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1 Introduction

The purpose of this paper is to establish the existence and uniqueness of a solution for
anticipative stochastic evolution equations of the form

u(t,a) = [ p(0,t,y.2) uo(y) dy
t (1.1)
+ [ b toya) Flsyutsy) dWy,

where W = {W(t,z), t € [0,T], x € R} is a zero mean Gaussian random field with
covariance 1 (sAt) (|z|+|y|—|z—y|). We asume that p(s, t,y,z) is a stochastic semigroup
measurable with respect to the o-field o{W (r,xz) — W(s,z), x € R, r € [s,t]}. The
stochastic integral in Equation (1.1) is anticipative because the integrand is the product
of an adapted factor F(s,y,u(s,y)) times p(s,¢,y,z), which is adapted to the future
increments of the random field W. We interpret this integral in the Skorohod sense
(see [15]) which coincides in this case with a two-sided stochastic integral (see [14]).
The choice of this notion of stochastic integral is motivated by the concrete example
handled in Section 5, where p(s,t,y,x) is the backward heat kernel of the random
operator % +0(t, x) %, 0(t, ) being a white-noise in time. In this case, u(t, ) turns
out to be (see Section 6) a weak solution of the stochastic partial differential equation
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(1.2)

A stochastic evolution equation of the form (1.1) on R? perturbed by a noise of
the form W (ds,y)dy, where W is a random field with covariance (s A t) Q(z,y), @
being a bounded function, has been studied in [13].Following the approach introduced
in this paper we establish in Theorem 4.1 the existence and uniqueness of a solution
to Equation (1.1) with values in Lt (R). Here L%, (R) means the space of real-valued
functions f such that [ e™™®)|f(x)|P dz < oo where M > 0 and p > 2. This theorem
is a consequence of the estimates of the moments of Skorohod integrals of the form
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obtained in Section 3 by means of the techniques of the Malliavin calculus.

2 Preliminaries

For s,t € [0,T], s < t, we set I' = [0,#] x R and I! = [s,t] x R. Consider a Gaussian
family of random variables W = {W(A), A € B(I"), p(A) < oo}, defined on a
complete probability space, with zero mean, and covariance function given by

E(W(A)W(B)) = u(AN B),

where p denotes the Lebesgue measure on I7. We will assume that F is generated by
W and the P-null sets. For each s,t € [0,T], s <t we will denote by Fs; the o-algebra



generated by {W(A), A C [s,t] x R, u(A) < oo} and the P-null sets. We say that a
stochastic process u = {u(t,z), (t,z) € I} is adapted if u(t,z) is Fo-measurable for
each (t,z). Set H = L*(IT, B(I'),n) and denote by W (h) = [;+ hd W the Wiener
integral of a deterministic function h € H.

In the sequel we introduce the basic notation and results of the stochastic calculus
of variations with respect to W. For a complete exposition we refer to [2, 11].
Let S be the set of smooth and cylindrical random variables of the form

F= f(W(hl)v"'a W(hn))a (2'1)

where n > 1, f € C°(R™) (f and all its partial derivatives are bounded), and
hi,...,h, € H. Given a random variable F' of the form (2.1), we define its deriv-
ative as the stochastic process {Dy, F, (t,x) € I} given by

"9
Diy F =
' ;a

jj. (W (h),-.., W(hy)) hi(t,z), (t,@) €I

More generally, we can define the iterated derivative operator on a cylindrical random
variable F' by setting

D} F =Dy 4 D, s, F.

tl,xl,...,tn,étn

The iterated derivative operator D™ is a closable unbounded operator from L?(Q) into
L2((IT)™ x Q) for each n > 1. We denote by D™? the closure of S with respect to the
norm defined by
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If V is a real and separable Hilbert space we denote by D™2(V) the corresponding
Sobolev space of V-valued random variables.

We denote by § the adjoint of the derivative operator D. That is, the domain of
§ (denoted by Dom §) is the set of elements u € L2(IT x Q) such that there exists a
constant c satisfying

B / (Do F) ult,z) didz| < ¢ | F )
T
for all F € S. If u € Dom d, §(u) is the element in L?(§) characterized by
E(5(u)F)=E /T(Dm F) u(t,z)dtdz, FeES.
I

The operator § is an extension of the ItU integral (see Skorohod [15]), in the sense
that the set L2(I Ty 2) of square integrable and adapted processes is included in Dom &
and the operator d restricted to L2(I7 x Q) coincides with the ItU stochastic integral
defined in [16]. We will make use of the notation §(u) = [;r u(t,x)dW;, for any
u € Domd.



We recall that 12 := L2(I7, D!?) is included in the domain of §, and for a process
u € Y2 we can compute the variance of the Skorohod integral of u as follows:

E/ (t,x) dtdac—l—E/ / Dy ,u(t,z) Dy u(s,y)dtderdsdy.

We need the following results on the Skorohod integral:

Proposition 2.1 Let v € Domd and consider a random variable F € D2 such that
E (F? [;r u(t,x)*dtdx) < co. Then

/ Fu(t,z)dW,, = F / ult,z) AWy — / (Diw F) u(t,z)dtdz,  (2.2)
T T T

in the sense that Fu € Domd if and only if the right-hand side of (2.2) is square
integrable.

Proposition 2.2 Consider a process u in .12, Suppose that for almost all (6, z) € I7,
the process { Dy . u(s,y) ljo,9 (5), (s,y) € I} belongs to Dom & and, moreover,

2
E ‘/ Dy, u(s,y)dWs,| dfdz < co.
T 19

Then u belongs to Dom § and we have the following expression for the variance of the
Skorohod integral of u:

E/ (s,y)dsdy

(2.3)
+ 2FE /IT u(b, z) (/19 Dy, u(s,y) dWs’y)dgdz‘

We make use of the change-of-variables formula for the Skorohod integral:
Theorem 2.3 Consider a process of the form X; = [, u(s,y)dW,, , where
(i) u € L2,
(i) w € LA(IT x Q), for some B > 2,
(iii) [;r u?(s,y)dsdy < N,

for some positive constant N. Let F : R — R be a twice continuously differentiable
function such that F" is bounded. Then we have

(X)) = F(0) + [ F/(X.) uls,y) Wi,

2 / F"(X,) u?(s,y) dsdy (2.4)

F'(X,) u(s,y) /Ds,yu(r,z)deZ)dsdy.
It Is

Notice that under the assumptions of Theorem 2.3 the process X; has a continuous
version (see [2, 5]) and, moreover, {F'(X,)u(s,y), (s,y) € I"} belongs to Dom§ .



3 Estimates for the Skorohod integral

We denote by C' a generic constant that can change from one formula to another one.
Let p(s,t,y,x) be a random measurable function defined on {0 < s <t < T, z,y €
R} x 2. We will assume that the following conditions hold:

(H1) Forall 0 < s <t <T, z,y € R, p(s,t,y,x) is Fs-measurable.
(H2) p(s,t,y,x) >0, foreach 0 < s <t <T, x,y € R.

(H3) Forall 0 <s <t <T, z € R, [pp(s,t,y,x)dy = 1.

(H4)

H4) For each s € [0,T], z,y € R, p(s,t,y,-) is continuous in t € (s,T] with values in
L3(R).

(H5) Forall 0 < s<r<t<T,and z,y € R
plstyw) = [ pls,ry.2) plrstzw) d.
R

(H6) For all 0 < s < t < T, =,y € R, p(s,t,y,7) € DV? and p(s,t,-, ) belongs
to DH2(L2(R)). Moreover, there exists a version of the derivative such that the
following limit exists in L?(Q; L*(R)) for each s, z,t,

D_ . p(s,t,-,x) = hfgl Ds . p(s—e,t,-,x). (3.1)
’ €
(H7) Forall0 < s <t <T, z,y € R, p>1 there exists a nonnegative random variable

Vp(s,t, ) Fs-measurable and 6, > 0 such that

lz — yl”
op(t j/s))

p(s,t,y,x) < Vp(s,t,z) exp ( —
and satisfying that for all p <1, there exists a positive constant C , such that
IVo(sst )| ooy < Cupt— 8|72
(H8) For all 0 < s <t < T, z,y,z € R, and p > 1 there exists a nonnegative

random variable U, (s, t, z) F,-measurable a constant 7p > 0 and a nonnegative
measurable deterministic function f(y, z) such that

. _ _ 2
(i) 1Dz pls,t,y,0)| < Upls, t,2) exp (= 25625 f(w.2),

(ii) sup,, Jr 2y, 2) dz < Cy,
(ili) [|Up(s,t, )| o) < Coplt — s/,

for some positive constants Ca ,, C'f > 0.

The following lemma is a straightforward consequence of the above hypotheses:



Lemma 3.1 Under the above hypotheses we have that for all 0 < r < s < t <
T z,y,z€eR,

Dgy p(r,t, z,x) = / (Dsy p(s,t,u,)) p(r, s, z,u) du. (3.2)
R

Proof. Taking into account the properties of the derivative operator and using hypo-
theses (H1), (H5) and (H6) we have that

Dy yp(r,t,z,x) = Dgy A p(r,s —e,z,u) p(s — e, t,u,x) du
= /]R p(r,s —e,z,u) Dgy p(s —e,t,u,x)du.

Now, letting ¢ tend to zero and using hypotheses (H1), (H4), (H6) and (H8) we can
easily complete the proof. [J

We are now in a position to prove our estimates for the Skorohod integral. For all
M > 0, we will denote by L, (I7 x Q) the space of processes ¢ = {¢(s,y), (s,y) € I}
such that

E/ MUl | p(s, )P dsdy < oo

Theorem 3.2 Fizp > 4, a € [0, p4_ Y and M > 0. Let ¢ = {¢(s,y), (s,y) € IT}

be an adapted process in Lk (IT x Q). Assume that p(s,t,y,) is a stochastic kernel
satisfying hypotheses (H1) to (H8). Then, for almost all (t,x) € I, the process

{(t =) pls,t,y,2) 6(s,9) Lo (5), (s,9) €I}
belongs to Domd, and
L B8] [ (¢ =9plst.a) s,y diV, [ de
R It
t
<0 [ (=) ([ M Blo(s,)P dy ) ds.

for some positive constant C' depending only on a, p, T', M, 0y, 7, C1p, C2p and Cy.

(3.3)

Proof. Let us denote by S® the space of simple and adapted processes of the form

m—1

o(s,y) = Y. F Lt b0y (8) i ()
i,j=0
where 0 = tg < t1 < ... < t, =T, h; € C¥(R) and the Fj; are Fy4,-measurable
functions in S. Let ¢ be an adapted process in L4 (IT x Q). We can find a sequence
¢" of processes in S* such that

T
tim [ ([ e B 167 (s.9) — o(s. )1 dy)ds = 0.

n—o0



We can easily check that this implies the existence of a subsequence ny such that for
almost all ¢t € [0,T]

lim /Ot(t - 8)_0‘_1_% (/}R e ML B g™ (s,y) — ¢(3,y)|pdy> ds=0.

k—o0

On the other hand, using the fact that o < i and hypothesis (H7) we have that

T
A:= lim E (/e_Mx|(/(t §) "2 p2(s,t,y, 7)
k—oo 0 R It

X |6"(5,5) — 8(s,y)ds dy) dm) dt

. o 2|z — y|?
<012hm (/ M|| /It 5) 2 1eXp(_5|2(t—s‘))

X E|¢™ (s,y) — ¢(s,y)| ds dy)dw> dt
=y lim [ Bl (s,0) - ¢<s,y>|2< [ =2
2|z

_‘)) dt da:) dsdy.

xexp( Mz| — 5ot

Notice that

2|z — y|? / 2 12
M —2 _)dz = - M - \d
/Rexp( || — (t—s)) T Rexp( |z + y| 52(t—s)> o

MM/ exp M\x| ( ))dq:<K1 Vit e Ml

2
where K1 = /2709 eM g . Then
A< CPpKy lim /T e MWL E g™ (s,y) — ¢(s,y)|> dsdy = 0.
—00 I

Then, choosing a subsequence (denoted again by ny) we have that for almost all (¢, x) €
IT
lim B [ (t—s)7% p*(s,t,y,2) 6" (s,y) — $(s,y)dsdy = 0.

k—o00 Tt

This allows us to suppose that ¢ € §%. Fix tg > ¢; in [0,7] and define

By (S7y) = (t[) - S)ia p(s,tl,y,x) ¢(Say)
X(t,2) = /I Bu(s,y) AWy, te[0,41].

Denote F(z) = |z|P. Let Fy be the increasing sequence of functions defined by

||
/ / p—1)zF" 2/\N)dzdy



Suppose first that p(s,t,y, ) is an elementary backward-adapted process of the form

n
> Hijiw Bj(1) 7i(2) Uy 5000 (5) 5
ij,k=1
where Hj, € S, B,7; € CEM), 0 =51 < ... < spy1 = t, and Hyjp is Fappy i0-
measurable. Then we can apply ItU’s formula (see Theorem 2.3) for the function Fiy
and the process B (s,y), obtaining that for all ¢ < ¢1,

B (Px(X(ta)) = 5 B [, Fi (X(s.0) B, dsdy -

+ L FJI\,7 (X(va)) Bw(s7y) (/ Ds,y Bm(T, Z) dWr,z)dey-
It Is

Using hypotheses (H1), (H7) and (H8), Lemma 3.1 and the fact that ¢ is simple and
adapted we can easily check that, for all p(s,t,y,x) satisfying the hypotheses of the
theorem, and for all £ < t;

(i) E/ B3(s,y)dsdy < oo,
It
2
(i) B( / Bu(s,y)dWsy)" < o0,
It

2
(i) E Dy, By(r,z)dW, .| dsdy < oo.

It Is

This allows us to deduce that (3.4) still holds for every p(s,t,y,z) satisfying hy-

1

potheses (H1) to (H8) and for all ¢ < ¢;. We can easily check that FJ(z) < (2'7%
—2

it
Zﬁ)(FN(z))pT Then we have that

p—2

EFN(X(t,z)) < Cp{; E . (FN(X(s,x))> " B2(s,y)dsdy

+E (Fn (X(s,x))>p;2 ‘/RBw(s,y) (/I Dyy Ba(r,2) dWm)dy‘ds}.

Hlder’s inequality gives us that

p—2

EFy(X(t,z)) gcp{ /Ot % (EFN(X(s,:c))) ’ (E(/R Bi(s,y)dy]g)f’ds

2
D \P
2) ds}.

p—2

+/Ot (EFv(X(s,2)) " (E‘/RBx(s,y)(/ls Doy By (r,2) AW, ) dy

Applying the lemma of [17], pg. 171 we obtain that

E Fy(X(t2)) gcp{/ot ;(E‘/R Bg(s,y)dy‘g)?’ds

P
2
ds} .

kSEIN)

)

+/0t (E‘/RB;L«(S,Z/)(/IS Dy y By (7, 2) dWr,z)dy



Fatou’s lemma gives us that, letting N tend to infinity

P 2
E|X(t,z)lP { E‘/B2sydy‘)p

+/ (E‘/B $,Y) /DsyB rz)dWrz>dy§>

D
2

=: Cp(ih + IQ) .

b1

" }2 (3.5)

We have that

< [ (] [ 26000 v bl )
< [e- 2&(15\ [ e (=Y, ) dy\g) ds
<C’12/ (t —s)20~ 1<E‘/exp M_m))&(s Y) >pd5

dp(t1
t e l_1 9 — 2 %
< (-9 p<4exp(M)E|¢<s,y>|pdy> ds

On the other hand, using Lemma 3.1 yields

hSEIN]

[V

(3.6)

/R Bu(s,y)( /I Dy Bu(r,2)dW,. )dy
= (t=5)"" [ pls.tr.y.2) 6(s.)
X (/5 (to — 1) *[Dsy p(r,t1,2,x)] §(r, 2) dWm)dy
= (t0=)"" [ pls.tr.y.2) 6(s.)
X (/b (to — r)_o‘{/Rp(r, s,z,u) Dy, p(s,t1,u, ) du}qﬁ(r, 2) dWm)dy
= (=" [ pls.tr.9.2) 9(s.)[ [ Dy pls,tru,)
X (/S (to — 1) “p(r, s, z,u) ¢(r, 2) dWm)du} dy .

Let us denote Y (s,u) := [;.(to — )" *p(r, s, z,u) $(r, 2) AW, .. Notice that X (t1,z) =
Y (t1,2). We have proved that

/B:c(say)(/ Ds,y Bg;(?“, Z) dWr,z)dy
R Is

= (to=9)" [ pls.try.) 0(s.0) [ [ Diy plstrou) ¥ (s,u) du]dy.



and then

12 S/ tO_S (E‘/ S tl;.% (S7y)

2

p\p
2) ds.

E ‘/R p(s,t1,y,x) o(s,y) {/R Dy, p(s,t1,u,2) Y(s,u) du} dy’g

- B| /  pls,t1,9,) Dy pls b, @) 6(s,9) Y (s, w) dudy|*

2
y—T r—u
<E‘/ (s,t1, ) Up(s, t1, @) f(u,y) eXp<_ 6‘ (th—s) 7| (t1 —|s
P p

X {/R Dy, p(s,t1,u,z) Y(s,u) du}

We have that

)igg)
x[6(s,) ¥ (s,u)| dudy|’

2 2
<l ol B [ sy o il el
R2

op(ti —s)  p(t1 —s)

X [o(s,y) Y (s,u)

Applying Schwartz inequality we obtain

E ‘/R p(s,t1,y,x) P(s,y) {/R Dy, p(s,t1,u,2) Y(s,u) du]

Jz—ul® 'u,| p

<C(t1 75)_%} E <‘ , Y2(s,u) f2(u,y) e w0 dudy|
R

)

’ z—w?  2ly—z®

¢ S y e T p(ti—s)  Sp(ti—s) dudy

o—uf®_ Cas? P
<C(t —S)_%p < / Y2(s,u) e 701" du / % (s,y) e 31—+ dy4>
5p 9 & L
<C(t1—s)" 8 E‘/ Y(s,u) e Wt du‘
R

2 |y—a|?

+E ’/R ¢*(s,y) e -9 dy

)

_z—y|® 2|z—y2
(/ V(s gl e HET dy 4 | 1o(s )l e B0 dy)

N

SC(tl—ngi



This yields

t )i exp | — it T
Bl </R Al v ),
x B( |6 (s,9)I" + |Y<s,y>|p)dy>pds-

Putting (3.6) and (3.7) into (3.5) and using the fact that o < 1%34 we obtain that

Bxal <0 [ (- s)‘a—i—é< [ow (- 2y

c(ty —s)
< E( |6 (s,y) + |Y<s,y>|P)dy> ds

where ¢ = max (0p,7,,)-
Now we make ¢ tend to ¢t; and use Fatou’s lemma to obtain

a1 3_1 _ lz—y)?
EY (o) <C [N —9 ( [ 5 (1o sl + \Y(s,yﬂp)dy)ds.
0 R
Using an iterative procedure we have that
_le—yl?

t
BY (L)l <C [ (t=9) 55 ( [ & 9 Blo(s.p)lPdy)ds,
0 R

for all 0 <t < ty. Finally for any fixed ¢ € [0,T) letting the parameter ¢y in the defini-
tion of Y (¢, x) to converge to ¢t and integrating with respect to the measure e Mzl dg
leads to the desired result. [

Let us now consider the following additional condition over the stochastic kernel
p(s;t,y,2):

(H9)ps There exists a constant Cpy > 0 such that

sup FE sup/ e Mlel p(r,s,y,x)dx < Cpre Ml
o<r<T s>r JR

We will denote by L%, (R) the space of functions f : R — R such that [ e~ 12| f(2)[Pdz <
00.

Theorem 3.3 Fizp > 8 and M > 0. Let ¢ = {¢(s,y), (s,y) € I'} be an adapted pro-
cess in L, (IT x Q). Assume that p(s,t,y, x) is a stochastic kernel satisfying conditions
(H1) to (H8) and (H9)pr. Then for allt € [0,T1, the process {p(s,t,y,x) ¢ (s,y)Njo4(5),
(s,y) € IT} belongs to Dom § for almost all x € R, and the stochastic process

2={2= [ psity) dls,p)dW. b € 0,77}

10



posseses a continuous version with values in Lt (R). Moreover,

E( sup / e Mlzl
0<t<T JR

<C [, e Blo(s )l dsdy.
I

for some positive constant C' depending only on T', p, M, Cp, C2p, Cf, v, 0p and
Cu.

[ plsta) o(s.9) AW,

pdw)
(3.8)

Proof. Using the same arguments as in the proof of Theorem 3.2 we can assume that
the process ¢ is simple. Fix 0 < a < % and define

Y(r,u) = /T (r—s)""p(s,my,u) ¢(s,y) dWsy .

As p(‘g?tvyvx) = CCY fIt (t - ,,4)0471 (T - 8)704 p(‘g?T:yvu) p(r,t,u,x) drdu, with Oa =
Sir‘% it is easy to show that

Zy(z) = Cy . (t =) p(r,t,u,z) Y(r,u)drdu.

Then we have that for any ¢t < ¢ and o € (%, %)

/ e Ml | 7, (2) = Zi(2)P da
R
</ e~ Mlel
IR
4 / ¢~ Mial
R

It

+ Cop D / e~ Mlel / [p(r,t' u, z) — p(r,t,u, z)] Y (r,u) du’p drdx
It R

< Cop(t' — t)aﬁ / Y (r, u)|? (sup / e Ml p(r, s, u, 2) d:z:) dr du
r R

s>r

+C [ e Mgy () [ Ip(rt ) = plot )| Y )P dudr de.
I R

/t, (t — )L pr,t',u,z) Y(r,u)dr du‘p dx
I

t

/ (t - T)ail [p(rr? t/,u,a:) _p(r7t7u7x)] Y(T‘, U) dr du‘p dx
Iy

/p(T) tlvuax) Y(T, U) du‘pdr dx
R

By dominated convergence, and using hypothesis (H4) both summands in the above

expression converges to zero as |[t' —t| — 0. On the other hand, taking ¢t = 0 we obtain
(3.8). O

We will also need the following L?-estimate for the Skorohod integral.

Theorem 3.4 Fiz M > 0. Let ¢ = {#(s,y), (s,y) € IT} be an adapted random field
in L2,(IT x Q). Assume that p(s,t,y,r) is a stochastic kernel satisfying conditions
(H1) to (HS). Then, for almost all (t,x) € I, the process

{p(S,t, y?'T) ¢(S’y) ]l[O,t] (5)’ (Svy) € IT}

11



belongs to Dom ¢ and we have that

/ e—le\E‘/ p(s,ty,x) ¢(s,y) dWsy
R It

t
<c (=97t ([ M EBlo(s,y) dy) ds.
0 R
for some positive constant C' depending only on T, M, C12, Ca2, Cy, d2 and 5.

2
dx

(3.9)

Proof. Using the same arguments as in the proof of Theorem 3.2 we can assume that
¢ € S Fix (t,z) € I" and define

Byio(s,y) = p(s, t,y,7) ¢(s,9) Ljo g (5)
X(t,2) = / Biu (s,y) AW, .
It

By the isometry properties of the Skorohod integral (Proposition 2.2) we have that

/ e—M|$| E ‘X(t’ m)|2da’; = / e_M|J‘“ (/ E |Bt,m($7 y)|2d3 dy)dl’
R R It

+2 / e~ Mzl E[/ By .(s,y) (/ Dy y By »(r, 2) dez) ds dy} dz (3.10)
R It Is
=0L+21.
By hypothesis (H7) we have that

r—yl2
Lo < [y e Mo <fp EVa(s, t,0)Pexp (= 50200 B lo(s,y)2ds dy> dax

a—yl? (3.11)
< C%,z Jpe(t—s)71 Elo(s, y)|2<fR exp ( — M|z| — %L(t}l)) d:c) ds dy

< CPoKy [ru(t — )72 e MBl Blo(s, y)|ds dy.

On the other hand, using the same arguments as in the proof of Theorem 3.2 it is easy
to show that

L =B [ o e Ml p(s,t,y,2) 6(s,9) (o Dy pls,t,u,2) X(s,u)du) dzdyds
=K fg fR3 e~ Ml p('S? 2572 "L‘)]lD)s_,y p(57 l,u, CL’) gb(sla y) X(S’ U) dx dy duds

< e Ml (B|Va(s, t,0)?) " (B |Ua(s t,2)?)
x| oz exp (= 2555 = 22045 Flu,y) Elo(s,y) X(s,u)| dy du] ds do

_ \:c—u\Q 2
< C12C22 [}t e—le\(t — s)*% (ng E|X(s,u)2 fu,y)? e 209 du dy)
_le—u®  2]o—y|? 2
x| Jgz Elo(s,y)> e 209" 5209 dudy | dsdz
s 76|177y\2
<C fp e Mll(g = 5) (J@ e Tl (B(X(s,y)P + B r¢<s,y>\2)dy> dsds

<C Jylt—s)7 (fR e MW (B]X (s,9)]2 + E |¢<s,y>|2)dy> ds.
(3.12)
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Now, substitutting (3.12) and (3.11) into (3.10) and using an iteration argument the
result follows. [J

Using the same arguments it is easy to show the following result.

Corollary 3.5 Let ¢ = {¢(s,y), (s,y) € IT} be an adapted process in L*(IT x Q).
Assume that p(s,t,y,x) is a random function satisfying hypotheses (H1) to (H8). Then,
for almost all (t,x) € I, the process

{p(svt’y7x) (Z)(Say) ﬂ[O,t}(S)v (S)y) € IT}

belongs to Dom§ and

“do < C/Ot(t—s)—i (/R E\¢(s,y)y2dy) ds, (3.13)

for some positive constant C' depending only on T, C1 2, Ca2, Cy, 62 and 7,..

[ B| [ ps.tov2) (s aw,

4 Existence and uniqueness of solution for stochastic evo-
lution equations with a random kernel

Our purpose in this section is to prove the existence and uniqueness of solution for the
following anticipating stochastic evolution equation

u(t,z) = /Rp(O,t,y,x) uo(y) dy+/Rp(s,t,y,x) F(s,y,u(s,y)) dWs,, (4.1)

where p(s, t,y, z) is a stochastic kernel satisfying conditions (H1) to (H8) and (H9)n, up :
R — R is the initial condition and F : [0,7] x R? x Q — R is a stochastic random field.
Let us consider the following hypotheses.

(F1) F is measurable with respect to the o-field B([0,t] x R?) ® Fo+, when restricted
to [0,1] x R? x Q, for each t € [0, T].

(F2) Forallt € [0,T], z,y,z € R
|F(tay7x) - F(t¢yaz)| < C’;U - Z| ’
for some positive constant C'.

(F3)}y Forallte[0,7],z € R,
|F (¢, 2,0)| < h(z),

for some h € LY, (R).
We are now in a position to prove the main result of this paper.

Theorem 4.1 Fiz M > 0 and p > 8. Let uy be a function in L} (R). Consider an
adapted random field F(s,y,x) satisfying conditions (F1) to (F3)y, and a stochastic
kernel p(s,t,y, ) satisfying hypotheses (H1) to (H8) and (H9)pr. Then, there exists an
unique adapted random field u = {u(t,x), (t,x) € IT} in L, (IT x Q) that is solution
of (4.1). Moreover,

13



(i) {u(t,-), t €[0,T]} is continuous a.s. as a process with values in L} (R) and

E( sup /R e Mzl (t, z) P dm)) <C, (4.2)

0<t<T

for some positive constant C depending only on T', p, M, C1p, Cap, Cy, 0p, 7,
and Cyy.

(i3) If, moreover, ug and h belong to L?(R), then u € L2(IT x Q).

Proof of existence and uniqueness. Suppose that u and v are two adapted solutions of
(4.1) in L2,(IT x Q), for some M > 0. Then, for every ¢ € [0,T] we can write
/ “Mial Blu(t, z) — o(t, 2)|? do

2

_ / i | / (s.t9,2) (F(s,y,u(s,)) — F(s,y,0(s,9))) dWay| da.

By Theorem 3.4 and the Lipschitz condition on F' we have that

t
/ e Ml B lu(t, z) —o(t, 2)|? do §/
R

0

(=) ([ B fu(s,) —v(s,) [ dy) ds
Appliying an iteration argument we obtain that
¢
[ e Bt ) —vea)Pde < € [ ([ e B luts,y) — ol dy) ds,

from where we deduce that [ e™™1*l E|u(t,2) — v(t,x)[>dz = 0. Consider now the
Picard approximations

uO(t, z) z/p(O,t, y,x) uo(y) dy
un(t,$) = Rp((),t,y,$) ’UJO(?/) dy+ ~/It p(s,t,y,x) F(S7y’un_1(57y)) dWS,y .

By hypothesis (H1), u°(¢, x) is adapted. On the other hand, using hypotheses (H3) and

(H9)nm we have that
2
E / eiM‘xl / p<07 t? Y, .%') UO(y) dy) de
R R

E(/R !uo(y)P(/]R e Mlp(0, 8, y, 7) dx) dy)
e fuo(w) P dy.
R

Now, using induction on n and Theorem 3.4 it is easy to show that u™ is adapted and
belongs to L2,(I7 x Q). Using a recurrence argument we can easily show that

IN

IN

o0

Z E </R e Ml |y (¢ 1) u"(t,aj)|2dm> <00,

n=0
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and the limit u of the sequence u™ provides the solution.

Proof of (i) Using the same arguments as in the proof of the existence we can see that
the solution u belongs to L, (IT x Q). Now we have to show that the following two
terms are a.s. continuous in L, (R):

Ay(t) = /R p(0,,y, %) uo(y) dy

As(t) = /Itp(s,t, y,x) F(s,y,u(s,y)) dWs, .

In order to prove the continuity of A, note that hypothesis (H9)y implies that, for all
¢ and ¢ in Lf, (R)

E| sup /e*Mm
o<t<T JR

< E< sup /R lo(y) — oy)IP (/R e Mlp(0,t,y, @) dm)dy>

0<t<T

/RP(O,t,y,w) (o) —¢(y))dy\pd:f:>

< /R e Ml o(y) — p(y) P dy.

Hence, we can assume that ug is a smooth function with compact support. In this case

_Mlz P
L] [ (p0.t+ e..2) = p(0.9.2) woly) dy|do
R R

< 2271 ug | oo /R B e Ml p(0,t + e, y,2) — p(0,t,y,2)| dz dy,
X

which tends to zero by hypotheses (H4) and (H9)ss. The continuity of As is an imme-
diate consequence of Theorem 3.3. Finally, using a recurrence argument it is easy to
prove that the Picard aproximations u™ satisfy that

o
Z E| sup / e Mzl |yt (¢ 2) — Wt )P da | < oo,
=5 0<t<T JR

from where (4.2) follows. [
Proof of existence in L2(IT x Q). Using hypothesis (H7) we have that

2
| [ p0ty0) wldy] dtdo < B [ uo@)P( [ p(0.ty.2) do)d dy
IT R T R

<T [ Juoly)dy.

Using now induction on n and Corollary 3.5 it is easy to show that [;+ E|u"(t,z)|? dt dx
< oo and that u" is a Cauchy sequence in L2(I7 x Q). This implies that u belongs to
L2(IT x Q).

For every p > 1, p>¢ >0 and K > 0 we denote by WP<(K) the set of continuous
functions f : [-K, K] — R such that

[f(z) = f()

p = " drdz < .
WM ere = [ s o gee - dadz <0
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Notice that if f € WP¢(K), then f is H"lder continuous in [—K, K| with order ¢/p.
Now our purpose is to prove that, under some suitable hypotheses, the solution
u(t,-) belongs to WP=(K), for some p > 1, p>e >0 and all K > 0.

Theorem 4.2 Fizp >4 and M > 0. Let ug be a function in L% (R). Consider an ad-
apted random field F(s,y, x) satisfying hypotheses (F1) to (F3),, and a stochastic kernel
p(s,t,y,x) satisfying (H1) to (H8) and (H9)nr. Then, the solution u(t,x) constructed
in Theorem 4.1 belongs a.s., as a function in x, to WPE(K), for allp > 8, ¢ < % -3
and K > 0.

Proof. We have to show that the following two terms belong to WP¢(K):
Bifa) = [ p(0.t,y,2) uoly) dy

Ba(z) = /ﬁp(s,t,y,w) F(s,9,u(s,9)) dW,,.

Using Minkowski’s inequality we have that

E/ |Bi(z) — Bi(=)]”
[_KvKP

‘x_zp—&-a

p
:/ |z — 2|7%°¢ E’/ [p(0,t,y,z) — p(0,t,y, 2)] uo(y) dy‘ drdz,
[~ K,K]? R
p
é / |.’E - Z|_2_6(/ |‘p(07t7y,m) —P(Oatvyaz)np |U0(y)|dy> drdz.
[~ K,K]? R

Taking into account estimate (5.10) and the same arguments as in [4], pg. 17 it is easy
to show that VO < s <t <T, z,y,z€ R, pe0,1]] and p>1,

Hp(37 ta Y, .I) - p(87 ta Y, Z)Hp

R 00 (B (B,

for some K, c¢ > 0. This gives us that, taking 5§ =1

5 / |Bi(z) = Bi(z)]”
KK |z 2Pt

| 2

=orr / |z — Z|p_2_6(/ exp ( - u
[-HKE R ct
ly — x|? P
< -p ly—z?
<Ct /[K,K} (/R exp( p ) ]uo(y)|dy> dx

< ct~52 / e Mlyl luo(y)|P dy < oo,
R

) \uo<y>|dy> da dz

which gives us that By(z) belongs a.s. to WP¢(K). On the other hand, as in the proof

of Theorem 3.3 we can write for « € (0, %)

Ba(z) = Ca [ (¢ ) p(r t u, @) Y (r,u) drdu,
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where

Y(r,u) = /T (r—s)"%p(s,r,y,u) F(s,y,u(s,y)) dWs, .

This gives us that

| Ba(z) — Ba(2) [
E/ - drdz

|z — z|?*e

—CE/ |z — 2|7%7¢

Using Minkowski’s inequality and the estimate (4.3) we obtain that

P
E/ |Ba(@) = Ba(2)”
KK]2 |z — 2|2+

/ (t — ) Lp(r, t,u, z) — p(r,t,u, 2)] Y(r,u)dr du‘p drdz .
It

2 p
< C/[—K,K]2 ]m—zyﬁp2s</]t(t—r)a§§ exp (- fclét xl)) v, u)derdu> dz dz

< C/[—K,K] [/Ot(t—r)aig (/R exp (- Llét |)) 1 (r, )]l du) r} dae

' 52 u— x|? p P
~¢ [/0 (=i (/[KK] (/]R P ( - ’c(t ’)) ¥, u)”pdu) dx) dr] '

Using Holder’s inequality we obtain

| Ba2(z) — Ba(2) |
E/ - drdz

|z — z|>t¢

< C(/Ot(t - r)o‘_l_g(/R e Ml BlY (r, u) P du)i dr)p

< ¢ Pl / e Ml B|Y (r,0)|P dr du,
It

provided a > }D + g Finally, from the proof of Theorem 3.2 and the facts that ug €
LP(R) and a < % it is easy to show that [, e”™IUl E|Y(r,u)[Pdrdu < oo, which
allows us to complete the proof. We have made use of the following conditions
1 —4
pB>e+1, a>7+é, a<?”2
p 2 4p

We can easily check that thanks to the fact that p > 8 we can take a and (8 such that
these inequalities hold. [

5 Estimates for the heat kernel with white-noise drift

In this section, following the approach of [13] we construct and estimate the back-

ward heat kernel of the random operator % + 0(t, ) %, where v = {v(t,x), t €
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[0,T], z € R)} is a zero mean Gaussian field which is Brownian in time. The differen-
tial v(¢, z)dt := v(dt,x) is interpreted in the backward ItU sense. More precisely, we
assume that v can be represented as

ot.) = [ glo.y) dWe,y, (5.1)

where ¢ : R? — R is a measurable function, differentiable with respect to x, satisfying
the following condition

sup /R (g(x,y)2 + gi(a:,y)Q)dy < 00. (5.2)

Set G(z,y) = [z 9(z, 2) 9(y, z) dz and let us introduce the following coercivity condition:
(C1) Y(z):=1-3 G(z,z) > >0, forall z €R and for some ¢ > 0.

Let b = {b(t), t € [0,T]} be a Brownian motion with variance 2¢ defined on another
probability space (W, G, Q). Consider the following backward stochastic differential
equation on the product probability space (2 x W, F x G, P X Q):

ouste)=a= [ [ oo, @.0) W+ [ oo @) b (53

Applying Theorems 3.4.1 and 4.5.1 in [7] one can prove that (5.3) has a solution ¢ =
{¢15(z), 0<s <t <T, v &R} continuous in the three variables and verifying

Grs(#1:(2)) = P15, (54)

foralls<r<t, z€R.
Then we have the following result

Proposition 5.1 Letv be a Gaussian random field of the form (5.1) where the function
g satisfies the coercivity condition (C1) and assume that g is three times continuously
differentiable in x and satisfies

3
sup Z/ 9™ (2, )] dy < .
T op=0"'R

Then there is a version of the density

Qg () € dy)
dy

which satisfies conditions (H1) to (H8) and (H9)y for each M > 0.

p(s,t,y, ) =

Proof. Let us denote by 6” and D the divergence and derivative operators with respect
to the Brownian motion b. Applying the integration-by-parts formula of Malliavin
calculus with respect to the Brownian motion b we obtain

p(s,t,y,x) = Eq (]1{<pt7s(a:)>y} Ht,s(~r)> ) (5.5)
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where

Hts(m) :5b< Db@t,s(x) > .

D%y 5 ()2

Hypothesis (H1) follows easily from the expression (5.5) because ¢, () is F;-measu-
rable. The fact that y +— p(s,t,y, ) is the probability density of ¢, ((z), which has a
continuous version in all the variables z,y € R, 0 < s < ¢t < T, imply (H2), (H3) and
(H4). Hypothesis (H5) is a consequence of the flow property (5.4).

Applying the derivative operator to (5.5) yields

Dr,z p(s,t,y,a:) = EQ (]l{gotys(x)>y} Dr,z Ht,s(x)>

+ Eq (ﬂ{wt,s<w>>y} ‘I’t’s(m ’

where

D’ g, ()
v s = §° Ls Drz H s .
e =0 (\\Dbsot,s@)rr? = P1(2) Hiol2)

Then hypothesis (H6) follows easily from Equation (5.6). Conditions (H7), (H8) and
(H9)ym will be proved in the following lemmas. O

Lemma 5.2 The stochastic kernel p(s,t,y, z) satisfies condition (H7) with the constant
6p =&, for any K < 1.

Proof. By (5.5) the kernel p can be expressed as

p(s,t,y,x) = Eq (]I{Bt,s(x)>y—x} Ht,s(x)) (5'7)

= Eq(l_p, >0y His(@)), (5.8)

where By s(x) = ¢; (z) — 2. Since B and — B have the same distribution, it is sufficient
to consider the expression in (5.7) and assume that x < y. Using the trivial bound

0 - B?) _ (Ka?)
{B>a} — eXp p(t _ S) eXp p(t o S)

for any a > 0, k£ > 0 we obtain

_K|z—y[?

p(s,t,y,z) <e P09 Vy(s,t, ),

where

)2
Vp(s,t,x) = Eg (exp w \Hts(sc)|> .

p(t =)
We only need to calculate E'|V,(s,t,z)[P. By Schwartz’s inequality

CE Bsl)) oy, s<x>\”>2‘

E|V,(s,t,x)P < (E exp =)
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Note that, if we fix ¢ and let s vary, B;¢(x) becomes a backward martingale with

quadratic variation
S - / / Sotr dyd?“—i-Q/ ¢t,r<$))dr

t—s

This gives us that By .(z) is a Brownian motion, and then, for any K < 1
2K 1
Eexp | —— Bis(z 2) = 5.9
P ((t—S) bol2) 1—4K (5.9)
On the other hand, it is known (see [13], proof of Proposition 10, (5.5)) that

P

(B H @) <yt -9t

and now the proof is complete. [

Lemma 5.3 The stochastic kernel p(s,t,y, x) satisfies condition (H8) with the constant
Yp = % for any K < 3

Proof. We express D, p(s,t,y,r) as in [13] as

- 0
Ds,z p(S,t,y, :I:) = 787y {p(s,t,y,x) g(y,Z)}

_ dg
- aiy (S,t,y,l’) g(y7 Z) p(s,t,y,aj) aiy (

Y, 2) .
Since g and g—g satisfy condition (H8) (ii) and p satisfies the bound (H7), we only need
to show

Op |z — y?
— < (R . - .
By (s,t,y,m)’ < Up(s,t,x) exp ( - s)>’ (5.10)

where ||Up(s, t, @) r () < Cp(t—s)~'. Now taking the derivative 6% inside the formula
(5.5) for p and integrating by parts we obtain

Jp
87y (S,t,y,iﬂ) = EQ (]I{Bt,s(ac)>y—x} H£7s($))7

where ) @)
D’y (z
H] (z) =& (S Hts(x)> .
" ID? oy s (2)1*
The proof of Proposition 11 in [13] indicates that ||Hy ()|l < Co(t — s)~1 for all

2
q > 1. Therefore, the estimates on £ exp % from the proof of Lemma 5.2 yield

the lemma. O

Lemma 5.4 The stochastic kernel p(s,t,y,x) satisfies condition (H9)ys for all M > 0.
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Proof. By Equation (4.6) in [13] we know that

p(s,t,y,z)dz = q(s,t,y,z)dx
+/1; [/Rg(zwy) gz (s,m9,2) q(r,t, 2, ) dz} AWy,

where ¢(s,t,y,x) = —L___ exp (—Jf’\;it“ii) . This gives us that

/e_M‘x' p(s,t,y,w)d:UZ/ e Ml g(s,t,y,x) dx
R R

+ , [/Rg(z,y) gz (s,7,9,2) (/Re—Mlm\ q(r,t, 2z, ) daj)dz} AW,y

Notice that
-M M ¢ _Mlz| 94
/ € ‘CU| q(S,t,Z,I) dr=ce ‘Zl "‘/ (/ & T —_ (T,G,Z,ﬂf) dﬂf)d@
R r R 89
2 t
= e Ml 4 ME / (/ e Ml 4(r,0, 2, z) dm)d@
2 T R
t
—M/ q(r,0,z,0)do.

Fubini’s stochastic theorem allows us then to write

0 M
T2 :/ [/ g(zvy) 871) (S,T‘, Y, Z) € M| |d21 der,dy
It R z

+/St /fg (/Rg(&y) gi (5,7,9,2) (/RG*M‘Q”' q(r,0,z ) dZ)dWr,yﬂd@

t
+/ / (/ 9(273/) @ (3,7“7,%2’) q(r,@,z,O) dZ)dWT7y‘| do .
s | Jre \Jr 0z

From (4.6) in [13] it follows that

2= /p [/R 9(2,y) g]: (5,79, 2) e~ M1 dz)aw,,
) t
+/S (/RQ—M\xl {p(s,ﬁ,y,x) - q(s,07y,x)} dac) A6

t
+/ {p(sveayao) - Q(37073/70)] do .
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Using integration-by-parts formula it follows that

o= It |:/R 9(2,9) pls,r,y,2) e MPlsg(z) dz} AW,y
% ~ Ml
+/1; {/R ER (z,9) p(s,1,9,2) e dz}dey
t
+/ /e,MM p(8,97y,$)—q(s,0,y,x)} dx) do

+/ (5,0,4,0) —q(s,0,y, 0)} do.

It is easy to show that for all M > 0,

1
T T 2\?
/ E\p(s,@,y,O)\d9+/ q(s,0,y,0)do + (E’/ e Mlz| p(s,0,y,) dx’ )
s s R

< Cur e~ Myl

Then it follows that

E( sup / e Mzl (s, t,y,x) dm) < C’M’T{e_M“”
0<t<T JR
g ~Mz| .\? :
+ (E /IZ (/R 9, (z,9) p(s,r,y,2) e dz) dr dy
2
- (E [ ([ o) plorp.2) e sg(z) dz) drdy)
17 VJR
2 1
< Cur {e \y|+ / ‘/ (s,7,y, 2 e~ Mlz| dz‘ dr)Z}

<Cur e Ml

1
2

}

which gives us (H9)ym. Now the proof is complete. [J

6 Equivalence of evolution and weak solutions

Assume the notations of Section 5. By (4.15) in [13] we know that p(s,t,y,z) is the

fundamental solution (in the variables ¢ and x) of the equation
2u ou
922 (t,z)dt + v(dt, x) p (t,z). (6.1)

Our purpose in this section is to study the following stochastic partial differential

dut =

equation

9% ou 0?°wW
= 9.2 (t,z)dt +v(dt,x) p (t,z) + F(t,z,u(t,x)) TP

with initial condition ug : R — R. Let us introduce the following definition.
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Definition 6.1 Let u = {u(t,z), (t,x) € I'} be an adapted process. We say that u is
a weak solution of (6.2) if for every ¢ € C¥(R) and t € [0,T] we have

/R v(o) ult, o) do = /R (@) uo(w) da + /I V(@) u(s,z) ds da
- [ v (f, uts2) %9 (2.9) aW,,) da
_ /R V() (/[t u(s,z) g(z,y) dWS,y) de
+/]t (@) u(s, x) AWy .

(6.3)

Now we have the following result.

Theorem 6.2 Under the hypotheses of Theorem 4.1-ii), the solution w = {u(t,z),
(t,x) € I} of (1.1) is a weak solution of (6.2).

Proof. Suppose that u is the solution of (1.1). Let {er, £ > 1} be a complete ortonormal
system in L2(R). For all m > 1 and (¢,z) € IT we define

um(ta x) = /R p(0>t7y>$) UO(y) dy

. (6.4)
+ kz::l /It (/R p(s,t,z,x) Fs(z) er(2) dZ) er(y) dWsy

where Fs(z) := F(s, z,u(s, z)). The stochastic process u™(t, x) is well-defined because
{(fR p(s,t, z,x) Fs(2) ex(z) dz)ek(y) llp(s,y)} belongs to the domain of ¢ for each

k > 1. This property can be proved by the arguments used in the proofs of Theorems 3.2
and 3.4. By (4.8) in [13] we know that for all 0 < s <t < T, z € R and f € L?(R)

[ vt sway=1@)+ [ ([ 58 Grpa) sy ay) an
—i—/: (/R gi (s,r,y,x) f(y)dy) v(dr,x) .
This gives us that
wi(t) =@+ [ ([ 08 0,r,0,2) woly) dy) dr
+/0t (/R gi 0,7, y,2) uo(y) dy) v(dr, z)

_|_kz_:1 /p P(s, ) ex(x) ex(y) dWsy

t 82
+kz::1 /p [/s (/R 87@2; (s,7,z,z) Fs(z) eg(2) dz)dr}ek(y) AWy
+k§1 /p [/8 (/R a—i (s,7,2,x) Fs(z) ex(z) dz)v(dr, az)]ek(y) AW, .
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Let ¢ be a test function in C°(R). Using integration by parts formula and Fubini’s
theorem it is easy to obtain that

[ ) vy ds = [ () uo(a) do
+ [ @) ([ 90090 woly) dy) dr ds
-/, Y (x) ( /]R p(0,7,y,2) up(y) dy) o(dr, z) dz
- /1 L ¥(@) ( /R p(0,7,9,%) uo(y) dy) div v(dr, ) da

Ryp(s,rz,x) Fs(z) ex(z) dz) ex(y) dWsﬂJ) v(dr@)] dx

> W)[ / t ( | ([ psnz0) B a)d) aw) dWS,y>divv(dr,x)] da .
This gives us that
/R um(t,x:l W(x) do = /R b(x) uo(x) da
+;ﬁjéwwmm%mmﬁmmmg
+ /I V(@) u"(r,x) dr da (6.5)
/]R V@ ([, amre) gle.y) s, ) da

It

/R ¥(x) (/It u™(r,x) % (z,y) dWT,y> dx .

Notice that
lim E‘kfjl /I A /R b(x) Ful(a) exl(x) do) ex(y) dWe,, - /1 (y) Fay dWa, ’

= lim E/Ot io: (/Rw(:c) Fy(x) ek(m)dx>2ds:0.

k=m+1
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In order to complete the proof it suffices to show that for any smooth and cylindrical
random variable G € § we have

and

lim E (G / "(t,x) p(x) dr) = B (C /R u(t,z) (x) d)
lim E( 1/1" u™(r, ) dr d:c) =F (G . V" (x) u(r,z)dr d:c) ,

lim E ( /t u™(r,z) g(x,y) dWr,y) d:v)

E( /w ([, e >g<x,y>dWr,y)dw)7

lim (G /R v(a) ( /1 u"(r,) % (2,y) AWy, ) da:)
=F (G /R P(x) (/It u(r, x) % (z,9) dey) dx).

These convergences are easily checked using the duality relationship between the Skoro-
hod integral and the derivative operator. [J
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