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Abstract

We study the existence and uniqueness of the solution of a function-
valued stochastic evolution equation based on a stochastic semigroup
whose kernel p(s,t,y,x) is Brownian in s and ¢. The kernel p is sup-
posed to be measurable with respect to the increments of an underly-
ing Wiener process in the interval [s, t]. The evolution equation is then
anticipative and choosing the Skorohod formulation we establish exis-
tence and uniqueness of a continuous solution with values in L?(R9).

As an application we prove the existence of a mild solution of the
stochastic parabolic equation

duy = Agudt + v (dt,z) - Vu+ F (t,z,u) W (dt, x)

where v and W are Brownian in time with respect to a common fil-
tration. In this case, p is the formal backward heat kernel of A, +
v (dt, ) - V.
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1 Introduction

The main goal of this paper is to establish the existence and uniqueness of
solution for the following anticipative stochastic evolution equation :

u(t,z) = /de((),t,y,x)uo(y)dy
t
+/Rd/0 p(s,t,y,2) F(s,y,u(s,y) W(ds, y)dy.  (1.1)

Here, the random field W = {W (t,z),t >0,z € Rd} is Gaussian and cen-
tered with covariance min(s,?)Q(z,y), where @ is a bounded covariance
function. For any 0 < s < t let F5; be the o-field generated by the
family of random variables {W (r,z) — W(s,z),s <r <t, z € R?}. We re-
quire p to be a stochastic kernel (see Definition 1 below). This means that
p(s,t,y,x) is measurable with respect to respect to the o-field Fs;, the
mapping y — p(s,t,y,x) is a probability density on R?, and the following
semigroup property is satisfied:

/ p(s, 7,9, 2)p (ry, 2, 7) dz = p(s, 9, ),
Rd

for any s < r < t. On the other hand, we assume that F'(s,y,u) is Fos
-measurable, and satisfies the usual Lipschtiz and linear growth conditions
with respect to the variable u, uniformly in the other variables. This implies
that, even if u is adapted, the stochastic integral under the space integral of
Equation (1.1) is anticipative. The integrand is the product of an adapted
factor A(s) := F (s,y,u(s,y)) times a term B(s) := p(s,t,y,x) which is
adapted to the future increments of the random field W. For integrands of
this type Pardoux and Protter in [24] introduced a stochastic integral called
the two-sided stochastic integral, which is defined as the limit of Riemann
sums of the following type

/A(s)B(s)dWs = limz A(s;)B(six1) [W(six1) — W(s;)] .

Later it was proved in [19] that this stochastic integral coincides with the
Skorohod integral, which is an extension of the Itd integral that can be
interpreted as the adjoint of the derivative operator on the Wiener space.
Here we choose this type of stochastic integral in the formulation of the
evolution equation (1.1). This choice is justified by the concrete example of
application to an SPDE.



Equation (1.1) can be considered as an example of the following abstract
stochastic evolution equation of a random semigroup

u(t) =T (uo) + /0 Tis [F (s,u(s)) W (ds)], (1.2)

where u (s) and W; are processes taking values in a Hilbert or Banach space
B. In this equation {T}s,t > s} is a family of random linear operators on
B, satisfying the backward flow property T; s = T;, 0 T 5. In our case, the
semigroup is defined on the space of bounded continuous functions on R?
by

(Tiaf) @) = [ p(stona) £ () . (1.3

Stochastic evolution equations with nonrandom semigroups have been
extensively studied (see [6] and references therein). Only recently has the
question of using random semigroups been addressed. In [15], the authors
study the existence and uniqueness of the solution of a stochastic evolu-
tion equation with a random semigroup 7 s that is Fp;-measurable. Its
generator is the heat kernel of a second order elliptic differential operator
whose coefficients are random and adapted. We consider here the case of a
stochastic semigroup, that is, we assume that T} 5 is F;;-measurable. This
implies that the semigroup has independent increments, and its infinitesimal
generator may be, in general, a differential operator whose coefficients are
white-noise in time. For this reason, the kernel p (s, ¢, y, z) may be irregular
(like Brownian motion) in the variables s and ¢. A class of such semigroups
has been constructed in [10] using stochastic flows. In comparison with the
results proved in [15], the Fs; -measurablility hypothesis on the semigroup
allows us to get suitable estimates for the Skorohod integral in terms of the
first derivative of p (s, t,y,x), while in [15] two derivatives are required, and
the differentiability of p in the time variables is necessary.

Our motivation to study this kind of equation is the analysis of a sto-
chastic parabolic equation of the form:

u(dt,z) = Agu(t,x)dt+v(dt,z)- Vyu(t,x)
+F (t,z,u(t,z)) W (dt,x), (1.4)

where the processes v(t,z) and W (t,z) are Brownian in time with respect
to a common filtration. If these random fields are not spatially smooth, the
equation cannot have a meaning in the strong sense.

One must define a weaker sense of solution. This paper chooses to un-
derstand Equation (1.4) in the evolution sense: this is simply a stochastic



evolution equation like Equation (1.1) above, the kernel p being the back-
ward heat kernel of the formal operator A + ©.V.

Several other weak senses for this Cauchy problem have been investigated
in the literature. They include the so-called Martingale problem (of Stroock
and Varadhan) of which a masterful treatment can be found in the recent
monograph chapter [17], in which the regularity conditions on W and v
are extremely weak, the trade-off being that one can only guarantee the
existence of the law of a solution, rather than a solution itself as a function of
the processes W and v. The deterministic notion of wiscosity solution, which
made its appearance in the theory of stochastic processes for its relation to
the non-linear Feynman-Kac formula (see [23]), has been adapted to the
stochastic setting, of which the most recent treatment, in [5], appears to be
quite general. The theory of white-noise analysis has been used to define
distribution-valued solutions to special types of SPDEs, via the so-called
Wick products (see the book [8]).

A solution of a stochastic PDE in the weak sense can be introduced us-
ing test functions and integrating by parts. Usually the evolution solution
is also a solution in the weak sense (see, for instance, [26]). Weak solutions
have seen a recent renewal of interest in the setting of measure-valued so-
lutions ([14], [9]; also see the introductory remarks in [10]), as well as in
the connection of SPDEs with superprocesses. These works reveal that the
weak sense is not tailored to deciding when an SPDE has a function-valued
solution.

Most recently, a very successful attempt to solve SPDEs by means of
analytical methods was completed by Krylov in [11]. In this monograph,
the authors give very weak assumptions on coefficients similar to W and v
in Equation (1.4) guaranteeing that the solution is in some Sobolev space
of distribution-valued processes. On the other hand, stochastic Sobolev
embedding theorems are used in [11] to obtain continuity results.

Our approach to constructing an evolution solution treats the case of
L? (Rd) using the so-called factorization method, in the spirit of the work
with non-random semigroups in [6]. In comparison with the analytical
method used in [11] this approach provides an explicit integral expression
for the solution, and it has some advantages like the possibility to han-
dle without additional effort equations on bounded domains with Dirichlet
or Neumann boundary conditions. Another interest of the evolution solu-
tion is found in the multiplicative linear case (F' (¢,z,u) = wu) in seeking a
Feynman-Kac formula. A forthcoming article ([25]) will show how this for-
mula comes for free in the evolution setting, thanks to the existence of the
kernel p alluded to above, and its representation in terms of the “stochastic”



Markov process ¢ with generator A+ ¢ -V. This study will use this formula
to investigate the solution’s Lyapunov exponent. Another approch to the
Feynman-Kac formula can be found in [16], for a different form

Let us also remarks that the authors of the present paper, together with
a collaborator, have shown in [1] that the approach used in this paper can be
extended, in the one-dimensional case, to the case where W is a space-time
white noise.

We now explain the structure of this paper. Following the general scheme
for evolution equations with non-random semigroups (see [6]), we establish
in Section 2 the existence and uniqueness of a solution with values in L?(R%)
for Equation (1.1) (Theorem 3 ) by a fixed point method. This theorem is
a consequence of the estimate given in Proposition 4 which, under regular-
ity and integrability conditions (v), (vi) and (vii) on the stochastic kernel
p(s,t,y, ), follows from the isometry property of the Skorohod integral and
the semigroup property. Section 3 is devoted to establishing the continuity
of the solution as an L?(R?)-valued process. For this we need the maximal
inequality for the Skorohod integral stated in Proposition 6, which requires
slightly stronger (LP) integrability conditions on p(s,t,y,x) ((v)p, (vi), and
(vii), for some p > 2), and use of It6’s formula for the Skorohod integral
following the approach introduced in [15].

In order to analyze Equation (1.4) we construct such as stochastic ker-
nel in Section 4, i.e. a kernel p which satisfies the “forward” Kolmogorov
equation

p(ds,y) = Ayp(s,y)ds + p(s,y)v(ds,y) - Vy,

where v(t,z) is a d-dimensional centered Gaussian random field with co-
variance min(s,?)G(z,y), and we assume that the matrix G satisfies the
coercitivy assumption I — 271G(x,x) > 0. The construction of this kernel
follows the approach developed by Kifer and Kunita in [10], based on the
backward stochastic flow ¢, ; (z) associated with v(t,x). Section 5 is de-
voted to showing that this stochastic kernel satisfies the conditions (v),,
(vi), and (vii)p, introduced in Section 3, provided the random field v(t, z)
satisfies some regularity and integrability condition in the variable x. As
a consequence, this proves the existence and uniqueness of the solution to
Equation (1.1) for this particular stochastic kernel. Finally, in Section 6 we
show that the solution u(t, z) to Equation (1.1) for this kernel is also a weak
solution to Equation (1.4), thereby justifying the choice of the Skorohod
formulation for seeking an adapted solution to the evolution equation (1.1).



2 Stochastic evolution equations with a stochastic

kernel: Existence and uniqueness of a solution
in L2(R%).

Fix a measurable space (S5,S) with a finite measure p on it, as well as
a time interval [0,7] . Consider the product space [0,7] x S equipped
with the product measure A X p, where A\ denotes the Lebesgue measure
n [0,7]. Let M = {M(A),A € B(]0,7]) ® S} be a centered Gaussian
family of random variables, defined in some probability space (£, F, P),
with covariance function given by

E(M(A)M(B)) = (A x p)(AN B).

Suppose that F is generated by M. We will assume that the random field
W (t,y) appearing in Equation (1.1) is of the form

W(t,y) = // (A, y) M (ds, d)),

where o is a deterministic measurable function verifying the following con-
dition
C, := sup / la(X\,y)Pp(d)) < (2.1)
yERd

In this way, the covariance function of W is

Ql.y) = /S a(\, z)alx ().

In principle, although g is always a positive measure, M and a may be
complex-valued. For notational simplicity, we will assume that M and a
are real-valued. Condition (2.1) simply says that Q(z,z) = EW(1,z)?

a bounded function. This can be considered as a weak form of spatial
subhomogeneity. For each 0 < s <t < T we will denote by Fs; the o -field
generated by the random variables {M(A),A C [s,t] x S }. This definition
coincides with the one given in the introduction in terms of the random field
w.

We can develop a stochastic calculus of variations with respect to the
Gaussian family M following the lines of [18]. The reference Hilbert space
is here H = L2([0,T] x S, A x p). For an element f € H we can define the
Gaussian random variable M (f) := f[O,T]xS f(s,A\)M(ds,d)). Let S be the
class of smooth random variables of the form

= 9(M(f1),- .-, M(fn)),



where g is an infinitely differentiable function with bounded derivatives of all
orders. For a such a random variable we define its derivative as the random
field on [0,7] x S given by

DG = 32 2L (M), MU il V)
i=1 "

Iterated derivatives are defined in an obvious way. Then, for any integer
k > 1 and any real number p > 1 the Sobolev space D*#® is defined as the
completion of § with respect to the seminorm

)
2

T x

k
IGIZ, =D E
5=0

For any real and separable Hilbert space V' we denote by D*?(V') the corre-
sponding Sobolev space of V-valued random variables. Note that the deriv-
ative operator preserves adaptedness and that if F' is Fq sV F; 7 -measurable
then D, \F'=0if s <r <t.

The Skorohod integral is defined as the adjoint of the derivative oper-
ator in L2()). That is, a square integrable random field H. s\ is Skorohod
integrable if for any G € S we have

E < |Gl 2 (q)-

/ DS,)\GH&AdS/"L(d)\)
[0,T]xS

The Skorohod integral of H, denoted by 6(H ), is then defined via the Riesz
representation theorem by the duality relationship

E = E[GS(H)] . (2.2)

/ Dy \GH; xdsp(dX)
[0,7)xS

We will also make use of the notation 6(H) = f[o,T]stSAM(dsvd)‘)' A
random field H; ) is said to be adapted if Hy ) is Fo s-measurable for each
(s, A). It holds that square integrable adapted random fields are Skorohod
integrable and the Skorohod integral with respect to M coincides with the
Ito6 stochastic integral, which can also be defined by means of the theory of
martingale measures (see, for instance, [26]). On the other hand, processes
in the space D%2(H) are also Skorohod integrable.

We will make use of the following formula for the L?-norm of the Sko-
rohod integral of an L?(R%)-valued process. Henceforth we will denote by
| - |l2 the norm in L2(R?).



Lemma 1 Let H = {H,),s € [0,T],\ € S} be an L*(R%)-valued square in-
tegrable random field such that Hs x(x) belongs to D2 for almost each s, \, x,
the process

{DoaH, 3 (@)1p,4(r), (r,X) € [0,T] x S}

is Skorohod integrable for almost each s, \,x, and

Re J[0,T]xS

Then H is Skorohod integrable and

dsp(dN)dx < 0.

/ Dy \H, /()M (dr,d\)
[0,s] x5 ’

(2.3)

2
E

/ Ho \M(ds, d))

[0,T)xS

:/ E ([ Hya |12 dsp(d)) +2E/ H,\
0,7]x5 0,7]x5

% / Dy \H, y(z)M(dr,dX') | dsp(d))dz.
[0,s]xS ’

2

Proof: By an approximation argument we can assume that H is an
smooth elementary process. In this case the formula is a straightforward
consequence of the duality relationship between the Skorohod integral and
the derivative operator and the following isometry property:

2
/ Hoy\M(ds, d\)
(0,7]xS

- / E || Ho |13 dsps(dN)
[0,T)xS

T S
+2E/ / </ / <DS’AHM”DT,A/HS,%dw(dA’)) dsp(d\).
S Jo S Jo
O

We will also need the following Fubini theorem for the Skorohod integral,
whose proof is an immediate consequence of the definition of the Skorohod
integral.

E

2

Lemma 2 Let {H; x(0),(s,\) € [0,T] x S,0 € ©} be a measurable random
field parameterized by a measure space (0,0, v) with finite measure v. Sup-

pose that
2
f ([ Ha®lv@) dn@) <o
[0,T]xS (€]

8



H 7(0) is Skorohod integrable for v-almost all§, and E ( [q |6H ()| V(d(9))2 <
co. Then [o Hsx(0)v(d6) is Skorohod integrable and

5( /@ H(O)y(d@)) - /@ SH(0)v(d).

Consider a measurable random field H,, parameterized by [0,77] x R?
such that [pa |[Hsya(X, y)|dy < oo a.s. The integral f[o T)xRd H, W (ds,y)dy
is defined by

[ awasnar= [ ([ a0 ar) artas.an,
) X , x

provided the random field fRd H s,y@(X, y)dy is Skorohod integrable with re-
spect to M. With this definition, Equation (1.1) can be written in terms of
M as follows

u(t,r) = /de(O,t,y, ) ug (y) dy (2.4)

_|_/0t/s </de(s,t’y, x)F(s,y,u(s,y))a(A,y)dy) M (ds,dM).

Let us now introduce the kind of stochastic kernels we are going to deal
with.

Definition 1 A random function p(s,t,y,z) defined for 0 < s <t < T,
z,y € R? is called a backward stochastic kernel if the following conditions
are satisfied:

(i) [Adaptedness] p(s,t,y,x) is Fss -measurable,
(ii) p (87 t? y’ :L') Z 07
(iii) fde(S,t,y,CL’) dy = 17

(iv) [Backward flow property] fde(s,r,y,z)p(r,t,z,x) dz = p(s,t,y,x)
for almost ally € RY, and for allz e R, 0<s<r<t<T.

Consider the following additional conditions:

(v) Cy:=supg,, E [pap(s,t,y,z)ds < co.



(vi) p(s,t,y,z) belongs to the Sobolev space DV2 for each z,y € R% and
0 <s<t<Tand p(s,t,-,z) belongs to DV2(L2(R?)). Moreover,
there exists a version of the derivative such that the following limit
exists in L2(Q; L2(RY)) for each s, \, t, x

D ap(s,t, -, x) = lil%l D \p(s — €,t,-, ).
€

Furthermore, p(s,t,y,-) is left continuous in ¢ € (s, 7] with values in

L2(Q; L2(RY)).

(vii) There exist constants ci, ¢, such that

sup la(X, y)|p(s,t,y, z)|Ds 2p(s, t, 2, )| u(dX)dzdy
z SxRIxRY
<ep(t—s)7Y2,

and

sup E |CL()\, y)‘p(sa ta Y, LL’) ’DS,)\p(Sa ta 2, :I:) |:U’(d)‘)d2d$
Y SxRI xR
< ot — )7V

Taking into account the properties of the derivative operator and the fact
that p(s,t,-, ) belongs to DY2(L2(R%)), we can write the following formula
for r < s < t:

D ap(r,t,y,x) = Dg) /Rd p(r,s — €,y,2)p(s — €,t,z,x)dz
= /Rd p(r,s —€,y,2)Ds xp(s — €,t, 2, x)dz,
and, letting € tend to zero and using hypothesis (vi) we deduce
Dg p(r,t,y,x) = /]R'i p(r,s,y,2)Ds \p(s,t, 2, x)dz. (2.5)
We require the random function F : [0,7] x R x R x Q + R to be
progressively measurable and to satisfy the usual Lipschtiz and linear growth

conditions in the variable u. That is, we assume that F' satisfies the following
conditions:

(a) F is measurable with respect to the o-field B([0, t] x R x R) ® Fo; when
restricted to [0,%] x R x R x €, for each ¢ € [0, T].

10



(b) |F(t,y,u) — F(t,y,v)] < Kr|lu —vl|, for all t € [0,T], y € R? and
u,v € R.

(c) |F(t,y,u)| < Kp(1+ |ul), for all t € [0,T], y € R?, and u € R.

With these preliminaries we are able to state the main result of this
section.

Theorem 3 Let ug be a function in L?>(R?). Let F (s,y,u) be a random
function satisfying the above conditions (a), (b) and (c). Let p(s,t,y,x)
be a stochastic kernel in the sense of Definition 1 satisfying conditions (v),
(vi) and (vii). Then there exists a unique adapted L*(R%)-valued solution to

Equation (2.4) such that Efo [u(s)||3 ds < oo.

For the proof of this theorem we need the following estimate of a Sko-
rohod integral of the form fg Jrap(s,t,y, x)p(s,y)W (ds,y)dy, where ¢(s,y)
is an adapted square integrable process.

Proposition 4 Let ¢ = {¢(s,y),s € [0,T],y € R} be an adapted random
field such that EfOT |p(s)||3ds < oo . Let p(s,t,y,x) be a stochastic kernel
in the sense of Definition 1 satisfying conditions (v), (vi) and (vii). Then
the L?(R%)-valued random field

(o) [ pls b )ols. a0 )y, s € 0,710 € 5}

is Skorohod integrable with respect to M for almost all t € [0,T], and for
some constant C' > 0, which depends on T, C,, Cyp, ¢1 and cs , it holds that

(/Rd 51,9, )8 (s, y)aA, y)dy> M(ds, d)\)

<c / 5)"V2E||o(s >||%ds.

Proof: Denote by £ the class of smooth elementary adapted random
fields of the form

Z Gikbr(Y) 1t 4,,1)(8), (2.6)

i,k=1

where G, € S, b, € C}’(O(Rd), 0=t <..<tyy1 =T, and Gy is Fou,-
measurable. Let ¢ be an adapted random field such that E fOT |p(s)|13ds <

11



oo. We can find a sequence ¢,, of smooth elementary adapted random fields
in the class £ satisfying

T
tim [ B llou(s) = o(s)3 s = 0.

Therefore the sequence of functions ¢t — fg(t — 5)"V2E ¢, (s) — 6(s)||3 ds
converges to zero in L1([0,T]). This implies the existence of a subsequence
n; such that for all ¢ € [0, 7] out of a set of zero Lebesgue measure

irnt—s_l/2 s—szs:.
im [ (¢ = )72 o, () — 9(0) [} ds = 0

Recall that if a sequence H,, of Skorohod integrable processes converges in
L?(Q; H ® L*(RY)) to H, and §(H,,) converges in L?(Q; L?(R?)), then H is
Skorohod integrable and 0(H) is the limit of 6(H,,). Hence, we can assume
that ¢ is of the form (2.6). Set

Hor(e) = [ pls.topa)o(s,p)aldv)dy,
and .
By () = /O /5 Hy\(2)M(ds, d).

Notice that

)= Y Gu /

(/ p(S,i,Z/,x)bk(y)a(/\,y)dy) M (ds,d)).
ik=1 (ti,ti+1]N[0,¢] xS \JR?

Let us show that the process H x(w)1ljg(s) verifies the assumptions of
Lemma 1. By condition (v) we have

t
B[ Halidn@n <0G [ EloBds <o (2)
0,6]xS 0

In order to check that the process { Dy yH,. y/ ()1 5(7), (r, \) € [0,T] x S}
is Skorohod integrable and condition (2.3) holds let us compute, using (2.5),

Ds,)\Hr,/\'(x) = Ds,)\ /]R'i p(rat:yvx)(b(ray)a()‘/>y)dy

12



= [, Posnlrt)ot el )dy

-/ ( / p(r,s,y,z>Ds,Ap<s,t,z,x>dz) o(r.y)a(N, y)dy
R4 R4

= / </ p(r,s,y,Z)¢(T,y)a(k',y)dy> D \p(s,t, z,x)dz.
Rd Rd

Now we use the fact that the random variable Dy \p(s, t, -, z) is Fs ;-measurable
and belongs to the space L?(Q; L?(R?)). This fact, together with the partic-
ular form of the process ¢ imply that D xH, /() is Skorohod integrable in
[0,s] x S, and Ds xp(s,t, z, ) can be factorized out of the Skorohod integral,
obtaining

/ DS,AH,,A/(CC)M(dr,dX):/ D ap(s,t,z,2)P(2)dz.
[0,s] R4

As a consequence,

am
R4 J[0,t]x S

= E// | Hs (w0 |/ |Ds \p(s,t, 2, 2)P4(2)| dzdsp(dN)dx
R J[0,t]xS

< [ L LE (] st ipapts.tzmlir ) oy

x [E¢(s,y)* + E®s(2)?] dzdyds

1 t t
< 5(a [ -9 plBara [@-9 B0 Be). @
0 0

dsp(d\)dx

Hp (o /[0 Dy H, ()M (dr, dX)

The right-hand side of Equation (2.8) is finite because ¢ is smooth and
elementary and, hence, condition (2.3) holds. As a consequence, Lemma 1
yields

Bledd = B[ H (@)
><

—|—2E/ /
R4 J[0,t] x

« ( / Dy H, o () M(dr, dX)) dsp(dN)dz. (2.9)
[0,s]xS

13



Substituting (2.7) and (2.8) into (2.9) yields

t
E|&)2 < CuCy / E |,|2 ds

t t
m/ (t—s)l/ZE\\¢sy\§ds+C1/ (t— )2 |0, 2 ds.
0 0

This expression easily implies the desired result by a suitable generalization
of Gronwall’s lemma. [J

Proof of Theorem 3: Suppose that v and v are two adapted solutions to
Eq. (2.4), such that E [ |lu(s)|2ds < oo and E [ [[v(s)||3ds < oo. Set
Fsy(u) = F(s,y,u(s,y)). From Proposition 4 and the Lipschitz property of
the function F', we obtain

E|lue — vl

/ot/s </de(s’t’ Y, 2) [Fay(u) = Foy(v)] a(A, y)dy> M (ds, d))

2
= b

2
t
< c / (t— 5) V2B Fy(u) — Fu(v)|3ds
0

t
< CK%/ (t — 8) V2 E||us — v,)3ds,
0

and this implies that © = v. The proof of the existence can be done by the
usual Picard iteration procedure. That is, we define recursively

W (ta) = [ (0.t ua o),

and

Wt = [ POt w ) dy
w [ (] pstvoF G saat iy ) Mas.av,

for alln > 0. Using up € L? (R?) and condition (v), we obtain E ||u?||; < 00.

. . . - 2
It follows by induction, using Proposition 4, that £ >° Hu?“ — u?H2 <

0o, and the limit of the sequence u™ provides the solution. [J
Under the condition that the initial Picard approximation u° (¢) is a
continuous function from [0,7] into L? (2 x R?), we can use the previous
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proofs to show that the solution to Equation (2.4) shares the same continuity
property. A sufficient condition for «’s continuity in L? (Q X ]Rd) is:

lim sup £ Ip(0,t+ h,y,z) — p(0,t,y,z)|dx = 0.
h—0 R4

If «° happens to be almost-surely continuous from [0,77] into L? (]Rd), one
might ask whether the solution to Equation (2.4) still shares the same prop-
erty. This is true under additional conditions on the stochastic kernel, as
the results of the next section show.

3 Stochastic evolution equations with a stochastic
kernel: Continuity of the solution.

In this section we will show that the solution u(t) of Equation (2.4) obtained
in the last section is continuous in time. For this we need some additional
integrability conditions on the kernel p(s,¢,y,z). Fix p > 2 and consider
the following hypotheses:

(V)p

y
2

Cpi:=supFE < sup / p(s,t,y,x)dac) < 00.
] /R4

5Y tE[S,T

(vi), Condition (vi) holds and for each K >0, and 0 < § <t , we have

t—9
| e
0

where B = {y eRY |yl < K} Moreover, for every compact set K C
R and for all s, t — p(s,t,-,-) is continuous in (s,T] with values in
L' (R? x Bg).

p/2
ds < 00,

/ / |DS,)\p(S7 ta Y, x)‘Q dwdy#(dA)dr
0 JRIXBgxS

(vii), There exists a constant C}, 5 such that for all y,z € R?

1]

sup B
y

Z) p S 2
/S Rd d | $:A ( ’t’Z’m)DSAp(Svt,y7$)yﬂ(d)‘)dzdx
X xR

< Cpalt—s)7% .
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The main ingredient in the proof of the continuity of the solution to
the stochastic evolution equation (2.4) are the estimates for the Skorohod
integral established in the next two theorems. These theorems are analogous
to Theorem 3.2 and Theorem 3.3 in [15] for the case of a random semigroup
T; s which is Fp-measurable. For a given random field ¢ = {¢(s,y),s €
[0,T],y € R} we will define the operator

(S(5,1)0) (A ) = / p(s, 1.y, 2)0(s, y)a(A y)dy.

Rd

Using condition (2.1) we have

HS(Svt)¢H%2(S><Rd) S Ca/ / p(37t73/733)¢(373/)2d3/dx- (31)
Rd JRA

Proposition 5 Fiz 2 < p < 4 and a € [0,%). Let ¢ = {¢(s,y),s €
[0,T),y € R?} be an adapted random field such that EfOT |(s)|5ds < oo.
Let p(s,t,y,x) be a stochastic kernel in the sense of Definition 1 satisfying

conditions (v),, (vi), and (vii),. Then the L*(R%)-valued random field
{(t=5)7"(S(s,t)p) (A\,-),s € [0,T],A € S}

is Skorohod integrable with respect to M for almost all t € [0,T], and for
some constant Cy1 > 0, which depends onT', p, o, Cy, Cp 1 and Cp 2, it holds
that

p
d

| fe=se ([ pto.tanots. i) asgas.an)|
<a /0 (t - ) 20+ ECD B o(s) [Bds. (3.2)

Proof: As in the proof of Proposition 4, we can assume that ¢ is of the
form (2.6). Fix ¢9 > t; in [0, 7], and define

BS,A(‘%) = 1[07151](8)(750 - 3)_Q(S(37t1)¢>()‘7 .’IJ),
and
Xi(x) :/ Bg \(z)M(ds,d)),
0,6 xS

for t € [0,t1] . Suppose first that p(s,¢;,y,2) is an elementary backward-
adapted process of the form

Z Hijkﬁj(y)Vk(w)l(si,SiJrl](5)7 (3'3)

1,5,k=1

16



where H,ij €S, ﬂ],")/k S C?(Rd), 0 =351 < .. < Sp+1 = t1, and Hl]k
is Fg,.,t,-measurable. Applying It6’s formula for Hilbert-valued Skorohod
integrals (see, for instance, Proposition 2.9 in [15]), taking the mathemat-
ical expectation, and using Cauchy-Schwarz inequality as in the proof of
Theorem 3.2 in [15] we obtain

p(p—l) ! —2
BlXl; < S F /0 1261182 (1B (s cmey + 2 1Bull sy

X ds.

/[0 DB (MG, a)
,8] %

L2(SxR4)
Unlike the proof of Theorem 3.2 in [15] here we keep together the factors
| Byll 25y and H Jio.sixs Do By ()M (dr, dx)H . Then, Holder’s

L2(SxR4)
inequality leads to the following estimate

t p—2
E|X.|5 < /0 (BIXIB)5 Auds,
where
—9a 1 o 2/p
Ay, = p(p — 1)(t0 — 5) 2 5 {(E ”(to — S) BSHZ£2(S><RUZ)>

(07 1/p
4 (Bt = 9Bl s,z
v 1/p
x | E

/[0] SDSV_BTM\/(-)M(dr,d/\’)
,8] X

L2(SxR9)

Because ¢ is a simple process, it is easily seen that by condition (v), we
have E|| X||5 < co. Then the first lemma in [27] implies that

9 t p/2
E|IX|E < </ Asds) ,
P Jo
that is,
t
EIXIE < O(T.pa) ( [ o= s)as
0
t
+/ (to—s)_2"‘+a2p\/A1(s)A2(s)ds>, (3.4)
0

17



where

A(s)=E HS(S,tl)QbHiz(sde) ’

and
P

A2(S) =F

/[O o DB M, )
,s] %

L2(SxRd)

Conditions (v), and (vi), guarantee that the right-hand side of (3.4) is finite.
As a consequence, we can approximate p(s, t1,y, ) by elementary backward-
adapted processes of the form (3.3) in such a way that (3.4) still holds. The
term A;(s) can be estimated as follows using (3.1) and assumption (v)p:

P

Ar(s) < cE< / p(s,tl,y,x>¢<s,y>2dydx)2
R xRd

b

2

» _
< o [ B[lows o] ([ e toi) dy
R4 Rd
b
< CiCpaE|o(s)]5. (3.5)
In order to estimate the term Ag(s) we first write, using (2.5)
DorBo(@) = o= 1) [ Desplrita, )00 )a(N. )iy
= o= [ ([ o5 Derplosn 0002 ) oty
rR? \JR
= (o= [ (0.0 N2 Doaplis 1,22
R4
Now we use the fact that the random variable Dg\p(s,t1,z,z) is Fey,-

measurable. This implies that it can be factorized out of the Skorohod
integral, and we obtain

P
E / DB, () M(dr, dX)
[0.5]xS L2(SxRd)
P
= FE / Dg .p(s,t1,2,-)Y (s, z)dz , (3.6)
Rd L2(SxR%)

where

V(s,2) = / (to — 1)~ (S(r, )8) (N 2) M (dr, dN).
[0,s]xS

18



Applying condition (vii), we get
Ag(s) < Cpa(ty — s) 2 E||Y ()15 (3.7)

Substituting (3.5) and (3.7) into (3.4) yields

t
BIXJE < c( / (o — )2 El|(s) |Zds
0

N =

T / (to — 5)" 2+ (11 — )% (El|o(s)|BEIY () [2)
0

ds) ,

for some constant C' which depends on T, p, o, C,, Cp 1 and C), 2. If we take
t = t1, we have X; = Y (¢) and we obtain

t
BIXE < c( / (t — )20+ 5o B o (s) s
0

t
+ / (t — s)2a+i’<2al>EHX(s)\|gds) .
0

Applying Gronwall’s lemma we get the desired result. U
Note that in the proof of Proposition 5 we have only used, instead of
(V)p, the weaker estimate:

P

5
sup B (/ p(s,t,y,x)d:t) < 0.
ERA] R4

Condition (v),, is required in the proof of the maximal inequality.

Proposition 6 Fiz 2 < p < 4. Let ¢ = {#(s,y),s € [0,T],y € R} be an
adapted random field such that EfOT l¢(s)||bds < oo. Let p(s,t,y,x) be a

stochastic kernel in the sense of Definition 1 satisfying conditions (v),, (vi),
and (vii),. Then the L*(R?)-valued random field

(o(s) | plostoya)o(sp)alg)dy,s € [0.7] 3 € 5)

s Skorohod integrable with respect to M and there exists a constant Cy > 0,
which depends on T, p, a, Cy and Cp1 and Cpo such that

p)

2

E(Sup / (/ p(s,t,y,-)¢(8,y)a(&y)dy>M(ds,dk)
0<t<T ||/ ]0,t] xS R4

t
<0 /0 E|6(s)|Bds.
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Proof: ~ We will make use of the factorization method in order to handle
the supremum in ¢t. Fix a € (1/p,1/2). We can write

t

postiss) = Co [ [ plsirn2)r=s) p(rt )t =) tdrd, (39
Rd Js

where C, = % By Proposition 5 for all » € [0,7] a.e. the process

(r —s):%(S(s,7)9)(A, z) is Skorohod integrable. Using (3.8) and Fubini’s
theorem for the Skorohod integral (see Lemma 2) yields

/ (S(s,)8)(\, ) M (ds, dA)
[0,t]x.S

-af ([ [ e=9ssnan.

x p(ryt,z,x)(t —r)*" ldrdz) M(ds,d\)

e //Rd (/Or]xsr—s) a(S(s,r)gb)()\,z)p(r,t,z,m)M(ds,dA))

(t —r)* drdz.

The term p(r,t, z,x) can be factorized out of the Skorohod integral and we
obtain

| (S0 @AM (ds N

[0,t]xS

= Ca/ Y}(z)p(r,t,z,m)(t—r)o‘_ldrdz, (3.9)
Rd

where
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Applying condition (v), and Holder’s inequality we obtain

p
E | sup
0<t<T 9

/ (S(s,t)p)(A,-)M(ds,dN)
[0,t]xS

1 t 1/2 p
< —FE/|[ sup /(t—r)o‘_1 </ Y,n(z)2p(7",t,z,x)dxdz> dr

P 0<t<T Jo Rd x R4

T p/2
< C(p,a,T)E sup / </ Yr(z)2p(r,t,z,x)dxdz> dr
0<t<T Rd xRd
2 p/2
< C(p,a,T) E/ / e sup (/ p(r,t,z,x)dw) dzdr
tE[r,T] R4
< C(p,a,T)CpJ/ E|| Y5 dr. (3.10)
0

Finally using the estimate (3.2) yields

p
E | sup
0<t<T 9

C(p,, T)Cy 1O / / ~20+5(2a-1) | 6(s) £ dsdr

/ (S(s,)8)(\, )M (ds, d\)
[0,t] xS

IA

IN

G / Bl6(s) |5 ds.

We are ready to state and prove our main result.

Theorem 7 Let ug be a function in L?>(R?). Let F (s,y,u) be a random
function satisfying the above conditions (a), (b) and (c). Let p(s,t,y,x) be a
stochastic kernel in the sense of Definition 1 satisfying conditions (v),, (vi)p
and (vii), for some p > 2. Then the L*(RY) -valued solution to Equation
(2.4) has a continuous version and satisfies

E ( sup Hu(t)Hé’) < 0. (3.11)
0<t<T
Proof: We first have to show that the following two terms satisfy estimate
(3.11):
)= [ o0t u0 )y,
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and

B /ot/s (Adp(s’t’yvx)F<37y7u(Syy))a(k,y)dy> M (ds, ).

The first estimate follows from condition (vi),, and the second from Propo-
sition (6) and theorem 3. On the other hand, we have to show that A; and
Ay are continuous. First notice that if Z, (y) is a bounded random field with
compact support K in y, we have

2
H/ p(rt+6,y,) —p(rty, ) dy

2
< 2\\2\00/ /p<r,t+a,y,x>—p<r,t,y,x>|dydx,
R JK

which tends to zero almost surely for all 7 by condition (vi)p.

Taking into account condition (v),, in proving the continuity of A; we
can assume that wug is a smooth function with compact support, and in this
case the continuity follows from property (vi), by letting Zy (y) = uo (v)
above. In order to show the continuity of Ay we write, using (3.9)

HA2 t+5) Az ()]l

Y, (y) [p(r,t +6,y,-) — p(r,t,y, )] (¢ —7)*drdy
R4 2
t+06
Y, (y)p(r,t+6,y,) (t—r)* drdy
R4 2
=T +7Ts.

By the maximal inequality (3.10) we can assume that Y,(z) is a smooth
elementary adapted process. In this case, letting Z, (y) = Y, (y) above, it is
clear from property (vi), that the term

Rd K“(y) [,p(T7 t+ 57 Y, ) - p(Ta Ly, )] dy
converges to zero in L2(R?) as § tends to zero for each fixed 7 and w. Then
the convergence of I'; to zero follows by the dominated convergence theorem
and property (v),. Finally property (v), also implies that Iy converges to
zero as 0 tends to zero. U
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4 Stochastic semigroups generated by random par-
tial differential operators

Suppose that p(s,t,y,x) is a stochastic kernel in the sense of Definition 1.
Set Ty s f(x) = [pap(s,t,y,x)f(y)dy, where f is a bounded Borel function
on R?. Then T} s defines a stochastic semigroup of positive operators. Let
us recall, following [10], the definition and some properties of this type of
stochastic semigroups.

Let Cp be the Banach space of bounded continuous functions on R9.

Definition 2 A family {T;,0 < s <t < T} of random linear operators on
Cy is called a stochastic semigroup if it satisfies the following conditions:

(i) Tisf > 0 forany f > 0, T1s1 =1, and Ty sfn | O for any sequence
fn l« 0 in Cb:

(i) Ty uTys = Tt for any s < u < t,

(iii) Tisf is an Fgi-measurable random variable for each f € Cp and each
s < t.

Then a stochastic kernel p(s,t,y,x) in the sense of Definition 1 gives rise
to a stochastic semigroup, provided T} ; f is continuous whenever f is con-
tinuous and bounded. Conversely, if a stochastic semigroup is such that the
probability measure induced by 7} s is absolutely continuous with respect
to the Lebesgue measure, then we can find a version of its density and this
will produce a stochastic kernel.

In this section we construct a stochastic semigroup whose infinitesimal
generator is the random operator A + ¢ -V, where v(t, x) is a d-dimensional
Gaussian field that is Brownian in time, and the differential o (¢,z)dt =
v(dt, x) is interpreted in the backward It sense. Assume that v(t,z) can be
represented as

v(t,x):/ot /Sg()\,x)M(ds,d)\),

where g : S x RY — R? is a measurable function, differentiable with respect
to the variable x, and satisfying the following condition:

Cy ::sgp/SOg()\,x)F—Hng ()\,x)\Q)u(d)\) < . (4.1)

This condition means that both v (1, x) and its derivative Vv (1, z), which
only needs to exists in the L? () sense, have variances that are bounded
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in z. Set Gyj(z,y) = [49:(\ x)g;(N, y)u(dX\) and G(z) = G(z,z). Let us

introduce the following condition:

(H1) X(z) =1 — £G(z) > eI for each z € R?, and for some € > 0.

This is know as the coercivity condition. Let ¢ be a matrix such that
oo* =3

Let b(t) be a d-dimensional standard Brownian motion with variance
2t defined on another probability space (W, G, Q). Consider the following

backward stochastic differential equation on the product probability space
(QxW,FxG,PxQ)

t t
pps (1) = — / v (dr, oy (2)) + / o (pre (2) bdr).  (42)

Applying Theorems 3.4.1 and 4.5.1 in [13] one can prove that Equation
(4.2) has a solution ¢ = {p; (2),0 < s <t < T,z € R?} which is a stochas-
tic flow of homeomorphisms. This means that

Pr.s ((pt,r (:E)) = Pts (:L') )

forall s <r < t,x, a.s. Moreover , ; (z) is continuous in the three variables.
Equation (4.2) can also be written as

t t
era) =a= [ [ o eu@drtanan+ [ o (o, @), 43
For each 0 < s <t < T we introduce the random operator 7; ; defined by

Tisf(x) = EQ(f(ps (2)),

where f belongs to Cp. In the sequel we will denote by F the mathematical
expectation with respect to the probabilities P and P x ), and by Fq the
expectation with respect to Q.

Proposition 8 The operators T; s form a stochastic semigroup in the sense
of Definition 2.

Proof: 1t is not difficult to show that T} ,f belongs to C, for any f in
Cp. Properties (i) and (iii) are obvious. Property (ii) follows from the flow

property:
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Tt,Sf(‘T) = EQ(f(SOt,s (x)) = EQ(f(Spu,s ((pt,u (.%')))
= EQ <EQ(f(90u,s (Z))|z=<pt$u(:r)> = Tt,uTu,sf(x)‘

O

Let C? be the class of functions which are twice continuously differen-
tiable, and let Cg be the space of functions in C? and which are bounded
and have bounded partial derivatives up to the second order. The stochastic
semigroup satisfies the following forward Kolmogorov equation (although
time flows backward in this equation, it must be called the forward equation
because it flows in the same direction as that used to define the flow ¢):

T,uf(x) = f(z) + / T, (u(dr, )V f)() + / T (Af) @), (44)

S

for any function f in the space Cg. The second summand in the right-hand
side of the above equation has to be understood as the expectation with
respect to the probability () of a backward stochastic integral:

/Tt,r(v(dh ')Vf)(ﬂ?)ZEQ/ vo(dr; ¢y, (2)) (V) (e () (4.5)

Equation (4.4) follows easily from It6’s formula:
¢
flprs(2) = [flz) +/ (Ve (@))oldr, ¢y, (2))

+ / (V1) (@1 ()0 (91, (2)) b(dr)

As a consequence, integrating with respect to the probability ) we obtain
t
Tisf(z) = [flz)+ EQ/ v(dr, @, (2))(Vf) (1 (2))
t
+Eq [ (Af)(p @))dr
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which is equation (4.4).
The following conditions (stronger that (4.1)) imply that the random
operators T} s map Cg into C2 N Cy:

sup / 1Bag (A )| 1 () < oo, (4.6)
T S

/S 809 (0 2) — Bag (A, ) 21 (dA) < Cl — g (4.7)

for some 6 > 0 and for any multiindex a = (a1, ...,a4) such that |a| =
a1 + ... + ag < 2. Indeed, under these conditions the mappings ¢, ,. (z) are
twice continuously differentiable in x, with almost-surely Holder-continuous
second derivative (see [12], chapters 3 and 4). Henceforth we will assume
conditions (4.6) and (4.7). Under these conditions, the stochastic semigroup
T} s also satisfies the following backward Kolmogorov equation:

Ty f(x) = f(z)+ / VT f(2)o(dr, ) + / AT f(2)dr,  (48)

for any f € C3°(RY). Here the stochastic integral is an ordinary Ito integral.

Proof of the backward Kolmogorov equation: Let s =ty <t1 < ... <t, =
t be a subdivision of the time interval [s,t¢]. Using the semigroup property
we can write

|
—

n

Tt,sf(ff) - flz) = (Ttiﬂ,ti — I) Tti,sf(l')-

i

Il
o

By using a standard localization argument, one can show that Equation (4.4)
actually holds for any test function g € C? N C, satisfying the conditions

/E|Vg(<pt7r(:c))’2dr < oo, (4.9)

/E‘Ag(gom(a:)ﬂdr < oo. (4.10)

We wish to use Equation (4.4) on the inteval [t; t;11] with the test function
g =T, sf . This is legitimate: as T}, s f is independent of F, ;.. ,, it may be
considered as deterministic; moreover, ¢ is in C? N C, and satisfies bounds
(4.9) and (4.10), which is proved by exploiting the following bound on the
derivatives of ¢: for j = 1,2

sup E ’ngots(:c)f < 0. (4.11)
s<t<T
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This last fact is proved by using It6’s formula on the SDEs satisfied by
s — Vi, (7). Therefore,

n—l oty

Tof@) — ) = Y / T, ((o(dr, VT o f) ()

i=0 /ti
noloetigg

+ Z/ Ei+1,7“ (ATthf) (IL‘)dT
i=0 7t

= A1+ Ay + Az + Ay,

where,

=0 " "
n—1

A3 = Z(U(ti-f-l?x) - U(t%m))VTti,Sf(x)’
=0

n—1
Ay = Z ATy, o f (x)(tig1 — t;).
i=0

The terms A; and Ay converge to zero in L?(Q) and the terms Az and Ay
converge respectively to the last two summands in the right-hand side of
(4.8), as the mesh of the partition tends to zero. Let us first prove the
convergence of A;. Using the expression (4.5 ) we can write

n—1

tit1
A = Z (EQ/t v(dr, QDtiﬂ,r(:E)) (VT s f) (tptwlﬂ"(gj))

i=0 @

tit1
— / U(dT’, CC) (Vth,sf) (x)>
t;
= All + Al?)

where

n—1 t
A=) Eq /
i=0 ti

141

0(dr, @1,y o () [(TTh o)) (Pt (@) = (VT ) ()]

27



and

tiv1
A12_ZEQ [ e ) (T) () = 00, 2) (V) )]

Then we have

n—1 d

Bt = EYX Y [ Gulen )

i=0 k,l=1
% (Vi) (B (@) = (Vi) ()]
% (V1) (91,00 (@) = (VT f) ()] dr
sup|G(a)| sup B[ VT f (1) sup By, (w) 2

t,s,x [t—r|<|m|

IN

‘ 2

where || = sup;(ti+1 — t;). Note that, by (4.11),

sup E |VTyf (2)]* < |V |2 sup E [V, ()| < o0,

t,s,x t,s,x

and, similarly sup, ; ‘V2Tt7sf}2 < oo. Hence, E(A2]) converges to zero as
|| | 0. For the term Aj5 we can write

) = EZZ/Z“ (Gl (@) = 26l o (2),2) + Gualw)

=0 k,l=1

X (Vi sf) (x) (ViTy, s f) (x)dr
0*G

5x8yH

< supE |VTif(x) 2

t,s,x

2
swp By, (a) -

oo [t=r|<|n|

and again this converges to zero as |r| | 0. The convergence of Ay would
follow by the same arguments. Let us show that As converges to the second
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summand of the right-hand side of (4.8).

t 2
E|As - / VT f(2)o(dr, )
n—1 tir1 2
= B [ ) V@) - Vo f @)
i=0 Vi
n-1l d tit1
= B Y [ Gule) Vi @) - Vi f )
i=0 k=171

X [vthi,sf(x) - vlTr,sf(x)] dr
T ||GH00 sSup E ‘VTU,Sf(m) - VTr,sf(x)|2

|r—u|<|m|;ruz>s

T|Gle  suwp  E|V[f(pus@)] =V [fors(@))]]?.

[r—u|<|m|,ru>s

IA

IN

To show that this converges to zero as |7| | 0, we write

EV [f(¢us(@)] =V [fpra@)] [

< 2B[(Vf (#0s(®) = VS (#05(2)) Vualo)]
+2E | (Vg ,(2) — Vior o(2) VI (0,,4(x)|”
< 2V [EIVen, @] (B9 - Ve @]

+2|VIIA E Ve, (z) — Ve, (@)

Therefore, we only need to show that £ ‘chws(:[:) =V, o(z) ‘4 tends to zero
when w | 7, uniformly in s, and this follows easily using It6’s formula. In a
similar way one can show that A4 converges in L? to the last summand in
the right-hand side of (4.8). O
The next proposition shows that the marginal probability density p (s, ¢,y, x) =

Q |15 () € dy] /dy exists and satisfies the conditions given in Definition 1.
This result has been proved by Kunita in [13] (see also [10], Theorem 2.4)
under the condition that the random field v(¢,z) can be represented as a
finite linear combination of independent ordinary Brownian motions multi-
plied by C*®-vector fields on R%. Our proof, which only requires condition
(4.1), is based on the criterion of absolute continuity proved by Bouleau
and Hirsch [4], and uses the techniques of the partial Malliavin calculus (see
120).
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Proposition 9 Suppose that g satisfies condition (4.1) and the coercivity
condition (H1). Let @, (v) be the stochastic flow solution of the backward
stochastic differential equation (4.3). Then, there is a version of the the
marginal density p(s,t,y,x) = Q [cpt”s (z) € dy] /dy which satisfies condi-
tions (i) to (iv) of Definition 1.

Proof: One can show that the random variables 4,0{’8(:13), 0<s<t<T,
x €R?Y j=1,...,d, belong to the Sobolev space D12, with respect to the
product measure P x (). Let us denote by Dg the derivative operator with

respect to the Brownian motion b. We have the following linear equation
for the derivative of ¢, (), for 0 € [s,1], 1 < i,k < d,

[
Dhgi (@) = oulpro(@) — / /S Vi (A, 01 (2)) Doy, () M (dr, dN)
d 16
ns / Vou(h oy (x) Dby (x)by(dr). (4.12)
[

Let us denote by v, () the Malliavin matrix of the random vector ¢, ,(z),
that is, ’

V(o) = Z Dfgi (x) Dy ((x)df .
k=1v"%

By means of the techniques of the partial Malliavin calculus it follows that
(see Theorem 4.2 in [20]) almost surely the marginal law of ¢, ((z) is ab-
solutely continuous with respect to the Lebesgue measure in R¢ for all
0<s<t<T,and z € R? if almost surely we have

detv,, (o) >0, ¥V 0<s<t<T,xzeR% (4.13)

Condition (4.13) is an immediate consequence of (4.12). In fact, notice first
that we can choose a version of the derivative Dy, ((x) which is continuous
in s <@ <t and in z. Then, let v be a unit vector in R? such that

U’ngt )V Z/ ZDGQOts da_o
S =1

This implies ZZ | Dbt s(x)vi = 0 for each k and 6, and choosing ¢ = s we

get Zi:l ik (@1, s(w))v; = 0 which implies v = 0. Hence, (4.13) holds.
Properties (i) to (iv) of Definition 1 hold trivially due to the fact that
T} s is a stochastic semigroup. [
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The forward and backward Kolmogorov equations can be written as
follows in terms of the stochastic kernel p(s,t,y, z):

Jlrtstann i = / |, vt 2wt )9 F )y
+/s /de (r,t,y, 2) A f(y)dydr, (4.14)

p(s, t,y, ) f(y)dy = f(x)+ t v(dr, x) Vzpsry, x) f(y)dy
/ / Aupls,ry,2) f(y)dydr.  (4.15)

Equation (4.14) is the weak formulation of the following stochastic partial
differential equation where the stochastic integral is interpreted as an It6
backward stochastic integral:

p(ds,y) = Ayp(s,y)ds + p(s,y)v(ds,y) - Vy,

(see, for example, [12, Chapter 6]). Formally, as announced in the introduc-
tion, we can say that p(s,t,y,z) is the heat kernel of the operator A+v-V.
On the other hand, Equation (4.15) leads to the following evolution equation

p(s,t,y,x) =q(s,t,y, @) // (dr,2)V: [p(s, 1y, 2)]q(r,t, z,z)dz,
Rd
(4.16)
where ¢(s,t,y, ) denotes the heat kernel, that is,

z — |2

5 Estimates of a stochastic heat kernel

Let ¢, ;(x) be the stochastic flow solution of Equation (4.3), and denote by
p(s,t,y, ) its associated stochastic kernel. In this section we will show that,
under suitable assumptions, the stochastic kernel p(s,t,y,z) also satisfies
conditions (v)p, (vi), and (vii), for all p > 2. Condition (v), will be a
consequence of the backward Kolmogorov evolution equation (4.16). On the
other hand, we will make use of the techniques of the Malliavin calculus in
order to provide a priori estimates for the integral of the stochastic kernel
p(s,t,y,x) in z, and to show conditions (vi), and (vii),.
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Proposition 10 We assume the coercivity condition (H1). Suppose that g
1s d+ 1 times continuously differentiable in the variable x, and the following
integrability condition holds

sup /
xz JS

for any multiindex o = (a1, . .., og) with |a| < d+1, where |a| = a1 +- -+
ag. Then the stochastic kernel p(s,t,y,x) satisfies

P
sup FE </ p(s,t,y,w)dw) < 00,
t€[s,T],ycRd R4

olelg(\, z)
(a:l;l)oél - (a$d)ad

2
w(d\) < oo, (5.1)

forallp > 1.

Proof: We will denote by § the divergence operator with respect to the
Brownian motion b. Applying the integration-by-parts formula of Malliavin
calculus with respect to the Brownian motion b we deduce the following
expression for the stochastic kernel p(s,t,y, x)

p(s,t,y,x) = EQ (1{got7s(:r)>y}Ht,s(x)> ) (5'2)

where ¢, ((x)y means ¢} ((x)y’ for each coordinate i = 1,...,d, and Hs(z)
is a random variable given by

H, o(z) = 5( (’Y;:S(I)D%,s@))d 5( (V;t%s(m)DSDt,s($))df1 5(

5 ((%is(w)Ds@t,s(z))j ) )

Equation (5.2) follows from the duality relationship between the derivative
and divergence operators and from the fact that

ad

Let o be a subset of the set of indexes {1,...,d}. Clearly
o o]
0z1.. .azd1{Z"<yi,ieo,zi>yi,i¢a} = (=179 (2),
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where |o| is the cardinality of . Hence, for every o we can write the following
alternative formula for the kernel p(s,t,y, z)

p(s, 1.9, 0) = (D7 Eq (Lt )<yt icapt, (0ot Hes@)) . (5.3)

Consider the following decomposition

/de(s,t,y,w)dﬂcZ > /p(s,t,y,x)dw,
ay 7 Qe

oc{1,...,
where (), denotes the region
Qe ={zecRi:zi<ylicoz' >y ido}

Set

Bys = —/ /Sg(Av(pt,r(x))M(drv d>\)+/ (1 (x))b(dr). (5.4)

Then, ¢, (r) =  + Bys. If © € Q, we use the expression for p(s,t,y, )
given in (5.3). In this way we obtain for z € Q,

p(s:ty,x) < Eq (1{90§,5(fv)>y'i,iea,@i,s(w)<yi,i¢0}‘Htvs(x)|>

< EQ (1{xi—yi>—Bi iEU,wi—yi<—B§78,i€a}|Ht78($)|)

t,s?

<FE 1 o i o i H,

=Q < {e|””2*y”<eBtvS,iea,e|11*yl|<eiB’/vS,iQJ}‘ t’s(x”)

< =h iy = | Xt -2 | | o
e i= —s ex — X

= Q p \/t_iS o t,s < t,s t,s

Integrating the above expression over (), summing over o, taking the math-
ematical expectation of the power p and using Cauchy-Schwartz inequality
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yields

([ s

9d(p=1) (4 — 5)5(P—1)

PR
X Z (/ 6727:1 Vs d:v)

IN

oc{1,....d}

P » .
X sup F | ex _ Bt + B H, ()P
sup B\ exp | e | =D Bis 4 D Bl | | [His(o)]

€0 o
dp

< 2D — 5)72

X Z sup | Eexp — ZB +ZB§75

oC{1,...,d} T€Qo €0 iZo
|| H s ()15,

Note that if My = =", Bf , + >ido B ,, then the quadratic variation of
this martingale is

2

// Zgz  Prr(2 Zgz P (T))| p(dN)dr

i€ 1o
2
+zz/ > auloep (@) = ooy w)| dr
S |ico o
= 2d(t —s),

because oo* =X =1 — %G. As a consequence, we obtain

FEexp

Z B+ Z By, < exp(4p*d),

i¢o
and
p
B ([ plstnaids) < i 0% sup i)l
R4 z€eRd
We claim that for all p > 2 we have

ol

sup |[[Hes(z)|p, < C(t —s)~
s<t,xcRd
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for some constant C' > 0. This inequality would complete the proof. In
order to show (5.5) we proceed as follows. Set for j =1,...,d

B j
Hj=19 <<7¢is(m)D¢t,s($)) Hj_1> )

and Hy = 1. Then Hy = H;4(z). With this notation we can write for
j=1,....d

Hy = (13 De1@) Hia = ((D (1] Hir) - Denate)))
=A;H; 1+ (DHj_1, By),

where for j =1,...,d,

5= (171 D) = (D) 0y Do) (5:6)
and ,
By =~ (1] Do) (5.7)
By Holder’s inequality for the Sobolev norms in the Wiener space, for each
integer k > 0 and each real pl we can write for j =1,...,d

| Hjllkp < Crp (145 lk,2p 1 Hj—1

k2p | Bjllk2pll Hi—1llk+1,2p) -

As a consequence in order to prove the inequality (5.5) it suffices to show
that for j =1,...,d

1
Al g—j 20541, < cr(t — )72, (5.8)
and for j =2,....,d
1
|1 Bjllg—j,2a-s+1, < ca(t — ) 2. (5.9)

From formulas (5.6) and (5.7) and using Holder’s inequality it follows that,
for each integer k£ > 0, each real pl and each index j =1,...,d, we have

1Ajllkp < Chiyp

7;tl,s(ﬂc) le+1,2pl| Dot o () lkt1,2p
IBjllky < Crp

2L o l2pll D (@) 2

Hence, in order to show (5.8) and (5.9) it suffices to check that for each pl
and k=1,...,d+1,

gy @ llep < crp(t =) (5.10)
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and 1
||D30t,s(l‘) k,p < Ck,p(t - 5)5- (511)
Property (5.11) follows from the estimate

sup E <|D§11 ---Dg’ngtﬁ(:ﬂﬂp) <o (5.12)
2,0<s<t<T,01,..0k E[5,t],1<j1,....jx <d

This estimate can be easily checked using Burkholder’s inequality and con-
dition (5.1). In fact, condition (5.1) together with the coercivity hypothesis
(H1) imply that G and ¢ have d 4+ 1 bounded derivatives. In order to show
the estimate (5.10), taking into account (5.11) and the formula for the deriv-
ative of the inverse of a matrix, it suffices to show that for any p > 2 we
have

o @ lle < et =97, (5.13)
and this follows from
I (detrg, o) llp < clt—s) (5.14)

The proof of the inequality (5.14) requires some computations. Set

— 3 t
['= nf v, @

We can write

—p o) . 1
E <(det%t,5<m>) > = /0 py" P <det%pt,s<x> < y> dy

e 1
< / pyP~ P <Fd < > dy.
0 Y

We have for any unit vector v

2
d el d
CEPNELEDY / > WDl ()| db
i=17% |j=1
d (t—s)h+s d o 2
=y / S viDjg ()| do
i=1"9% j=1
¢ d_ p(t—s)hts| 4 y 2
>2(t—s)h—2/ > WG| de
i=1v" j=1
€ (t—s)h+s
> S-sh- [ (GouPas,
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where h € [0, 1] and
y 0 |
Gt = = [ [ Voo @)Dig ) M(ar.

9 .
+ [ V030 o (@) Dy (a0l

We decompose the previous integral as follows

& 1
/ pyP 1P <Fd < > dy
0 Y

()" 1

e(t—s

:/ pyP 1P <Fd < ) dy
0 Yy

oo (t—s)h+s 1
+/ Y (t—s)h—/ |Go,s|*df < S dy

(755)
< <€(t4_8)>pd + o.

In order to estimate the integral ® we will take a value of h depending on ,

d
that is, h = —-2—y~1/4. Notice that for y > <L> we have h < 1. With

€

2

e(t—s) e(t—s)
this value of A we obtain for g > pd

00 . (t—s)h+s ) 1
o < /( ([ G )y

)
00 . (t—s)h+s
§/< \ )dpy”HdE / |Go,s[*df

E =)
o) 4

SC/ \ JPYyPT T ddy
(5(t—s)>

=C'(t— )7,

q

This completes the proof of the proposition. [

In a similar way we can check conditions (vi), and (vii)p.

Proposition 11 Suppose that g is d + 3 times continuously differentiable
i the variable z, and the following integrability condition holds

/ dlolg(A, z)
" S [(@xhyer - (9ad)oa

w(dA) < oo, (5.15)
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for any multiindex o = (a1, . . ., ag) with |a| < d+ 3, where |a| = a1 +- -+
ag. Then the stochastic kernel p(s,t,y,x) satisfies condition (vi), and

p
SupE / |D5,>\p(s,t,$,z)DS,/\p(s,t,y,z)|,u(d)\)dzd:17 < 02p72(t—$)_p’
Y SxRIxRE
(5.16)
forallp > 1.

Proof: We recall that D, denotes the derivative with respect to the
Gaussian measure M. From the expression (5.2) for the density p(s,t,y, x)
it follows easily that p(s,t,y,z) belongs to the Sobolev space D2, and its
derivative for 6 € [s,t] is given by

D@,)\p(satayax) = EQ (1{gotys($)y}D0,)\Ht,s($)>

+Eq (1{%,8(@@/}‘1&,5(%)) , (5.17)

where U, ¢(x) is the random variable

d

Viale) =6 (((v% (z>_1Dwt,s($)>jDe,A@i,s(w)Ht,s(x)>-

Jj=1

From Equation (5.17) it is not difficult to show that property (vi), holds.
On the other hand, applying the operator D, \ to Equation(4.14) yields

/ Daxpls — e, ty,2)f(y)dy = / p(s,t,9,2)V £ (9)g(A y)dy
Rd
/ / Dasp(r,t,y, 2)v(dr, 1)V £ (y)dy
[ [ Dosvtrt sy,

and letting € tend to zero we obtain

Dgp(s,t,y,x) = —div [p(s, t,y,2)g(\, v)] -

Hence, in order to show (5.16) we have to estimate the following quantities:

p
A =F / |Vap(s,t,x, 2)| |Vyp(s, t,y, 2)| dzdx|
RIxR4
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p
Ay=FE '/ |Vyp(s,t,y,z)| dz
Rd

)

p
Ay =E

I

/Rd iy |Vyp(s,t,z,2)|p(s,t,y, z)dzdx
X

The most difficult term is the first one. We will give some ideas about the
estimation of this term and for the others one can use a similar procedure.
Using the integration-by-parts formula of Malliavin calculus yields

0 .
a ] (S t x Z) EQ <1{%,S(z)w}Hg7s(z)),

where Ht] 4(2) is the random variable

; J
1, =8 (15,0 Do0sl) Hinle))
Given two subsets o, 7 of {1,...,d} define

Qor = {(x,2) ERIXRY: gl <2 ico,al>2id o
Jo< yjernd >yl jér)

If (z,2) € Qp,r we will write

O (st )2 p(s by, 2)
a.’,Ujp 5,1,%,% 8ykp $0,Y,

< Eq (1{cp§“§(z)<xi,iea,¢§’s(z)>a:i,iea}|Hg,s(z)|)
xEq (1{90%,5(Z)>yi,iET,api,s(z)<y",i¢T}’Hf,s(z)’)
< Eq (1{zz‘—xi<—3;‘S(z),iea,xi—zi@;‘S(z chf}|Hj (Z)|)
xEq ( {yi—2i<Bj €T zi—yi<— Bts,zgff}’ ’)
< ‘Em%%( Mes@)| Ff (2 ) o (MO, ().

where By 4(2) has been defined in (5.4),

Mt,s(z) =

t—S ZBts +ZB§,5(Z) )

1€0 ifo
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and
1 . .
Nis(z) = == | Y _Bi.(2) = >_Bi.(2)
t=s 1ET €T
Integrating on @)y -, summing with respect to the sets o, 7, taking the ex-

pectation of the power p, and using Hoélder’s inequality we obtain, as in the
proof of Proposition 10,

=(/
R xR4

< cte—osw ||| B|Hke)| |

oxJ

p
ap(s,t,m,z)aijkp(s,t,y,z) dzd:z:)

It holds that Hl'{tj,s(z)H4 < Ot — s)~%271/2 and, as a consequence we
p

obtain 41 < C(t—s)7P. O
Let us show condition (v),, using the backward Kolmogorov equation.

Proposition 12 Suppose that g satisfies condition (5.1) and the coercivity
condition (H1). Then for all p > 2

P
supE | sup / p(s,t,y,x)de | < oc.
5Y tE[S,T} Rd

Proof: Integrating with respect to z all terms in Equation (4.16) and
using the integration by parts formula yields

t
/p(s,t,y,x)dx = 1+// v(dr, 2)V,p(s, 1y, 2)dz
R4 s JRd
t
= 1—// divu(dr, 2)p(s,r,y, 2)dz
s JRd

= 1- / t /S ( /R d divg(A,z)p(s,r,y,z)dz) M(dr, d)).

Applying Doob’s maximal inequality Burkholder’s inequality we obtain for
any t1 > s
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p
E | sup / p(s,t,y,z)dx
te[s,t1] /RE

t1 2 p/2
< G, 1+E/ /</ divg(A,z)p(s,r,y,z)dz) w(dX\)dr
s S R4
t 2 p/2
< G 1+k:E/ (/ p(s,r,y,z)dz) dr ,
s Rd
where

p/2

k= sup / divg(h, 2)/? (dN)
z |Js

p
Set ®(t1) = F (SUPte[s,tl] Jrap(s,t,y, J:)dﬂ:) . We have proved that

B(ty) < C, <1 + k/:l @(r)dr) .

Finally, Gronwall’s lemma allows to conclude the proof. Notice that we need
to assume that supycp, 7 E (fRd p(s,t,y,m)d:n)p is finite, and this property
follows from Proposition 10. [

6 Equivalence of Evolution and Weak equations

Suppose that p(s,t,y, z) is the stochastic kernel introduced in Proposition 9.
That is, p(s,t,y,x) is the marginal probability density @ [apt’s (z) € dy] /dy
of the backward stochastic flow ¢ criven by the vector field —v + ob. By
Equation (4.15) we know that p(s,t,y, z) is the fundamental solution (in the
variables x,t) of the equation

u(dt,z) = Agu (t,z)dt + v (dt,z) - Vau (t, ).

The purpose of this section is to show that the evolution solution to Equation
(1.1) obtained in Theorem 7 is a weak solution to the following stochastic
partial differential equation

duy = Agu (t,z)dt +v (dt,z) - Veu (t,z) + F(t,z,u (t,z))W(dt,z). (6.1)

Let us first introduce the notion of weak solution:
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Definition 3 Let u = {u(t,ac) ,t€[0,T],x € Rd} be an adapted random
field such that EfOT |u(s)|l3ds < oo . Suppose that the Gaussian random
field v(t,z) and W (t,x) satisfy conditions (4.1) and (2.1) respectively. We
say that w is a weak solution to (6.1) if for every ¢ € C;° (Rd) we have

Rdgb(x)u(t,x)dx: Rdgb(x)uo (a:)dx+/0 /Rdu(t,w)Aqﬁ(x)dx
—/ / u(s,z)div ¢ (x) v (ds,z)] dx
0 JRd
+/0 /Rdu(s,x)W(ds,x)gb(x) dz. (6.2)

Under condition (2.1) the second stochastic integral in Equation (6.2) is
well-defined. Moreover, under condition (4.1) the first stochastic integral in
equation (6.2) is also well-defined as:

t
/ / u (t,x)div [¢ () v (ds, z)] dz
0 JR4
= [ [ ] us.2)16 (@) divg () + Vo (0) Vg (0 )] M (ds, ) da
0 S JR4

Theorem 13 Assume the velocity field v satisfies the coercivity condition
(H1), and condition (5.15). If u is the evolution solution of Equation (1.4),
then it is a weak solution of (6.1) in the sense of Definition 3.

Proof : Assume that u is the evolution solution to Equation (1.4). The
evolution equation (1.4) can be written in the following way using the sto-
chastic semigroup T3 s:

w(t,) = Thouo(x) + /[0 T B @ a0 @, ), 69

where Fg(u) denotes the random function F'(s,y,u(s,y)). We are going to
use the fact that if ¢ > s, then 7T} ¢ satisfies the backward Kolmogorov equa-
tion (4.8). Notice that this equation holds for any function f in L2(R%). In-
deed, using the fact that the kernel p is in C? (Rd), we have that V2T, . f (z) =

Vi [p(s,ry, @) f(y)dy = [dyf (y) Vap(s,r,y,z). As a consequence, we
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obtain:
w(tz) = uolw)+ /0 T, guo()o(dr, ) + /O AT, gt (x)dr
~|—/[07t]XSF(s,m,u(s,m))a()\,:r)M(ds,d)\)
o ([ VT 1E a0 o)) s, )
o (/ AT, [P (u) a(N)] (@) ) M(ds, 0N,

Fix a test function ¢ in C;° (Rd). Multiplying the above equation by ¢,
integrating with respect to x and using integration by parts yields

(u(t),¢) = (uo, )

Vo(z)T; guo(z)v(dr, z)dx

()T ouo(z)dive(dr, z)dx + /t (A¢, Ty oug) dr
0

+/Rd/ o(z)F (s,z,u(s,x)) a(A x)M(ds, d\)dx
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where (-,-) denotes the scalar product in L?( R%). Now we apply Fubini’s
theorem and we obtain

(u(t),0) = (uo,9)
—/ /V(Z)(J:)Tr,oug(x)v(dr,x)dx
R Jo

¢ t
—/ / o(x) T ouo(z)dive(dr, z)dx +/ (A¢, Ty oug) dr
Re Jo 0

—i—/Rd /[OJ]XS¢($)F(s,x,u(s,x))a()\,x)M(ds,d)\)dx

t
- [ Vot /O ( /[0 Bl @ a0y (x)M(ds,dA)) o(dr, )

t
— /]Rd qS(:E)/O (/[o,r]xSTm [Fs (u) a(N)] (m)M(ds,dA)) divo(dr, z)dx
t
+ y Aqb(a:)/o (/[;),T‘]XSTT’S [Fs (u) a(N)] ($)M(ds,d)\)> drdz.
Using (6.3) yields
w®.0) = (wd)+ [ /[0 o P 2,2 a0 )M (s, N
t
—/ Vo(x)u(r,z)v(dr,x)dx
0 JRd
t
—/ o(x)u(r, z)divo(dr, z)dz
0 JRd
t
+/0 y A¢(z)u(r, z)drdz.

which is exactly Equation (6.2). O
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