i2CN


k
1

N̂d

The completion of task (i) can then immediately be summarized as the following.

Lemma 2.7

O0 = 
0�m;0

���
R1;2

��;m � r� ��1m�2m � r��
+

X
k2Zd�f0g


k

N̂d

X
i2CN

�i;0

��
R1;2k

��;i
�1i �

2
i

�
e��i�k=N + 0

�
N̂�d

�
:

2.1.7 Task (ii). Estimating the di�erence between the overlaps at t = 0 and t = 1

We now prepare the tools for proving and exploiting task(ii), beginning with an elementary lemma, due to
Lattala and Guerra, and whose proof can be found i.e. in [10, Proposition 2.4.5]:

Lemma 2.8 For any choice of the parameters �; 
0; h > 0, there is a unique solution r in [0; 1] to the
equation

r = E
�
tanh2 (�z

p

0r + h)

�
: (9)

This lemma allows us to eliminate one of the terms in our overlap calculation O0 (at t = 0 with separated
spins) by choosing r properly.

9



Lemma 2.9 Let r be the solution of equation (9). Then, for any m 2 CN ,

�m;0

���
R1;2

��;m � r� ��1m�2m � r�� = 0:
Proof. By Lemma 2.4 we have

�m;0

���
R1;2

��;m � r� ��1m�2m � r��
= �m;0

��
R1;2

��;m � r� hE htanh (�zp
0r + h)2i� ri
= 0:

which �nishes the proof. �
Similarly, with this choice of r, regarding the other term in O0 we can writeX

k2Zd�f0g


k

N̂d

X
i2CN

�i;0

��
R1;2k

��;i
�1i �

2
i

�
e��i�k=N

= r
X

k2Zd�f0g


k
1

N̂d

X
i2CN

�i;0

��
R1;2k

��;i�
e��i�k=N (10)

:= r
X

k2Zd�f0g


k
�
A1k +A

2
k +A

3
k

�
where

A1k := �
�
R1;2k

� 1

N̂d

X
i2CN

e��i�k=N

A2k :=
1

N̂d

X
i2CN

�i;0

��
R1;2k

��;i
�R1;2k

�
e��i�k=N

A3k :=
1

N̂d

X
i2CN

h
�i;0

�
R1;2k

�
� �

�
R1;2k

�i
e��i�k=N :

Let

Sk =
1

N̂d

X
i2CN

e��i�k=N ;

this is the Riemann sum approximation ofZ
[�1;1]d

dxe��x�k =

dY
l=1

�Z 1

�1
dxe��xkl

�
and since this product is zero because at least one of the components kl of k is non-zero, we can bound jSkj
by jkj =N , since jkj is a bound on the integrand's gradient. However one may prefer to rewrite the Riemann
sum as

Sk =
dY
l=1

 
1

N

NX
il=�N

e��ilkl=N

!

which shows that it is the product of the d Riemann sum approximations for the d integrals
R 1
�1 dxe

��xkl .

Therefore, jSkj can also be bounded above by (jkj =N)Z(k) where Z (k) is the number of components of k
that are non-zero. We state this second result formally for future use.

Lemma 2.10 Consider the following two conditions:

(H) There exists an integer d0 2 f2; � � � ; dg such that for every k 2 Zd � f0g such that 
k 6= 0, the number
Z (k) of components of k that are non-zero satis�es Z (k) � d0.

10



(H') Condition (H) holds and we have X
k2Zd�f0g


k jkjd
0
<1: (11)

Under Condition (H) we have for all k 2 Zd � f0g��A1k�� � jkjd
0

Nd0
:

For now, let us only use the �rst estimation on A1k, which does not require any additional assumptions
on the structure of q, namely: ��A1k�� � jkj

N
(12)

We easily obtain the following.

Lemma 2.11 There exists a constant � that depends on � and q but is bounded for � bounded such that��A1k +A2k�� � jkj
N
+

1

N̂d
� 2 jkj

N
; (13)

and

A3k � ��2�1=2
����R1;2k ���2�

24X
k2Zd


k�
1=2

����R1;2k ���2�
35 : (14)

Proof. As noted before,

�����R1;2k ��;i �R1;2k ���� � N̂�d, and
���R1;2k ��� � 1. Thus, ignoring Lemma 2.10, these facts

yield (13). For the estimation (14) on A3k, we only need inequality (8) in Lemma 2.3. �
Remark 2.12 In the remainder of the article, � will stand for a positive constant depending on � and q
and that is uniformly bounded in the range of our parameter �; we will allow � to change from line to line.

We are ready to state and prove the result which completes task (ii).

Lemma 2.13 There exists a constant � that depends on � and q but is bounded for � bounded, such that

jO � O0j � O
�
N̂�d

�
+ ��2

0@X
k2Zd


k

1A24X
k2Zd


k�

����R1;2k ���2�
35 (15)

Proof. We can �rst write, using Lemma 2.3X
k2Zd�f0g


k

����� 1N̂d

X
i2CN

h
�
�
R1;2k �1i �

2
i

�
� �i;0

�
R1;2k �1i �

2
i

�i
e��i�k=N

�����
� ��2

X
k2Zdnf0g


k�
1=2

����R1;2k ���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35 :

Similarly


0
��� ��R1;2 � r� ��1m�2m � r��� �i;0 ��R1;2 � r� ��1m�2m � r����

� 
0��
2�1=2

����R1;2 � r� ��1m�2m � r���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35

� 
0��
2�1=2

���R1;2 � r��2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35

= 
0��
2�1=2

����R1;20 ���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35 ;
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where we used the fact, from Lemma 2.8, that r 2 [0; 1].
We thus have

jO � O0j

� O
�
N̂�d

�
+ ��2

X
k2Zd�f0g


k�
1=2

����R1;2k ���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35

+ 
0��
2�1=2

����R1;20 ���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35

� O
�
N̂�d

�
+ ��2

X
k2Zd


k�
1=2

����R1;2k ���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35

= O
�
N̂�d

�
+ ��2

24X
k2Zd


k�
1=2

����R1;2k ���2�
352

� O
�
N̂�d

�
+ ��2

0@X
k2Zd


k

1A24X
k2Zd


k�

����R1;2k ���2�
35 ;

which proves the lemma. �

2.1.8 Self-averaging overlap limit

We are now in a position to estimate O. We show that for small �, this expected total overlap, which is
recentered using the value r, converges to 0 at the speed 1=N as long as q has a continuous gradient. Since
r does not depend on the random media g, the appellation \self-averaging" is used.

Proposition 2.14 Let � > 0 and let r = r (�) be the solution of

r = E
h
tanh (�z

p

0r + h)

2
i

where z is a standard normal random variable. Let � be the constant de�ned in Lemma 2.13, i.e. � is a
constant that depends on � and q but is bounded for � bounded. Assume thatX

k2Zd

k jkj <1; (16)

and that � is so small that

��2
X
k2Zd


k jkj < 1:

In that case, we have, for N large enough, with R1;2k de�ned by (4) and (5),

0 � �

0@X
k2Zd


k

���R1;2k ���2
1A �

r
P

k2Zd�f0g 
k jkj�
1� ��2

�P
k2Zd 
k

��
N

Proof. We have, using (13), (14), and (15)

0 � O = �

0@X
k2Zd


k

���R1;2k ���2
1A

� jO �O0j+ r
X

k2Zd�f0g


k
�
A1k +A

2
k +A

3
k

�

12



� ��2

0@X
k2Zd


k

1A24X
k2Zd


k�

����R1;2k ���2�
35+ 0�N̂�d

�
+ r

X
k2Zd�f0g


k
2 jkj
N

+ r
X

k2Zd�f0g


k��
2�1=2

����R1;2k ���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35

= 0
�
N̂�d

�
+ ��2

0@X
k2Zd


k

1AO + r X
k2Zd�f0g


k
2 jkj
N

+ ��2r
X

k2Zd�f0g


k�
1=2

����R1;2k ���2�
24X
k2Zd


k�
1=2

����R1;2k ���2�
35 (17)

� 0
�
N̂�d

�
+ ��2

0@X
k2Zd


k

1AO+ r

N

X
k2Zd


k2 jkj : (18)

where we used Jensen's inequality to identify the presence of O in line (17), and we recall that O
�
N̂�d

�
is

a function that tends to zero as fast as N̂�d and that this convergence holds uniformly in all parameters.
We now assume the C1 condition (16). Thus since � is bounded for � bounded, for � su�ciently small we
can make ��2

�P
k2Zd 
k

�
smaller than 1. The result of the proposition follows. �

Corollary 2.15 Under the same assumptions as in Proposition 2.14, assuming additionally that Condition
(H') holds, we have

0 � �

0@X
k2Zd


k

���R1;2k ���2
1A �

r
P

k2Zd�f0g 
k jkj
d0�

1� ��2
�P

k2Zd 
k
��
Nd0

:

Proof. This follows trivially from the proof of Proposition 2.14 if we use Lemma 2.10 instead of the bound
(12). �

2.2 Consequence for the partition function

Let s be the solution of the equation

s = E
�
tanh2

�
�z
p
s+ h

��
(19)

where z is a standard normal r.v. This s = s (�) is uniquely de�ned by Lemma 9. Let

F (�; h; s) = �2 (1� s)2 =4 + log 2 +E
�
log
�
cosh

�
�z
p
s+ h

���
(20)

and
SK (�; h) = F (�; h; s (�)) : (21)

The function SK is known to be the limit of pN in the standard Sherrington-Kirkpatrick model. The
calculations of the previous sections imply the following theorem on the behavior of the expected logarithm
of the partition function pN in our situation.

Theorem 2.16 Under the hypotheses of Proposition 2.14, we have����pN (�)� 1


0
SK (

p

0�; h)

���� � �C (�)

N
(22)

where the constant C depends on h, q, and �, and is bounded for � 2 [0; �0].
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Proof. Recall from Lemma 2.1 that

@pN
@�

=
�

N̂2d

X
(i;j)2CN

q2
�
i� j
N

�
+ �

X
k2Zd�f0g


k�

����R1;2k ���2�+ �
0� ����R1;20 + r
���2�

= � (B1 +B2 +B3) :

We have that B1 is a Riemann sum approximation of

4�d
Z
[�1;1]d�[�1;1]d

dxdyq2 (x� y)

= 4�d
Z
[�1;1]d

dy

Z
[�1;1]d�y

dx0q2 (x0)

= 4�d
Z
[�1;1]d

dy

Z
[�1;1]d

dx0q2 (x0)

= 2�d
Z
[�1;1]d

dx0q2 (x0)

= 
0:

where we used the fact that q2 is periodic in all variables, with period 2. Therefore, since by the C1 condition
(2) on q, the gradient in [�1; 1]d � [�1; 1]d of q2 (x� y) is bounded by

c00q := 2
X
k2Zd


k jkj <1

we have

jB1 � 
0j �
c00q
N
: (23)

Using this and Proposition 2.14, we can write for � < �0,����@pN@� � 
0� � r2
0�
����

�
c00q
N
+ �

������
X

k2Zd�f0g


k�

����R1;2k ���2�+ 
0� ����R1;20 + r
���2�� r2
0

������
=
c00q
N
+ �

����� X
k2Zd�f0g


k�

����R1;2k ���2�+ 
0� ����R1;20 ���2 + r2 + 2rR1;20 �� r2
0
�����

=
c00q
N
+ �

������
X
k2Zd


k�

����R1;2k ���2�+ 2
0r� �R1;20 �
������

�
c00q
N
+

2�rc00q
1� ��2

P
k2Zd 
k

1

N
+ 2
0r�

���� �R1;20 ���� : (24)

To estimate the last term, if we simply say that

���� �R1;20 ���� � �

����R1;20 ���2�1=2 �
0@X
k2Zd


k�

����R1;2k ���2�
1A1=2

� K�;h;q
1p
N
; (25)

this does not allow us to get the announced convergence of order 1=N . The following improvement is
necessary. It is proved by showing how our choice for r allows the terms of order 1=

p
N to get killed o�.

Lemma 2.17 For � < �0,
���� �R1;20 ���� � K (�; q) =N where K (�; q) is bounded for � bounded.
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Proof. By symmetry among sites, we have

�
�
R1;20

�
= �

�
R1;2

�
� r

= �

 
1

N̂d

X
i2CN

�1i �
2
i

!
= �

�
�1m�

2
m � r

�
= � (f)

for any �xed value of m, where we de�ne the function f = �1m�
2
m�r. Recall also in general that from Lemma

2.4 we have for any function g de�ned on �N (that depends on spin values from n independent replicas) but
that does not depend on any replicas of �m,

�m;0
�
g�1m�

2
m

�
= �m;0 (g)E [tanh

n (Y )] = �m;0 (g) r (26)

where Y = �
p

0rz + h with z a standard normal r.v. In particular we obtain

�m;0 (f) = 0: (27)

This is important because of the following observation: we have

� (f) = �m;0 (f) + �
0
m;0 (f) +

Z 1

0

�Z t

0

�00m;s (f) ds

�
dt

= �0m;0 (f) +

Z 1

0

�Z t

0

�00m;s (f) ds

�
dt: (28)

We see that our task is to control �0m;0 (f) and �
00
m;s (f).

From Proposition 2.2 we have

�0m;s (f) = �2
X
k2Zd


ke
��m�k=N�m;s

�
fR1;2k �1m�

2
m

�
(29)

� 4�2
X
k2Zd


ke
��m�k=N�m;s

�
fR1;3k �1m�

3
m

�
+ 3�2

X
k2Zd


ke
��m�k=N�m;s

�
fR3;4k �4m�

4
m

�
:

Next, in the above formula, replace the terms Rl;l
0

k by their non-m dependent terms
�
Rl;l

0

k

��;m
�
Rl;l

0

k

��;m
= Rl;l

0

k � 1

N̂d
�lm�

l0

me
��m�k=N :

It is easy to check that, because of fact (27), this will not change the values of any of the terms. I.e.

�0m;s (f) = �2
X
k2Zd


ke
��m�k=N�m;s

��
R1;2k

��;m
f�1m�

2
m

�

� 4�2
X
k2Zd


k�m;s

��
R1;3k

��;m
f�1m�

3
m

�

+ 3�2
X
k2Zd


k�m;s

��
R3;4k

��;m
f�3m�

4
m

�
which, after expanding f with the m-dependent factors above, and using again the result (26) from Lemma
2.4, yields

�0m;0 (f) = �2�c(�)
X
k2Zd


ke
��m�k=N�m;0

��
R1;2k

��;m�
; (30)
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where
�r = E

�
tanh4 Y

�
; �c(�) = 1� 4r + 3�r:

By iterating the formula (29) for �0m;s (f) we can calculate �
00
m;s (f). Rather than writing down all the

terms in �00m;s (f) we will simply note that we will obtain a sum of terms of the form

c (�) �m;s

�
f�lm�

l0

mR
l;l0

k �l
00

m�
l000

m Rl
00;l000

k0

�
where l; l0; l00 and l000 are integer numbers between 1 and 6 and the constants c (�), which may be complex
numbers, are bounded when � is bounded. We then estimate each of these terms as follows:

c (�) �m;s

�
f�lm�

l0

mR
l;l0

k �l
00

m�
l000

m Rl
00;l000

k0

�
� c (�) jf j1 �m;s

����Rl;l0k

���2�1=2 �m;s����Rl00;l000k

���2�1=2
� c (b) (1 + r)

�
�m;s

����R1;2k ���2�+ �m;s����R1;2k0 ���2�� =2:
Putting all these estimates together yields:

���00m;s (f)�� � K (�)

0@X
k2Zd


k

1A0@X
k2Zd


k�m;s

����R1;2k ���2�
1A

� K (�)

0@X
k2Zd


k

1A 2r
0@X
k2Zd

jkj 
k

1A 1

N

= �
1

N
(31)

where we used Proposition 2.14 with � small enough and �is a constant that depends only on � and q and
is bounded when � is small enough. Again, we will allow � below to change from line to line.
The estimate (31) on the second derivative of �m;t (f), together with (28), imply immediately��� (f)� �0m;0 (f)�� � �

N
: (32)

We now rewrite �0m;0 (f) with the intention of controlling the errors made by replacing t = 0 with t = 1,

and replacing
�
R1;2k

��;m
with R1;2k for every k. The �rst replacement will be handled thanks to Lemma 2.3

and Proposition 2.14, while the second will only require noticing that we trivially have�����m;0��R1;2k ��;m�� �m;0 �R1;2k ����� � 1

Nd
: (33)

Accordingly we write

�0m;0 (f) = �2�c(�)
X
k2Zd


k�
�
R1;2k

�
+D1 +D2 (34)

where
D1 = �2�c (�)

X
k2Zd


k

h
�m;0

�
R1;2k

�
� �

�
R1;2k

�i
and

D2 = �2�c (�)
X
k2Zd


k

�
�m;0

��
R1;2k

��;m�
� �m;0

�
R1;2k

��
:
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We have by Lemma 2.3 and Jensen's inequality

jD1j � �2�c (�)
X
k2Zd


k�
2�

0@X
k02Zd


k0

s
�

����R1;2k0 ���2�
1As� ����R1;2k ���2�

= �4�

0@X
k2Zd


k

s
�

����R1;2k ���2�
1A2

� �4�

0@X
k2Zd


k

1A X
k2Zd


k�

����R1;2k ���2�
so that by Proposition 2.14,

jD1j �
�

N
: (35)

Now by (33) we immediately get

jD2j � �2
X
k2Zd


k
1

Nd
�c (�) (36)

� �

N
: (37)

Now combining (32), (34), (35) and (37) we obtain

j� (f)j =
��� (f)� �0m;0 (f) + �0m;0 (f)�� � �

N
+�2
0�c (�) j� (f)j+�2�c (�)

X
k2Zd�f0g

�1=2
����R1;2k ���2� � �

N
+�2
0�c (�) j� (f)j ;

where we used again Jensen's inequality to apply Proposition 2.14. Therefore

j� (f)j
�
1� �2
0 j1� 4r + 3�rj

�
� �

N

which proves the lemma for � small enough. �
Thanks to this lemma we now obtain from (24):����@pN@� � 
0�

�
1� r2

����� � �

N

where � depends only on �; h; q and is bounded for � 2 [0; �0].
The �rst step to conclude the proof of the theorem it to perform the following integration:�����pN (�)� pN (0)� 
0

Z �

0

�
1� r (b)2

�
b db

�����
=

�����
Z �

0

�
@pN
@�

(b)� 
0
�
1� r (b)2

�
b

�
db

�����
� �

�

N
: (38)

Therefore we need to calculate two terms. Calculating pN (0) is trivial because we have by de�nition

pN (0) =
1

N̂d
log

" X
�2�N

Y
i2CN

eh�i

#

=
1

N̂d
log

" Y
i2CN

 X
�i=�1

eh�i

!#

=
1

N̂d

X
i2CN

log (2 cosh (h))

= log 2 + log (cosh (h)) : (39)
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For the �nal calculation we can use known facts about the standard Sherrington-Kirkpatrick model. Let s
be the unique solution of the equation (19). We see that

s (�) = q (
p

0�) : (40)

It is known (see [10, Lemma 2.4.5]) that with F and SK de�ned by (20) and (21), we haveZ �

0

�
1� s (x)2

�
x dx = SK (�; h)� log (2 cosh (h)) :

By performing the trivial change of variable b =
p

0x demanded by relation (40) we obtainZ �

0

�
1� r (b)2

�
b db =

1


0
SK (

p

0�; h)� log (2 cosh (h)) :

Now combining this (38) and (39) we obtain the theorem. �
The �nal result we present in this section shows that while the complete structure of q does not seem

to e�ect the limiting behavior of the partition function beyond the average value 
0 of q
2, the speed of

convergence towards this value may depend heavily on the behavior of q. We show that the speed can be
increased to the order N�d0 as long as Condition (H') from Lemma 2.10 holds. This condition restricts the
Fourier decomposition of q2 to containing only terms of the form cos (k � x) where k � x is the sum of at least
d0 terms klxl. Moreover the summability part (11) of Condition (H') means that q

2 is d0 times di�erentiable.

Corollary 2.18 Under the hypotheses of Corollary 2.15, we have����pN (�)� 1


0
SK (

p

0�; h)

���� � �C (�)

Nd0

where the constant C depends on h, q, and �, and is bounded for � 2 [0; �0].

Proof. In the proof of Theorem 2.16, including Lemma 2.17, some estimates are already of order N�d =

0
�
Nd0

�
. For the others, we may use Corollary 2.15 instead of Proposition (2.14) in all its occurrences.

This improves all estimates that were originally of order N�1 to the order N�d0 , with the exception of the
estimation (23) for the term B1. To deal with this last term, we only need to use Condition (H'). Indeed we
write

jB1 � 
0j =

������ 1N̂2d

X
(i;j)2CN

q2
�
i� j
N

�
� 
0

������
=

1

N̂2d

X
k2Zd�f0g


k
X

(i;j)2CN

e��k�(i�j)=N

=
1

N̂2d

X
k2Zd�f0g


k

 X
i2CN

e��k�i=N

!0@X
j2CN

e���k�j=N

1A
The conclusion of Lemma 2.10 also means that����� 1N̂d

X
i2CN

e��i�k=N

����� � 2 jkjd
0

Nd0
:

which implies immediately that

jB1 � 
0j �
2

Nd0

X
k2Zd�f0g


k jkjd
0
:

Thanks to Condition (11), the corollary is proved. �
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2.3 Boundary conditions

In this section, we will show that the previous results are not a�ected if we take into account some boundary
conditions in the Hamiltonian HN : let f!i : i 2 Zdg be an arbitrary deterministic family of real numbers,
such that j!ij � M for a given constant M > 0 (in fact, !i could also be allowed to depend on N , but we
will not try to go deeper into that possibility). For N � 1, consider the Hamiltonian:

�H�
N (�) = �HN (�) +

X
i2@CN

!i�i;

where
@CN = fi = (i1; : : : ; id); 9k � d; jikj = Ng :

Notice that f!i : i 2 @CNg stands for the boundary condition, acting on each �i on @CN . It can also be
observed that H�

N can be written as

�H�
N (�) =

�

N̂d=2

X
(i;j)2CN

q

�
i� j
N

�
g(i;j)�i�j + h

X
i2C�

N

�i +
X

i2@CN

hi�i;

where C�N = CNn@CN , and hi = h+ !i.
Denote by p�N (�), hfi�, ��t the equivalent to pN (�), hfi, �t related to the Hamiltonian H�

N . Then we
have the

Theorem 2.19 Under the hypotheses of Proposition 2.14, we have����p�N (�)� 1


0
SK (

p

0�; h)

���� � �C (�)

N

where the constant C depends on h, q, and �, and is bounded for � 2 [0; �0].

Proof: The result is of course easily obtained once the self-averaging property for R1;2k is established. Thus,
we will just try to stress the main di�erences between the current case and the one dealt with at Proposition
2.14: �rst, note that the symmetry property (among sites) is no longer true, and hence the equivalent to
Corollary 2.6 is

O = 1

N̂d

X
m2CN

"

0�

��
R1;2 � r

� �
�1m�

2
m � r

��
+

X
k2Zd�f0g

X
i2CN


k�
�
R1;2k �1m�

2
m

�
e��i�k=N

#
:

Thus Lemma 2.7 becomes

O0 =
1

N̂d

X
m2CN

"

0�m;0

���
R1;2

��;m � r� ��1m�2m � r��
+

X
k2Zd�f0g


k
X
m2CN

�m;0

��
R1;2k

��;m
�1m�

2
m

�
e��m�k=N

�
+ 0

�
N̂�d

�
:

As far as Lemma 2.9 is concerned, it is only valid for m 2 C�N . However, invoking the fact that
j@CN j
jCN j =

O(N�1), relation 10 becomesX
k2Zd�f0g


k

N̂d

X
i2CN

�i;0

��
R1;2k

��;i
�1i �

2
i

�
e��i�k=N = r

X
k2Zd�f0g


k
�
A1k +A

2
k +A

3
k

�
+ 0

�
1

N

�
:

Up to those terms of order N�1, the proof goes now along the same lines as for Proposition 2.14. �
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3 The diluted case

The model under consideration here will be of the form

�HN (�) = �
X

(i;j)2CN

qN(i� j)
(i;j)g(i;j)�i�j + �h
X
i2CN

�i; (41)

where �, h and q have been de�ned in the previous section, qN(x) = q(x=N) and 
(i;j) is an i.i.d. sequence

of Bernoulli random variables with parameter 
=N̂d, i.e.

P
�

(i;j) = 1

�
=




N̂d
; P

�

(i;j) = 0

�
= 1� 


N̂d
;

with N̂d standing for (2N + 1)
d
, which is the size of CN . We will also set Mq = kqk1.

Contrary to the method we used for the mean-�eld case, in which calculations were performed for each
N independently, the study of our diluted model will be based on an induction procedure on N , and this
will force us to consider the Hamiltonian H on a general subset F � CN , of size K, that is the quantity

�HF (�) = �HN;F (�) = �
X

(i;j)2F

qN(i� j)
(i;j)g(i;j)�i�j + �h
X
i2F

�i:

Having this fact in mind, our basic method will continue to be the cavity method, inspired again by the
presentation in [10]; it will take the following form in our current situation: for any m 2 F , notice that

�HF (�) = �HF̂m(�) + ��m

0@X
i2F̂m


mi W
m
i (�i) + h

1A ;

where 
mi = 
(i;m), g
m
i = g(i;m) and

F̂m = fi 2 F ; i 6= mg; Wm
i (�i) = qN (i�m) g(i;m)�i:

For any F � CN , denote by h:iF the Gibbs average on F with respect to the Hamiltonian HF . Then, for
f : Fn ! R, we have

hfiF =

D
Av f Êm;n

E
F̂mD

Av Êm
En
F̂m

;

where

Êm;n = exp

0@� nX
l=1

�lm

0@X
i2F̂m


mi W
m
i (�

l
i) + h

1A1A ;

and Êm = Êm;1. We will denote by E
;gm the expectation given the randomness contained in f
mi ; gmi ; i 2 F̂mg
and by E
m (resp. Egm) the expectation when the given the randomness contained in f
mi ; i 2 F̂mg (resp. in
fgmi ; i 2 F̂mg).

3.1 Preliminary results

Let n; k � 1 and f : Fn ! R, depending only on a given set of coordinates (�p1 ; : : : ; �pk), where � �
(p1; : : : ; pk) 2 F k (here we suppose jF j � k). We will �rst show that if f is antisymmetric with respect to
one of its coordinates, then E[hfiF ] is asymptotically small. Let us begin with an easy lemma quantifying
the probability of an interaction within �, whose proof is left to the reader.

Lemma 3.1 De�ne AN;� � 
 by

AN;� =
�
!; there exists (i; j) 2 �2 : i 6= j; 
(i;j) = 1

	
:

Then

P (AN;�) �
k2


N̂d
:
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We also label the following Poisson law bound on the number of interactions with a �xed site (whose
proof is postponed until the proof of Lemma 3.10 Step 1) for further use.

Lemma 3.2 Let p 2 CN , Jp de�ned by

Jp = [fi 2 CN ; 
pi = 1g; (42)

and set r = r(p) = jJpj. Then, for N large enough, with �
 = exp((5
)=2) and 
̂ = 2
, we have

P (r = u) � �
e
�
̂ 
̂

u

u!

for any u � 0.

Let f : Fn ! R, with n � 2, and let us write, for j � k,

f = f
�
�1
F̂pj ; �

1
pj ;�

2
F̂pj ; �

2
pj ; : : : ;�

n
F̂pj ; �

n
pj

�
;

with obvious notations. Let us call Tj the that transformation that permutes the �rst two occurrences of
the jth spin in �:

f � Tj
�
�1
F̂pj ; �

1
pj ;�

2
F̂pj ; �

2
pj ; : : : ;�

n
F̂pj ; �

n
pj

�
= f

�
�1
F̂pj ; �

2
pj ;�

2
F̂pj ; �

1
pj ; : : : ;�

n
F̂pj ; �

n
pj

�
The next proposition on the behavior of antisymmetric functions, adapted from [10, Theorem 4.2.1], will be
useful in order to get some pure state results.

Proposition 3.3 Let F � CN such that jF j = K, and f; f 0 : Fn ! R be two functions depending on
coordinates in � = (p1; : : : ; pk) such that f

0 � Tk = �f 0 and jf 0j � af (in particular, we assume f to be a
positive function). Then, given a constant 
 > 0, there exists strictly positive constants �0 = �0(
;Mq) and
b = 2
 such that if � � �0,

E

�
j hf 0iF j
hfiF

�
� k2ab

N̂d
:

Proof: First, observe that, using Lemma 3.1, we have

E

�
j hf 0iF j
hfiF

�
� k2


N̂d
a+E

�
1Ac

N;�

j hf 0iF j
hfiF

�
: (43)

We will now work on the last term of the right hand side, and always assume that AcN;� is satis�ed.

Step 1: Let Jpk be the set de�ned by (42), and note that Jpk \ � = ; on AcN;�. Since we will use the cavity
method with respect to �pk , we will call Uj the equivalent of transformation Tj , performed on a function f

de�ned on F̂ pk . Then, it is easily seen that, on AcN;�,h
Av f 0Êpk;n

i
�
Y
i2Jpk

Ui = �Av f 0Êpk;n:

Consequently, writing Jpk = fi1; : : : ; irg (here notice that r is a random integer depending on 
), we also
have

Av f 0Êpk;n =
1

2

"�
Av f 0Êpk;n

�
�
�
Av f 0Êpk;n

�
�

rY
s=1

Uis

#
=
1

2

rX
s=1

fs;

where

fs =
�
Av f 0Êpk;n

�
�
s�1Y
v=1

Uiv �
�
Av f 0Êpk;n

�
�

sY
v=1

Uiv � f (1)s � f (2)s :
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Note that fs satis�es fs � Uis = �fs, which means that fs is still an antisymmetric function.

Step 2: We will now get an estimate of fs in terms of Av f Êpk;n, similar to the relation between f 0 and f .
Indeed, we have

f (1)s = Av �1pk ;:::;�
n
pk

"
f 0(�1; : : : ; �n) exp

 
�

nX
l=1

�lpk
�
qN(pk � iv) gpkiv �

l
iv + h

�!
�
q�1Y
v=1

Tiv

#
= Av �1pk ;:::;�

n
pk
f 0(�1; : : : ; �n)Êpk;n exp

�
L(1)

�
;

with

L(1) = �
2X
l=1

�lpk

s�1X
v=1

qN(m� iv)gpkiv
�
�liv � �

3�l
iv

�
:

Similarly,

f (2)s = Av �1pk ;:::;�
n
pk
f 0(�1; : : : ; �n)Êpk;n exp

�
L(2)

�
;

with

L(2) = �
2X
l=1

�lpk

sX
v=1

qN(m� iv)gpkiv
�
�liv � �

3�l
iv

�
:

Then, it is easily checked that

jL(1)j � 2�
2X
l=1

s�1X
v=1

Mqjgpkiv j � 4�Mq

rX
v=1

jgpkiv j:

The same estimate holds for L(2), and invoking the fact that

jex � eyj � eajx� yj

if x; y 2 [�a; a], we get

jfsj � 4�Mqjgpkis j exp
 
4�Mq

rX
v=1

jgpkiv j
!h
Av f Êpk;n

i
:

Step 3: We are now ready to state our induction hypothesis. We will assume that for K � 1, � small
enough, any subset F of size K and any functions f; f 0 ful�lling the hypothesis of our proposition, then

E

�
j hf 0iF j
hfiF

�
� kab

N̂d
: (44)

This is true if K = 1. Indeed, then, F is a singleton fpg and � = fpg so that the event AcN;� is empty, and
the second term on the right-hand side of (43) is null, so (44) is true with b = 
. Consider then a subset F
of CN of size K + 1, and f , f 0 satisfying the assumptions of our proposition. Then

hf 0iF
hfiF

=
rX
s=1

hfsiF̂pkD
Av f Êpk;n

E
F̂pk

;

and applying the induction hypothesis, we have, on AcN;�,

E
;gpk

�
hf 0iF
hfiF

�
� 4k2�Mqab

N̂d

 
rX
s=1

��gpkis ��
!
exp

 
4�Mq

vX
s=1

��gpkiv ��
!
:

Thus, integrating with respect to the randomness in g yields

E
pk

�
hf 0iF
hfiF

�
� �k2�Mqabr(1 + �Mq)

N̂d
exp

�
8r�2M2

q

�
:
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Now, using Lemma 3.2, some elementary computations of exponential moments for a Poisson measure, and
combining with (43), we get

E

�
hf 0iF
hfiF

�
� a


k2

N̂d

"
1 + ��
b(1 + �Mq)

exp

�
5


2
+ 8(�Mq)

2 + 2

�
e8(�Mq)

2

� 1
��#

:

Hence, if a; b; �; 
 are such that




�
1 + ��
b(1 + �Mq) exp

�
5


2
+ 8(�Mq)

2 + 2

�
e8(�Mq)

2

� 1
���

does not exceed b, our proposition will be shown. This occurs for small � and b = b (
) as announced.
Indeed, take b = 2
. Then it is su�cient to take

2��
2(1 + �Mq) exp

�
5


2
+ 8(�Mq)

2 + 2

�
e8(�Mq)

2

� 1
��

� 1;

which is obviously true for small �. �

Remark 3.4 Notice that, applying this �rst result to f 0 = �1i (�
1
j � �2j ) and f = 1 for arbitrary i; j 2 CN ,

we get, for a constant � > 0, a mean measure of how fast spins decorrelate as the system size increases,
which is intuitively consistent with the fact that we started o� by assuming that each correlation probability
is 
=N̂d:

E [j h�i�ji � h�ii h�ji j] �
�

N̂d
:

Remark 3.5 In many of our future computations, a rate of 1=Nd could be attained. However, some Riemann
sums convergence will push this rate down to 1=N . This is why, from now, we will often use the trivial bound
1=Nd � 1=N for our estimates.

We will turn now to some preliminary results in order to get the limiting behavior of the magnetization,
and let us introduce �rst some notation: for two [�1; 1]k-valued random variables X and Y , de�ne the
Monge-Kantorovich distance between the law of X and the law of Y by

�(L(X);L(Y )) = sup
�
E[f(X)]�E[f(Y )]; f 2 L(1)

	
(45)

= inf fE[jX1 �X2j]; (X1; X2) 2MX;Y g ; (46)

where L(1) denotes the set of Lipschitz functions bounded by 1, with Lipschitz constant lesser than 1, and

MX;Y is the set of random vectors in 2k with marginal laws L(X) and L(Y ) respectively. For a vector
� = (�1; : : : ; �v) 2 [�1; 1]v, a function � on f�1; 1gv, de�ne h�i� by

h�i� =
Z
f�1;1gv

�(y1; : : : ; yv)d��1(y1) : : : d��v (yv); (47)

where ��j is a Bernoulli measure on f�1; 1g with mean �j .
Let � = (p1; : : : ; pk) be a sequence in F

k, where F � CN . We will also need to introduce a generalized
cavity method, singling out all the elements of � at once, and changing the integration over CN for an
integration over CN�1: set

F̂� = fi 2 F ; i =2 �g ;
and for j 2 f1; : : : ; kg de�ne Jpj as in (42). De�ne also Ê�;n by

Ê�;n = exp

0@� nX
l=1

kX
j=1

�lpj

0@X
i2Jpj

W
pj
i (�

l
i) + h

1A1A (48)
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As usual, we will designate Ê�;1 by Ê�. Then, for any f : �n ! R,

hfiF =

D
Av f Ê�;n

E
F̂�D

Av Ê�
E
F̂�

:

The expectation given the randomness in � will be written as E
;g� and, when conditioning only on the values

taken by 
, by E
�. We will consider the set BN;� = AN;� [A(1)N;� [A
(2)
N;�, where

A
(1)
N;� =

�
!; there exist i 2 @CN ; l 2 [kj=1Jpj [ �; 
(i;l) = 1

	
A
(2)
N;� =

n
!; there exist i 2 F; j 6= j0; 
i;pj = 
i;pj0 = 1

o
:

Then BN;� satis�es the following property, whose proof relies on results in the proof of Lemma 3.10 Step
1.a.

Lemma 3.6 The probability of the set BN;� is bounded as follows:

P (BN;�) � �
k
log(N)

N
: (49)

Proof: We use the results of Step 1.a in the proof of Lemma 3.10 with � = 0. Therein, with p a �xed site,
the quantity Ak denotes the probability P [r (p) = k], and is estimated as Ak � �
e

�2
 (2
)
k
=k!, so that

P
h
r (p) > 2 log N̂d

i
� �
=N̂

d. Then using the trivial fact that the cardinality of @CN is of order N̂d�1 up

to a constant �d, we write

P
h
A
(1)
N;�

i
�

X
i2@CN

0@ kX
j=1

P
�
9l 2 Jpj : 
(i;l) = 1

�
+
X
l2�

P
�

(i;l) = 1

�1A
� �dk


N̂
+
X

i2@CN

kX
j=1

P
�
9l 2 Jpj : 
(i;l) = 1

�
:

We estimate the last probability above as follows:

P
�
9l 2 Jpj : 
(i;l) = 1

�
� P

h
r (pj) � 2 log N̂d;9l 2 Jpj : 
(i;l) = 1

i
+P

h
r (pj) > 2 log N̂

d
i

� 2 log N̂d 


N̂d
+
�


N̂d
:

Therefore

P
h
A
(1)
N;�

i
� �dk


N̂
+ �dN̂

d�1k

�
2 log N̂d 


N̂d
+
�


N̂d

�
;

which proves the lemma, given that the calculation for A
(2)
N;� is easier, and that it is trivial for AN;�. �

Remark 3.7 The lack of interaction between @CN and [kj=1Jpj [ �, responsible for the additional term
log(N) in (49), is only needed in order to get Lemma 3.9.

Since BN;� is an exceptional set, we will always work (unless speci�ed) on B
c
N;�. In that case, set

r =
X
i2F

kX
j=1


i;pj ; (50)
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and
F̂�;� =

n
i 2 F̂�; i =2 @CN

o
:

Then, on BcN;�,

hfiF =

D
Av f Ê�;n

E
F̂�;�D

Av Ê�
E
F̂�;�

;

and notice that now F̂�;� � CN�1. In particular, on B
c
N;�,

L
�
�
h�p1iF ; : : : ; h�pkiF

�
= L
�

0@
D
Av�p1 Ê�

E
F̂�;�D

Av Ê�
E
F̂�;�

; : : : ;

D
Av�pk Ê�

E
F̂�;�D

Av Ê�
E
F̂�;�

1A :

The next lemmas are then a �rst step towards the limiting behavior of h�ii.

Lemma 3.8 Let Y be the random vector de�ned by

Y =
�
h�jiF̂�;� ; j 2 F̂�;�

�
;

and set, for i 2 f1; : : : ; kg,

ui =

D
Av�pi Ê�

E
F̂�;�D

Av Ê�
E
F̂�;�

; vi =

D
Av�pi Ê�

E
YD

Av Ê�
E
Y

;

where the numerator and denominator of vi are de�ned by (47). Then, on B
c
N;�, we have, for a constant

� = ��0 > 0,

� (L
�(u1; : : : ; uk);L
�(v1; : : : ; vk)) �
�k2r2

N̂d
exp (2�(h+ �)) :

Proof: The de�nition of the distance � easily implies that

� (L
�(u1; : : : ; uk);L
�(v1; : : : ; vk)) �
kX
i=1

Eg;
� [jui � vij] :

Let fsj ; j � Kg be an enumeration of F̂�;�, set f = Av Ê�, f 0 = Av�pi Ê�, and for j � K,

fj = f
�
�1s1 ; : : : ; �

j
sj ; �

1
sj+1 ; : : : ; �

1
sK

�
;

and f 0j similarly. Then, notice that

ui =
hf 01iF̂�;�

hf1iF̂�;�
; vi =

hf 0KiF̂�;�

hfKiF̂�;�
:

Thus,

E
;g� [jui � vij] �
KX
j=1

E
;g�

"

f 0j�1

�
F̂�;�

hfj�1iF̂�;�
�


f 0j
�
F̂�;�

hfjiF̂�;�

#
:

The lemma is now obtained using the antisymmetry of f 0j�1 � f 0j , the fact that all the Jpj are disjoint on
BcN;�, and that j

P
j Jpj j = r where r is de�ned by (50). �
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We will show in the next section that h�jiF converges in law to a certain random variable with law �

by a �xed point argument. Let then X = fXj ; j 2 F̂�g be an i.i.d. sequence of law � on [�1; 1], and set

wi =

D
Av�pi Ê�

E
XD

Av Ê�
E
X

:

De�ne now, for � 2 N, K = jF j,

IN (�) =
n
F � CN ; K � N̂d � �

o
;

and for N � 1, � 2 N, k � N̂d

D(N; �; k)

= sup
�
�
�
L
�
h�t1iF ; : : : ; h�tkiF

�
; �
k

�
; jF j 2 IN (�); t1; : : : ; tk 2 F

	
:

We also set D(N; �; k) = 0 if k > N̂d. Then we have the following result, for which we refer to [10, Lemma
4.4.2], and from which there is little doubt that our strategy should include an induction on the value of
D (N; �; k) with respect to N .

Lemma 3.9 Suppose that F 2 IN (�). Then outside BN;�, we have

� (L(v1; : : : ; vk);L(w1; : : : ; wk))

� �(1 + �) exp (2�(h+ �)� 2
)� �
1X
r=0

(2
)r

r!
D(N � 1; � + k; r) + 2P (BN;�):

3.2 Limit law for the magnetization

Our �rst task here will be to give an asymptotic expression for the law of (w1; : : : ; wk). Set then, for r � 1,
N � 1 and � = (i1; : : : ; is) 2 F s,

GK;r;� = GK;r;� (�1; : : : ; �r; ") = exp
 
�

rX
s=1

qN(is)gs�s"+ �h"

!
;

where (g1; : : : ; gs) are i.i.d. standard Gaussian random variables and " represents as usual an independent
spin.
On the other hand, if x = (x1; : : : ; xr) is a sequence in [�1; 1]d, set

Gr;x = exp
 
�

rX
s=1

q(xs)gs�s"+ �h"

!
; (51)

and de�ne, for a given p 2 [�1; 1]r, the quantity

Ur;x(p) =
hAv "Gr;xip
hAvGr;xip

=
hsinh (�

Pr
s=1 q(xs)gs�s + �h)ip

hcosh (�
Pr

s=1 q(xs)gs�s + �h)ip
: (52)

In the sequel, we will consider the random variable Ur;x(X
(r)), where X(r) = (X1; : : : ; Xr) is an i.i.d.

sequence of law � on [�1; 1]. Let now Z be a Poisson point process on [�1; 1]d with intensity 
 dx. A given
realization of Z is of the form (r; �), where r 2 and � = (�1; : : : ; �r) 2 [0; 1]d�r. De�ne then ĜZ = Gr;�
and ÛZ = Ur;�(X

(r)). If � is a probability law on [�1; 1]d, one can construct the transform T� as follows:
consider fXn;n � 1g an i.i.d. sequence of random variables of law �. Then, for a realization (r; �) of Z, set

VZ� as the law of the random variable ÛZ , and if ÊZ designates the expectation with respect to the Poisson
point process Z, put

T� = ÊZ [VZ�] ;

26



which means that if S is a random variable with law T�, and if � is a test function on [�1; 1], then

E [�(S)] = E
h
ÊZ

h
�
�
ÛZ

�ii
(53)

=
1X
r=0

e�


r

r!

Z
[�1;1]d�r

E
h
�
�
Ur;�(X

(r))
�i
d�:

We then have the following.

Lemma 3.10 There exists a constant � > 0 such that for any F 2 IN (�),

�
�
L(w1; : : : ; wk); (T�)
k

�
� �k

N

�
k + 1 + 
 (1 + � + �krqk1) + 
2

�
:

Proof: Notice �rst that, outside BN;�, the random variables w1; : : : ; wk are independent. Hence, using the
fact that jwj j � 1 and the expression (46) de�ning �, we get

�
�
L(w1; : : : ; wk); (L(w1))
k

�
� �(k2 + 1)


N̂d
: (54)

We will now turn to some estimates on the law of w = w1. For notational sake, we will set p1 = p,
w1 = w, gpi = gi. Then, if � is a function in L(1), recalling de�nition (48), we get

E [�(w)] = E

24�
0@
D
Av " exp

�
�"
P

i2Jp W
p
i (�i) + �h"

�E
XD

Av exp
�P

i2Jp �W
p
i (�i)"+ �h"

�E
X

1A35
= E

�
 X;g;r

�
i1 � p
N

; : : : ;
ir � p
N

��
;

where

 X;g;r(x1; : : : ; xr) = �
�
Ur;x(X

(r))
�

= �

� hsinh (� (Pr
i=1 q(xi)gi + h))iX

hcosh (� (
Pr

i=1 q(xi)gi + h))iX

�
;

and where r = jJpj and i1; � � � ; ir are an enumeration of the r sites in F that interact with p.
Then, using some standard calculations for the binomial distribution,

Eg;X [�(w)] =
1X
r=0

ArBr;

with Ar = 0 for r � K, and for r � K � 1,

Ar =

�
K � 1
r

��



N̂d

�r �
1� 


N̂d

�K�r�1
Br =

X
(i1;:::;ir)2A(F̂p;r)

 X;g;r
�
i1�p
N ; : : : ; ir�pN

�
ArK�1

; (55)

where A(F̂ p; r) stands for the set of ordered combinations of r elements among those of F̂ p, and

ArK�1 =
(K � 1)!

(K � 1� r)! =
���A(F̂ p; r)��� :

Note in particular that Ak = P [jJpj = k], and is indeed the binomial probability of k successes (interactions

from within F to p) among K � 1 trials with success probability 
=N̂d.
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We will now look for the limit of Ar and Br separately in Steps 1 and 2 respectively.

Step 1.a: From the Poisson approximation of the binomial distribution, it is clear that

lim
N!1

Ar = e�


r

r!
;

but we will look for some sharper estimates for that convergence. First, remark that�
K � 1
r

�
� N̂dr

r!

rY
j=1

�
1� � + j

N̂d

�
:

Hence, using the fact that (1� x)(1� y) � 1� (x+ y) for x; y � 0, we get

N̂dr

r!

�
1� r(2� + r + 1)

2N̂d

�
� CrK�1 �

N̂dr

r!
: (56)

Invoking now the fact that log(1� y) � �y for y 2 [0; 1), if N is large enough, we have

Ar �

r

r!
exp

�
� (K � 1)


N̂d

��
1� 


N̂d

��r
:

Recall that K�1
N̂d

� 1� �+1
N̂d
. Hence

Ar � e�


r

r!
exp

�
(� + 1)


N̂d

��
1� 


N̂d

��r
: (57)

We will �rst use a crude bound on Ar: if N is large enough, then




1� 


N̂d

� 2
;

and if (�+1)

N̂d

< 

2 , which of course occurs for N large enough, we get

Ar � �
e
�
̂ 
̂

r

r!
;

with �
 = exp(5
=2) and 
̂ = 2
. Now, if V is a Poisson random variable with parameter 
̂, the following
exponential bound holds true, for v > 0:

P (V > v) � e(e�1)
̂

ev
:

In particular, if v � log(N̂d) + (e� 1)
̂, which is true for v � 2 log(N̂d) when N is large enough, we have

P (V > v) � 1

N̂d
:

Thus, up to an exceptional set of probability less than �
=N̂
d, we can assume that r � 2 log(N̂d). For

notational convenience, we will set GN = f!; r � 2 log(N̂d)g.

Step 1.b: Recall that (57) holds true for any r. Hence, if r � 2 log(N̂d),

Ar � e�


r

r!
� e�



r

r!

0@exp
�
(�+1)


N̂d

�
� 1�

1� 


N̂d

�r +
1�

1� 


N̂d

�r � 1
1A :
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Furthermore, it is easily checked that, for N large enough, and r � 2 log(N̂d),�
1� 


N̂d

�r
� 1

2
;

1�
1� 


N̂d

�r � 1 � 2r

N̂d



and

exp

�
(� + 1)


N̂d

�
� 1 � 2(� + 1)


N̂d
;

since eu � 1 � 2u for u � 1. Hence, for N large enough, on GcN , we have

Ar � e�


r

r!
� 2e�
 


r

r!

�
2(� + 1) + r

N̂d

�

: (58)

On the other hand, it is clear from (56) that

Ar �

r

r!

�
1� 


N̂d

�K �
1� 


N̂d

��(r+1) �
1� r(2� + r + 1)

2N̂d

�
� 
r

r!

�
1� 


N̂d

�K �
1� r(2� + r + 1)

2N̂d

�
:

Moreover, if x > 0, it holds that 1� x � e�x(1� x2), and hence

Ar �

r

r!
exp

�
�
K
N̂d

��
1� 
2

N̂2d

��
1� r(2� + r + 1)

2N̂d

�
� 
r

r!
e�


�
1� 2


2 + r(2� + r + 1)

2N̂d

�
;

which means that

Ar � e�


r

r!
� �e�
 


r

r!

�
2
2 + r(2� + r + 1)

2N̂d

�
: (59)

Now, putting together (58) and (59), we get, on GcN ,����Ar � e�
 
rr!
���� � e�



r

r!

�
4
(� + 1 + 
) + r(1=2 + � + 2
) + r2=2

N̂d

�
:

Plugging the values of the �rst two moments of a Poisson law into this last equation, and using the fact that
GN is an exceptional set, we get

1X
r=0

����Ar � e�
 
rr!
���� � 4 + 
(10� + 12) + 5
2

2N̂d
:

Step 2.a: Our next task will be to obtain some sharp estimates on Br, de�ned by (55). Set �rst

B(1)r =
1

N̂dr

X
(i1;:::;ir)2A(F̂p;r)

 X;g;r

�
i1 � p
N

; : : : ;
ir � p
N

�
:

Then ���Br �B(1)r ��� � k X;g;rk1 X
(i1;:::;ir)2A(F̂p;r)

N̂dr �ArK�1
N̂drArK�1

:

However, by inequality (56), we have

0 �
N̂dr �ArK�1

N̂dr
� r(2� + r + 1)

2N̂d
: (60)
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Hence ���Br �B(1)r ��� � k X;g;rk1 r(2� + r + 1)

2N̂d
: (61)

Furthermore, inequality (60) also yields���B̂r �B(1)r ��� � k X;g;rk1 r(2� + r + 1)

2N̂d
; (62)

where

B̂r =
1

N̂dr

X
(i1;:::;ir)2(CN )r

 X;g;r

�
i1 � p
N

; : : : ;
ir � p
N

�
:

Because of the periodicity of q, we can identifying Br as the Riemann sum corresponding to the integral of
 X;g;r over [�1; 1]dr. Thus, setting

IX;g;r =

Z
[�1;1]dr

 X;g;r(x1; : : : ; xr) dx1 � � � dxr;

we get that

jB̂r � IX;g;rj �
k X;g;rkL(1)

2N
: (63)

Putting together (61), (62) and (63), we obtain

jBr � IX;g;rj �
1

N
[k X;g;rkL(1) + k X;g;rk1r(2� + r + 1)] : (64)

Step 2.b: Let us compute now k X;g;rk1 and k X;g;rkL(1) . The �rst one is easily obtained, since

k X;g;rk1 � k�k1 � 1:

To estimate the Lipschitz constant of  X;g;r, for r � 1 and x = (x1; : : : ; xr) 2 [�1; 1]dr, set

`r(x) =
hsinh(vr(x)iX
hcosh(vr(x)iX

;

where

vr(x) = �

 
rX
i=1

�iq(xi)gi + h

!
:

For each i 2 f1; : : : ; rg, notice that xi is of the form fxi(j); j � dg, with xi(j) 2 [�1; 1]. Thus, with obvious
notations,

@xi(j)`r(x) = �gi@xi(j)q(xi) "
h�i cosh(vr(x)iX
hcosh(vr(x)iX

� hsinh(vr(x)iX h�i sinh(vr(x)iX
hcosh(vr(x)i2X

#
;

and thus ��@xi(j)`r(x)�� � 2�krqk1jgij;
which yields

k X;g;rkL(1) � 2k�kL(1)�krqk1
rX
i=1

jgij � 2�krqk1
rX
i=1

jgij;

and hence, taking the expectation with respect to the g's only,

Er [k X;g;rkL(1) ] � 2(2�)1=2�krqk1r: (65)
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Plugging this estimate into (64), we get, for a constant � > 0,

Er [jBr � IX;g;rj] �
�

N
[�krqk1 + 2� + r + 1] r:

On the other hand, we will also need the following trivial bound on Br:

jBrj � k X;g;rk1 � k�k1 � 1: (66)

Step 3 (conclusion): We are now ready to estimate the distance �(L(w1; : : : ; wk); (T�)
k). Note �rst that

�
�
(L(w))
k ; (T�)
k

�
� k� (L(w);T�) :

Let now � be a function in L(1) and S be a random variable of law T�. Invoking the de�nition (52), relations
(53), (65), and (66), we have proved that

jE[�(w)]�E[�(S)]j

=

�����
K�1X
r=0

E[ArBr]�
1X
r=0

e�


r

r!
E [IX;g;r]

�����
�

1X
r=0

����Ar � e�
 
rr!
����+ 1X

r=0

e�


r

r!
EEr [jBr � IX;g;rj]

� �

N̂d

�
1 + 
(� + 1) + 
2

�
+
�


N
[�krqk1 + 
 + 1 + 2�]

� �

N

�
1 + 
(1 + � + �krqk1) + 
2

�
:

This, together with (54), ends the proof. �
Recalling the de�nition of D(N; �; k), Lemma 3.9 and 3.10, it is obvious that the natural candidate for

the limit law of h�ii is the solution to the equation � = T�. We will now show that this equation has a
unique solution.

Proposition 3.11 Suppose that �; 
 and Mq satisfy

��Mq(1 + �Mq) exp
�
2(�Mq)

2
�
(
 + 
2) � 1

2
; (67)

for a constant � large enough. Then there exists a unique solution �
 to the equation � = T�.

Proof: We will �rst state some elementary results, and then apply them to prove that T is a contracting
map for the distance �.

Step 1: It can be shown, by a slight variation of [10, Lemma 4.3.1], that, far; r � 0g being a sequence of
positive numbers such that

P
r�0 ar = 1, we have

�

 1X
r=0

ar

Z
[�1;1]dr

�r;�d�;

1X
r=0

ar

Z
[�1;1]dr

�r;�d�

!
�

1X
r=0

ar

Z
[�1;1]dr

� (�r;�; �r;�) d�: (68)

Furthermore, if f : f�1; 1gr 7! R, and p 2 [�1; 1]r, hfip being de�ned by (47), we have (cf. [10, Lemma
4.3.3]), for i 2 f1; : : : ; rg,

@pihfip = h�ifip;
where, for � 2 f�1; 1gr,

�if(�) =
1

2

�
f(�+i )� f(�

�
i )
�
;
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with
��i = (�1; : : : ; �i�1;�1; �i+1; : : : ; �r):

Step 2: From the previous step, for any p = (p1; : : : ; pr) 2 [�1; 1]r, and Ur;x(p) de�ned by (52), we have

@pi [Ur;x(p)] =
h�i (Av "Gr;x)ip
hAvGr;xip

�
hAv "Gr;xip h�i (AvGr;x)ip

hAvGr;xi2p
:

Moreover
j�i (Av "Gr;x)j = jAv ("�iGr;x)j � Av j�iGr;xj ;

and having in mind equation (51) de�ning Gr;x, it is easily seen that

j�iGr;xj � 2�Mqjgij exp (2�Mqjgij) ;

from which the upper bound
j@iUr;x(p)j � 2�Mqjgij exp (2�Mqjgij) (69)

follows.

Step 3: Let p1; p2 be two elements of [�1; 1]r. Then, from (69), we have��Ur;x(p2)� Ur;x(p1)�� � 2�Mqjgij exp (2�Mqjgij)
��p2 � p1�� :

Consider now �1; �2 two probability measures on [�1; 1], and fX(1)
i ; X

(2)
i ; i � rg some independent copies

of random variables of law �1 and �2 respectively. Set, for j 2 f1; 2g,

Tr;x (�j) = L
�
Ur;x

�
X(j)

��
:

Then we have

� (Tr;x (�1) ;Tr;x (�2))

� 2�MqrE [jgj exp (2�Mqjgj)]E
h
jX(1) �X(2)j1

i
� ��Mq(1 +Mq)e

2(�Mq)
2

rE
h
jX(1) �X(2)j1

i
;

where jzj1 is de�ned on r by jzj1 =
P

i�r jzij. Hence, taking the in�mum of this last quantity overMX(1);X(2) ,
we get

� (Tr;x (�1) ;Tr;x (�2)) � ��Mq(1 +Mq)e
2(�Mq)

2

r2� (�1;�2) :

Now, using (68), we have

� (T (�1) ;T (�2))

���Mq(1 +Mq)e
2(�Mq)

2
1X
r=1

r2e�


r

r!

Z
[�1;1]rd

�(�1;�2)d�

=��Mq(1 +Mq)e
2(�Mq)

2

(
 + 
2)�(�1;�2):

Hence, under the hypothesis (67) of our proposition, T is a contracting map de�ned on the probability
measures on [�1; 1], which shows our claim. �
We can now turn to the main result of this section, that is the limit law for the magnetization.

Theorem 3.12 Let k � 1. Then, for a strictly positive constant � = ��;
;q, we have

�
�
L (h�1i ; : : : ; h�ki) ; �
k


�
� �k

k + log(N)

N
;

32



provided

 exp (2�(h+ �)) (1 + 
 + 4(1 + �)�) < 1: (70)

Proof: We assume the following induction hypothesis: for some constant � = ��;
;q and for all � 2 N,
k 2 N�f0g, and F 2 IN (�),

D (N � 1; �; k) � �k (1 + �)
k + logN � 1

N � 1 : (71)

We can begin the induction at N = 3 by choosing the constant � large enough, since the above inequality
needs only to be checked for k; � � 2̂d, and its left-hand side is some �xed �nite value that can be absorbed
into �. Note �rst that using � = f1; � � � ; kg and F = CN itself, then we have that the sequence h�1i ; � � � ; h�ki
is identical to h�p1iF ; � � � ; h�pkiF . From Lemma 3.8 and 3.9, we then have, for any � � 0 and F 2 IN (�),

� (L (h�1i ; : : : ; h�ki) ;L (w1; : : : ; wk))

� � exp (2�(h+ �))�
�
k(
 + 
2)(1 + �)(k + log(N))

N
+(1 + �)�

1X
r=0

e�2

(2
)r

r!
D(N � 1; � + k; r)

!
;

and invoking now Lemma 3.10, we get, if �
 is the solution to the equation T� = �,

�
�
L (h�1i ; : : : ; h�ki) ; �
k


�
� �q exp (2�(h+ �))�

�
k(
 + 
2)(1 + �) (k + log(N))

N
+(1 + �)�

1X
r=0

e�2

(2
)r

r!
D(N � 1; � + k; r)

!
� �q exp (2�(h+ �))�

k(1 + �) (k + log(N))

N



�
1 + 
 + 4(1 + �)� + 0

�
1

logN

��
:

In the last step we used the induction hypothesis (71) and the fact that k + 1 + � � 2k (1 + �). If condition
(70) is satis�ed, this allows to propagate the induction hypothesis to the next step N , which ends the proof.
�

3.3 The replica symmetric solution

As usual, set ZN =
P

�2�N exp(�HN (�)). In our context, it will be easier to consider this quantity as a
function of the parameter 
, instead of �. Set then

pN (
) =
1

N̂d
E [log(ZN )] ;

and call p0N (
) the right derivative of pN with respect to 
. It can be shown, as in [10, Lemma 4.4.5], that
for a constant � > 0,

jp0N (
)�AN j �
�

N
;

where

AN =
1

N̂2d

X
(i;j)2CN

E
h
log
�D
eqN(i�j)g(i;j)�i�j

E�i
:

Note that, setting C�N = CNnf0g, gj = g(0;j), this last expression can be symmetrized to obtain

AN =
1

N̂d

X
j2C�

N

E
h
log
�D
eqN(j)gj�0�j

E�i
:

Denote by E
;gC�
N
the expectation on C�N conditioned on the values of g(0;j), 
(0;j). The following Lemma will

be essential in the computation of p0N (
).
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Lemma 3.13 Let X(j) = (h�0i; h�ji). Then, for any j 2 C�N , if 
 � 
0 and � is small enough, we have

E
;gC�
N

h���log �DeqN(j)gj�0�jE�� log �DeqN(j)gj�0�jE
X(j)

����i
� �
0e

�(Mqjgj j+h) log(N)

N
;

for a strictly positive constant �
0

Proof: This result is obtained using the same techniques as in Lemma 3.8. �
One can also go one step further, and replace X(j) by �
2:

Lemma 3.14 Let j 2 C�N and Y (j) = (Y0; Yj) be two independent random variables of law �
 , such that

E [jh�0 � Y0ij] +E [jh�j � Yjij] �
� log(N)

N
:

Then

EC�
N

h���log �DeqN(j)gj�0�jE�� log �DeqN(j)gj�0�jE
Y (j)

����i
� �
0e

�
2 (�Mq+2h) log(N)

N
;

Proof: By standard methods, using Theorem 3.12 and the bound

j log(z1)� log(z2)j �
jz1 � z2j

a
;

that holds for z1; z2 2 [a;1) with a > 0, we have

E
;gC�
N

h���log �DeqN(j)gj�0�jE�� log �DeqN(j)gj�0�jE
Y (j)

����i � �
0e
�(Mqjgj j+h) log(N)

N
:

Integrating this result with respect to the remaining disorder in g; 
, we get the desired result. �
We can now state our main result concerning the derivative of pN (
).

Proposition 3.15 For any 
0 > 0, there exists a constant �
0 such that for 
 � 
0 and beta small enough,�����p0N (
)�
Z
[�1;1]d

dx

Z
[�1;1]2

E

�
log

�D
eq(x)g"1"2

E
y

��
d�
(y1)d�
(y2)

����� � �
0e
2�Mq(�Mq+h) log(N)

N
:

Proof: Lemma 3.14 implies directly that������p0N (
)� 1

N̂d

X
j2C�

N

Z
[�1;1]2

E

�
log

�D
eqN(j)g"1"2

E
y

��
d�
(y1)d�
(y2)

������ � �
0e
2�Mq(�Mq+h) log(N)

N
:

The result is then obtained by Riemann sums approximation, once the gradient of

x 7! E

�
log

�D
eq(x)g"1"2

E
y

��
is controlled, which can be done as in the proof of Lemma 3.10, Step 2.b. �
There is now little to change to the proof of [10, Theorem 4.4.2] to obtain the following
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Theorem 3.16 Under the conditions of Proposition 3.15, we have

jpN (
)� F (
)j �
K logN

N
;

with

F (
) = log(2)�

2

Z
[�1;1]d

dx

Z
[�1;1]2

L (x; y) d�
2
 (y1; y2)+
1X
r=1


re�


r!

Z
[�1;1]d

dx

Z
[�1;1]r

H (x; y) d�
r
 (y1; : : : ; yr):

where

L (x; y) = E

�
log

�D
eq(x)g"1"2

E
y

��
;

H (x; y) = E

�
log

�D
e
Pr

s=1 q(x)gs�s"
E
y

��
:
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