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Abstract

Strong propagations of chaos estimates for interacting particle and
Feynman-Kac approximating models are studied. We use as a tool a
tensor product Feynman-Kac semi-group approach with respect to time
horizons and particle block sizes. Propagations of chaos estimates for
Boltzmann-Gibbs measures are derived using precise Burkholder-type in-
equalities. The analysis presented in this article apply to study the asymp-
totic behavior of genetic historical processes and their complete genealog-
ical tree evolution yielding what seems to be the first precise propagations
of chaos estimates for this type of path-particle models. Incidently, this
nonlinear analysis can be also be considered as an extension of the tradi-
tional asymptotic theory of g-symmetric statistics to interacting random
sequences.

1 Introduction

1.1 Description of the models

Let P(E) be the set of all probability measure on a measurable space
(E, ). We consider a collection of measurable spaces (En, £n)n>0 and for
any 0 <p < nweset E,, = Ep X Epy1... X Ey and E(, 5] = Eppyq,n]-
We shall use the abbreviation u(f) for the integral of a function f(z) with
respect to a measure p and pQ(dy) = [ p(dz)Q(z,dy) for the integral of
measure p with respect to some bounded integral operator ). We shall
also use the letter ¢ to denote any universal constant whose values may
vary from line to line but they do not depend on the time parameter n
nor on the coefficients of the models.

We denote by G, : E, — (0,00) a collection of non negative and &,-
measurable functions such that sup,, ., cpg, (Grn(2n)/Grn(ys)) < co. Also
let no € P(Eo) and My (zn-1,dz,) be a sequence of Markov transitions
from E,_; into E,, n > 1. We associate to the triplet (1o, Gn, M,) the
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Feynman-Kac measures 7, € P(E,) defined for any fn € By(En) and
n € N by the formulae

n—1

Mn(fn) = Wn(fn) /(1) with  Yu(fn) = Eng (fo(Xn) HGP(XP)) (1)

p=0

where E,, stands for the expectation with respect to the distribution of
an E,-valued Markov chain X, with transitions M,. We recall that the
distribution flow 7, satisfies the non linear equation

M1 = Pnt1(nn)

where @41 : P(E,) = P(En+1) is the one step mapping defined for any
n € P(En) by

Ppt1(n) = Un(n)Mpt1 with  Wu(n)(den) = Gn(zn) nldza)

(2)
The genetic N-particle model associated to this distribution flow model
is defined as non homogeneous and EY -valued Markov chains

@M =TT BY, F~ = (F))nen, (€n)nen, PY,)

n>0

1
n(Gr)

The initial configuration &y consists in N independent and identically
distributed random variables with common law 7o and its elementary
transitions from EY ; into EY are given in a symbolic integral form by

P} (€n € dzn | Enm1 :H ( Zée )(dwn (3)

where dz, = dz} x ... x ) is an infinitesimal neighborhood of a point
z, = (2%,...,2Y) € EY. Using (2) we readily check that this particle
algorithm is a simple genetic model with a two step selection/mutation
transition. This class of evolutionary particle models can be interpreted as
an interacting jump or as a birth and death process. Suppose the Markov
chain X, in (1) is the path-historical process

X, = (Xo,---,X,,) € Bn = Ejg ) (= Eg X ... x By,)

associated to an auxiliary E,-Markov chain X,,. Also suppose that the
potential functions G, (g, ..., z,) = G, (z),) only depend of the terminal
value of path z, = (0, . - -, Zy ). In this situation the N-path particle algo-
rithm &), = (£ ,)o<p<n € Ef, ) represents the genealogical tree evolution
of the genetic approximating model &), of the Feynman-Kac measures 7,
defined as in (1) by replacing the quantities (E,, X,, G») by (E,, X,,, G7,)
(cf.[4]). In this interpretation the path-particle model

g[iO,n] = (g(l)zgia e af:L) € E6 X EEO,l] e X EEO,n]

contains all historical informations on mutations and on evolution branches
stopped by the selection mechanism. In this sense, it represents the com-
plete genealogical tree evolution of the genetic population model &;,. For a



more thorough discussion on these particle algorithms we refer the reader
to the pair of articles [2, 4].

During the last decade the convergence of the particle empirical mea-
sures n = = vaz 10¢i as N tends to infinity towards the Feynman-Kac
distribution 7, has been the subject of many research articles. These
genetic models can be thought in many different ways, depending on
the Feynman-Kac application model area we consider. There exists an
extensive literature on the applications and the asymptotic behavior of
these evolutionary algorithms. In biology, they are used to model popula-
tion evolutions, as well as directed polymerizations in a chemical solvent.
In particle physics, they arise in the spectral analysis of Schrédinger-
Feynman-Kac semi-groups, as well as the study of particle motion in ab-
sorbing medium. In engineering science, such as in nonlinear filtering
and global optimization, these genetic interaction models are often used
to construct random and adaptative search algorithms. It is of course
out of the scope of this article to present in full details these application
model areas. We rather refer the interested reader to the survey paper [2]
(and references therein) on related theoretical aspects, and advanced sig-
nal processing applications.

Aside from inherent mathematical interest, one of the practical reasons for
studying strong propagations of chaos comes from the fact that this set up
describes precisely the adequation of the law of the particles with the de-
sired limiting distribution. They also allows to quantify the independence
between the particles. Loosely speaking the initial configuration of a par-
ticle model consists in independent particles in a ” complete chaos”. Then,
they evolve and interact one each other. When the size of the system in-
creases, finite blocks consists in asymptotically independent particles.

The study of propagations of chaos properties of discrete time genetic
models has been started in [4]. In the latter, most of the estimates de-
pend on the regularity of the mutation transition. As a result they cannot
be used to analyze propagations of chaos properties of complete genealog-
ical tree models. The main object of this article is to study this important
question combining an original tensor product semi-group technique with
sharp estimations on empirical processes and Boltzmann-Gibbs transfor-
mations. This study, as well as [4], have been influenced by articles of
C. Graham and S. Méléard [5], S. Méléard [6], and a more recent work
of the first and third authors of the former study [1]. In [5, 6], the au-
thors present strong propagation of chaos for the N-particle approximat-
ing model associated to a class of generalized Boltzmann equations. Using
interacting graphs and precise coupling techniques, they show that the or-
der of convergence for the total variation distance between the law of the
g-first particles and the limiting distribution on a compact interval [0, ¢] is
¢’ ¢(t)/N. The relationships between spatially homogeneous Boltzmann
equations and continuous time Feynman-Kac formulae are described in
some details in [1, 2, 3]. The semigroup approach developped in this arti-
cle is related in spirit but not in techniques to [1]. We combine an original
Feynman-Kac and tensor-product semigroup approach, with on a com-



plement of Burkholder type inequalities, to obtain precise propagations
of chaos estimates. As we mentioned earlier, these semigroup techniques
allow to enter the stability properties of the Feynman-Kac. We derive
increasing propagations of chaos with respect to particle block sizes and
time horizons, as well as a new class of uniform estimates with respect to
the time parameter.

1.2 OQutline of results

Let (¢, N) be a pair of integers with 1 < ¢ < N. Let (N){? be the
set of all mappings from (q) = {1,...,q} into (N) = {1,...,N} and
(g, N) C (N)9 the subset of all (N), = N!/(N —q)! one to one mappings.
By ]P’%[,}‘Z) we denote the distribution of the first g-path particles

P9 = Law((€fpnp)i<ica) € P(ES,.))

with EEIO,n] = (Ejo,n))? and ffo,n] = (&,...,&.) € Ejo,n). We also de-
note by P;ﬁ’[‘:z] = Law((¢})1<i<q) € P(EL) their n-th time marginals.
To every path empirical measure 'y = + vazl 6§f0 : € P(Ejo,n]) there
corresponds a pair of g-tensor and symmetric statistic type empirical dis-
tributions

1
(Tn)® > bpet) e

Na exD e (4
ey Comr o
1
T = 0 at) ala) (4)
" (N)q ae%:m o, n) €0, m])

In contrast to traditional ¢g-symmetric statistics the N-random paths ¢ fo,n],
1 < ¢ < N are non independent but they interact with each other ac-
cording to mutation and genetic selection rules. In this paper the limit
behavior of these interacting ¢-tensor measures is investigated. This leads
not only to propagations of chaos results for genetic and genealogical tree
models but also to an extension of the classical asymptotic theory of ¢-
symmetric statistics to interacting random sequences.

The first central observation is that these two types of empirical mea-
sures are connected by a Markov transport equation of the following form

N N\ =
(T2 = (N)°1RY where R = N NZ“ rd+ (- s NZQ) RY

f0,1
result with a precise and explicit description of RS\?) in the subsection 4.3
of the Appendix. One easy consequence of this formula is that

and R;‘}) a Markov transition on E We will give the proof of this

[T = @)% < Q= (N)g/N) < (¢=1)?/N  (5)

By symmetry arguments we observe that for any F € Bb(E[qO,n]) we have

PLD(F) = Epy (F((&o,m)1<i<a)) = Eng (T2)°4(F))



As mentioned in the introduction to analyze precisely the limiting behav-
ior of the path-space distributions (I'YY )®? we develop an original approach
based on g¢-tensor product and path space Feynman-Kac semi-groups.
This strategy enters in a natural way the dynamical structure of inter-
actions in the study of the propagations of chaos properties. It allows to
use the stability properties of the limiting system to derive precise and
uniform estimates with respect to the time parameter. The systematic in-
vestigation of Feynman-Kac particle models using semi-group techniques
has been initiated by two of the authors in [2] and to derive central limit
theorems and empirical processes convergence results.

In section 2 we extend this technique to tensor product semi-groups with
respect to particle block sizes and time horizons. We express precise strong
propagations of chaos estimates in terms of the Dobrushin’s ergodic co-
efficient associated to a Markovian and Feynman-Kac type transition on
a product space. For a precise definition of the Dobrushin’s ergodic co-
efficient and its applications in the context of Feynman-Kac and particle
models we refer the reader to the articles [2] and references therein.

To describe precisely our first main result we let Qp,», respectively Q](,,'f%,
be the linear semi-group associated to the un-normalized Feynman-Kac
distributions 7, and respectively 727. Notice that

Qp,n(fn) =Gpn Pp,n(fn)

with the potential function G, and the Markov transition Pp ,
Gpn =Qpn(l) and Ppn(fr) = Qpn(fn)/Qpn(l)

Let (Gﬁf%, P,S?,Z) be the corresponding pair potential and Markov transi-

tion associated to the semi-group Qé‘f%.

Our first main result is
Theorem 1.1 For any N > g > 1 we have

2 n
IBOS =l < e % W40 BB [+ enn (24°/N)) - (6)

p=0

where ﬂ(Pp(?,Z) € [0,1] represents the Dobrushin ergodic coefficient asso-
ciated to the Markov transition P,S,qg and epn @ (0,00) = (0,00), is the
collection of mappings defined by

epn(u) = (rpn— 1)2(1 + (rp,n — 1) \/'E) exp ((rp,n — 1)2 u) (7)
Tpn = . iuIE’E (Gpon(2p)/Gon(yp))

The estimate (6) holds true for a fairly general and abstract class of
Feynman-Kac models. It can be used to analyze the strong propaga-
tions of chaos properties of genetic particle systems as well as those of the
corresponding genealogical tree models. To illustrate another impact of
this result in practice we present hereafter two easily derived consequences



of theorem 1.1. For simplicity we further assume that the Feynman-Kac
model (1) is time homogeneous (E,, Grn, M) = (E, G, M) and the follow-
ing regularity condition is met for any x,y € E and for some m > 1 and
€(G), e(M) € (0,1)

(G,M) : G(z)2€(G) G(y) and M™(x,.) = e(M) M™(y,.)

In this situation combining theorem 1.1 with some well known results
on the stability of Feynman-Kac semi-group we will prove the following
increasing propagations of chaos properties: let n(N) and ¢(N), N > 1,
be respectively a non decreasing sequence of time horizons and particle
block sizes such that limy—co n(N)g>(N)/N = 0. In this situation we
have

im N (N.a(N)) _  ®a(N) 2

T+ o ) P ) ~ oy o < € /(€ (@A)
Theorem 1.1 does not apply to study the asymptotic behavior of the com-
plete N-genealogical particle model ¢ ).

Our second main result is
Theorem 1.2 For any n,q, N > 1 such that (n+ 1)¢ < N we have
2 2
2(g(n+1
B0 (o ® .. ®n)llee < e Ln+1)° [1 46, CUPED ) (g)
with the mapping en(u) defined as in (7) by replacing the constants rp
by rn =SUpP,<, To,n-

This second estimate readily implies the following increasing propagations
of chaos property: If we have limy_,o0 ¢>(V)/N = 0 then for any n € N

— N N,qg(N ®q(N
llmN—rooW ‘ P;O,g( ) — M0 ®...0nNm) o) o <C(n)

with C(n) < ¢ (n+1)3(1 + (r, — 1)?). In the case of time homogeneous
models satisfying condition (G, M) for some m > 1 and e(G), e(M) € (0,1)
then we shall also prove that

O(n) < ¢ (n+1)°/(€™(G)e(M))*

In section 3 we measure the propagations of chaos properties of Boltzmann-
Gibbs transformations. This section contains several central key esti-
mates including a sharp complement of Burkholder’s type inequality for
sequences of independent and identically distributed random variables.
The complete proofs of theorem 1.1 and theorem 1.2 are housed in sec-
tion 4.

2 Feynman-Kac semi-groups

We let Qp,n and @, 5, p < n, be the semi-groups associated respectively
to the Feynman-Kac distribution flows «, and 7, defined in (1),

Qo =Qpt1...Qn-1Qn and &,,=®,0%, 10...0P,4



with Qn(n-1,dzxn) = Ga—1(n-1)Mn(Tn-1,dx,). We use the convention
Qn,n = Id and ®,,, = Id for p = n. To analyze propagations of chaos
properties in path space it is convenient to consider the Feynman-Kac
tensor product distributions on path space

Iln=n®...0n, € P(E[O’n])
By definition of ®, , we have for any p < n
In = Qpn(T)

with the (non linear) semi-group €2, : P(Ejo,p)) — P(E[o,n)) defined
for any pu € P(Epg ) by

Qpn(p) = p @ Pppt1(ttp) @ Pppt2(itp) @ - .. @ Pp,n(ptp) (9)

In the above display p, € P(E,) stands for the p-th time marginal of p
defined for any ¢, € By(Ep) by

po(pp) = p(1® ... ® 1®pp)
p—times

Again we use the convention 2, , = Id for p = n. To check that Q, , is
a well defined semi-group we observe that for any p € P(Ejg,)) we have

Qppt1(p) = p ® Pppt1(pp)

It follows that

Q11,0 (Qp,pt+1(p))
= Q1,0 (1 @ Pppt1(pp))
=p® Pppt1(ip) ® Ppt1,p+2(Pp,p+1(p)) ® -+ - @ Pyt (Pp,p+1(in))

=1 ® Pppt1(pp) @ Pppr2(tip) ® ... @ Ppnlpp) = QUp (1)

In the forthcoming development of this section we fix a positive integer
q > 1 and we denote by 1‘55) the ¢-tensor product Feynman-Kac measures
defined by

I =nd"e.. 0 €PEY, with E{ =E$x.. xE}

[0,n

Notice that
T =T 0 (8%) "

with the mapping ©% : E(? } — Ej,; defined by

[0,n
OL[(x)1<i<ar - - -» (Th)1<i<a] = (20, -, Th)1<i<q (10)

The next two subsections are devoted respectively to the study of the
dynamical structure of the tensor product distributions n©? and NG



2.1 Marginal models

We observe that 727 can alternatively be defined for any f € By(E,) by
the Feynman-Kac formulae

n—1
R = (AR M) with () =BG, (F0P) [T 60G7)

p=0
where
. IE‘,;? o () represents the integration with respect to the law ]P’%g . of g

independent copies
Xr(bq) — (X7(Lq,1),X7(Zq,2)7 o ,Xr(Lq,q)) € E¢

of a Markov chain with initial distribution 7o € P(Ep) and Markov
transitions M,. In other words X% is a non homogeneous and
E{-valued Markov chain with transitions

q
M (Thes- -, 28 ), d(@n, - 28) = [ [ Ma(hy, dai)

i=1

e G . E? — (0,00), n > 0, is the sequence of g-tensor product
potential functions defined for any (z5,...,2%) € EZ by

This rather simple representation indicates that the sequence of distribu-
tion ﬁows 727 and 427, ¢ > 1, have exactly the same semi-group structure.
Let Q( ‘{1 and respectively ‘1> +1 be the bounded integral operator from
E} into EZ , and the mapping from P(E}) into P(E?_ ;) defined for any

(n, f) € P(EL) x By(EL ;) by
QL (f) =GP MO, (f) and @), (n) = ¥P (M),

with the Boltzmann-Gibbs transformations ¥'? on P(EZ) given by

q — 1 q
O (n)(dzy) = G G (zn) n(dzn)

By the Markov property and the multiplicative form of the Feynman-
Kac models we prove that the distribution flows 427 and 727 satisfy the
recursions

® ® ® ®
'qu—l = 'anngqj)Ll and nnil = (I)iq-'?-l (n2)

We let Q4% and &%), p < n, be the semi-groups associated respectively
to 727 and 9. That is we have that
(q) Q(q) Q(q)lQ(q) and q,(q) q>7(1q) ° @7(21 o... 0 @1(;21

As usually we use the convention Q) = Id and &%), = Id for p = n.

Our final objective is to provide a Boltzmann-Gibbs representation of the



semi-group ®%9),. To this end we let G{%) : EZ — (0,00) and P2 be
respectively the potential function and the Markov transition from E}
into EZ defined for any f € By(EZ) by the formulae

G = Q1) and P(fa) = Qi (f2)/Q0 (1)

If we set Gp,n = Qp,n(1) then we find that for any (zp,...,z%) € EZ

G(q) (acp, cTp) = Qp,n(l)(x;x) - Qp (1) (23)
= Gp,n(ajzl:) .. Gpn(zp)
From previous considerations we readily see that for any p € P(EZ) we

have
) (1) = ¥ ()P (11)

with the Boltzmann-Gibbs transformations \Il;q% on P(E}) associated to
the potential function G\%), and defined for any (u, f) € P(E]) x By(Ef)

by TS (1) (f) = w(GS F)/m(GED).

2.2 Path space models

To describe the dynamical structure of the semi-groups €2, , introduced
in (9) we first observe that for n € P(E,) and F € By(E(p,n)) We have

(Ppp+1(N) @ Bp,p12(N) @ ... @ p,n(n)) (F)

_ = 1 _ 77®(n_p) (Tp,n (F))
- [U nQp,erk(l)] (1Qppi1 @ ©nQen) () = 5657, (1))

with the bounded operator T, from ES" " into E(p,n) defined for any
(zp, - - a:,(," p)) € E](Dn_p) by
Tp,n(F)(x;ln - (n p) / H Qp p+k(xp7 dwp‘l‘k) F(xp-i-lv e, T )
E(p,n] k=

Also observe that the mapping Tp,»(1) coincide with the (n — ¢)-tensor
product potential function

Tpn()(@p, ... 28" ") = H Qoo+ (1)(2F)

In other words in terms of the potential functions Gp.n = @p,n(1) we have
that

Tpn(1) = Gpp+1 @ Gppt+2® ... @ Gpn (12)
In these notations (9) can be rewritten for any u € P(Ejo ) as follows

H®(n p)Tp,n( )

=Ny .,
M@(n p)T (1) /l‘ ( »,n [/"’ ] P, )

Qo)) =p®

with



e the p-th time marginal distribution p, € P(Ep) of p € P(Ejo,p))

e the Boltzmann-Gibbs transformation B,, on P(ES" ) and the
Markov transition Uy, from ES" ) into E(p,5) defined for any pair
(v, f) € (P(ES" ") x By(Ey" 7)) and F € By(Ey, 1) by

Bra)(f) = sl and Ua(F) = 2258

This updating-prediction type representation of the semi-group €25, pro-
vides a precise description of the dependence of Q. ,(v) with respect to
the measure v. Next we present a formula which emphasize the role of the
one step mappings ®, in the dynamical structure of these transformations.

Lemma 2.1 For anyp>1 and n € P(Ep—1) we have
Bp—l,n[77®(n_p+l)]Up—l,n = 2,(n) ® (Bp,n[®p (77)®(n7p)]Up,n)

Proof:
By definition of the operator T}, , we have

s YT
=[MQp-1,5] ® NQp-1,p+1] ® ... ® [NQp-1,n]
=(Q») @ [(NQp)Qpp+1]® ... @ [(Qp)Qp.n]
= (1Qp) ® [(nQp)® " P T 0]

This implies that

p®mPIIT,_ (1) = 0Qu(1) X [(1Qy) 2T (1)]

On the other hand, for any @1 € By(Ep) and @2 € By(E(p,n]) we have
2, (m)(1) = nQp(¢1)/nQp(1) and

Q) * " P Tym(p2) _ o) ® P Tpn(i2)

(NQp)®2 =P T (1) @, (n)®=P)T, (1)
= Bp,n(q)p(n)@)(n_p))Up,n (v2)

From these observations we find that for any f € By(Ep X E(p,n))

17®(n*p+1)Tp_1‘n (f)
n®(n*1)+1)Tp_1’n(1)

= &) [Bp,n(ép(n)®(n7p))Up,n]

Bpin (77®(n_p+1))Up—1,n —

This ends the proof of the lemma. [ |

From the Feynman-Kac representation of ¢-tensor marginal distributions
given in section 2.1 we see that the semi-group structure of the g-tensor
product measures on path space

T =nd®...0n" € P(EY,)

10



can be studied using the same lines of arguments as above by replacing
the pair semi-groups (Qp,n, ®p,n) by the ¢-tensor product semi-groups
(Q%,, %9).). We will use the superscrlpt (-)@ to define the corresponding
mathematical quantities. To be more precise let Q,(,?ZL, 0 < p < n, be the

(non linear) semi-group associated to the distributions flow T'\? and given
by
e = QL (r{?)

;From the preceding construction we check Q(q) can be described for any
€ P(E¢ x ...E]) by the following formula

A (w) = p @ By (uy "YU
where

o uS=P) ¢ p(EL™"P)) is the (n — p)-tensor product distribution of
the p-th time marginal u, € P(EZ) of p.
e U9 is the Markov transition from EZ" ™ into
Bl =Epx...

and defined for any ' € By(E},, x ... x E}) by

x B

US(F) = TSO(F)/TS(1)
with
Ti(F) (..., 25" ™)

/E‘(q) H Q(q)+k(xp1 d$p+k) F(xp"rla DR} wn)

(p,n] k=1

e B9 is the Boltzmann-Gibbs transformation on P(EZ""?) defined
for any pair (v, f) € (P(EX™ ) x By(EX"P))) by
B.(w)(f) = v(T{R(1) H/v(TRL)
As in (12) we notice that the non homogeneous potential functions
T2 (1) are given by

Tp(?n),(]-) = G(qp+1 ® G(qp+2 ®. G;?ZL
In other words in terms of the potential functions Gy, for any
(xp, - ,wf,"_”)) € Eg("_p) with zF = (a',...,2"9) e B¢

for each 1 < k < (n — p) we have

(n—p) q

L)y, ...,z ) = [ TIGrwrr(zh?)

k=1 i=1

We end this section with the version of lemma 2.1 in the context of ¢-
tensor product semi-groups.

Lemma 2.2 For any ¢,p > 1 and n € P(E]_;) we have

B2, = 050 () @ (Bl (0" IUR)

11



3 Asymptotic properties of Boltzmann-
Gibbs distributions

Let p be a probability measure on a given measurable state space (E, £).
During the further development of this section we fix an integer N > 1
and we denote by

1 N
m(X) =+ > o
i=1

the N-empirical measure associated to a collection of independent and
identically distributed random variables X = (X*);>1, with common law
1. We denote by m(X)®? and m(X)®?, ¢ < N, the random distributions
on E? defined by

1

m(X)®q = Z J(Xa(n,___,xa(q))
ac(N)(D)
1
m(X)Gq - - Z 6(Xa(1),___,X0‘(‘1))
(N)qaem,N)

Let g = (gi)i>1 be a collection of £-measurable and non negative functions
on E such that u(g;) € (0, 00), for each ¢ > 1. For any fixed integer ¢ > 1
we denote by ¢g(? the g-tensor product function on E? defined by

9V=g1®...@g:(...,0") € BT — gi(21)... g4(a") € (0,00)

In these notations we notice that

q

m(x)%(g) = [[m(X)(g) and 4#**(s”) = [[m(X)(g0)

i=1
It is also convenient to introduce the mapping
€ug : U € (0,00) = eyq(u) € (0,00)
defined by

eig (1) = 0c;,(9)(1 + oscu(g) Vu) exp (osci(g) u)

with osc,(g) = sup;s; 0sc(gi/p(gi)). When the potential functions g are
chosen such that u(g;) = 1 for any i > 1 we simplify notations and we
write ey instead of e, , to emphasize that the function does not depend
on u. We associate to the pair (g,q) the Boltzmann-Gibbs transformation
v ;. P(EY) — P(E?) defined for any (1, f) € P(E?) x By(E?) by the

formula
TO)(f) = ng @ f)/n(g?)

The main object of this section is to analyze the asymptotic properties
of the random distributions ¥(? (m(X)®?) as the pair parameter (g, N)
tends to infinity. Our main result is

12



Theorem 3.1 Let (g;)i>1 be a collection of measurable functions g; with
uniformly bounded oscillations osc(g) = sup,s,0sc(gi) < oo. For any
N >q>1and f € By(E?) with osc(f) <1 we have

BV (n(X)°) (1) = VPN < ¢ G 1+ ens () 09

and for any n > 1

B(F (m(X)°0) ()= () (1)) < 02 P (1, (2(75)2 )

N
(14)
Theorem 3.1 will be proved in the end of the section. In order to prepare
for its proof we first present three technical lemmas of separate interest.

Lemma 3.1 For any 1 < q < N there exists a Markov transition RE\?)
from E? into itself such that for any E-valued sequence x = (z');>1 we
have

. 5 . (V) Nay s
m(@)® = m() R with R = TE0 1+ (1 S50 RY
and where
1
m@)® = D e, eew)
ae(N){D
1
m@)™ = 2 S, e
an(q,N)

Lemma 3.2 The following assertions are satisfied for any €-measurable
function h such that u(h) = 0.

e If h has finite oscillations osc(h) < oo then for any n > 1 we have

N"E(m(X)(h)*™) < (2n), 27" osc(h)*™ (15)
NP1/2 IE(|m(X)(h)|2“’1) < (22:1)/; 9—(n—1/2) osc(h)(%*l)

o If we have u(h®™) < oo for some n > 1 then
N" E(m(X)(h)™™) < (2n)a 2" u(h®")

Nn—1/2 E(|m(X)(h)|2n—1) S (2” — ]-)n 2n—1/2 H(th)l—ﬁ
n—1/2

Lemma 3.3 Let (gi)i>1 be a collection of measurable functions g; with

uniformly bounded oscillations osc(g) = sup;; osc(gi) < oo and such that
w(gi) =1 for any i > 1. Then, for any n > 1 we have

B0 (6@ -1 ) | < o B, (B0) )

13



At this stage it is convenient to pause for a while and to make a couple
of remarks:

The first lemma 3.1 connects the ¢g-tensor product measures m(X)®? with
the g-symmetric statistic type distributions m(X)®?. This connection is
expressed in terms of an abstract Markov transport equation. Its proof
relies on purely combinatorial techniques and it is housed in the subsec-
tion 4.3 of the Appendix. Lemma 3.2 and lemma 3.3 provide some precise
Lp-type mean error estimates. Their proofs rely on symmetrization and
combinatorial techniques and they are presented in subsections 4.1 and 4.2
of the Appendix. There is a number of significant and related estimates
in the literature on martingales which apply to our context. For instance
using Burkholder’s inequality (cf. for instance [7]) we would find that

N™ E(m(X)(h)*") < (18B2n)*" osc(h)™
with (2n) < Ba, = 2n4/n/(n —1/2) < 4/2 (2n). This would lead to the

estimate

N™ E(m(X)(h)*") < 2" 18> (2n)*" osc(h)*"
Next inequality gives a quick and simple way to measure the improvements
obtained in lemma 3.2

27" (2n), R p 1
= -2y«
27 18%n (2n)2» 647 (2n)» 1}:[1 ( 2n) - 64 (2n)7

On the other hand, by the central limit theorem, we have the following
asymptotic result

(VR m(X)[/lbl2,]) " — W

where W is a centered and Gaussian random variable with E(W?) = 1 and

the superscript 4 stands for the convergence in distribution as N tends
to infinity. In this connection if we have u(h®") < oo for some integer
n > 1 then it is well known that

Jim N™E (m(X)[h/|[hl|2,,])"" = E(W?") = (2n), 27"

This asymptotic result already indicates that in this sense the estimates
presented in lemma 3.2 are sharp. As we already mentioned these es-
timates will be used in the further development of section 4 to derive
increasing propagations of chaos properties for Feynman-Kac interacting
particle approximating models. In this context the use of Burkholder’s
type estimates will lead to different conclusions and much coarse proper-
ties. The proof of theorem 3.1 will be easily established using the following

Proposition 3.1 Let (g;)i>1 be a collection of measurable functions g;
with uniformly bounded oscillations osc(g) = sup;; osc(gi) < oo and such
that u(g;) =1 for any i >1. For anyn>1, N > q > 1 and f € By(E?)
with ||f|| < 1 and osc(f) <1 we have

(0% ()= (O ) < 27 PO fre, (B2

14



Proof:
;From proposition 4.1 we have the Markovian transport equation

N N ~
m(X)® = m(X)®RY with R = N Ngq rd+ - e Ng") RY

for some Markov kernel R§3’ on E? and for any ¢ < N. Since
(R - 1d) = (1= (N)o/N%) (R - 1d)
and recalling that E(m(X)®?(¢'? f)) = p®9(¢'? f) we readily prove that
E(m(X)® (g9 ) - u® (g f) = E(m(X)*[RY - Id(g"f))
= (1= (N)g/N") u®U RS — Id)(g"* )
To estimate the r.h.s. term in the above display we use the decomposition

pURY —1d(g P f) =T+ Ty

with
L= p® (353’(9(‘”) [L)(Q(W) - u®"(g‘q’f)]>
R (9)
L= 1) W RP ()~ 1]

‘We observe that

L] < |W®'RP(g) — 1] = [n®[RY — 1d](g"?)|
L] < p®'RP(¢W) <1+ |u®RY — 1d](g'V)|

;From these estimates we find that
[E(m(X)® (g0 f) — n®4(g )|

< (1= (N)g/N?) [1+2|u® R — Id)(gD)|]

= (1— (N)g/N%) +2 |u®I[RY — Id](g'V)|
Consequently we have
IE(m(X)®* (9 £))~1® (9 f)] < (1=(N)q/NT)+2[E(m(X)® (9V))-1]

and by lemma 3.3 this implies that

[E(m(X)®? (g ) — n® (9" )]

IN

-+ 2L o, (L)

2¢* s
N [tes (2N ]
Using the same lines of reasoning as in the end of the proof of lemma 3.3

(cf. pp. 26, subsection 4.2 of the Appendix) we also prove that for any
n>1

IA

E( [m(X)®* (9 f) — u® (g )" )] < 2T ("]qv) [1+eg <(ZEJ\3‘ >]

15



This ends the proof of the proposition. [ ]

Proof of theorem 3.1:

By definition of ¥{?) no generality is lost and much convenience is gained
by supposing (as it will be done) that we have u(g;) = 1, for each ¢ > 1.
To prove (14) we use the decomposition

T (m (X)) (f) - ¥O@EEN(f) = TDm(X))(f - pu* (g f)
= L+l (18)
with
L= m(X)®(gf - p® (g V)
L o= ¥OmX)%)(f - u® (g @) (1-m(X)®(gD))

It is now convenient to observe that
pPUg P (f - u® g f) = 0
If =1 (G OHI < ose(f) = ose(f —u®(g'Vf)) <1
and for any n > 1 we have

B (m(X)®)(f) = ¥ O @A) < 277 (B + B(IE))

A

Therefore using proposition 3.1 and lemma 3.3 we check that

BT ()P ()~ WO NP < e L e, (20D )y

This ends the proof of (14). To prove (13) we use again the decomposition
(18). By (17) we find that
2
q
1 =
e ()

To estimate the mean value of I we first use Cauchy-Schwartz’s inequality
to check that

E(L2)]* < B2 (m(X)®)(f = 1 (¢ H))) E([L - m(X)®* ("))

Via (16) and (14) this implies that

|E(I)| < e

2%

from which we conclude that

BV (mC0°) (1) - ¥ < ¢ L 14y (2))

This ends the proof of the theorem. [ ]
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4 Propagations of chaos estimates

This section is mainly concerned with the proofs of the theorem 1.1 and
theorem 1.2 stated in section 1.2.

Proof of Theorem 1.1: We use the decomposition

n

()% —nf? = 3 [@8 ()% — @S0 (@2, ()] (19)

p=0

with the convention ®_1,o((nY;)®?) = n$? for p = 0. Our next objective
is to estimate the differences of measures

I8 =aer. [#E(0)°0) — B{@L0, , ((1-0)°)]

Using (11) we first observe that @;q)l H((mp21)®Y) = ®p(nl1)®? and for
any f € Bb(En)

L) = [ ()) — ¥ (@0 ()0)®)| PE(S)

The conclusion now follows from theorem 3.1. First we notice that for
any u € P(E,) we have

0sc(Gp,n) . Gpn(zp)

0scy(Gpn) = ——+ < (rpn —1) with r,, = su =

#( nin) w(Gp,n) (e ) g mp:ypIE)Ep Gp,n(Yp)
(20)

Therefore recalling that n{,v = % vazl 552 is the empirical measure as-
sociated to a collection of N conditionally independent and identically
distributed random variables &, = (£5)1<i<n with common law ®,(n)_ ;)
we find from (13) the P;; -almost sure estimate

X SR IER DI < ¢ & 1 e (220 ) osc(BSR(P)

2

We recall that for any Markov transition M from a measurable space
(E,€) into a (possibly different) measurable space (E',£’) and for any
f € By(E') we have the inequality

osc(M(f)) < B(M) osc(f)

(From this property we conclude that for any f € By(E2) with osc(f) <1
we have

7 24
Y GRNNE ) S ¢ & B +enn (L)) BN —as.
By (19) it follows that for any f € By(EZ) with osc(f) < 1 we have
N ((pN\®q .7 P 2
BN, (()20() — ()l = & Z BRI + e (2L))]
Taking into account that

PO (F) = BN, (F(n, -, €8)) = Eny (m(€0)%)

17



lemma 3.1 ensures that for any f € By(E7) with osc(f) < 1 we have

BV (£) = nZe(f)

(¢— 1 @) 2¢°
< = Pn)ll nl|l —
s E B( 1+ ep, N ]
2 2
q (@) 2q
SCN (1+ E BRI + epyn (W)])
This ends the proof of theorem 1.1. [ ]

To illustrate the impact of theorem 1.1 we present hereafter some easily
derived strong and uniform propagations of chaos estimates.

Corollary 4.1 Let us suppose that the triplet (En, Gn, My) is time ho-
mogeneous and the following regularity conditions are met

G(x) 2 €(G) G(y) and  M™(z,.) = e(M) M™(y,.)  (21)

for some e(G), e(M) >0, m > 1 and for any x,y € E. Then we have

2
IR0 — 2 < e L (14 dR(g,n) [1+ € (26%/V)])

n0,[n] N
where
d(@n) = Y (1—eh(GM)P™ < (n+1) A (m (G, M))

p=0

with en(G, M) = €™ V(G) (M) and e(E)(u) s the mapping defined as
epn(u) (cf. (7)) by replacing the constant rp . by ) =e (G N (M).

Proof:
When the regularity conditions (21) are met we recall that for any 0 <
p + m < n we have the uniform estimate

rom S € ™(G)e (M)

and for any x,,y, € E and any non negative function ¢ on EZ m

QY. (@) _ M, (0)(y)
——— > & (G,M)
QY .(1)(z) M, (D) ()

By definition of the Dobrushin’s ergodic coefficient this yields that
B(PER) < (1 —en(G,M)ln=n/ml
Recalling that 7, ,, < e~ ("7?)(G) we observe that for any p <n

rom S €@ M) VL) = @) (M)

18



and consequently sup, <, ep,n(u) < e(e)( ). (From previous calculations
we easily find that

2
PO =02l < e L (1411 +ef (20 /N)] 45 ()

10,[

This ends the proof of the corollary. [ |

Corollary 4.2 Assume that the regularity assumptions stated in corol-
lary 4.1 are met for some €(G), (M) > 0 and m > 1. Then using the
same notations as in there we have the uniform propagations of chaos
estimate

2

sup L S e (L met@n e g’ /N))

n>0

HP(NsCI) nn

In addition for any non decreasing sequence of time horizons n(N) and
particle block sizes q(N) such that limy 0o n(N)g*(N)/N = 0 we have
the increasing propagation of chaos property

N pV.a(N) . @a(N) 2
llllglsllop W” no,[i(N)] n(qN) llew < /(€™ (G)e(M))
The end of this section is concerned with the proof of theorem 1.2. Our
first task is to better connect the distributions

P%J(X,q) = Law(( [0 n])1<l<q) € P(E n])

with the Markovian structure of the interacting particle model defined in
(3). Notice that for each 0 < p < m and 1 < ¢ < N the state space

E(Q)

[p,n]

q q
1= Ep x...xEy

represents the set of the first ¢ paths from time p to time n of the Markov
particle model while the product space

Ep, = (Ep x...x Ep)?

represents the state space of the paths of each of the first ¢ elementary

particle from time p up to time n. We shall also use the notation E((Z)n] =

E[(;g)+1 n] ‘We recall that E(q 7] and Eq 0,n] T€ connected by the mapping
0 : E(g)n] — qu ] deﬁned in (1 ) For instance for ¢ = N we have

O (&0, -+, &n) = &jo,n) and PN, = Py .0 (ON)™" where

N
P =Ph o (€0,--,6n) " € P(E[)

In this connection it is also convenient to associate to the pair of path
measures ((TY)®?, (T'Y)®9) defined in (4) the distributions

0 = (7)o (0%)™" and T = ()0 (03) 7" € P(ER,)
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In other words we have with some obvious abusive notations

(N,q)  _ L ) .
T ~  Nu Z( )5((53(1))15i5q,---,(§§(1))15i§q)
a€e(N)\e
(N,a) _ 1 ) .
In T (N), E;N) S (gD rcigr €2 Dicice)
ac(q,

Lemma 4.1 For any pair of integers 1 < q < N and any test function
F ¢ Bb(E[(g’)n]) with ||F|| <1 we have

[Eny (DS (F)) — B (F((€0)1<i<as - - (Enr<ica))| < (¢ —1)°/N

Proof:
By lemma 3.1 we observe that

@)% = @) lew < (g —1)*/N (22)

By the exchangeability property of the particle model we also have that
for any a € (¢, N) and F € By (E[(gil])

Eno (F((&5 P )1<ica, -5 (€8P 1<i<q)) = B (F((E0)1<i<qs - - -, (€b)1<i<q))

This implies that

Ep (DY (F)) = B (F((€0)1<i<qs- - -» () 1<i<q))

However (22) also ensures that

TS0 — T e < (g —1)*/N (23)
from which the end of the proof of the lemma is easily completed. [ |

We are now in position to prove the theorem.

Proof of theorem 1.2: In a similar fashion as in the proof of theo-
rem 1.1 we use the decomposition

n
N, N, N,
r(vo @ = 3" [0l V) - o @2, ,@YP)] @)

p=0

As usually we take the convention for p = 0, Q(fi,o(l“(ﬁ’q)) =nd% To
describe more precisely each term in the above summand we first observe
that for the g-tensor product measure (1) )®? € P(E?) is the p-th time

)

marginal of Y On the other hand, by definition of the semi-group

42 we have

N, N, N —
Y =T © B () ")

and
N, N, N,
2, @) = 1P ool (B )" =T © 2,(5"1)

20



This implies that for any 1 < p < n we have
P, O = o, @)

= DN @ @(mp-1)%" © [BID (2 (n,-1)** ") U]
Let %% be the random measures defined by

QY =T © Bih((np) 2" U
Using lemma 3.1 we find that that for any p < n

19557 = BT )llew < (0= 1)*/N (25)
As a parenthesis, using lemma 2.2 we already notice that

Q(Q;N)

p—1,n

N,
= LI eBL ()™ G,

N _
= TV @@, (1) 1)%? @ B (@, (1) P)US (26)

Now by (24) the estimates (25) imply that

N, N N
eV — 1@ =3 @ — 0l lw < 2(n+1)(g - 1)°/N (27)

p=0

with the convention, for p = 0, Q<q’N) =T = n&e ®B(q) (n(‘?q")U(q) By
symmetry arguments it is now convenient to observe that for any p < n,
and any test function ¢ € By(E {(pn]) the following sequence of random
variables does not depend on the choice of a € (g, N)

N ( / B, ()21 P U] (dy) (€D )<<, 9)FY1)
—EY ( / [BS) () )2/~ UD)(dy) ((€)1<i<0 9) [ FV1)

=E%(/ ((n2)°* @ B () ** T UL (d(, y)) o(e,y)|Fpl1)

where the integral is taken over the product space E((Z)n]. Using this

property we prove that for any f € Bb(E‘(q) ])
En, (@5 () | Fy')
=B ([0 @ Bya ()1 P)UR1(f) | Fla)

=E, ([0 @ (1)°7 @ By () * ") UR)(£) | Fyla)
On the other hand using the fact that
)% = (1 )*llew < (¢ = 1)*/N

we find the ]P’,%—a,lmost sure estimate

[EN (255" — 5%V10H) | BLOI< Il (= 1)?/N (28)
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with
QlaN) = def. F;IX,IQ) Q (néV)®q ® B](;’JT)L((n;)V)Q?q(n—P))U]S??)L

p,n
In the above display and for p = 0 we use have used the convention

ala, N n
05" = (m)®* ® Bg (m0)* UG},
In these notations we have by (26) the formula
5 N N n—
O — ot = T @l ® B ()" )
~ @y (1) © B (B (1)1 UL
Let BS%), be the extended Boltzmann-Gibbs transformation on P(EZ" 7))
defined for any pair (v, ) € (P(EX" ?*y x B,(EL™PT1)) by
B w)(p) = v(TH(1) @)/v(T3(1)
with the non homogeneous potential functions T,% (1) on EZ™?V) given
by
791 = Y ecW o... .G,
In these notations, recalling that G, , = 1, we find that for any u € P(Eg)
and v € P(EX"™P)) we have
p®BY W) =B (nov)
This readily yields that

6 o,

=20 @ B (i)™ HY) = B (@p ()OO

Using theorem 3.1 and arguing as in (20) we obtain the following P -
almost sure estimate

BN, ([ — Q4 1(HIFE )

<ol (2ot —]5+1>>2>]

as soon as (n + 1)g < N and ||f|| £ 1. This readily implies the rather
crude and almost sure upper bound

%ﬂn+UV”

(29)
with the mapping e,(u) defined as in (7) by replacing the constants rp ,
by rn = sup,<, rp,.- Combining (27), (28) and (29) we conclude that for

any f € Bb(E[(g,)n]) with [|f]| <1

B (@) — 0PI < 0 SOEDY 11 e

n 2 n 2
Epy (D579 = TiP)(F)| e (n+ 1) QO (14 e (2]

By definition of IPS,](;’,’TCZ) and T$V'? the total variation estimate (8) is now a
simple application of lemma 4.1. This completes the proof of theorem 1.2.m
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Appendix
4.1 Proof of lemma 3.2

We first use a symmetrization technique. We consider a collection of in-
dependent copies X' = (X ”)z>1 of the random variables X = (X" )z>1
We also assume that (X, X’) are mdependen’c As usually we slight abuse
notations and we denote by m(X') = & 21:1 dxri the N-empirical dis-
tribution associated to X’. We observe that

m(X)(h) = E(m(X)(h) —m(X")(h)| X)
This clearly implies that for any p > 1 we have that
E(lm(X)(R)[P) < E(lm(X)(h) — m(X")(R)[")
We first examine the case p = 2n with n > 0. In this situation we have

N?"E(|m(X)(h) —m(X")(h)|*")

— Z Z ( . Z H]E Xa(l) h(Xla(i))pi)

S
k=1 p1+-tpr=2n D1 a€(k,N) i=1

where > p1+..+py—2n dicates summation over all ordered sets of strictly
positive integers p; > 1 such that p1 + ... 4+ pr = 2n. Since we have

E([h(X7) — h(X")]") = —E([h(X7) = H(X"7)]") = 0
for any 1 < j < N and any odd integer p we check easily that
NZE(lm(X)(h) — m(X")(h)|*")

- (2n)! k » .
=2 X G 2 EIIREO) - A

k=1p1+...+pp=n T ag(k,N) i=1

k
< (2n)n ( sup  sup H(m);ﬁ) E(( L, [(X7) — R(X"))")

1<k<npi+..+pp=n ;7

Using the fact that for any p > 1 we have

Cp)y = Co)/p'=2p(2p—1)...(2p—(p—1))
= f[(p+k) >2"
k=1

we conclude that
N"E(jm(X)(h)—m(X")(h)|*") < (2n)n Z[h (XH—h(X"*)™)
and therefore

N
N'E(m(X)(R)[*") < (2n)n D In X"

i=1

ZIH
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We readily conclude that
N"E(m(X)(R)™) < (2n)n 27" osc(h)”"
as soon as osc(h) < oo In the same way if we have p(h®™) < co then

N'E(m(X)(h)*") < (2n)n E((m(X)(h*) +m(X")(h*)")
< (2n)n 2" Em(X)(h*)") < (2n)n 27 p(h™")

This ends the proof of lemma 3.2. For odd integers p = 2n + 1 we use
Cauchy-Schwartz’ inequality to check that

E(|m(X) ()" *1)? < E(Im(X)(h)[*") E(|m(X)(R)|*"*)
;From previous estimates we find that
NP E([m(X) (B ) < (20)a (2 +1))ugr 27D osc(h)*@HD

as soon as osc(h) < oco. Since

2(n +1))! 2n 41!
i+ Do = T2 208 s ng 1)
G, = 2 _ 1 mtll_ (04D
T ol T 2n+1 nl  (2n+1)

we get

Nn+l/2 E(|m(X)(h)|2n+l) (2n+ 1)n+1 2= (n+1/2) Osc(h)(2n+l)

T on+1/2

In the same way for any h such that p(h%" ) < co we have

2n+1 2n+41\2 (Qn + 1)n+1 2n+1 2n 2(n+1)
N B < I o ()

Since
/L(h2n)ll/(h2(n+l)) S /L(h2(n+1))27

we conclude that
Nn+1/2]E(|m(X)(h)|2n+1) < (2n + 1)n41 gn+1/2 u(hZ("H))l_m

/n+1/2

4.2 Proof of lemma 3.3
We first prove (16) for n = 1. Using the decomposition

H(1+az )=1+ Z Z HazJ
i= 1<p<Lq 1<i1 < <ip<Lg j=1

which is valid for any ¢ > 0 and any collection of real numbers (a;)i>1 we
find that

E[[m&X)(g)-1= > > E( [im(X)(g;) —1])

i=1 2<p<q1<i1 <---<ip<q j=1

Q
S
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Using Holders’ inequality we find that
([ m(X)(g))—1= > C¥ E(m(X)(g) —1")
i=1 2<p<q

with
E(lm(X)(g) — 1I*) = sup E(lm(X)(g;) — 1/")

Suppose ¢ = 2¢’ is an even integer. In this case using lemma 3.2 we find
that

BT, m(X)(g:) — 1|

q 2 p+1/2
2p osc 2p+1 (2P + 1)py1 (0sc”(g)
<> o (@2p) (—) + Zc == (5
ot p+1/

In the above display we have used the notation osc(g) = sup;» 0sc(g:)-
Since we have the estimates

o op)y = GO Cdw  QOF g7
p! (2¢' —2p)! ! ! !
! 7 2p+1
CEF (2 +1)p = I% a7 _(Z(gp)il))! = (2q1))!2p“ < q;
this also yields that
1/ ¢ , p d-1 e p+1/2
Hm -1 < ZH (ﬁosc (g)) + ; ] (Wosc (g))

IN
-
+
o
%
»Q
3

3~ (—20sc2(g>)p

Recalling that for any n > 0 and € > 0 we have

Z— <eZ— <eef
p= 1
we arrive at
q q2 q2
EJ]m()(@) -1 < e eg()

i=1

with eg(u) = osc?(g)(1 + osc(g) +/u)exp (osc*(g) u). The proof for odd
integers ¢ = 2¢’ + 1 is derived in a completely analogous fashion. This
ends the proof of (16) when n = 1. Next we prove (16) for even integers
n=2n',n’ € N. We use the decomposition

E( [m(X)®(g@) -1 ) = ZC ) E([m(X)®* (¢'))]")

I1+I2+I3
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with

L= Zc;::, X)® (g )" ~ 1]
I, = _ni: C2p+1 [E m(X)®t1( (4))]2P+1 _ 1]

n'—1

n
I3 — Z 022]’ Z C2P+1 —
p=0
Next we observe that for any n > 1 we have

E([m(X)® (g“N)]") = E(Im(X)®@™ (g'0™))]
with

m(X)®(q,n) — m(X)®q ®...® m(X)®q and g(q,n) — g(tI) ®...® g(Q)
—_—

n times n times

;From previous considerations we find that

1| ch IB([m(X)®(?) (g@2))] — 1
2p2> )\ _ (n0)? [ (n9)*\ S~ 1o
< Son ., () o, (G S e

p=1

Using similar arguments we find that

2 n'—1
nq
| < (2N) g( ) ZC;’;,“
from which we conclude that

B [m(X)®(¢@) — 1 )] < 22 PO, (m)

N 2N

The proof of this estimate for odd integers n = 2n’ + 1 follows the same
arguments. This completes the proof of the lemma. u

4.3 Combinatorial techniques for empirical mea-
sures
Throughout this section (E, £) denotes an arbitrary measurable space. In

the further development of this section we fix the integer NV > 1 and for

any z = (z',...,2") € EV we slight abuse notations and we set

1 N
==Y 6, €P(E)
Ni:l
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the empirical measure associated to the N-uple z. For any 1 < ¢ < N we
introduce the empirical measures on E? defined by

1
m(a})®q = Z J(ma(l) _____ za(a))
ac(N)(a)
1
m(z)®? = N Z d(ga, .. ox()
( )q a€{q,N)

Note that each mapping a € (N )<q) induces an unique equivalence relation
~q on (q) defined for any ,j € {(¢) by
1 ~q § = ali) = a(j)

The corresponding set of equivalence classes (g), can alternatively be
regarded as a partition 7, of the set (g). More precisely if b(7,) stands
for the cardinality of the set a({(¢)) then we have

Ta = {ma(1),...,7a(b(ma))} with 7o (i) # 7ma(j) for any i #j

and

() = U0 ma (i) with ma(i) = {j € (@) : a(j) = a(i)}

Inversely to each partition 7 of the set (¢) with b() blocks we can associate
in an unique way (N), different mappings a € (N){?. To be more precise
let < be the order relation on the subsets of (g) defined for any A, B C (q)
by

A<B<=inf{i : i€ A} <inf{i : i€ B}

Notice that the b(ma) blocks of partition 7 of {(¢) can be written in the
increasing order
m S M2 <l < Tp(ng)

We associate to w and to each one to one mapping 8 € (b(w), N) the
mapping aj € (NY? defined by

ag = Bli)lx

;From these one to one associations we find the decomposition
(M@ = Ul Uni(my=p {05 : B € (p,N)}

In these notations, for any z € EV and any numerical function f on E?
we have that

Mm@ = > Y Y @B, )

p=1 7:b(m)=p BE(p,N)

- %Z SO% e, f0)

p=1m:b(mw)=p BE(p,N)
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with the Markov kernel C? from E® into E? defined by
P p
L ) )
C2(H)'s. . a”) = Qa1 (1), ) ' 1n ()
i=1 i=1
It is now convenient to observe that for any p < g we have
ﬁ de(p,N) Cg(f)(xﬁ(l)a e ,mﬁ(p))

= ﬁ Eﬂe(cl,N) Cor (f)(xﬁ(l)a s :mﬂ(q))
with the extended Markov kernel C} ;. from E? into E? defined by

Con(f)(a,...,2") = CR(f)(a", ... 2")

(From previous considerations we arrive at
1 q
m(e)*" = 57 30 (Np S.0) m(z)*C
o
with the Markov transitions C¥, p < ¢, on E? defined by the formula

P __ 1 ]' P
“=m Seo 2= Cor

P pe(q,N) mib(m)=p

In the above displayed formulae S(p, ¢) stands for the Stirling number of
the second kind corresponding to the number of partitions of ¢ elements
in p blocks. Using the fact that S(g,q) =1 and C{ . = Id we prove easily
the following result.

Proposition 4.1 For any z € EY and 1 < ¢ < N we have

m(z)®? = m(z)®?RY  with R = NV)a Id+(1- —(N)q) R

Na Na
and the Markov kernel R§3) on E? defined by
1 =
pa) _ D
RN - Nq _ (N)q pzz:l (N)P S(paq) Cq
One easy consequence of this formula is that
N .
Im@® =@l = (1= 50) Im@° R - 1)l
< (1-)
< N
g—1\""" _ (¢—1)?
< _ _ 1 -
SARES R
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We end this article with a more probabilistic connection between m(z)®?

and m(z)®?. We first observe that for any ¢ > 1 and any f on E¢+!

(m(z) ® m(z)°?)(f)
R ;
s DD DIFCRLR N )
i=1 a€{q,N)
1 1) a(2) 2@+
= f( o ety
NN .,
q+1,N
1 Z a(i) a(l) a(2) a(q)
( ae<q,N) i=1

= (1 — N) m(z )Q(q+1)(f) + ﬁ m(x)(a(q+1)(7:(q+1)(f))

with the Markov transition 7,41 on E9T! defined by

5 1< ;
FE(R)E0 2t et = 23 St a?)
i=1

This readily yields that

m(@)@m(0)* = m(@)° I wieh r§ (1- L) gL et
The probabilistic 1nterpretat10n of r(q+ ) s quite elementary. Starting
from a given configuration (z°,z,... ,:cq) € E! the Markov transition
consists to keep this (¢+ 1)-uple with a probability (1 — %) and otherwise
we replace the first component x° by choosing randomly and uniformly
one of the another components z!,...,z%. To develop an inductive con-

struction we associate to a given transition r on some product space E?
a transition Ext(r) on some product space E?! by setting

Ext(r)((2%,2",...,29),d(y% 2, ..., y"))

= 6,0(dy®) r((z',...,2%),d(z",...,y9)

In these somehow abusive notations we have for instance

m(x)®? = m(z)®? (2)
m(z)®* = m(z)® ()®2
= m(z) @ (m(x)**ry)

= (m(e) ®@ m(2)*")Ext(ry’) = m(2)**rPExt(r}y)
More generally if we define using backward induction

R = rPExt(RY)  with RY =7
then we conclude that

m(@)®? = m() "R

29



gg) we introduce a

To describe more precisely the Markov transition R
sequence €@ = (e@, cey eéq)) of ¢ independent and {0, 1}-valued random
variables with respective distributions

@ _ )= (@ _qy_ 9%

P(eiq =0)=1 —IP’(eiq =1)= N

Notice that for ¢ = ¢ we have egq) = 1. We also associate to a given con-
figuration (z',...,2%) € E? a collection of independent (and independent
of €9) random variables (%%, ... %9) with respective distributions

(@i 1<
PE) e dy) = — 3 &
q j=i+1

with the convention 7(¢% = z?. From the inductive construction of Rg\?)
we observe that the F?-valued random variable

7@ — (5(%1)’ . _’f(q,q)) with 709 — El(vQ)IEi +(1- El(q))i.(q,i)
is distributed according to R\ ((z',...,z9),.). |
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