SPACE REGULARITY OF STOCHASTIC HEA T EQUA TIONS
DRIVEN BY IRREGULAR  GA USSIAN PR OCESSES

OANA MOCIO ALCA AND FREDERI VIENS

Abstra ct. We study linear stochastic evolution equations driv en by various
in nite-dimensional Gaussian processes,some of which are more irregular in

time than fractional Brownian motion (fBm) with any Hurst parameter H,

while others are comparable to fBm with H < % Sharp necessaryand suz-

cient conditions for the existence and uniqueness of solutions are presented.
Specializing to stochastic heat equations on compact manifolds, especially on
the unit circle, sharp Gaussian regularit y results are used to determine suf-
“cient conditions for a given xed function to be an almost-sure modulus of
contin uity for the solution in space;these sutcient conditions are also proved
necessaryin highly irregular cases,and are nearly necessary (logarithmic cor-
rections are given) in other cases,including the HAlder scale.

1. Intro duction

This article dealswith preciseexistenceresults for stochastic PDEs driven by
arbitrary Gaussianprocessesand specializesto stochastic heat equationsfor sharp
spatial regularity results. Sincethe pioneering work of stochastic analystsin the
1970'sand 1980's(seefor instance John Walsh's Saint-Flour lecture notes [24] or
DaPrato and Zabczyk's textb ook [6]), probabilists have investigated the question
of how to de ne the weakest conditions sutcient to guarantee existence and/or
regularity of a stochastic PDE's solution. In order to expressresults that are
as sharp as possible, the choice was made by many { including our past and
presert work { to study the simplest possible problems with some appeal for
applications, hence the use of the stochastic heat equation driven by additive
noise. The framework of Itlo stochastic calculus was deemedmost appropriate,
implying the study of equations of the form

z t
u(t;x) = u(0;x) + ¢ u(s;x)ds+ W (t; x) (1.1)
0

forallt, 0O,andall x in some(e.g. Euclidean) spaceE, where W is somerandom
“eld on R, £ E. For many years, attention was directed towards the casewhere
W is Brownian motion in its parametert, and it had beenknown since Walsh that
W neednot be a bona de function for u to exist, asindeedit may be white noise
in spacewhile still allowing a solution in an analytically weakform (evolution form
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of DaPrato and Zabczyk), namely for E = R, with p(t; x) = (2¥4)' 172 el x*=@0),
z z 7z,
u(tbx)=  p(txi y)u(0;y)dy+ p(ti s;x;y)W (ds;dy):
E E O

In the 1990'sthe question of precisely how the spatial regularity of W (or lack
thereof) e®ectsthe solution's was posed. For instance, it was found that the so-
called space-time white noise of the example above yields a solution with as much
regularity in x as Brownian motion, so that more irregular noisesshould still
imply existence,while qualitativ ely di®eren results should be expected in higher
spacedimensions. Suzcient conditions were establishedfor various additive and
non-linear multiplicativ e stochastic PDEs: [5], [16], [17], [18], [22]. Someof these
papers also covered the issueof spatial HAlder cortinuity of the solution, with [22]
being the "rst oneto supply necessaryand suzcient conditions for this property,
and its follow-up work [23] providing an indication that extensionsto non-Hélder
regularity may be possible

As the caseof Brownian-basednoise for stochastic PDEs was now better un-
derstood, the year 2000sav the emergenceof seweral works focusing on the e®ect
of fractional-Brownian-basedmodels. These are Gaussiannoiseterms W (t; x) =
BH (t; x) whose behavior in time has non-independert incremerts and a scaling
property in the power H 2 (0; 1), not simply the Brownian caseH = 1=2; theseare
simply in nite-dimensional analoguesof scalar fractional Brownian motion (fBm)
introduced e.g. in [13]. The dixcult y of stochastic integration with respect to
such behavior in time (see[7], [1], [2]), madeit sothat not much progresswas pos-
sible in the caseof nonlinear equations: [8], [10], [11], [14]. For linear equations,
howewer, following the impetusin [22] and [23], necessaryand suzcient conditions
for existencewere establishedin a wide abstract setting in [20], and, using the
stochastic heat equation on the circle, for any scaleof regularity, Hlder or not, in
[21].

Still, the issueof changing the time regularity of the driving noise beyond the
fractional Brownian scalehas never beenaddressed.Only recertly, in [3] and [4],
has the technique for stochastic calculus for highly irregular fBm (low parame-
ter H) been perfected. Stochastic calculus with respect to arbitrarily irregular
Gaussianprocessesvas performedin [15].

With the exception of a lessthan excient treatment in [15], this article preseris
the “rst work in which the time behavior of a SPDE is neither a semimartingalenor
of fractional Brownian type. The results proposedherein are systematic and quite
sharp. They are formulated in a way (e.g. trace conditions in abstract Hilbert
spaces:Theorem 3.3) which is consistert with the older results on semimartingale
in the 1990's, and with the new wave of fractional-Brownian-based treatments
since 2000.

Using in nite dimensional analoguesof the processesie ned in [15], we follow
the framework in the work [20] to 'nd necessaryand suzcient conditions for
existenceof solutions to in nite-dimensional stochastic ewvolution equationsdriven
by these arbitrary Gaussian elds. Our new calculation technique appearsto be
superior to that employed originally in [20], becausewe establishour existenceand
uniquenesstheorem without needingto assumethe existenceof a spectral gap and
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“nite-dimensional kernel, which was usedin [20]. Thus our corresponding work
appears as an improvemert over, as well as a generalizationto all time scalesof,
the results in [20].

We apply the techniquesin [21] for sharp Gaussianregularity in order to 'nd
necessaryand suzcient spatial regularity conditions for the stochastic heat equa-
tion on the circle driven by arbitrary Gaussian elds. These very sharp results
are owed to the use of Gaussian elds with the corresponding regularity theory
intro duced by Dudley, Fernigue, and Talagrand, which were carefully exploited in
our context in [21].

Our article is structured asfollows. Preliminaries, and the de nition of in nite
dimensionalGaussianprocesseg elds) with arbitrary regularity is givenin Section
2. Section 3 givesour existenceand uniquenessresults. Section 4 givesconditions
for speci ¢ spatial regularity. While the existenceresult of Theorem 3.3 is stated
in an abstract Hilb ert-space setting, we summarized it here, together with our
regularity results, using the stochastic heat equation on the unit circle S, for
illustrativ e purposes.

Hyp othesis: Let B® (t; x) be a certered Gaussianrandom “eld de ned for
all (t;x) g R+ £ S'. AssumeB” is homogeneousin x, with canonical

metric E (B° (1;x) | B (LYy))? = £2(x| V). Let ¢, bethe nth Fourier
coexcient of #. Note that if ¢, is not summable,the above de nition is
only formally a function, and B" must be understood asbeing a Schwartz-

distribution-v alued Gaussian process. Assume B’ 's behavior in time is
bounded abov% as follows:

i
E (B"(t0)i B (s;0)° - °2(jti sj);

where °? is increasing and concave on R, and di®ereriiable except at
0, with ° (0) = 0. The ne(ﬁgs&aryconditions below are valid speci cally if
B’ (t; 0) canbewritten as (; d°2=dt(t j s)dB (s) whereB is astandard
Brownian motion. The suzcient conditions do not require this form.

Conclusion for existence: [Theorem 3.3]. The stochastic heat equation
(1.1) with W = B® ri1asa unique evplution solution in the senseof DaPrato
and Zabczyk, in L2 - £ R, £ S' | if and only if

* ;o2 ' ni 2 1:

n=1

Conclusion for regularit y: [Theorem 4.2]. Let f be an increasingcortin-
uous function on a neighborhood of 0 with f (0) = 0, di®ereniable except
at 0. Let Z,

% (r)=  1°s)(log(1=9)" 7 ds
0

The aforemenioned solution admits f, up to a non-random constar, as
a uniform modulus of continuity almost surely, if
N i HoH 1ﬂ'ﬂ
%°2 ni2n lLf2 -+ <1

n=1 n
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r all decreasingcortinuous functions h on a neighborhood of 0 such that

oh(r)dr < 1. This is alsoan\only if* statemert whenf ér) A rH for
aII H > 0. Otherwise, the \only if" part holds with * 'nit replaced by
+ InI ¢ logn.

The suzcient conditions for existenceand regularity hold for processesle ned
on R. £ R as well, if one simply replaces seriesby integrals above. Similar
suxcient condition results also holds in higher dimensions(R ¢ and other compact
or non-compact manifolds). We leave exact statemerts and proofs of these facts
out of this article.

2. Preliminaries

2.1. Irregular Gaussian pro cesses. In the remainder of the article, the symbol
3 denotescommensurability betweentwo functions: f and g are commensugble if
there exist positive constarts c;C such that cg(x) - f (x) - Cg(x) for all values
of a common variable x.

A cortinuous certered GaussianprocessX on R that starts from the origin at
time 0 hasa distribution ertirely determined by its increments' variance structure,
i.e. the canonical metric H .

i
£(s)=E (X ()i X(s)°

The caseof Brownian motion X = W is #2(s;t) = jti sj, for Bm X = BH we
have #2 (s;t) = jt i stH. It is well-known that, beyond the scaling property of
fBm by which BH (ct) = ¢t in distribution, fBm admits the function f (r) =
r log*=2 (1=r) up to a constart as a uniform modulus of cortinuity almost surely.
The so-calledVolterra represenation of fBm from standard Brownian motion has
the form
z t
Bf (1)= K (t;s)dW (s); (2.1)
0
wherethe kernelK hasthe property that for s away from 0, K (t;s) 3 jtj s 2.
We consider a class of Gaussianprocesseswith arbitrary correlation between
incremerts, by assumingthat a Voterra-type represettation holds, where the ker-
nel K can be chosento be commensuratewith somegiven function that implies a
certain type of almost-suremodulus of cortinuity for BH . To simplify the presen-
tation, and asthe only simple meanswe have found to ensurethat our suzcient
conditions are also necessary we assumethat K depends only on the di®erence
tj s. All our sutcient conditions proved below hold for any other K bounded
above by a given Ié (ti ig s); the proof of this fact is left to the reader. The fact that

rHi1=2 = TglpH T ogy b2 is a motivation for the de nition that follows. Also note
that any Gaussianprocessstarting from 0 that is adapted to a Brownian Ttration
must be of the Volterra form (2.1) for an appropriate function K.

Let W be a standard Brownian motion on R, with respect to the probability
space(- ;F;P) and the Ttration fF (g o. Assume®? is of classC? everywhere
in R, exceptat 0 and that d°?=dr is non-increasing. In [15] it is proved that the
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certered Gaussianprocess
z t
B (t):= "(ti s)dW (s); (2.2)
0
where i i°2¢! -
"(r) =

ar : (2.3)

satis es the following conditions with respectto fF (g; o: foranyt, 0

(i) £(s;t)3 °(jti sj), wherezis the canonical metric of B° on (R )2
(i) B(0)=o0:

(i) B is adaptedto a fF g o.

The choice for B” in (2.2) above is the simplest choice satisfying conditions
@, (i), and (i) in teﬁns of applications to stochastic calculus. Again, since
any processwritten as SK (t; s) dW (s) with K (t;s) - ° (jti sj) will satisfy the
suzcient condition statemerts in our theoremsbelow, our work actually coversa
very wide classof Gaussianprocessesand in particular reachesalong the ertire
regularity scaleof Gaussianprocesses.

The condition that d°2=dr is non-increasingimplies that B* is more irregular
than standard Brownian motion, such asfBm with H < 1=2, or speci cally " (r) =
r"i 172 which yields the so-calledLiouville process,whoseregularity and scaling
properties are identical to those of fBm, but which has slightly inhomogeneous
incremerts. The casewhere B® is more regular than Brownian motion, such as
fBm with H > 1=2, usesa slightly di®eren, and considerably easier,calculation.
We omit this case.In all casescondition (i) above implies that up to a constart,
f (r) = ° (r) log**? (1=r) is a uniform modulus of continuity for B almost surely,
whenlimgf = 0. When this limit is not 0, onecan prove using Gaussiansuprenum
estimation that B® is almost-surely discortinuous everywhere. Nevertheless,all
that we claim below still holds in this extremely irregular case.

2.2. The Wiener integral with respect to B . Let (B” (t))20.;r] bethe cen-
tered Gaussianprocessde ned by its Wiener integral Volterra-type represertation
asin (2.2) and let f be a deterministic measurablefunction on R, : We de ne the
operator K* = K& acting on f by
" 7. #
K ()= f@"(Tin+ ()i f(r)°sinds ;

r

if it exists. If K&f (9 isin L2 ([0;T];dr) then we say that f belongsto the space
L2 ([0; T]), and we denote

o 02 ZTE Zt j
K=K oy =TT+ (91 11)(si ndsdr
r

This L? is the so-called canonical Hilbert spaceof B® on [0;T]. We will also
denoteit by H. For any f in H we de ne the stochastic integral of f with respect
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to B on [0; T] asthe Gaussianrandom variable given by
f ()dB” (t) = Kaf (r)dw (r):
0

Remark 2.1. One easily seesthat if g is a function in L? then the function f :r 7!
g(r) Loy (r) isin LZ and
M Z, 1
K (r) = Lo (r) "(ti g+ [9(8)i 9(n)I"°(si r)ds ;

r
i.e. K°f dependsont, notonT.

2.3. Innite dimensional irregular Gaussian pro cesses. We de ne an in -
nite dimensional Gaussianprocessusing the classicalapproac of [6] for cylindri-
cal Brownian motion (seesection4.3.1therein). Let U be a real separableHilb ert
space.For any xed completeortholgormal basis(e,)n in U and any xed sequence
of positive numbers (, n)n, evenif n 0.n= 1,wedene

. Xp_ |
B (t)= .n€nBp(1); (2.4)
n=0
where B,, are an 11D sequenceof Gaussian processeswith the same distribution
asthe B’ in the previous section. This slight abuse of notation will not lead
to confusion, since henceforth B® denotes an in nite-dimensional process. Ob-
gene that for any Xed t the above seriescorvergesin L2(- £ U) if and only if

n 0.n < 1. In the other case,B”(t) will be a well de'ned Gaussianprocess
with valuesin a larger Hilb ert spaceU,, where the embedding U % U is cortin-
uous, Hilb ert-Schmidt. For instance, if U = L2 ([0; 1]), we can use the spaceof
Scwartz tempered distributions for Uj;.

To de ne the Wiener integral with respect to the above in nite dimensional
Gaussian processB” we consider another real separable Hilbert spaceV and
(As)s21 a deterministic function with valuesin L,(U;V), the spaceof Hilb ert-
Schmidt linear operators from U to V. The stochastic integral of A with respect
to B® is de ned by

Z, i . X Z, i . X Z, i
AsdB (s) = AsendB, (s) = (K®Ag,)sdB, (S);
0 n=0 O n=0 O
where B, is the standard Brownian motion usedto represern B° in the Volterra-
type represettation (2.1). The above sum is nite almost surely, and is indeed a
Gaussianrandom elemert of V, if and only if it hasa nite variancein V, i.e.

KK *(Ae)kf2qorpvy < 1
n
3. Linear stochastic equations. Existence of solutions

Considerthe setting from the previous sectionwhereB " a cylindrical Gaussian
process(a processde ned as above for which , , = 1), and A a linear operator in
L(U; V) that is not necessarilyHilb ert-Schmidt.
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We will study the existenceof solutions for the equation
dX (t) = AX (t)dt + AdB’ (t); (3.1)

with boundary condition X (0) = x 2 V, where A : Dom(A) 2 V I V is the
in nitesimal generatorof the strongly cortin uoussemigroup(e” ), 1, a selfadjoint
operator on V.

. . R oo o —
Remark 3.1 This equation is de ned if the integral gAdB is de ned asa V-
valued random variable. Since

2 2 x  Zi 2
E- AdB (s)- = E- AgdB,(s)-
0 v n 0 _ v
2 2
= E- dB(s)- jAajS = 2 (tkAKY s;
n

this occursif and only if A2 L,(U;V).

Nevertheless, it is standard practice in stochastic analysis, useful in applica-
tions, to considera weak form of the above di®erertial equation, well-de ned even
for many non-Hilbert-Schmidt integrands A, depending on the regularity of the
operator A.

De nition  3.2. The mild, or evolution, form of the stochastic di®ereriial equation
(3.1), with starting point X (0) = x 2 V, is given asfollows: for all t 2 [0; T], we
have the equality in V almost surely:

t
X(@t)= éAx+  €li 9AAdB (s):
0

Sincethis is an explicit formula for X, we call it the mild, or ewlution, solution
to (3.1).

Reedand Simonin [19] preseried the existenceof an uniquely de ned projection
measuredP on the real line, such that for every A 2 V, diA;P Ai is a Borel
measureon R, and for every A 2 Dom%)

PA;AAi = dPAP Ai:
R
The next theorem is a generalization of Theorem 40 in [15].

Theorem 3.3. Let" and ° be de ned asin Section 2 (see de nitions (2.2) and
(2.3)). Assume

i1
u(X) 2X (3'2)

and

i ® X2 () (3.3)
hold, where f is an increasing di®erentiable function, and let B” be a cylindrical
Gaussian processon the Hilbert space U. Assume A : Dom(A) 2 V! V is a
negative, self-adjoint operator on the Hilbert space V. Note that we do not ned
to assumeA is negative-de nite.
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Then for any xed A2 L(U;V) thereis a unique mild solution X (t) 2 L2(- ;V)
for the equation

dX (t) = AX (t)dt + AdB (t); t 2 [0; T]; X(0) = x 2 V

if and only if A°Gy (j A)Ais a trace-classoperator, where
H 1
1

— 02
Gu(,)= max( 1)

Rr. Here for any integrable function F on R, F (i A) isde ned by F (i A)x =

1
o F()P, xd, forallx2V.

Remark 3.4. Our conditions on " are not restrictive. Since"? is integrable near
0 due to de nition (2.2), we can assumewithout lossof generality that "2 (x) x is
increasingnear 0. This means2" (x) "°(x) x + "2(x) , 0, which implies (3.2) for
all x near 0.

Remark 3.5. Condition (3.3) signi es how to compare the Volterra kernel with
those standard power scaleones,with ° (x) = x", sothat j"%(x)j = cyxi 3=2xH,
or logarithmic scale ones, with ° (x) = log' (1=x), so that indeed j"°(x)j 3
xi 32 ]og’  (1=x), from which we seethat requiring f increasingis not a restriction
in any scale.

Pro of of the theorem .
Step 1. setup and exact calculations.
Consider the scalar measure! ,, de ned as
din(,) = dhAe,; P Agiv:
Denoting
Iy = EjX (1) e*xj3;
it is suzcient to estimate |; optimally from above and below. By independenceof
the componerts in the denition (2.4) of the in"nite-dimensional B°, we have

2 2
Iy = EjX(t)j e*xj2 = E— €l 9AAdB’ (s)-
— 0 — \Y
x Ze o2
=EZ elli 94 Ag,dB, (s)= :
n 0 \Y
Then using the de nition of Wiener integration in Section 2.3,
X Zr1 h . ) i 2
ly= EZ K= elti 9% Ag, 1.1(s) dW(s)=
n O _ v
Xx Z1Z h i
= K 1[o;t]e(ti S)AAen ~ ds
n 0 _ v _
X £tz Zy 2
= <liAAg "t s)+ (i DAAq, i eli D4Ag)"Yr i s)dr— ds:

n O S \Y
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For easeof computations we can taket = 1. Then, by de nition of es*,

l1 3 . (34)
x £z 2, 2
= i DAAg "1 s)+ (i NAAg, | i DAAg)"Yr i s)dr— ds
n _0 s \Y
X £1Z1 Z, .
- e (is), "(Lj s)+ (e @i, g @is), Y %r i s)dr dsdi,(,)
n O 0 " s
x 2.z, Wz, 12
= e 2 @92 s)+ (e - Qi e @iy g)dr
n O 0 s
Z, Ya

+Zei (L S)”(li S) (ei (i) i ei (L S))"O(r i S)dr ds dln(>)
S

X 41

= 1(.)dn (., ); (3.5)
n O
where .,
Z, HZ T2
()= @209 g4 (@0 e @9 g)dr
0 S
Z l 5
+2e Qi1 ) (el @D el @iy s)dr ds
Z, ( oz 1 T2
= @209 21, g+ (e i) 1)"%r i s)dr
0
zZ, ) a
+2"Li s) (e-T195 1)"Yri s)dr ds
S
Z, H Z, T2
= @29 19+ (e 1Y s)dr ds
0 S
Z, H Zyis T2
= @209 1 g+ (" i 1)"%u)du ds
0 0
Z, 11 Z T2
— gl 2 "(s) + (e" i 1)"°(u)du ds: (3.6)
0 0

The equality beforethe last oneis obtain by the changeof variableu=r j s and
the last one with the change of variable s = 1 s. Estimation of the formula in
(3.6) is non-trivial: 6ndeedthe two terms in the squareinside | (, ) are of opposite
signs,since” (r) = = d°2=dr is assumedto be decreasing.In steps2 and 3 below,
we assume 1.

5 5

Step 2: upper bound when, | 1.

We rst establishan uppe’r boundon | (, ). We obsene that
z 1 z 1 “Z S 1 2 #

1(,)- 2 e 25 "2(s)ds+ el 2S (" i 1)"%u)du ds
0 0 0
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=1(,; D+ 12(,; 1)

This is not a sharp inequality a priori, sinceit kills the negativity of "% Neverthe-
less,our lower bound below shows that it is actually sharp.

Step 2a: upper bound, 2nd term. We start by analyzing the secondterm of the
inequality

Z, HZ T2
lo(; 1)= & 28 (e* i 1)"Yu)du ds
0 0
Z 1 MZ 12
el 28 (e* i 1)"Yu)du ds
0 O~
Z 1 AZ 1 ' 2

+ @252 T (e" j 1)"Yu)du ds
0

Z, Az a2

S

+ @22 (e 1)'Yudu ds
1

1

=00 )+ 1220 ) + 12220, )5
and now bounding eac of thesethree terms. To cortrol the rst term we bound
e’ i1 above by C,r and 2i 25 by 1. The actual value of the constart C below
may changefrom line to line, but never dependson , .
Z,.. HZg 12
l20(,)- C 2 rj(njdr  ds:
0 0

5

Keeping in mind the special condition (3.2) we obtain

Z 1 UZg 12
l20(,)- C,2 "(r)dr ds
0 - 0 |
Z ;AZ 1 T2
. C? S (r)dr  ds
0 0
Az N L
=C, S "(r)dr
0

For the secondterm, using the sameapproximations and inequality as above,
we obtain

Z, Az . o
l21(,)- C el % T j9njdr  ds
1= 0
Z, Z .. Pa
C e "(r)dr ds
1=, 0.
Z .. o
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A . [
©
- C—, "(r)dr
2 0
AZL !2

= C, S (r)ydr
0
The last term can be evaluated as in [15). It was shavn that if "° has the
represeration j"°(r)j 3 ri 372f (r) with f di®ereriiable and increasing, and j"Y
decreasing,then

1
|2;2 . Cf 2(—):
We can rewrite this as ’

122 Cf2(Yy=c 2 i%2cd

A !
HoTs 2
1 1'2 1 1 1
=C— - f(=) - C—3("0)2(—)
11 0,1 1., 1
= C=5("%(7) - Cc="*(5)
1,172
=C, ="(-)
Az = I,
. C, C(ndr
0

where the last inequality was obtain by the monotonicity of ".

Putting the bounds of the three terms together we obtain
Az | Iy

I2(,; 1)« 1200, )+ 12:2(,) + 12,2(,) - C, 0) "(r)dr

Step 2b: upper bound, rst term. For the upper bound of the rst term in the
evaluation of 1(,), 11(,; 1), we usethe fact that for s, % we have €25 - ﬁ
we use a scalar change of variables and the monotonicity of " in order to obtain

Z, Z zZ,
l1(;; )= €2°"%(s)ds-  "?(s)ds+
0 0 1 (.s)?

Z 1 Z
. 1 -1 u
— n2 n2
= ds+ — —"“(=)d
0 (s)ds , o1 u? () "
Z 1 Z
- 1 1 :
s)ds+ ="3()
0 s s 1
Z 1

2(9ds+ ()
0 s o~ s
Z 1 AZ 1 Lo
C"2(s)ds+ | " "(s)ds
0

"2(s)ds

1

qu

0



12 OANA MOCIO ALCA AND FREDERI VIENS

Again using the assumption

G
" (x) 2x’
we have
X Z X Z X
"(r)dr, 2 JU0r)jrdr=j 2" (x)x+2  “(r)dr;
0 0 0
which implies (;(" (r)dr - 2" (x)x and in particular
Z 1 M 1ﬂ
R "(r)dr . 2" —
0 5

Then using the monotonicity of ”, B
1 Z 1 1 Z 1 AZ 1 '
°2(5)= "(ndr, (%)  “(ndr, C, - (r)dr
5 0 5 0 0

This completesthe upper bound proof since, now

Az | Iy

10y 2hyse a2y ety = el
s 0 5 5 5

Step 3. Lower bound when | | 1.
For the lower bound there is a simple strategy. It is certainly true that 1=(2, ) -
1, and from (3.6) we obtain the trivial lower bound
z L M Zs T2
1(,), TS v(s)+  (e% j 1)"Yuydr ds:
0 0
Sincethe two terms inside the squareare of opposite sign, our strategy is to shav
that the secondterm (in absolute value) is lessthan a constart K times the rst
term, with K < 1: if we have

S

(" i 1)j"Yu)jidr - K" (s); 3.7)

then Z.
"(s) i . (€ i 1i"Yujdr, (1i K)"(s);

which implies, using the fact that " decreases,

Z 1
1), e (@i K)'(s)%ds
0 ZZL
=(1j K) € 25"%(s)ds
0 ZZL
, (Li K)et " "3(s)ds
ya

L1 K)el T "22s)ds
0
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Z 1

L@ K)er X(syds= (1j K)e te2(ly;
0 5

which is all that is neededfor the proof of the lower bound.

To establish this we useagain the slpeciel condition (3.2). Since"? is integrable
at the origin, it holdsthat "?(r) = o ri ' and thus we can also assumewithout
loss of generality, similarly to condition (3.3) (seeRemark 3.5), that there exists
an increasingfunction g with with "(r) = ri %g(r). Thus we get

S

. : Seh 1
(e i i uidr " (wdu

0 B

N

X Pa
Sincethe function €1 is bounded for x 2 [0; 3], by 1 below and —-* above, we
get
Z S p é . 1 S
(i DI"Yujdr -, —p=="(u)du
° _ .7 p_.
ej 1 i1 ej 1 P-
., —P—=— u zg(u)du - | —p—=9(s)2 s
22 o 2 2

ej 1,
—P—é 8" (s)
TN
2 2 '

LT .
S|nce—2§'7 < 1 this completesthe proof for the lower bound when | | 1.
Step 4: conclusionwhen, | 1.

From the results of Steps2 and 3, we have proved that for any , , 1,
M
1 1
1()3 °3(F)=°2 ——
s max(,; 1)
Step5: case, 2 [0;1].
A preciseestimate of | (, ) is more dizcult in this case,but we do not needto
have a preciseresult. Indeed, we only needto show that for all | 2 [0; 1],

1
3 o2
B Y
In other words, we only needto shaw that | (,) is bounded above and below by
positive constarts, uniformly in | 2 [0; 1].
Using & i 1. exfor x %[0;1], using "0 < 0, and integrating by parts (using
the fact that " (s) = o si 172 ), the negative term (with the "9 in formula (3.6) is

=°2(1):

bounded above as _ _ _
Zs i ¢ 2 Zs 2
- & i 1"%Uu)du- - €— u"°u)du-
0 o —
Zs 2
=&, %= ("(u)i "(s)du-
i

. e%s,? OS"Z(u)du= e?s, 2°2(s):
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wherewe usedJensen'sinequality in the last step. Therefore we immediately have
the upper bound
z 1 z 1
1(,) - 2'2(s)ds+  2€’s,2°2(s)ds
2+ 267 °2(1):
For a lower bound, de ne
Z S
fLi9="(+ (¢ i 1)"Yudu: (3-8)
0

From (3.6), we seethat | (,) , € ZRolfz(,; s)ds. A positive lower on | (,)
uniform for all , 2 [0; 1] now follows from the lemma below.
Step6: "nal lemma, and conclusion.
Since the results above, including the next lemma, establish that | (,) 3
°2(1=max(,; 1)) for all , 2 R, the theorem follows; indeed we can assert
X 21
I3 °Z(1=max(,; 1))dn(,) = tr (A°Gy (i A)A):
n O

R 0
Lemma 3.6. With f (,; s) asin (3.8), min olfz(,; s)ds:, 2[0;1] > O

Proof. First note that f is di®ereriable with respect to s everywhereexceptat 0,
and that we have
@

= (i9="Age <0

@
sothat f (,; @ is decreasingon (0; 1]. We havelimg ¢" (s) = +1 , and we proved
in Step 5 that

S .

¢ _
lim— 'e“ i 1 "°u)du— lim &?s°2(s) = O:
st 0 st 0

FE!

Therefore limgy of (,; S) = +1 . Hencefor ead , 2 [0;1], there exists a value
s’(,) 2 (O;1] such that f (,;s), 1foralls- s°(,), and dene s"(,) to be
maximal such. Note that for those valuesof , for which f (,; s) exceedsl for all
s 2 [0;1], this simply meansthat the corresponding s” (, )'s are all equal to 1.
Moreover, we calculate .
@ . - ° u, n0 <0
@ (,;s) . ue (Wdu< 0
sothat s® is non-increasing. This meansthat, de ning s*™ = s® (1) which is strictly
positive as noted above, we have for all s - s, for all , 2 [0;1],f (,; s), 1,and
we nally obtain
Z, Z g
f2(; 9)ds, f2(;i9)ds, s¥>0
0 0

“nishing the proof of the lemma. o
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4. Functional equations and space regularit y

4.1. Evolution equations on manifolds. The abstract framework of Theorem
3.3is usefulin a number of more concretesituations. We will illustrate this point
by investigating the so-calledadditiv e stochastic heat equation, namely a parabolic
stochastic PDE of the form .
t
u(t; x) = ug(x) + ¢ 4u(s;x)ds+ W (t; x) (4.2)
0

for someGaussianrandom “eld W on the cartesian product of R+ £ M where M
is a “nite-dimensional spacewhere ¢ , can be de ned; W could thus range over a
wide array of in nite-dimensional versionsof our B® (t) de ned by (2.2).
Using againthe evolution interpretation in the mannerof Da Prato and Zabczyk
[6], we replace (4.1) by
Z t
u(t;x) = Pruo (X) + , Pt sW (ds; @ (x) ; (4.2)

where (P;), , is the semigroup of operators generatedby ¢ .. Indeed, a solution
to (4.1) also solves (4.2), but the latter is considerably weaker, since the Wiener
integral above may exist even if W is not a bona de function in x.

More speci cally, for an arbitrary smooth compact Riemannian manifold M
and its Laplace-Beltrami operator ¢, let (, n;en),,5n b€ the eigervalues and
eigenfunctionsof j ¢ , which we can arrange in increasingorder with , o = 0 and
.n > Ofor all n > 0; then under the Riemannian inner product, fe,g,,, canbe
chosenas an orthonormal basisfor a Hilb ert spaceof functions V on M, the space
of square-irtegrable functions with respect to the Riemannian volume elemern.

We usefor W the random “eld B® dened formally by

. X p__ .
B (tx)= Ghen (X)B ()
n2N p
where (B,,),,, is a family of independert copiesof our B°Pin (22). f  onis
“nite, this B” (t; § is a V-valued Gaussianelemer, but if | ¢, is innite, this
de nition is only formal, and in reality B” (t; § is typically distribution-v alued.
Theorem 3.3 is easierto expressin this framework because¢ 4 and the spatial
covariance of B® are both diagonalizablein the basis of V, and also ¢ , has a
spectral gap. Theorem 3.3 implies that

z t
u(t;x) = Piug(x)+ Py sB” (ds; 9 (x) (4.3)
0
has a solution u (t; § in V if and only if
X H 1 1
h°? — <1; (4.4)
n2N > N

and in this casethe solution is a Gaussianrandom eld on R, £ M, and is alsoa
V -valued Gaussianstochastic process.Sincelim,, ¢° (r) = 0, there are obviously
solutions of (4.3) corresponding to non-summable sequencesy,, i.e. to elds B’
which are not bona de L2 functions in x. This is the usual obsenation for additiv e
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stochastic PDEs, generalizedhereto all scalesof potential irregularity in time, and
there seemsto be little to gain by singling out the caseof summableq,.

The above developmert works also for non-compact manifolds, such as R¢,
where all above statemerts can be written using integrals with respect to n? =
. 2 R4 instead of seriesover n 2 N, but the absenceof a spectral gap for the
Laplacian forcesoneto revert to expressionsnvolving °? (1=max(,; 1)) instead of
simply °? (1=,). We leave these details out.

Returning to the compact case,if condition (4.4) is satis ed more than just
barely, one should expect someregularity for the solution in (4.3). We now illus-
trate this phenomenonin the speci ¢ example of the circle.

4.2. Solution regularit y on the unit circle. Assumenow that M = S?, the
circle parametrized by [0; 2%). Therefore, it is most conveniernt to represen the
eigenstructureof the Laplace-Beltrami ¢ 4 by saying that for eadin 2 N the eigen-
value , , = i n? hastwo eigenfunctionse, (x) = cos(nx) and f, (x) = sin(nx).
Let now B® be as above, and assumein addition that it is homogeneousn the
parameter x, a with a given covariance structure Q in space,which meansthat it
can be represened as
z t
B (t;x)= "(tj s)W (ds;x);
0

where the Gaussianeld W on R, £ S! has covariance E [W (t; X) W (s;y)] =
Q(xj y)min(s;t). It is then Pos§ibleto expressthe decomposition of B in the
trigonometric basisof V = L? S! | i.e. asa GaussianFourier series:

. p__. XRp_. Xp__ .
B (x)="0B, (t)+ qﬁén (t) sin(nx) + 0, B, (t) cos(nx); (4.5)
. n=1 n=1

where (B ), and 'é; , areindependert families of independert copiesof the B”
in (2.2), and (o), is a sequenceof non-negative numbers. iIn fact, since Q is
a positive de nite function on S*, and thus a member of L S! | the values g,
are easily seenito be jts Fourier coetcients. Sincesin(nx) and cos(nx) sharethe
eigernvalue exp j nt for Py, we canimmediately rewrite (4.3), assumingwithout
loss of generality that ug ~ 0, that

P t . 2 ° * ] z t o . 2
utx)="gq € O dB,(s)+ G, cos(nx)  dB, (s)e (i N
0 n=1 0
% 2
+ 7 Posintx)  dB; (s)e GO (4.6)
n=1 0
with, by Theorem 3.3, existenceand uniquenessholding if and only if
o2 'ni? <1 (4.7)
n2N

More precisely sincethe proof of Theorem 3.3 translates here as nothing more
than an estimation of the variancesof the Gaussianrandom variablesin (4.6) from
above and below, and (4.6) clearly showsthat u (t; ¢ is spatially homogeneousye
have actually proved the following.
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Corollary 4.1. WhenV = L2181¢, with the V-valued Gaussian processB” de-
“nedin (4.5), and u the solution (4.3) of the stochastic heat equation driven by B,
expresse for examplein (4.6), for every xedt 2 [0;1], u(t; § is a homayen®us
Gaussian eld on S? satisfying

X p_—j . ¢
u(t; § = Sa(t) cos(n; 9 G, + sin(n; 9 G, ;
n22Z

where G and & are independent sequenes of IID standard normal random vari-
ables,and

sa(t)® 6 °2(n' ?):
The commensuability constantsdeppendon t, © and the sequene f d, g,,, , but not
onn.

This corollary is all that is neededto apply the regularity results in Section
3.3 of [21]. We leave the proof of the theorem below, which is no more than
bookkeeping, to the reader. It givessuzxcient, and largely necessary conditions
for the solution u to have a prescribed almost-suremodulus of cortin uity in space.
Let Y bethe Gaussianrandom “eld de ned on S? by

* i G ¢
Y ()= P@zo+ Pare'ni2 'z, sin(nx) + 2, cos(nx) : (4.8)
n=1
whereZ and Z are independert sequence®f |ID standard normal r.v.'s. SinceY
is clearly a homogeneousGaussian eld on S!, we can calculate its homogeneous
canonical metric function =y :
h 2i X
H£xi Y=E (YX)i YW =

n=1

-
Pae'ni2 @i cos(n(xi y)): (4.9)

Consider then the function f = f,, de ned on a neighborhood of 0 via the rule
Z 1 3 3 , i Z +(®) q
f(® =f.(®) := *+ mn €*;® dx= log 1=x(")d";
0 0
wheretis the inversefunction of . From the work of Fernique[9], which interprets
the so-calledEntropy upper bound of Dudley (see[12]), we know that the function
f, if its limit is O at 0, is an almost-sure uniform modulus of continuity for Y, i.e.

that 1 _ Y,
sup M ix;y2 St (4.10)
f(xi yi)
is almost-surely "nite. The following theorem, established exactly like Theorem
4 in [21], shows that f is also an almost-sure uniform modulus of cortinuity for
u(t; 9; it givesa way to construct a 'Y and a u (t; § which share a given function
f as an almost-sure uniform modulus of continuity, by ensuring a convergence
condition on the coezxcients ¢,; it even shavs a cornverseis true in the sense
that if u(t; § hasf as an almost-sure uniform modulus of continuity, then the
convergencecondition should hold.
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Theorem 4.2. Letf be an increasing continuous function on a neighlorhood of
0in R., continuously di®erentiable everywhee exept at 0, with limgy. f = 0. Let
Y and u be given by (4.8) and (4.6). Let & be given by

z

% (®) = f (®) (log(1=®))' 7 N (r) (log (1=r))" * (2r)! *dr:
0

It is not necessaryto assumethat this function + has the form in (4.9). It is,
however, positive and increasing.

Suzcien t Condition: Assumetha‘_t2 for any continuous, decreasing, di®er-
entiable function h on [0; 1] with_ 01 h(x)dx< 1 ;
X H 1“ 2!

i ¢
02l 2
Gh n h -

<1: (4.11)
n
Then f is an almost-sure uniform modulus of continuity for both Y and
u(t; @, in the senseof (4.10).

Necessary condition: sharp case: Whenf (r) A r™ for any H > 0, the
converseis true. Namely, assumef is an almost-sure uniform modulus of
continuity for Y or for u(t; §; then (4.11) holds.

Necessary condition: Holder case: When it is not true that f (r) A r"
holds for all H > 0, the converse holds up to a logarithmic correction.
Namely, assumef is an almost-sure uniform modulus of continuity for Y
or for u(t; §; then (4.11) holdswith % (1=n) replacd by & (1=n) log(n).

It should be noted that the canonical metrics of Y and u(t; § are, up to con-
stants, bounded above by # .

A similar theorem which, instead of Condition (4.11), usesthe condition that
Y admits f as an almost-sure uniform modulus of continuity, also holds. See
Theorem 3 in [21]. We Tnish this article with some examples of the precision
allowed by the above theorem.

4.3. Examples on the unit circle.

4.3.1. Fractional Brownian sale. In the fractional Brownian scale,where® (r) 3
rfo, the logarithmic correction is not visible in the HAlder scale, becausethe
correction neededto make the function h(r) = 1=r integrable at the origin is also
logarithmic, and becausethe ratio of f (r) = rH® over the corresponding + is
againin the logarithmic scale. Therefore we can state the following necessaryand
suxcient condition. The solution u to (4.7) is almost surely H “HAlder-cortin uous
in x for all H< H; if and on)l(y if, for all H9< H,

. 0
guni 4Ho*2H® < 1

n
For instance, if Th® ni 2720 H” we get
H%> H, i 2Ho: (4.12)

To be more precise, including the logarithmic terms, and using a general °,
to get that u is precisely H.-HAlder cortinuous, i.e. to getf (r) = rH:1, we see
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that % (r) - rHtlog' ™2 (1=r), soit is su+cient to chooseq, such that (using
h(r) = r'X1 log' X (1=r) (loglog)' * (1=r)),

1>  °2'ni2 n?¢logn¢log > 'n?M:logn (loglog)' ' n2H: logn

X i e o
3 h°2 ni 2 n?M1 (loglog)' * (n):
n
Similarly, to obtain a u which has exactly the sameregularity in spaceasthe fBm
with parameter Hy, we needf (r) = r"tlog*? (1=r). Thus we get % (r) - rHt,
and we only needto ;?quire that,
¢ . .
1>  ¢.°% ni2 n?ilog t(n)(loglog)' *(n):
n
Becauseof the logarithmic correction neededto make the conversework, we can

only state, for instance, that if f (r) = rH: is an almost-suremodulus of cortin uity
for u in space,tg\(en for any ®> 1,

¢ ) )
5 °2 ni 2 n?M1log 2 (n) (loglog)' ®(n) < 1 ;

n

021

02!

and the log' 2n above should be replacedby log' * n if we only know that u has
the sameregularity in spaceas fBm with parameter H;.

4.3.2. Logarithmic regularity scale. The caseof Gaussian elds whose almost-
sure modulus of cortinuity is commensuratewith f (r) = log' (1=r) for — > 0,
which we like to call the logarithmic Brownian sale, coincides,according to our
statemerts regarding Y in the above theorem, with + (r) 3 log ' **2(1=r), and
coezxcients ¢, saus)?/mg up to atnply iterated logarithmic term,

622 "0 2%log?” (n) (loglog)! *(n) < 1 -
n
More precisely the above condition is suxcient for u to have f (r) = log' B (1=r)
as a uniform modulus of cortinuity in x, but if the latter holds, then the above
seriescorvergesif one adds a factor (log loglog)’ ®(n) for any ®> 1.

When B’ itself is in the logarithmic Brownian scalein time, meaning ° (r) 3
log' °i %2 (1=r) for some (> 0, we nd that log' * (1=r) is a uniform modulus
of continuity for u in x assoon as

o log? 1 21 (n) (loglog)’ * (n) < 1
n
with the condition being necessaryif a factor (logloglog) ®(n) is added, and
indeed the necessaryand S;J(icient condition is simply that
Chan log® 1120 (n) < 1
n

for all positive sequences a,g,,, sud that ni *a, is summable. For instance, if
we assumethat " o 2 ni 2log 2 "' (n), we seethat we only needto take

—0o _1i _0: (413)

5



20 OANA MOCIO ALCA AND FREDERI VIENS

4.3.3. Conclusion. While the last result may seemesoteric, it actually has an
important interpretation, when comparedto (4.12). First we have the fact that
(4.13) is more precisethan (4.12) { we have an exact upper bound on ~° not
a gap as required in (4.12). But more importantly condition (4.12) indicates
that to obtain a H;-HAlder-cortinuous solution u, the HAlder-cortinuity of B’
in space (measuredby H% has to be combined with B"'s HAlder-cortinuity in
time (measureby Hy), but that the latter is twice as strong as the former; this
is a phenomenonfamiliar to those who know that for the standard stochastic
heat equation with in nite-dimensional Brownian potential (here ° (r) = ri ¥7?),
when the spatial regularity of B” is sudch that the solution is H -HAlder-cortin uous
in space, then it is only H=2-Hélder-cortinuous in time. The situation in the
logarithmic scaleis not the same. Condition (4.13) shows that the combined
logarithmic cortinuity of B in spaceand time are to be compared with equal
weights (To+ 99, i.e. without the factor 2 in time, with the solution's logarithmic
cortinuity. In conclusion, the common intuition saying that the stochastic heat
equation's regularity is twice as strong in spaceasit is in time, the factor 2 being
due to the quadratic variation of Brownian motion, is misleading. We seehere
that, in the HAlder scale,the e®ectof the potential B 's time regularity is always
twice as heavy asits spaceregularity, that this appearto be a generalproperty of
the heat equation sinceit has nothing do to with the presenceof white-noise in
time, asit holds for all ° (r) @ rHe, not just Ho = 1=2. But on the other hand,
the relative strengths of the potential's time regularity is equal, not double, its
spaceregularity, in the logarithmic regularity scale,which meansthat the type of
noise can make a di®erencein how the potential's regularity e®ectson the heat
equation, even though one hasto reac to logarithmic regularity to deviate from
the familiar rule by which a potential's time regularity e®ect'sthe solution twice
as strongly asits spaceregularity.
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