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Abstract

This paper is concerned with two related types of directed polymers in a random
medium. The first one is a d-dimensional Brownian motion living in a random en-
vironment which is white-noise in time and homogeneous in space. The second is a
continuous-time discrete-space Markov process on Z%, in a random environment with
similar properties as in continuous space, albeit defined only on Ry x Z?. The case of a
space-time white noise environment can be achieved in this second setting. By means
of some Gaussian tools, we estimate the free energy of these models at low tempera-
ture, and give some further information on the strong disorder regime of the objects

under consideration.
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1 Introduction

1.1 Background, models, and motivation

Models for directed polymers in a random environment have been introduced in the physical
literature [10, 13, 14, 19| for two main reasons. First, they provide a reasonably realistic
model of a particle under the influence of a random medium, for which a number of natural
questions can be posed, in terms of the asymptotic behavior for the path of the particle. The
second point is that, in spite of the fact that polymers seem to be some more complicated
objects than other disordered systems such as spin glasses, a lot more can be said about their
behavior in the low temperature regime, as pointed out in [11, 13]. At a mathematical level,
after two decades of efforts, a substantial amount of information about different models of
polymer is now available, either in discrete or continuous space settings (see [8, 18, 20] and
[3, 17] respectively).

The current article can be seen as a part of this global project consisting in describing
precisely the polymer’s asymptotic behavior, beyond the spin glass case. Except for some toy
models such as the REM or GREM |2, 22], little is known about the low temperature behavior
of the free energy for spin glasses systems, at least at a completely rigorous level. We shall
see in this paper that polymer models are amenable to computations in this direction: we
work to obtain some sharp estimates on the free energy of two different kind of polymers in
continuous time, for which some scaling arguments seem to bring more information than in
the discrete time setting. Here, in a strict polymer sense, time can also be interpreted as the
length parameter of a directed polymer.

A word about random media appellations: we believe the term “random environment”
normally implies that the underlying randomness is allowed to change over time; the appel-
lation “random scenery” or “random landscape” is more specifically used for an environment
that does not change over time; the models we consider herein fall under the time-varying
“environment” umbrella. We now give some brief specifics about these models.

1. We first consider a Brownian polymer in a Gaussian environment: the polymer itself
is modeled by a Brownian motion b = {b;t > 0}, defined on a complete filtered
probability space (C,F, (F¢)i>0, (P)zera), where P stands for the Wiener measure
starting from the initial condition x. The corresponding expected value is denoted by
EY. or simply by E, when z = 0.

The random environment is represented by a centered Gaussian random field W in-
dexed by R, xR¢, defined on another independent complete probability space (2, G, P).
Denoting by E the expected value with respect to P, the covariance structure of W is
given by

E[W(t,2)W(s,y)] = (tAs) - Qz —y), (1)
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for a given homogeneous covariance function @ : R? — R satisfying some regu-
larity conditions that will be specified later on. In particular, the function ¢ —
[Q(0)]~Y2W (¢, ) will be a standard Brownian motion for any fixed z € R?; for every
fixed t € R, the process x + t~Y/2IW(t,x) is a homogeneous Gaussian field on R?
with covariance function ). Notice that the homogeneity assumption is made here for
sake of readability, but could be weakened for almost all the results we will show. The
interested reader can consult [12] for the types of tools needed for such generalizations.

Once b and W are defined, the polymer measure itself can be described as follows:
for any ¢ > 0, the energy of a given path (or configuration) b on [0, ] is given by the
Hamiltonian

—m@—gwmwm 2)

A completely rigorous meaning for this integral will be given in the next section, but
for the moment, observe that for any fixed path b, H;(b) is a centered Gaussian random
variable with variance tQ(0). Based on this Hamiltonian, for any x € R and a given
constant 3 (interpreted as the inverse of the temperature of the system), we define our
(random) polymer measure G7 (with G; := G?) as follows:

e—BH:(b)

dGy(b) = ——dB(b),  with 2] = B} [e=PHO)] (3)
t

. The second model we consider in this article is a general continuous time process on the
discrete lattice Z? in a white noise potential: the polymer is modeled by a continuous
time homogeneous Markov process b= {Bt; t > 0} on Z%, defined on a complete filtered
probability space (C, F, (Fi)io0, (pg)xezd>. The corresponding expected value will be
denoted by Ebw, or simply by E& when z = 0. Notice that b can be represented in
terms of its jump times {7;;4 > 0} and its positions {Z;;7 > 0} between the jumps, as
by = > is0Tilpr z,0)(t). Then, under ]5,;, 7o = x9 = 0, the sequence {7;,1 — 7354 > 0} is
i.i.d. with common exponential law &(p), and the sequence {Z;;i > 0} is an arbitrary
homogeneous Markov chain on Z?. We only assume that this chain has finite one-step
range, i.e. that the number ¢ of possible positions it can jump to in one step is finite.
For instance, the simple symmetric random walk jumps only to nearest neighbors, with
equal probabilities, and we have p = 2d and q = 2d.

In this context, the random environment W will be defined as a sequence {W(, 2);z €
Z%} of Brownian motions, defined on another independent complete probability space
(€, G, P). Just like in the Brownian case described above, the covariance structure we
assume on W is of the following type:

A A

B W (L 2)W(s,y)| = [t A 8] Qo ), (4)



for a covariance function @ defined on Z?. Note that the case where Q (z) = 0 for all z
except Q (0) > 0, is the case where Brownian motions in the family {W (-, 2);z € Z}
are independent, i.e. the case of space-time white noise. The Hamiltonian of our
system can be defined formally similarly to the continuous case, as

_Ht /WdSb

Notice however that, since b is a piecewise constant function, the Hamiltonian ﬁt(i))
can also be written as

—Ht Z W Tz+1> W<Ti7 xi), (5)

where V; designates the number of jumps of b before time t, and TN+l = t by conven-
tion. Once the Hamiltonian H, is defined, a Gibbs-type measure G, can be introduced
similarly to (3) in the Brownian case.

As mentioned before, our aim in this article is to give some sharp estimates on the free
energies p(f) and p(f) of the two systems described above, for large 5. The quantities of
interest are defined asymptotically as

p(5) = lim TBllog(Z)), and  p(8) = im 1B lox(Z)]

it is known (see e.g. [20] for the Brownian case) that the limits above, which are often called
Lyapunov exponents, exist, are positive, and are both bounded from above by Q(0)3%/2.
It is then possible to separate a region of weak disorder from a region of strong disorder
according to the value of p(f): we will say that the polymer is in the weak disorder regime
if p(8) = Q(0)3?/2, while the strong disorder regime is defined by the strict inequality
p(B) < Q(0)3?/2. These two notions have some nice interpretations in terms of the behavior
of the particle under the Gibbs measure (see e.g. [4, 9]), and it is expected, for any model
of polymer in a random environment, that the strong disorder regime is attained whenever
[ is large enough. It is then natural to ask if one can obtain a sharper information than
p(B) < Q(0)3?/2 in the low temperature phase. Indeed, on the one hand, this may quantify
in a sense how far we are from the weak disorder regime, and how much localization there is
on our measures G, G,. On the other hand, the penalization method explained in [21] can be
roughly summarized in the following way: if one can get a sharp equivalent for the quantity
E,[e#H:®)] then this will also allow a detailed description of the limit lim, ., G;. This
latter program is of course beyond the scope of the current article, but is a good motivation
for getting some precise information about the function p(f3).



1.2 Summary of results

We now describe our main results. Our principal result in continuous space will be obtained
in terms of the regularity of () in a neighborhood of 0. In particular, we shall assume some
upper and lower bounds on () of the form

cola " < Q(0) = Q(z) < erfa™, for all 2 such that || € [0,ry), (6)

for a given exponent H € (0,1] and ry > 0. It should be noticed that condition (6) is
equivalent to assuming that W has a specific almost-sure modulus of continuity in space, of
order |z|" log'/? (1/ |z|), i.e. barely failing to be H-Holder continuous (see [23] for details).
Then, under these conditions, we will get the following conclusions.

Theorem 1.1. Assume that the function @ satisfies condition (6). Then the following hold
true:

1. If H € [1/2,1], we have for some constants Cy 4 and Cy 4 depending only on Q) and d,
forall 5 > 1,
CoaB*? < p(B) < Oy 48> 2H/BHD),

2. If H € (0,1/2], we have for some constants B, Cy,4, and C1, depending only on Q
and d, for all B > Bo,

ChaB/H1) < p(B) < € 5220/,

Corresponding almost sure results on ¢t 'E [log(Z;)] also hold, as seen in Corollary 1.3
and Proposition 2.1 below. Let us make a few elementary comments about the above the-
orem’s bounds, which are also summarized in Figure 1.2. First of all, the exponent of 3
in those estimates is decreasing with H, which seems to indicate a stronger disorder when
the Gaussian field W is smoother in space. Furthermore, in the case H € [1/2,1], the gap
between the two estimates decreases as H increases to 1; for H = 1/2, we get bounds with
the powers of 5 equal to 4/3 and 8/5; and for H = 1, the bounds are 4/3 and 3/2. It should
be noted that the case H = 1/2 is our least sharp result, while the case H = 1 yields the
lowest power of 3; one should not expect lower powers for any potential W even if W is so
smooth that it is C* in space: indeed, unless W is highly degenerate, the lower bound in (6)
should hold with H = 1, while the upper bound will automatically be satisfied with H = 1.
The case of small H is more interesting. Indeed, we can rewrite the lower and upper bounds
above as

C(l),d62_2H+F(H) < p(ﬁ) < Ci7d52_2H+G(H)

where the functions F' and G satisfy F (z) = 222 + O (23) and G (z) = 622 + O (2?) for x

ﬁ?—?H

near 0. We therefore see that the asymptotic is quite sharp for small H, but that the
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Figure 1: Exponent of 3 in p(() as a function of H

second order term in the expansion of the power of [ for small H, while bounded, is always
positive.

Using ideas introduced in [12] to deal with spatially non-homogeneous media, it is possible
to extend Theorem 1.1. The reader will check that the first of the following two corollaries
is trivial to prove using the tools in this article. The second corollary requires techniques in
[12], and can also be proved directly by using sub-Gaussian concentration results (see [27]).
We do not give any details of its proof, for the sake of conciseness. Neither corollary assumes
that TV is spatially homogeneous. One will note that no assertion on the existence of p () is
made in these corollaries, but that the first corollary already implies strong disorder for large
3 in the sense that limsup ¢ 'E [log(Z;)] < 5%Q (0) /2. [12] can be consulted for conditions
under which p () exists even if W is not spatially homogeneous.

Corollary 1.2. In the non homogeneous case, the following bounds are satisfied:

e [Upper bound] Assume that for some r1,c; > 0, for all z,y € R? such that |z — y| < rq,
the spatial canonical metric of W is bounded above as

0% (z,y) =B [(W (L,2) = W (1,y))*] <er o —y[*".

Then, replacing p (8) by limsup, .t~ "B [log(Z;)], the two upper bound results in The-
orem 1.1 hold.

e [Lower bound] Assume that for some rg, co > 0, for all x,y € RY such that |z — y| < ro,
we have
6% (z,y) == E[(W (1,2) = W (1,y))*] > colx —y|*".
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Then, replacing p (B) by liminfs .., t'E [log(Z;)], the two lower bound results in The-
orem 1.1 hold.

Corollary 1.3. Under the hypotheses of Corollary 1.2, its conclusions also hold P-almost
surely with limsupg_, . t7'E [log(Z;)] replaced by limsupy_, .t~ log(Z;), and similarly for
the liminf ’s.

Since our estimates become sharper as H — 0, and also due to the fact that the behavior
of p(B) is nearly quadratic in § for small H (i.e. approaching the weak disorder regime),
we decided to explore further the region of logarithmic spatial regularity for W, in order to
determine whether one ever leaves the strong disorder regime. Namely, we also examine the
situation of a covariance function () for which there exist positive constants ¢y, ¢i, and rq
such that for all x with |z| < rq,

colog™ (1/ |z]) < Q(0) — Q(2) < c1log™ (1/ |a]) (7)

where 7y is a given positive exponent. Assumption (7) implies that W is not spatially Hoélder-
continuous for any exponent H € (0, 1]. Moreover, the theory of Gaussian regularity implies
that, if v > 1/2, W is almost-surely continuous in space, with modulus of continuity propor-
tional to log="*/2 (1/ |z|), while if v < 1/2, W is almost-surely not uniformly continuous on
any interval in space, and in fact is unbounded on any interval. We will then establish the
following result, which is optimal, up to multiplicative constants.

Theorem 1.4. Assume condition (7) where v > 0. We have for some constants Dy 4 and
D, 4 depending only on QQ and d, for all 3 large enough,

Do ,a3*log™® (B) < p(B) < D1,4B°log™" (8).

Besides giving a sharp result up to constants for the free energy p(/3), the last result will
allow us to make a link between our Brownian model and the discrete-space Markov process
polymer described by the Hamiltonian (5). Indeed, the following result will also be proved
in the sequel.

Theorem 1.5. Assume that there are two distinct sites e; and es in 7% which can both

be reached with positive probability after one jump of the Markov process l;, and that oo >
Q(O) — Q(el — e9) > 0, where Q has been defined in (4). Then the free energy p(3) of the
homogeneous Markov process polymer satisfies, for 5 large enough:

DyB?log™ (B) < p(B) < DiB*log™" (B), (8)

for two constants Dy and D' depending only on the covariance function Q and the the law
of the Markov process b.



Relation (8) will be obtained here thanks to some simple arguments, which allow the
extension to spatially inhomogeneous media. In the special homogeneous case of space-
time white noise (@ (z) = 0 for all  # 0), more can be said: the exact value of the limit
limg . p(B3) log (B) /3% can be computed in this situation; this result has been established
by the authors of the work in preparation [15].

In relation with the continuous space model considered in Theorem 1.4, we see that
to obtain the same behavior as with space-time white noise in discrete space, we need to
use precisely the environment W in R? with the logarithmic regularity corresponding to
v = 1/2 in (7). As mentioned before, this behavior of W happens to be exactly at the
threshold in which W becomes almost-surely discontinuous and unbounded on every interval.
Nevertheless such a W is still function-valued. Hence, for the purpose of understanding the
polymer partition function, there is no need to study the space-time white noise in continuous
space, for which W (¢,-) is not a bonafide function (only a distribution), and for which the
meaning of 7, itself is difficult to even define. Another way to interpret the coincidence
of behaviors for “space-time white noise in Ry x Z% and for “y = 1/2” is to say that
both models for W are function-valued and exhibit spatial discontinuity: indeed, in discrete
space, one extends W (t,-) to R? by making it piecewise constant, in order to preserve
independence. The fact that the limit in Theorem 1.4 depends on ~ does prove, however,
that the continuous-space polymer model under logarithmic regularity is richer than the
discrete-space one.

As in the Holder-scale continuous space setting, we have the following corollaries, in
which W is allowed to be spatially inhomogeneous. Again, we do not include proofs of these
results for the sake of conciseness.

Corollary 1.6. Assume the lower and upper bound hypotheses in Corollary 1.2 hold with
|z — y*" replaced by log™ (1/ |z — y|). Then the conclusions of Theorem 1.4 hold with p (5)
replaced by liminfg o t'E [log(Z,)] for the lower bound, and by limsup, .t 'E[log(Z;)]
for the upper bound. Almost-sure results as in Corollary 1.3 also hold.

Corollary 1.7. For the discrete-space polymer in Theorem 1.5, assume, instead on (0) >
Q (e1 — e3), that E (W (1,e1) — W (1, 62))2] > 0. Then the conclusions of Theorem 1.5 hold
with p(B) replaced by liminfs_.. t ' E[log(Z,)] for the lower bound, and with p(B) replaced
by limsupg_ t~'E[log(Z,)] for the upper bound. Almost-sure results as in Corollary 1.3
also hold.

Let us say a few words now about the methodology we have used in order to get our
results. It is inspired by the literature on Lyapunov exponents for stochastic PDEs [5, 6, 7,
12, 25, 26]; our upper bound results rely heavily on the estimation of the supremum of some
well-chosen Gaussian fields, using such results as Dudley’s so-called entropy upper bound,
and the Borell-Sudakov inequality (see [1] or [27]); our lower bound results are obtained
more “by hand”, by isolating very simple polymer configurations b or b which maximize
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the random medium’s increments in the Hamiltonian H, (b) or H,(b), and showing that
these configurations contain enough weight to provide lower bounds. It turns out that these
estimation procedures works better when the configuration b is simple enough, such as a
piecewise constant or linear function. For the upper bound in the continuous case, a careful
discretization of our Brownian path will thus have to be performed in order to get our main
results; the resulting proof cannot exploit the discrete case itself because of the different
nature of the discrete and continuous environments.

Some of the techniques in this paper are inspired by the work [12] in one-dimensional con-
tinuous space; however, we have implemented a more efficient use of Gaussian tools, based
fully on the idea of concentration initiated in [20]; as a consequence, our results are improve-
ments over those in [12] in terms of being quantitatively sharper, of handling d-dimensional
space explicitly, and also in terms of having more elegant and much shorter proofs. In the
special discrete-space case where b is taken to be the simple symmetric random walk, the re-
sults in Section 4 herein can be derived using a scaling argument via known results, e.g. from
[5]; however, our results are more general, as they show that the the Lyapunov exponent or-
der 3?log™2 f3 for the simple symmetric random walk is actually a universal property for any
polymer based on a Markov process in discrete space; in addition, based on continuous-space
ideas in [12], our discrete results extend easily (in slightly weaker form) to non-homogeneous
potentials, an extension which cannot be obtained using techniques such as in [5]; lastly, our
proofs in Section 4, using again the full force of Gaussian concentration, are significantly
shorter and more efficient than in previous works.

The structure of the article is as follows: Section 2 contains preliminary information on
the partition function. Section 3 deals with the Brownian polymer. Section 4 covers the
discrete-space polymer.

2 Preliminaries; the partition function

In this section, we will first recall some basic facts about the definition and the simplest
properties of the partition functions Z; and Z; which have been already considered in the
introduction. We will also give briefly some notions of Gaussian analysis which will be used
later on.

We begin with basic information about the partition function of the Brownian polymer.
Recall that W is a centered Gaussian field on R, x R? defined by its covariance structure
(1). The Hamiltonian H;(b) given by (2) can be defined more rigorously through a Fourier
transform procedure: there exists (see e.g. [7] for further details) a centered Gaussian
independently scattered C-valued measure v on R, x R such that

Wit z) = / Lo (5)e™ v (ds, du), (9)
Ry xR
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where the simple notation uz stands for the inner product u-z in RY. For every test function
f:Ry xR? — C, set now

v(f) E/R . f(s,u)v(ds,du). (10)

While the random variable v (f) may be complex-valued, to ensure that it is real valued, it
is sufficient to assume that f is of the form f (s, u) = fi (s) e®2() for real valued functions
f1 and f5. Then the law of v is defined by the following covariance structure: for any such
test functions f,g: R, x RY — C, we have

BU(vio] = [ fsnalmQnds (1)

where the finite positive measure @ is the Fourier transform of Q (see [24] for details).

From (9), we see that the It6 stochastic differential of W in time can be understood
as W (ds,z) := [ _pa€"“"v(ds,du), or even, if the measure Q (du) has a density f (u) with
respect to the Lebesgue measure, which is typical, as

W (ds,x) :== e/ f () M (ds, du)
u€Rd
where M is a white-noise measure on R, x R%, i.e. a centered independently scattered
Gaussian measure with covariance given by E [M (A) M (B)] = mre (AN B) where myp., is
Lebesgue’s measure on R, x R
We can go back now to the definition of H;(b): invoking the representation (9), we can
write

—Hy(b) := /OtW(ds,bs):/Ot/Rd e"y(ds, du), (12)

taking this expression as a definition of H, (b) for each fixed path b; it can be shown (see
[7]) that the right hand side of the above relation is well defined for any Holder contin-
uous path b, by a L2limit procedure. Such a limiting procedure can be adapted to the
specific case of constructing H; (b), using the natural time evolution structure; we will
not comment on this further. However, the reader will surmise that the following re-
mark, given for the sake of illustration, can be useful: when Q has a density f, we obtain

—H,(b) = ff[o,t]de ebs\/f (u)M (ds, du) .

We use as the definition of the partition function Z7F, its expression in (3), and set its

expectation under P as
1
nlB) = ;Ellog (7)), (13)

usually called the free energy of the system. It is easily seen that p,(/3) is independent of the
initial condition € R?, thanks to the spatial homogeneity of W. Thus, in the remainder
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of the paper, z will be understood as 0 when not specified, and Ej, Z; will stand for EP, Z?,
etc... We summarize some basic results on p;(f) and Z; established in [20] using Gaussian
concentration.

Proposition 2.1. For all § > 0 there exists a constant p(3) > 0 such that

p(B) := lim p,(3) = sup p:(5). (14)

t—o0 t>0
Furthermore, the function p satisfies:
1. The map B — p(B) is a convex nondecreasing function on R, .

2. The following upper bound holds true:

62
v(9) < Q). (15)
3. P-almost surely, we have
1

For the discrete-space polymer on Z%, the Hamiltonian ]:It(l;) is easier to define, and can
be expressed in a simple way by (5). Recall then that Z;, p;(3) are defined as:

7, = E’,; [e_ﬁi(i’)} . and p(B) =E [log(ZAt)} :
Then, using the same kind of arguments as in [20] (see also [15]), we get the following:

Proposition 2.2. The same conclusions as in Proposition 2.1 hold true for the homogeneous
Markov process polymer b.

Proof. The proof of Proposition 2.1 above, given in [20] using Gaussian concentration, is
easily adapted to the case where b is an arbitrary homogeneous Markov process, to yield this
proposition. We omit the details. m

3 Estimates of the free energy: continuous space

In this section, we will proceed to the proof of Theorems 1.1 and, 1.4, by means of some
estimates for some well-chosen Gaussian random fields.

The hypothesis we use guarantees that there is some H € (0,1) such that W is no
more than H-Holder continuous in space. Accordingly, we define the homogeneous spatial
canonical metric 6 of W by

3z —y) =E[(W(l,z) - W(1,y)°] =2(Q0) — Q(z —y)), (17)

11



for all 2,y € R? Our hypotheses on § translate immediately into statements about Q via
this formula.

In our results below, we have also tried to specify the dependence of our constants on the
dimension of the space variable. An interesting point in that respect is given in the lower
bound of Subsection 3.2 below, which has to do with weak versus strong disorder in very
high-dimensional cases.

3.1 Upper bound in the Brownian case

The upper bound in Theorem 1.1 follows immediately from the following proposition, which
proves in particular that strong disorder holds for all H € (0, 1].

Proposition 3.1. Assume that there exist a number H € (0, 1] and numbers c1,11 such that
for all z,y € R* with |x — y| < ry we have

Sz —vy) <cl\x—y\H. (18)

Then there exists a constant C' depending only on QQ and a constant By depending only on r,

and d, such that for all 5 > [y,

244H

p(ﬁ) < Cd1+3H51+3H_

Proof. Let us divide the proof in several steps:

Step 1: Strategy. From relation (14), we have

p(f) < lim sup pi(/3).-
Our strategy is then to give an estimation of p;(3) for a discretized path b € eZ% that stays
close to b and proceeds only by jumps. Thanks to this substitution, and using Hélder’s and
Jensen’s inequalities, we shall obtain

E [log(%)] = E [log B, [exp (=3 [Hi(b) — Hi(B)] ) exp —3H, (D) (19)
< 2B log B, [exp (~28[H:(0) - H@])H + 5B [log B, [exp (~258,(0))]|
< %log E, {exp 232 /Ot <(5(b8 — b;)) ds] + %E [log E, [exp <—25Ht(5)>H :

Notice that the first term on the right-hand side represents the error made by considering
the discretized path b instead of b, but thanks to hypothesis (18) and the definition of b we
will easily control it.

Step 2: The discretized path. Let us describe now the discretized process we shall use in the
sequel: we will approximate the Brownian path b with a path that stays in eZ¢, where ¢ is

12



a small positive number. Let ¢/ be the j-th component of the d-dimensional path b. Let le
be the first time that b’ exits the interval (—e,¢) and T}, be the first time after 77 that
W exits (b = &by + £). So, for a fixed component j, the times (77,, — T7), are i.i.d.

and the successive positions z7 = b] , which are independent of the jump times, form a
one-dimensional symmetric random Walk on €Z in discrete time.

Now let (7,)2, be the increasing sequence of all the (77,);,, and let (z,)%°, be the
nearest neighbor path in eZ? with xy = 0 whose j-th component takes the same step as 7,
at time 7Y . We define the discretized path b as the path that jumps to site z,, at time T,
and it is constant between jumps.

Remark 3.2. At any time s, each coordinate of b is within ¢ of the corresponding one of

bs. So the distance separating the two paths is never more than ev/d. Thus we have, for all
5 >0, |by — by| < ed'/?.

Remark 3.3. Thanks to Remark 3.2 we can now control the error term we have defined at
relation (19). In fact, owing to Hypothesis (18), we have

2ltlog B, {exp 232 /Ot ((5(bs — b~s)>2 ds}

1 t i
< 5 log I, [exp <252c2 / Ibs — b5|2Hdt>} < OB,
0

where we recall that C' is a constant depending on () that can change from line to line.

Plugging this last inequality into (19), and defining

pi(B) = %E [log E, [exp (—25Ht(5)>ﬂ ,

we have thus obtained the following estimate for p;(/3):

S¥i(5). (20)

pi(B) < Cp2e*d" +
We shall try now to get some suitable bounds on pf(/3).

Step 3: Study of pi(B). Let th be the number of jumps of the j-th component of b up to
time ¢. For a multi-index k = (ky,--- ,kq) let |k| = k1 + - -+ + kg4, so the total number of
jumps of b up to time ¢ is | Ny| = N} +- - -+ NZ. Denote by S(t,n) the simplex of all possible
sequences of n jump times up to time ¢, namely

S(t,n)={t=(to, - ,tn):0=tg < --- <t, <t}. (21)

The set of the first £; jump times of the j-th component of b is a point (t]) 7, in S(t, kj).
Given the set of all jump times {ti el dsi €L, k) let {& 1€ [0, ]k + 1]}
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be the same set but ordered and with the convention ¢, = 0, f‘k‘ﬂ = t. And finally let z;
be the value of b between the two jump times #; and #,.,. Denote by P, the set of all such
sequences T = (&;);,, i.e. the set of all nearest-neighbor random walk paths of length n
starting at the origin.

Then if we fix |N;| = |k|, we can write

H(B) = X (|l (B @)

where
||

<|k’| (t,)}’“'l,( l)ikh) = Z [W(fiﬂ,i”i) — W(ti,i’i)} .

=0

Thanks to these notations, we have
() = E [log B, [exp(—26H,(b))] |
= E [log B, [exp (—26 (1N, B0, 0l))]]
So we can write the expectation with respect to b as:

Ey [exp(—28H,(b } ZE,, [exp( 28 H,(b ’]Nt\e lta(n — 1), tom]]

X By [|Vy] € [ta(n —1),tan]].

The number of jumps of the discretized path b in a given interval [0,¢] will play a crucial
role in our optimization procedure. For a parameter o > 0 which will be fixed later on, let
us thus define

Tho = {(k,1,2) : k < tna,t € S(t,k),T € Py} .

Then the following estimates will be essential for our future computations:

; t
Py [N} > nat] <exp (-5(&7’1,5)2 + tom) (22)
E {sup X (k,t, i’)} < Ktdv/na, (23)
Tn&

where K is a constant that depends on the covariance of the environment (). Inequality
(22) can be found textually in [12]: it is Proposition 22 therein with x = 1. Inequality (23)
is established identically to equation (30) in [12], with the minor difference that the total
number of paths in P, is not 2" but (2d)™, which, in the inequality above (30) near the
bottom of page 33 in [12], accounts for a factor e!*1°8(64)
the factor d in (23).

Defining Y, = supy,  X(k,t,%), we can now bound p;(3) as follows:

tp;(8) < Eflog(A+ B)] <E [(log A), | + E [(log B) ] + log 2,

= 6ed instead of e“* therein, hence

14



where

A= PB[|N;| < at]exp (2Y,), and B = Z By [[Ni| € [nat, (n + 1)at]] exp (25Ya(n+1)) .

n>1

We will now bound the terms A and B separately.

Step 4: The factor A. We can bound P, [|N;| < at] by 1 and we easily get, invoking (23),

E [(log A), ] <2BE[Y,] < 28Kdty/o. (24)

Step 5: The factor B. Let un = E [Ya(nﬂ)}. Since X is a Gaussian field and since it is easy
to show that
0% := sup Var(X(m,t,7)) < tQ(0),

(m,L,%)

the so called Borell-Sudakov inequality (see [1] or [27]) implies that, for a constant a > 0,

E [exp (a |Van — )] < 2exp (“22"2> — 2exp (“2t§(0)) | (25)

Fix now a number v € (1/2,1) and let us denote log, (B) = (log B) . We have

-

%E [log, B] =E |log, <Z Py [|Ny] € [nta, (n + 1)ta]] exp (QBYa(nH)))

n>1
<E |log, <Z By [|Ny| > nta]exp (28(Ya(mt1) — 1)) exp (26th\/oz(n + 1))) )
n>1

where we used that (23) implies p < Kdt\/(n+ 1)a. We also know that for any sequence
of non-negative reals (z,), the following holds: (3", x,)" <Y ! . Thus we have

1
t_VE [logJr B]

<E |log, (Z (B, [|Ny| > nta])" " exp <2tf(Ya(n+1) - u)) exp <2t175Kd\/m>>]

n>1

[ - 28 1=
<E |log, |d Zexp tT(Ya(n+1)—u) exp —Tyn ,

n>1

where we used estimate (22) in the following way:



and where we have obtained:
2 2
Yn = (_ac)zln) — —Zn —4BKd/a(n+1).

Now, bounding log, () from above by log(1 + z), for # > 1, and using Jensen’s inequality,
we have:

1
t_WE [logJr B] < log

_ 1=
14+d ZE {exp <i—§(Ya(n+1) — u))] exp ( t2 Vyn>] ,

n>1
_tl—v
Zexp( . yn> |
>1

ni

so, using (25), it is readily checked that

1+2d" " exp (M)

1
t_VE [logJr B} < log 1

In order for the series above to converge, we must choose « so as to compensate the negative

terms in y,. Specifically, we choose

(%5)2 — 168Kdya, ie o= (168Kd 23, (26)

With this choice, we end up with:

aeN2( 5 2dn 1
=) (”—@‘ZV”“)-

Now we note that:

V)

If we choose ¢, 3 such that Be > d 32 = % = (16K 3e)**d > 4, (27)
so that \ )
ae , M
n — — o =<V 1),
Yn = ( d ) (" > "4Vt )
and since n? — 2 — Y2 > 2 we get
7 raeN2 [, 2dn 1
D exp (_T (7) (” abe 1>)
n>1
t=7 raeN2n 1
() —
; 2 d 8 1—exp (_%tl_y (%)2>

Notice that this last term can be made smaller than 1 if ¢ is large enough. Hence we can
write a final estimate on E [log n B] as follows: for large ¢ we have

1 — 26%Q(0
t_’YE [log, B] <log [1 +2d" " exp (—628(1 )>}
2
<log(1+ 207 + 2240, (8)
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Final step. Using inequalities (24) and (28) and the value of «, we can estimate p$ () in the
following way:

pi(B) < 2BKdv/ o + 10§2 i log(1 + th_w) N 252Q(0)

ti= tv
< 2BKdya+ o(1).
So using the value of « given in (26) we have
. 64/3d2
pi(8) < OEQT +o(1), (29)

where C' is a constant that depends on @) and that can change from line to line. Putting
this result in (20) and taking the limit for ¢ — oo we get

lim sup p,(3) < C (ﬁde&QH i d254/3€*2/3) .
t—o0
In order to make this upper bound as small as possible we can choose ¢ such that
BT = PRI, e = A5 g

so that
24+4H

limsup p(8) < Cp1+sm d%,

t—00
which is the announced result. We then only need to check for what values of 3 we are
allowed to make this choice of . Condition (18) states that we must use ev/d < r;. This is
equivalent to 5 > By =: (rl)flf?’H d®/?. One can check in this case that the restriction on
g, 5 in (27) is trivially satisfied. m

3.2 Lower bound in the Brownian case

In the following proposition, which implies the lower bound in Theorem 1.1, we shall also
try to specify the dependence of the constants with respect to the dimension d. Let us
state an interesting feature of this dependence. The proof of the proposition below shows
that the results it states hold only for 8 > £y = c¢d' /2. One may ask the question of
what happens to the behavior of the partition function when the dimension is linked to the
inverse temperature via the relation § = 3y, and one allows the dimension to be very large.
The lower bounds on the value p (f) in the proposition below will then increase, and while
they must still not exceed the global bound $%Q (0) /2, the behavior for large 3 turns out
to be quadratic in many cases. The reader will check that, when H > 1/2, this translates
as p(B) > ¢B%@~H) which is quadratic when H = 1, and p(3) > ¢f? for all H < 1/2. This
is an indication that for extremely high dimensions and inverse temperatures, for H < 1/2
or H =1, strong disorder may not hold. Strong disorder for Brownian polymers may break
down for complex, infinite-dimensional polymers. This is only tangential to our presentation,
however.

17



Proposition 3.4. Recall that § has been defined at (17) and assume that there exist a number
H € (0,1] and some positive constants cy, 79 such that for all z,y € R® with |x — y| < ry,
we have

§(x—y) > ez —yl™. (30)

Then if H < 1/2, there ezists a constant C' depending only on Q, and a constant By depending
only on @ and d, such that, for all 5 > Py,

p(8) > Cd’i gre,

On the other hand if H > 1/2, there exists a constant C' depending only on Q, and a constant
By depending only on Q) and d, such that for all 5 > 5],
2H

p(B) > C'd75 s,

Proof. Here again, we divide the proof in several steps.

Step 1: Strategy. From relation (14), we have

p(B) = sup p(),

t>0

where p;(/3) is defined by equation (13). So a lower bound for p(3) will be obtained by
evaluating p,(f) for any fixed value ¢. Additionally, by the positivity of the exponential
factor in the definition of Z;, one may include as a factor inside the expectation Ej the sum
of the indicator functions of any disjoint family of events of €2,. In fact, we will need only
two events, which will give the main contribution to Z; at a logarithmic scale.

Step 2: Setup. Let A, (b) and A_(b) be two disjoints events defined on the probability space
Q, under P, which will be specified later on. Set

2t
Xy = —Hy = 5/ W(ds,b,).
0
Conditioning by the two events A, (b) and A_(b) and using Jensen’s inequality we have
E(log Z;) > log (min { P, (A4 ); P,(A)}) + E [max {Z+; Z_}] : (31)

where

Z+ = Eb [Xb | A+] and Z_ = Eb [Xb | A_] .

These two random variables form a pair of centered jointly Gaussian random variables:
indeed they are both limits of linear combinations of values of a single centered Gaussian
field. Thus this implies

B [ma (7.7 }] = L (e[ (2.~ 2)])"



Therefore we only have to choose sets A, and A_ not too small, but still decorrelated enough
so that condition (30) guarantees a certain amount of positivity in the variance of Z, — Z_.

Step 3: Choice of AL and A_. Let f be a positive increasing function. We take
Ay = {f(t) <B <2f(t),Vi=1,...,d, Vsel[t21]},

Ao ={=2f(t) <b. < —f(t),Vi=1,....d, Vs€][t,2t]}.

In other words, we force each component of our trajectory b to be, during the entire time
interval [t,2t], in one of two boxes of edge size f (t) which are at a distance of 2f (t) from
each other. Because these two boxes are symmetric about the starting point of b, the cor-
responding events have the same probability. While this probability can be calculated in
an arguably explicit way, we give here a simple lower bound argument for it. Using time
scaling, the Markov property of Brownian motion, the notation a = f () /v/t, we have

Py(AL) P, (Vs €[1,2] : b} € [a,2a)

I
=~

7

Il
—

d 2a
= H %/ P, (Vs € [0,1] : b +y € [a,2a]) e™¥/?dy
=1
d Ta/4
1 : a a 2
- N _ 2 e —y</2
2}12 /5a/4 Pb<v$€[0,1].bs+y€[y 4,y—|—4Dey dy
— [P, (b} € [a/4,7a/4)) P, (Vs € [0,1] : |b}| < a/4)]". (32)

Step 4: Estimation of Z, and Z_. It was established in [12] (inequality (18) on page 24 and
calculation following, on the same page) that in dimension d = 1

E {(Z+ )2] > 32 /QtE [(5((1::,+ - a:;_)ﬂ ds

where the quantities :U; . and z7 _ are random variables such that for all s € [t,2t]: 2}, €
[f(t),2f(t)] and z;_ € [-2f(t),—f(t)]. In dimension d > 1 the result still holds. In fact
in this case we have Ty, T € R, so it is sufficient to take each component of the Ty, in
the interval [f(t),2f(t)] and each component of % _ in [~2f(t), —f(t)], so their distance is

greater than d'/2f(t). Thus, using condition (30), we have

E{(Z+ )2} >52/2t0

where as usual C' is a constant that can change from line to line. Hence, we obtain:

B[ma {77 }] = L (6] (2~ 2)]) " 2 esvigran, o

ot —at_|"ds > ot (f(1)*" (33)
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Observe that in order to use condition (30) we have to impose f(t) < ra.

Step 5: The case H < 1/2. It is possible to prove that in this case the optimal choice for f
is f(t) = v/t, which corresponds to a = 1, so that P,(A,) is a universal constant that does
not depend on ¢. Thus we have, from (31), (32) and (34), for any ¢ > 0,
E[log Zy] _ dlogC
= >
P(b) 2t~ o
Now we may maximize the above function over all possible values of t > 0. To make things

+ CBdPT (35)

simple, we choose t so that the second term equals twice the first, yielding ¢ of the form
2—H 2
t = Cd#+1 5~ 7+, and therefore
2H

sup p(8) > Cd A G
t>0

This result holds as long as the use of condition (30) can be justified, namely as long as
f(t) < ry. This is achieved as soon as 3 > 3y where By = Cry ¥~ *d'~H/2 and since H < 1/2,
By > Cd*/4,

Step 6: The case H > 1/2. In this case we consider f(t) = ct®, for a given « € [0,1/2) and
some constant ¢ chosen below. Thus we have a = ¢t®'/2. In this case, if a is larger than a
universal constant K, the result (32) yields that, for some constant C', we have

d
Py(Ay) > Hexp(—Caz) = exp(—Cc2dt** ™).

i=1
So, using again condition (30) and relation (34) we obtain
p2t(5) > —Cd**? + CBdH/2taH—1/2’

where the constant C' may also include the factor ¢2. Again, choosing ¢ so that the second
term equals twice the first, we have

1—-H/2 _ 1
t = Cda(H—2)+3/26 a(H=2)+3/2 (36)

and so

H—1/2 __ 2a-2
Su]_O:)p2t(/B) Z Cda(H—2)+3/2/8 a(H—-2)+3/2 .
>

In order to maximize the power of 8 in the lower bound for sup,., p:(3) we should find the

maximum of the function
2 — 2«

90 = T 13
for 0 < a < 1/2. Since this function is monotone decreasing when H > 1/2, the maximum
is reached for a = 0, so g(0) = 4/3.
Recall once again that, in order to apply condition (30) in the computations above, we

had to assume f(t) < ro; since now f (¢) is the constant ¢, we only need to choose ¢ = 5.
We also had to impose a = r5t~/2 > K, which translates as 8 > 3 := (K, /r2)"> d*=H/2.
n
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3.3 Logarithmic regularity scale

As mentioned in the introduction, the special shape of our Figure 1.2 induces us to explore
the regions of low spatial regularity for W, in order to investigate some new possible scaling
in the strong disorder regime. In other words, we shall work in this section under the
assumptions that there exist positive constants co, ¢, and r1, and 5 € (0, 00), such that for
all z,y with |z — y| <,

colog™ (1/x —yl) <0 (x —y) <erlog™ (1/ |z —yl), (37)

where v > 0. Assumption (37) implies that W is not spatially Hoélder-continuous for any
exponent H € (0,1]. Moreover, the theory of Gaussian regularity implies that, if v >
1/2, W is almost-surely continuous in space, with modulus of continuity proportional to
log "2 (1/ |z —y|), while if v < 1/2, W is almost-surely not uniformly continuous on
any interval in space. The case v = 1/2, which is the threshold between continuous and
discontinuous W, is of special interest, since it can be related to the discrete-space polymer
which will be studied in the next section. The main result which will be proved here is the
following;:

Theorem 3.5. Assume condition (37). We have for some constants Cy and Cy depending
only on Q, for all B large enough,

2
Co?h)g_27 (%) < p(B) < C15%log™ (%) -

Proof. Step 1: Setup. Nearly all the calculations in the proof of Propositions 3.1 and 3.4 are
still valid in our situation. Again, C' may change from line to line.

Step 2: Lower bound. For the lower bound, reworking the argument in Step 2 in the proof
of Proposition 3.4, using the function log™” (z~!) instead of the function z7, we obtain the
following instead of (33):

E[(Z; — Z.)%] > t(Bc)? <log <#@))>%,

which implies, instead of (35) in Step 5 of that proof, the following:

dlogC
2t

pa(B) > + COptY? <log (

ﬂ;(ﬂ))‘f

In other words, now choosing f () = t'/? as we did in the case H < 1/2 (recall that we are
in the case of small H, as stated in the introduction),

dlog C 12 1 -
5 + Cpt log N7 )
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Now choose t such that the second term in the right-hand side above equals twice the first,

1.c.
1
t1/210g™7 (—) = Cds.
g = B

For small ¢, the function on the left-hand side is increasing, so that the above ¢ is uniquely
defined when [ is large. We see in particular that when [ is large, ¢ is small, and we have
t~1 < 82, This fact is then used to imply

L (%) (1og (ﬁ)) > 2(CB)log™ (5).

Therefore, for some constants 5 and ¢ depending only on @), for the ¢ chosen above with

B> b, 2 N
2 ()

Step 3: Upper bound. Here, returning to the proof of Proposition 3.1, the upper bound (29)
in the final step of that proof holds regardless of 9, and therefore, using the result of Remark
3.3 with § (r) = log™” (1/r), we immediately get that there exists ¢ depending only on @
such that for all € < r; and all 5 > fs,

—2
lim sup p,(8) < CB? (log ( )) ’ + Cd?BY3e2/3,
evd

t—o00

as long as one is able to choose € so that fe > 1. By equating the two terms in the right-hand
side of the last inequality above, we get

(o) o

Since the function ¢ — elog™®" <1 / (6\/3)) is increasing for small ¢, the above equation

defines ¢ uniquely when [ is large, and in that case € is small. We also see that for any
0 > 0, for large 3, 1/e > B17%. Therefore we can write, for 3 > 33, almost surely,

1irtlisuppt(5) <C(1-0)"p (IOg (%»_ :

This finishes the proof of the theorem. m

4 Estimates of the free energy: discrete space

Recall that, up to now, we have obtained our bounds on the free energy in the following
manner: the upper bound has been computed by evaluation of the supremum of a well-
chosen random Gaussian field, while the lower bound has been obtained by introducing
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two different events, depending on the Brownian configuration, which capture most of the
logarithmic weight of our polymer distribution. This strategy also works in the case of
the discrete-space polymer whose Hamiltonian is described by (5), without many additional
efforts, but a separate proof is still necessary. This section shows how this procedure works,
resulting in the proof of Theorem 1.5.

Quantities referring to the discrete-space polymer have been denoted by Z;, W, EAZ;, E, etc...
In this section, for notational sake, we will omit the hats in the expressions above, and write
instead b, W, E, E like in the Brownian case. Recall that since this path b under Fj, is a
continuous-time homogeneous Markov process, it can be decomposed as the composition of
a discrete-time Markov chain and a Poisson process with parameter p. We only impose a
single condition on b: that it have finite range, i.e. that the number of possible site that the
chain can jump to in one step is a finite number p. For instance, if b is the simple symmetric
random walk, then p = 2d and p = 2d.

Recall our simple non-degeneracy condition on () in this case: we assume that there are
two distinct sites e; and ey in Z¢ which can both be reached with positive probability after
one jump of the Markov process b, such that

cg = Q(0) — Q(eg —ez) > 0. (38)

Condition (38), which is used only in the lower bound result, is extremely weak. For instance,
if b has a positive probability of reaching all of its nearest neighbors in one step, one can
replace Condition (38) by the condition that () not be identically constant; brief details
justifying this claim are given after the proof of the next proposition. Asking that ) not be
identically constant is, in fact, no restriction at all since the case of () identically constant
is equivalent to W not depending on x, in which case the polymer measure is the original
measure P,, which is of no interest.

4.1 Lower bound for the discrete-space polymer

The lower bound announced in Theorem 1.5 is contained in the following.

Proposition 4.1. Assume condition (38) holds true. Then there ezists a constant By > 0,
which depends on cg and the law of b, such that if B > [y then almost surely

.1 cg B?
lim —log Z, > —% :
i t 08 41 = 187 log 3

Proof. Invoking Proposition 2.2, we have p(3) = lim_.o p¢(5) = supyop:(53). Therefore,
any chosen fixed value ¢ yields p;(3) as a lower bound for p (3).

Recall that for our Markov process b in continuous time and discrete space, N; the total
number of jumps before time t is a Poisson process with parameter p. For a lower bound
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on pi(f), we throw out, in the expectation defining Z;, all the paths b that do not jump
exactly once before time t. Recall that by hypothesis, the two sites e; and e; both have a
positive probability of being reached at the time of that one jump; we also throw out all jump
positions that are not e; or e;. Therefore, with 1y > 0 the smaller of the two probabilities
of reaching e; and e, in one jump, and 1y (s) ds/t the law of the single jump time given
Ny =1,

Y

d
Z, > P, [Nt _ 1] VO/ tS ( BW (8,0)+BW ([s,t],e1) + 6BW(s 0)+BW ([s,t], 62))
0

where W ([s, t],z) :== W (t,z) — W (s,z). Using this and Jensen’s inequality, we get

t

70> vopte—"? / 05 (WO W ntler) 4 W (0+0W (se2))

iy t Y
0

%E(loth)_IOg(Vopt +5/ LB fmax (W ([s, 1], e2); W([s, 1], 2))]

Now we evaluate the expected maximum above. The vector (W ([s,t],e1), W ([s,t], e2))
is jointly Gaussian with common variances v/t — sQ(0) and covariance \/t — sQ(e; — e).
Therefore

E [max (W ([s, ], ex) , W ([s, 1], €2))] = %E (W ([s,t], 1) = W ([s, 1], e2)]

_ L ar s, t],e1) — s, 1], €2 2 L —S (e1 — €
= 5z (Var[Wls,tl,ex) =W ([s. 1], e2)) N VQ(0) ) (39)

Thus, recalling condition (38) with , where ¢g = Q(0) — Q(e1 — e2), and choosing ¢ =
C'log® 3//3?, we obtain

logt log(vop) 28

r T TPt 3\/ﬁ@
3 ( 2, 2\/cqQ ) 3
“logB\ C 3yCr) Clog’3

The proof is completed by noting that the constant —2/C + 2, /cq/ (3\/ Cw) in the leading

term above is maximal for C' = 367 /cg, and is then equal to cg/ (187); as for 3, it only need

1
;E(log Zy) >

(log C' + 2loglog 8 + log(vop)) — p.  (40)

to be chosen large enough so that the second and third terms in (40) contribute nonnegatively,
which is possible because of the presence of the term 2loglog 3. m

Now assume that, like the simple symmetric random walk, our Markov chain has a
positive probability to reach every one of its nearest neighbors. To adapt the above proof to
simply use, instead of Condition (38), the fact that @) is not identically constant, note that
since Q (0) = max,cz¢ Q (), we already have Q (ep) < Q (0) for some ey € Z¢. First consider
the case where eq € 2Z%, i.e. that ey’s components are even. Then we can write ey = 2e; with
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e; € Z%. Then in the above proof, instead of choosing between two trajectories with exactly
one jump, one reaching e; and one reaching e,, use two nearest-neighbor trajectories with the
same number of jumps, one reaching e; and one reaching —e;. The remainder of the proof is
identical in structure and only slightly more involved computationally; it is omitted. In the
case where there is no ey € 2Z% such that Q (eg) < Q (0), this means that Q is identically
equal to @ (0) all over 2Z¢. Because of W’s homogeneity, this implies that @ takes on only
two values, @ (0) on 2Z% and Q (1) < Q (0) on Z% — 2Z%. Said differently, W is periodic
in all d directions with period 2. This very specific model is still non-degenerate enough to
allow the conclusion of the above proposition to hold. One can show this similarly to the
above proof, by using two trajectories, one with exactly one jump, and one with exactly two
jumps. The details are left to the reader.

4.2 Upper bound for the discrete-space polymer

The upper bound result in Theorem 1.5 can be summarized in the following proposition.

Proposition 4.2. Under the assumption that @ (0) < oo, there exists a constant 3 > 0,
which depends on Q, p, and q, and a universal constant C > 0, such that if § > [ then
almost surely

52
log 3
Proof. Similarly to the decomposition of the discretized path in Step 3 of the proof of Propo-

1
Jim —log Z, < CQ(0)¢*p

sition 3.1, our homogeneous Markov path b here, which is already in Z¢, necessarily jumps
at the jump times 7; of a single Poisson process (NV;),»,. We then only need to define S(¢,n)
as the simplex of size t and of dimension n, which is thus the set of all possible jump times
t = (7;);_, conditional on {N; = n}, and its distribution £ (df) is uniform on S(¢,n). Since
our Markov process b is not restricted to a simple random walk, the set P, of all possible
jump-site sequences & = (z;);_, for a trajectory of length n is no longer of cardinality (2d)",
but the hypothesis that our Markov process has finite range means that Card[P,] < ¢". We
denote the probability of the discrete path & € P, by v, (Z).
We can define

X (m,t,2) := Z AW (Tig1,25) — W (13, 2:) }

Let o be a fixed positive number which will be chosen later. Let T, = U,,<qtSm, where
Sm = {m} x S§(t,m) x Py, and set also Y, = sup;, X. As in the Brownian case, we can
bound E [log Z;] above as follows:

E[log Z,] < E[log (A + B)] < E [log, A] + E [log, B] + log2, (41)
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where log, A = (log A), = max(log 4,0) and

A = P, [N; < at]exp (8Y,) (42)
B:=Y BN = Eb[exp(ﬁx(mtx }Nt ]

Step 1: The term A. Similarly to inequality (23) in the continuous case, one invokes the
proof of equation (30) in [12] to obtain that

E {Sup X(k,t, ;za)} < Ktqv/na, (43)

Tna

where K depends only on Q. So, bounding P, [V; < at] by 1, we have
E [log, A] < BE[Y,] < BKtgy/a. (44)
Step 2: The term B. The term B defined in (42) can be bounded as follows:

E [log B, ]

“E|log, S AN =m Y v () / exp (BX (m,1,7)) £ (di)

L m>at TEPm St

_E 1og+z S AN =Y v / exp (BX (m,,7)) £ (dF)

n>1 me[ant,a(n+1)t] Z€Pm Smt

<E |log, Z P, [Ny > ant]exp (5Y(n+1)a)] )

n>1

So, using the fact that for ¢t > 1, the power ¢t~! of a sum is less than the sum of the terms
raised to the power ¢!, followed by Jensen’s inequality, we have, similarly to what we did
in the proof of Proposition 3.1,

1 Yint1)a
%E [log, B] < log (1 + ; (B [N; > ant])’ E {exp (@)}) :

Using once again Gaussian supremum analysis results (see [1] or [27]), for any «,z > 0,

E [exp (zY,)] < exp (zE[Y,]) exp (£C2Ku max Var [X (m,1, i)})

(m,},3)€l,
< exp (zqKty/a) exp (22 K,tQ(0)) ,

where K, designates a universal constant, and where we used (43) and the trivial fact
E[X (m,#,7)%] = Q (0) . Hence

B {exp (BY(T“’)} < exp (BqK o+ 1)+ —BQK;Q@)) .
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If we choose t such that ¢ > (28K,Q(0))/(gKa'/?), the estimate on B becomes
1 -1 1
%E [log, B] < log {1 + Z (P, [N; > ant])"  exp (ﬁun\/a (\/n +1+ 5)) } . (45)
n>1

Step 3: The tail of N,. Using the presumably well-known tail estimate P, [N, > at| <
exp (—atlog <%> —t(a — p)), valid for all & > 1 (see e.g. [16, pages 16-19]), if we set

o/ = a/p and we assume o/ > exp (1 — 1/p) we have
Py [Ny > at] < exp (—ta'logd’). (46)
Step 4: Grouping our estimates and choosing «. From (45) and (46) we have
1 1
7B [log, B] < log {1 +) exp <—o/n log a'n + qB K,V (vn +1+ 5)) } :
n>1

To exploit the negativity of the exponential term, we simply require

a'log o = 49K, B/ a. (47)

Indeed, since n > 1, we then have that the term inside the exponential is
/ / 1 / / 1 / / 1
a'nloga’n — BqK /o \/n—|—1+§ :&nlogan—zg log \/n+1+§

1 1
> o'nloga’ — z_lal log o (\/n +1+ 5)

1 1 1 1
— 5o/nlogo/—l— (—n— - <\/n—|— 1+ 5)) a'log o’ >

5 1 a’'nloga’,

1
2

which implies

1 1 AN 1 .
tE[log+B}§log{1+ZeXp< 2an10g&)}—log{1+exp(l )_1}.—0,).

1 /
= 5 log

The restriction o > exp(1 — 1/p) implies that ¢, is a constant that depends on the Poisson
parameter p only. Combining this with (41) and (44), we get

1 log 2
SElog )] < % + e, +qKBva. (48)
Step 5: Conclusion. 1t is easy enough to see that, with

= (4g\/pBK)?, (49)
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the equation (47), which is o/ = x/log?a’, has a unique solution o/ when z exceeds
e, and that o also exceeds e in that case: indeed o/ = e when x = e and do//dx =
(log2 o + 2log o/)_1 > 0 for all ' > e. Therefore, since log> o/ > 1, we can write o/ < ,
and thus we also have:

, x x
o = . 50
log?o/ ~ log*x (50)

This lower bound on o implies the following upper bound on «':

x x x
o = < = . ol
log”a’ ~ log? (z/log’z)  (logx — 2log(logz))? (51
Since there exists xy such that, for any = > z(, we have

log z > 4log(log z), (52)

and we can recast expression (51) into:

, dr (4q\/,56K)2
> = log>z  (log 8 + log4q,/pK)? < (avpkK)

, B2
log® B’

from which we obtain o < (4qpK,)?8%log 2 3 (recall a =: pa’). Thus for ¢ large enough:

Ellog(Z;)] _ log2 9 9 2
< 4K —_
t - tot g plogﬁ

Taking limits as ¢ tends to oo and choosing ( so that

52 - c,log 8

53

the theorem is proved with C' = 16K?, after noting that in the proof of (30) in [12], the
constant K is a universal constant times @ (0).

Finally, we show that the theorem holds for 5 large enough. Analyzing the conditions
we used above, we only have to take § > () := max(Ky, 5%, B.),where K4, 5*, B, are now
specified. This is due to the fact that we assumed o > exp(1 — 1/p) and this implies, via
(50), that = > pexp(1 — 1/p) (logp+1—1/p), and therefore, from (49), we have to take
B > K,,, where K, , is a constant that depends only on ¢ and p. In addition, according to
(52) and (53), B, and B* are the solutions to the following equations:

C Z{l(zfzi and log(dgy/pKf3) = 4log(log(4q/pK 5)).
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