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1 Introduction

The purpose of this paper is to establish the existence and uniqueness of a solution for
anticipative stochastic evolution equations of the form

u(t; x) =

Z
R
p(0; t; y; x)u0(y) dy

+

Z
R

Z t

0
p(s; t; y; x) F (s; y; u(s; y)) dWs;y ;

(1.1)

where W = fW (t; x); t 2 [0; T ]; x 2 Rg is a zero mean Gaussian random �eld with
covariance 12(s^t) (jxj+jyj�jx�yj). We asume that p(s; t; y; x) is a stochastic semigroup
measurable with respect to the �-�eld �fW (r; x) �W (s; x); x 2 R; r 2 [s; t]g. The
stochastic integral in Equation (1.1) is anticipative because the integrand is the product
of an adapted factor F

�
s; y; u(s; y)

�
times p(s; t; y; x), which is adapted to the future

increments of the random �eld W . We interpret this integral in the Skorohod sense
(see [15]) which coincides in this case with a two-sided stochastic integral (see [14]).
The choice of this notion of stochastic integral is motivated by the concrete example
handled in Section 5, where p(s; t; y; x) is the backward heat kernel of the random
operator d2

dx2
+ _v(t; x) d

dx ; _v(t; x) being a white-noise in time. In this case, u(t; x) turns
out to be (see Section 6) a weak solution of the stochastic partial di¤erential equation

@u

@t
=
@2u

@x2
+ _v(t; x)

@u

@x
+ F (t; x; u)

@2W

@t @x
: (1.2)

A stochastic evolution equation of the form (1.1) on Rd perturbed by a noise of
the form W (ds; y)dy, where W is a random �eld with covariance (s ^ t)Q(x; y); Q
being a bounded function, has been studied in [13].Following the approach introduced
in this paper we establish in Theorem 4.1 the existence and uniqueness of a solution
to Equation (1.1) with values in LpM (R). Here L

p
M (R) means the space of real-valued

functions f such that
R
R e

�M(x)jf(x)jp dx <1 where M > 0 and p � 2. This theorem
is a consequence of the estimates of the moments of Skorohod integrals of the formZ

R

Z t

0
p(s; t; y; x) �(s; y) dWs;y ;

obtained in Section 3 by means of the techniques of the Malliavin calculus.

2 Preliminaries

For s; t 2 [0; T ], s � t, we set It = [0; t] � R and Its = [s; t] � R. Consider a Gaussian
family of random variables W = fW (A); A 2 B(IT ); �(A) < 1g, de�ned on a
complete probability space, with zero mean, and covariance function given by

E
�
W (A)W (B)

�
= �(A \B) ;

where � denotes the Lebesgue measure on IT . We will assume that F is generated by
W and the P -null sets. For each s; t 2 [0; T ], s � t we will denote by Fs;t the �-algebra
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generated by fW (A); A � [s; t] � R; �(A) < 1g and the P -null sets. We say that a
stochastic process u = fu(t; x); (t; x) 2 IT g is adapted if u(t; x) is F0;t-measurable for
each (t; x). Set H = L2(IT ; B(IT ); �) and denote by W (h) =

R
IT hdW the Wiener

integral of a deterministic function h 2 H.

In the sequel we introduce the basic notation and results of the stochastic calculus
of variations with respect to W . For a complete exposition we refer to [2, 11].

Let S be the set of smooth and cylindrical random variables of the form

F = f
�
W (h1); : : : ; W (hn)

�
; (2.1)

where n � 1; f 2 C1b (Rn) (f and all its partial derivatives are bounded), and
h1; : : : ; hn 2 H. Given a random variable F of the form (2.1), we de�ne its deriv-
ative as the stochastic process fDt;x F; (t; x) 2 IT g given by

Dt;x F =
nX
i=1

@f

@xi

�
W (h1); : : : ;W (hn)

�
hi(t; x); (t; x) 2 IT :

More generally, we can de�ne the iterated derivative operator on a cylindrical random
variable F by setting

Dn
t1;x1;:::;tn;xn F = Dt1;x1 � � �Dtn;xn F :

The iterated derivative operator Dn is a closable unbounded operator from L2(
) into
L2
�
(IT )n � 


�
for each n � 1. We denote by Dn;2 the closure of S with respect to the

norm de�ned by

kFk2n;2 = kFk2L2(
) +
nX
i=1

kDiFk2L2((IT )i�
) :

If V is a real and separable Hilbert space we denote by Dn;2(V ) the corresponding
Sobolev space of V -valued random variables.

We denote by � the adjoint of the derivative operator D. That is, the domain of
� (denoted by Dom �) is the set of elements u 2 L2(IT � 
) such that there exists a
constant c satisfying ���E Z

IT
(Dt;x F ) u(t; x) dt dx

��� � c kFkL2(
) ;

for all F 2 S. If u 2 Dom �; �(u) is the element in L2(
) characterized by

E
�
�(u)F

�
= E

Z
IT
(Dt;x F ) u(t; x) dt dx ; F 2 S :

The operator � is an extension of the ItÙ integral (see Skorohod [15]), in the sense
that the set L2a(I

T �
) of square integrable and adapted processes is included in Dom �
and the operator � restricted to L2a(I

T � 
) coincides with the ItÙ stochastic integral
de�ned in [16]. We will make use of the notation �(u) =

R
IT u(t; x) dWt;x for any

u 2 Dom �.
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We recall that L1;2 := L2(IT ;D1;2) is included in the domain of �, and for a process
u 2 L1;2 we can compute the variance of the Skorohod integral of u as follows:

E�(u)2 = E

Z
IT
u2(t; x) dt dx+ E

Z
IT

Z
IT
Ds;y ; u(t; x)Dt;x u(s; y) dt dx ds dy :

We need the following results on the Skorohod integral:

Proposition 2.1 Let u 2 Dom � and consider a random variable F 2 D1;2 such that
E
�
F 2

R
IT u(t; x)

2 dt dx
�
<1. ThenZ

IT
Fu(t; x) dWt;x = F

Z
IT
u(t; x) dWt;x �

Z
IT
(Dt;x F ) u(t; x) dt dx ; (2.2)

in the sense that Fu 2 Dom � if and only if the right-hand side of (2.2) is square
integrable.

Proposition 2.2 Consider a process u in L1;2. Suppose that for almost all (�; z) 2 IT ,
the process fD�;z u(s; y) l1[0;�] (s); (s; y) 2 IT g belongs to Dom � and, moreover,

E

Z
IT

��� Z
I�

D�;z u(s; y) dWs;y

���2 d� dz <1 :

Then u belongs to Dom � and we have the following expression for the variance of the
Skorohod integral of u:

E �(u)2 = E

Z
IT
u2(s; y) ds dy

+ 2E

Z
IT
u(�; z)

� Z
I�
D�;z u(s; y) dWs;y

�
d� dz :

(2.3)

We make use of the change-of-variables formula for the Skorohod integral:

Theorem 2.3 Consider a process of the form Xt =
R
It u(s; y) dWs;y , where

(i) u 2 L2;2,

(ii) u 2 L�(IT � 
), for some � > 2,

(iii)
R
IT u

2(s; y) ds dy < N ,

for some positive constant N . Let F : R ! R be a twice continuously di¤erentiable
function such that F 00 is bounded. Then we have

F (Xt) = F (0) +

Z
It
F 0(Xs) u(s; y) dWs;y

+
1

2

Z
It
F 00(Xs) u

2(s; y) ds dy

+

Z
It
F 00(Xs) u(s; y)

� Z
Is
Ds;y u(r; z) dWr;z

�
ds dy :

(2.4)

Notice that under the assumptions of Theorem 2.3 the process Xt has a continuous
version (see [2, 5]) and, moreover, fF 0(Xs)u(s; y); (s; y) 2 IT g belongs to Dom � .

3



3 Estimates for the Skorohod integral

We denote by C a generic constant that can change from one formula to another one.
Let p(s; t; y; x) be a random measurable function de�ned on f0 � s < t � T; x; y 2
Rg � 
. We will assume that the following conditions hold:

(H1) For all 0 � s < t � T; x; y 2 R; p(s; t; y; x) is Fs;t-measurable.

(H2) p(s; t; y; x) � 0, for each 0 � s < t � T; x; y 2 R.

(H3) For all 0 � s < t � T; x 2 R;
R
R p(s; t; y; x) dy = 1.

(H4) For each s 2 [0; T ]; x; y 2 R; p(s; t; y; �) is continuous in t 2 (s; T ] with values in
L2(R).

(H5) For all 0 � s < r < t � T; and x; y 2 R

p(s; t; y; x) =

Z
R
p(s; r; y; z) p(r; t; z; x) dz :

(H6) For all 0 � s < t � T; x; y 2 R; p(s; t; y; x) 2 D1;2 and p(s; t; � ; x) belongs
to D1;2

�
L2(R)

�
. Moreover, there exists a version of the derivative such that the

following limit exists in L2
�

; L2(R)

�
for each s; z; t; x

D�
s;z p(s; t; � ; x) = lim

"#0
Ds;z p(s� "; t; � ; x) : (3.1)

(H7) For all 0 � s < t � T; x; y 2 R; p � 1 there exists a nonnegative random variable
Vp(s; t; x) Fs;t-measurable and �p > 0 such that

p(s; t; y; x) � Vp(s; t; x) exp
�
� jx� yj2
�p(t� s)

�
and satisfying that for all p � 1, there exists a positive constant C1;p such that

kVp(s; t; x)kLp(
) � C1;p jt� sj�
1
2 :

(H8) For all 0 � s < t � T; x; y; z 2 R; and p � 1 there exists a nonnegative
random variable Up(s; t; x) Fs;t-measurable a constant 
p > 0 and a nonnegative
measurable deterministic function f(y; z) such that

(i) jD�
s;z p(s; t; y; x)j � Up(s; t; x) exp

�
� jx�yj2


p(t�s)

�
f(y; z),

(ii) supy
R
R f2(y; z) dz � Cf ,

(iii) kUp(s; t; x)kLp(
) � C2;pjt� sj�1,

for some positive constants C2;p; Cf > 0.

The following lemma is a straightforward consequence of the above hypotheses:
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Lemma 3.1 Under the above hypotheses we have that for all 0 � r < s < t �
T; x; y; z 2 R ;

Ds;y p(r; t; z; x) =

Z
R

�
D�
s;y p(s; t; u; x)

�
p(r; s; z; u) du : (3.2)

Proof. Taking into account the properties of the derivative operator and using hypo-
theses (H1), (H5) and (H6) we have that

Ds;y p(r; t; z; x) = Ds;y

Z
R
p(r; s� "; z; u) p(s� "; t; u; x) du

=

Z
R
p(r; s� "; z; u) Ds;y p(s� "; t; u; x) du :

Now, letting " tend to zero and using hypotheses (H1), (H4), (H6) and (H8) we can
easily complete the proof. �

We are now in a position to prove our estimates for the Skorohod integral. For all
M > 0, we will denote by LpM (I

T �
) the space of processes � = f�(s; y); (s; y) 2 IT g
such that

E

Z
IT

e�M jyj j�(s; y)jp ds dy <1 :

Theorem 3.2 Fix p > 4; � 2 [0; p�44p ) and M > 0. Let � = f�(s; y); (s; y) 2 IT g
be an adapted process in LpM (I

T � 
). Assume that p(s; t; y; x) is a stochastic kernel
satisfying hypotheses (H1) to (H8). Then, for almost all (t; x) 2 IT , the process

f (t� s)�� p(s; t; y; x) �(s; y) l1[0;t] (s); (s; y) 2 IT g

belongs to Dom �, andZ
R
e�M jxjE

��� Z
It
(t� s)�� p(s; t; y; x) �(s; y) dWs;y

���pdx
� C

Z t

0
(t� s)���

1
4
� 1
p

�Z
R
e�M jyjEj�(s; y)jp dy

�
ds ;

(3.3)

for some positive constant C depending only on �, p, T , M , �p, 
p, C1;p, C2;p and Cf .

Proof. Let us denote by Sa the space of simple and adapted processes of the form

�(s; y) =
m�1X
i;j=0

Fij l1(ti;ti+1] (s)hj(y) ;

where 0 = t0 < t1 < : : : < tm = T; hj 2 C1K (R) and the Fij are F0;ti-measurable
functions in S. Let � be an adapted process in LpM (IT � 
). We can �nd a sequence
�n of processes in Sa such that

lim
n!1

Z T

0

� Z
R
e�M jyj E j�n(s; y)� �(s; y)jp dy

�
ds = 0 :
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We can easily check that this implies the existence of a subsequence nk such that for
almost all t 2 [0; T ]

lim
k!1

Z t

0
(t� s)���

1
4
� 1
p

� Z
R
e�M jyjE j�nk (s; y)� �(s; y)jpdy

�
ds = 0 :

On the other hand, using the fact that � < 1
4 and hypothesis (H7) we have that

A : = lim
k!1

E

Z T

0

 Z
R
e�M jxj

� Z
It
(t� s)�2� p2(s; t; y; x)

� j�nk(s; y)� �(s; y)j2ds dy
�
dx

!
dt

� C21;2 lim
k!1

Z T

0

 Z
R
e�M jxj

� Z
It
(t� s)�2��1 exp

�
� 2jx� yj

2

�2(t� s)
�

� E j�nk(s; y)� �(s; y)j2ds dy
�
dx

!
dt

= C21;2 lim
k!1

Z
IT
E j�nk(s; y)� �(s; y)j2

 Z
ITs

(t� s)�2��1

� exp
�
�M jxj � 2jx� yj

2

�2(t� s)
�
dt dx

!
ds dy :

Notice thatZ
R
exp

�
�M jxj � 2jx� yj

2

�2(t� s)
�
dx =

Z
R
exp

�
�M jx+ yj � 2x2

�2(t� s)
�
dx

� e�M jyj
Z
R
exp

�
M jxj � 2x2

�2(t� s)
�
dx � K1

p
t� s e�M jyj ;

where K1 =
p
2��2 e

M2�2T

8 : Then

A � C21;2K1 lim
k!1

Z
IT

e�M jyj E j�nk(s; y)� �(s; y)j2 ds dy = 0 :

Then, choosing a subsequence (denoted again by nk) we have that for almost all (t; x) 2
IT

lim
k!1

E

Z
It
(t� s)�2� p2(s; t; y; x) j�nk(s; y)� �(s; y)j2ds dy = 0 :

This allows us to suppose that � 2 Sa. Fix t0 > t1 in [0; T ] and de�ne

Bx (s; y) = (t0 � s)�� p(s; t1; y; x) �(s; y)

X(t; x) =

Z
It
Bx(s; y) dWs;y; t 2 [0; t1] :

Denote F (x) = jxjp. Let FN be the increasing sequence of functions de�ned by

FN (x) =

Z jxj

0

Z y

0

�
p(p� 1) zp�2 ^N

�
dz dy :
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Suppose �rst that p(s; t; y; x) is an elementary backward-adapted process of the form
nX

i;j;k=1

Hijk �j(y) 
k(z) l1(si;si+1](s) ;

where Hijk 2 S; �j ; 
k 2 C1K (R); 0 = s1 < : : : < sn+1 = t, and Hijk is Fsi+1;t1-
measurable. Then we can apply ItÙ�s formula (see Theorem 2.3) for the function FN
and the process Bx(s; y), obtaining that for all t < t1,

E
�
FN
�
X(t; x)

��
=
1

2
E

Z
It
F 00N

�
X(s; x)

�
B2x(s; y) ds dy

+ E

Z
It
F 00N

�
X(s; x)

�
Bx(s; y)

� Z
Is
Ds;y Bx(r; z) dWr;z

�
ds dy :

(3.4)

Using hypotheses (H1), (H7) and (H8), Lemma 3.1 and the fact that � is simple and
adapted we can easily check that, for all p(s; t; y; x) satisfying the hypotheses of the
theorem, and for all t < t1

(i) E
Z
It
B2x(s; y) ds dy <1 ;

(ii) E
� Z

It
Bx(s; y) dWs;y

�2
<1,

(iii) E
Z
It

��� Z
Is
Ds;y Bx(r; z) dWr;z

���2 ds dy <1 :

This allows us to deduce that (3.4) still holds for every p(s; t; y; x) satisfying hy-

potheses (H1) to (H8) and for all t < t1. We can easily check that F 00N (x) � (2
1+ 1

p +
1

p(p�1))
�
FN (x)

� p�2
p : Then we have that

E FN
�
X(t; x)

�
� Cp

(
1

2
E

Z
It

�
FN
�
X(s; x)

�� p�2p
B2x(s; y) ds dy

+ E

Z
It

�
FN

�
X(s; x)

�� p�2p ��� Z
R
Bx(s; y)

� Z
Is
Ds;y Bx(r; z) dWr;z

�
dy
���ds):

H�lder�s inequality gives us that

E FN
�
X(t; x)

�
� Cp

(Z t

0

1

2

�
E FN

�
X(s; x))

�p�2
p
�
E
��� Z
R
B2x(s; y) dy

���p2 �2pds
+

Z t

0

�
E FN

�
X(s; x)

�p�2
p

 
E
��� Z
R
Bx(s; y)

� Z
Is
Ds;yBx(r; z) dWr;z

�
dy
���p2!

2
p

ds

)
:

Applying the lemma of [17], pg. 171 we obtain that

E FN
�
X(t; x)

�
� Cp

(Z t

0

1

2

�
E
��� Z
R
B2x(s; y) dy

���p2 �2pds
+

Z t

0

 
E
��� Z
R
Bx(s; y)

� Z
Is
Ds;yBx(r; z) dWr;z

�
dy
���p2!

2
p

ds

)p
2

:
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Fatou�s lemma gives us that, letting N tend to in�nity

E jX(t; x)jp � Cp

(Z t

0

1

2

�
E
��� Z
R
B2x(s; y) dy

���p2 �2pds
+

Z t

0

 
E
��� Z
R
Bx(s; y)

� Z
Is
Ds;yBx(r; z) dWr;z

�
dy
���p2!

2
p

ds

)p
2

=: Cp
�1
2
I1 + I2

�p
2
:

(3.5)

We have that

I1 �
Z t

0
(t� s)�2�

�
E
��� Z
R
p2(s; t1; y; x)�

2(s; y) dy
���p2 �2pds

�
Z t

0
(t� s)�2�

 
E
��� Z
R
exp

��2jx� yj2
�p(t1 � s)

�
V 2p (s; t1; x)�

2(s; y) dy
���p2!

2
p

ds

� C21;2

Z t

0
(t� s)�2��1

 
E
��� Z
R
exp

��2jx� yj2
�p(t1 � s)

�
�2(s; y) dy

���p2!
2
p

ds

� C

Z t

0
(t� s)�2��

1
2
� 1
p

 Z
R
exp

��2jx� yj2
�p(t1 � s)

�
E j� (s; y)jp dy

!2
p

ds :

(3.6)

On the other hand, using Lemma 3.1 yieldsZ
R
Bx(s; y)

� Z
Is
Ds;y Bx(r; z) dWr;z

�
dy

= (t0 � s)��
Z
R
p(s; t1; y; x)�(s; y)

�
� Z

Is
(t0 � r)��[Ds;y p(r; t1; z; x)]�(r; z) dWr;z

�
dy

= (t0 � s)��
Z
R
p(s; t1; y; x)�(s; y)

�
� Z

Is
(t0 � r)��

h Z
R
p(r; s; z; u)D�

s;y p(s; t1; u; x) du
i
�(r; z) dWr;z

�
dy

= (t0 � s)��
Z
R
p(s; t1; y; x)�(s; y)

h Z
R
D�
s;y p(s; t1; u; x)

�
� Z

Is
(t0 � r)��p(r; s; z; u)�(r; z) dWr;z

�
du
i
dy :

Let us denote Y (s; u) :=
R
Is(t0 � r)�� p(r; s; z; u)�(r; z) dWr;z. Notice that X(t1; x) =

Y (t1; x). We have proved thatZ
R
Bx(s; y)

� Z
Is
Ds;y Bx(r; z) dWr;z

�
dy

= (t0 � s)��
Z
R
p(s; t1; y; x)�(s; y)

h Z
R
D�
s;y p(s; t1; u; x) Y (s; u) du

i
dy ;

8



and then

I2 �
Z t

0
(t0 � s)��

 
E
��� Z
R
p(s; t1; y; x) �(s; y)

�
h Z

R
D�
s;y p(s; t1; u; x) Y (s; u) du

i
dy
���p2!

2
p

ds :

We have that

E
��� Z
R
p(s; t1; y; x) �(s; y)

h Z
R
D�
s;y p(s; t1; u; x) Y (s; u) du

i
dy
���p2

= E
��� Z
R2

p(s; t1; y; x)D
�
s;y p(s; t1; u; x)�(s; y)Y (s; u) du dy

���p2
� E

��� Z
R2

Vp(s; t1; x) Up(s; t1; x) f(u; y) exp

 
� jy � xj2
�p(t1 � s)

� jx� uj2

p(t1 � s)

igg)

� j�(s; y) Y (s; u)j du dy
���p2

� C jt1 � sj�
3p
4 E

��� Z
R2

f(u; y) exp

 
� jy � xj2
�p(t1 � s)

� jx� uj2

p(t1 � s)

!

� j�(s; y) Y (s; u)j du dy
���p2 :

Applying Schwartz inequality we obtain

E
��� Z
R
p(s; t1; y; x) �(s; y)

h Z
R
D�
s;y p(s; t1; u; x) Y (s; u) du

i
dy
���p2

� C (t1 � s)�
3p
4 E

 ��� Z
R2

Y 2(s; u) f2(u; y) e
� jx�uj2

p(t1�s) du dy

���p4
�
��� Z
R2

�2(s; y) e
� jx�uj2

p(t1�s)

� 2 jy�xj2
�p(t1�s) du dy

���p4!

� C (t1 � s)�
5p
8 E

 ��� Z
R
Y 2(s; u) e

� jx�uj2

p(t1�s) du

���p4 ��� Z
R
�2(s; y) e

� 2 jy�xj2
�(t1�s) dy

���p4!

� C (t1 � s)�
5p
8

 
E
��� Z
R
Y 2(s; u) e

� jx�uj2

p(t1�s) du

���p2
+ E

��� Z
R
�2(s; y) e

� 2 jy�xj2
�p(t1�s) dy

���p2!

� C (t1 � s)�
3p
8
� 1
2 E

 Z
R
jY (s; y)jp e�

jx�yj2

p(t1�s) dy +

Z
R
j�(s; y)jp e�

2 jx�yj2
�p(t1�s) dy

!
:

9



This yields

I2 � C

Z t

0
(t0 � s)���

3
4
� 1
p

 Z
R
exp

�
� jx� yj2

(
�p
2 _ 
p)(t1 � s)

�

� E
�
j� (s; y)jp + jY (s; y)jp

�
dy

!2
p

ds :

(3.7)

Putting (3.6) and (3.7) into (3.5) and using the fact that � < p�4
4p we obtain that

E jX(t; x)jp � C

Z t

0
(t0 � s)���

3
4
� 1
p

 Z
R
exp

�
� jx� yj2
c (t1 � s)

�

� E
�
j� (s; y)jp + jY (s; y)jp

�
dy

!
ds

where c = max (�p; 
p).
Now we make t tend to t1 and use Fatou�s lemma to obtain

E jY (t1; x)jp � C

Z t1

0
(t1 � s)���

3
4
� 1
p

 Z
R
e
� jx�yj2
c (t1�s) E

�
j� (s; y)jp + jY (s; y)jp

�
dy

!
ds :

Using an iterative procedure we have that

E jY (t; x)jp � C

Z t

0
(t� s)���

3
4
� 1
p

� Z
R
e
� jx�yj2
c (t�s) E j� (s; y)jpdy

�
ds ;

for all 0 � t � t0. Finally for any �xed t 2 [0; T ) letting the parameter t0 in the de�ni-
tion of Y (t; x) to converge to t and integrating with respect to the measure e�M jxj dx
leads to the desired result. �

Let us now consider the following additional condition over the stochastic kernel
p(s; t; y; x):

(H9)M There exists a constant CM > 0 such that

sup
0�r�T

E

 
sup
s�r

Z
R
e�M jxj p(r; s; y; x) dx

!
� CMe

�M jyj :

We will denote by LpM (R) the space of functions f : R! R such that
R
R e

�M jxjjf(x)jpdx <
1.

Theorem 3.3 Fix p > 8 and M > 0. Let � = f�(s; y); (s; y) 2 IT g be an adapted pro-
cess in LpM (I

T �
). Assume that p(s; t; y; x) is a stochastic kernel satisfying conditions
(H1) to (H8) and (H9)M . Then for all t 2 [0; T ], the process fp(s; t; y; x)� (s; y) l1[0;t](s);
(s; y) 2 IT g belongs to Dom � for almost all x 2 R, and the stochastic process

Z =
n
Zt =

Z
It
p(s; t; y; �) �(s; y) dWs;y; t 2 [0; T ]

o
10



posseses a continuous version with values in LpM (R). Moreover,

E

 
sup
0�t�T

Z
R
e�M jxj

��� Z
It
p(s; t; y; x) �(s; y) dWs;y

���pdx!

� C

Z
IT

e�M jyj E j�(s; y)jp ds dy ;
(3.8)

for some positive constant C depending only on T , p, M , C1;p, C2;p, Cf , 
p, �p and
CM .

Proof. Using the same arguments as in the proof of Theorem 3.2 we can assume that
the process � is simple. Fix 0 < � < p�4

4p and de�ne

Y (r; u) =

Z
Ir
(r � s)�� p(s; r; y; u) �(s; y) dWs;y :

As p(s; t; y; x) = C�
R
Its
(t � r)��1 (r � s)�� p(s; r; y; u) p(r; t; u; x) dr du ; with C� =

sin��
� it is easy to show that

Zt(x) = C�

Z
It
(t� r)��1 p(r; t; u; x) Y (r; u) dr du :

Then we have that for any t < t0 and � 2
�
1
p ;

p�4
4p

�
Z
R
e�M jxj jZt0(x)� Zt(x)jp dx

�
Z
R
e�M jxj

��� Z
It
0
t

(t� r)��1 p(r; t0; u; x) Y (r; u) dr du
���p dx

+

Z
R
e�M jxj

��� Z
It
(t� r)��1 [p(r; t0; u; x)� p(r; t; u; x)] Y (r; u) dr du

���p dx
� C�;p(t

0 � t)��
1
p

Z
It
0
e�M jxj

��� Z
R
p(r; t0; u; x) Y (r; u) du

���pdr dx
+ C�;p t

�� 1
p

Z
It
e�M jxj

��� Z
R
[p(r; t0; u; x)� p(r; t; u; x)] Y (r; u) du

���p dr dx
� C�;p(t

0 � t)��
1
p

Z
IT
jY (r; u)jp

�
sup
s�r

Z
R
e�M jxj p(r; s; u; x) dx

�
dr du

+ C

Z
IT

e�M jxj l1[0;t] (r)
Z
R
jp(r; t0; u; x)� p(r; t; u; x)j jY (r; u)jp du dr dx :

By dominated convergence, and using hypothesis (H4) both summands in the above
expression converges to zero as jt0�tj �! 0. On the other hand, taking t = 0 we obtain
(3.8). �

We will also need the following L2-estimate for the Skorohod integral.

Theorem 3.4 Fix M > 0. Let � = f�(s; y); (s; y) 2 IT g be an adapted random �eld
in L2M (I

T � 
). Assume that p(s; t; y; x) is a stochastic kernel satisfying conditions
(H1) to (H8). Then, for almost all (t; x) 2 IT , the process

fp(s; t; y; x) �(s; y) l1[0;t] (s); (s; y) 2 IT g

11



belongs to Dom � and we have thatZ
R
e�M jxjE

��� Z
It
p(s; t; y; x) �(s; y) dWs;y

���2 dx
� C

Z t

0
(t� s)�

3
4

� Z
R
e�M jxjE j�(s; y)j2 dy

�
ds ;

(3.9)

for some positive constant C depending only on T , M , C1;2, C2;2, Cf , �2 and 
2.

Proof. Using the same arguments as in the proof of Theorem 3.2 we can assume that
� 2 Sa. Fix (t; x) 2 IT and de�ne

Bt;x(s; y) = p(s; t; y; x) �(s; y) l1[0;t] (s)

X(t; x) =

Z
It
Bt;x (s; y) dWs;y :

By the isometry properties of the Skorohod integral (Proposition 2.2) we have thatZ
R
e�M jxjE jX(t; x)j2dx =

Z
R
e�M jxj

� Z
It
E jBt;x(s; y)j2ds dy

�
dx

+ 2

Z
R
e�M jxjE

h Z
It
Bt;x(s; y)

� Z
Is
Ds;y Bt;x(r; z) dWr;z

�
ds dy

i
dx

= I1 + 2 I2 :

(3.10)

By hypothesis (H7) we have that

I1 �
R
R e

�M jxj
 R

It E jV2(s; t; x)j2 exp
�
� 2 ;jx�yj2

�2(t�s)

�
E j�(s; y)j2ds dy

!
dx

� C21;2
R
It(t� s)�1 E j�(s; y)j2

 R
R exp

�
�M jxj � 2 jx�yj2

�2(t�s)

�
dx

!
ds dy

� C21;2K1
R
It(t� s)�

1
2 e�M jyj E j�(s; y)j2ds dy:

(3.11)

On the other hand, using the same arguments as in the proof of Theorem 3.2 it is easy
to show that

I2 = E
R t
0

R
R2 e

�M jxj p(s; t; y; x) �(s; y)
� R

R D
�
s;y p(s; t; u; x) X(s; u) du

�
dx dy ds

= E
R t
0

R
R3 e

�M jxj p(s; t; y; x)D�s;y p(s; t; u; x) �(s; y)X(s; u) dx dy du ds

�
R
It e

�M jxj
�
E jV2(s; t; x)j2

� 1
2
�
E jU2(s; t; x)j2

� 1
2

�
h R
R2 exp

�
� jx�yj2

�2(t�s) �
jx�uj2

2(t�s)

�
f(u; y) E j�(s; y) X(s; u)j dy du

i
ds dx

� C1;2C2;2
R
It e

�M jxj(t� s)� 3
2

 R
R2 EjX(s; u)j2 f(u; y)2 e

� jx�uj2

2(t�s) du dy

!1
2

�
 R

R2 E j�(s; y)j2 e
� jx�uj2

2(t�s)

� 2 jx�yj2
�2(t�s) du dy

!1
2

ds dx

� C
R
It e

�M jxj(t� s)� 5
4

 R
R2 e

� jx�yj2

( �2_
2)(t�s)
�
E jX(s; y)j2 + E j�(s; y)j2

�
dy

!
ds dx

� C
R t
0(t� s)�

3
4

 R
R e

�M jyj
�
E jX(s; y)j2 + E j�(s; y)j2

�
dy

!
ds :

(3.12)
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Now, substitutting (3.12) and (3.11) into (3.10) and using an iteration argument the
result follows. �

Using the same arguments it is easy to show the following result.

Corollary 3.5 Let � = f�(s; y); (s; y) 2 IT g be an adapted process in L2(IT � 
).
Assume that p(s; t; y; x) is a random function satisfying hypotheses (H1) to (H8). Then,
for almost all (t; x) 2 IT , the process

fp(s; t; y; x) �(s; y) l1[0;t](s); (s; y) 2 IT g

belongs to Dom � andZ
R
E
��� Z
It
p(s; t; y; x) �(s; y) dWs;y

���2dx � C

Z t

0
(t�s)�

3
4

� Z
R
E j�(s; y)j2dy

�
ds ; (3.13)

for some positive constant C depending only on T , C1;2, C2;2, Cf , �2 and 
2..

4 Existence and uniqueness of solution for stochastic evo-
lution equations with a random kernel

Our purpose in this section is to prove the existence and uniqueness of solution for the
following anticipating stochastic evolution equation

u(t; x) =

Z
R
p(0; t; y; x) u0(y) dy +

Z
R
p(s; t; y; x) F (s; y; u(s; y)) dWs;y ; (4.1)

where p(s; t; y; x) is a stochastic kernel satisfying conditions (H1) to (H8) and (H9)M; u0 :
R! R is the initial condition and F : [0; T ]�R2�
! R is a stochastic random �eld.
Let us consider the following hypotheses.

(F1) F is measurable with respect to the �-�eld B([0; t]� R2)
 F0;t, when restricted
to [0; t]� R2 � 
, for each t 2 [0; T ].

(F2) For all t 2 [0; T ]; x; y; z 2 R

jF (t; y; x)� F (t; y; z)j � C jx� zj ;

for some positive constant C.

(F3)pM For all t 2 [0; T ]; x 2 R ;
jF (t; x; 0)j � h(x) ;

for some h 2 LpM (R).

We are now in a position to prove the main result of this paper.

Theorem 4.1 Fix M > 0 and p > 8. Let u0 be a function in L
p
M (R). Consider an

adapted random �eld F (s; y; x) satisfying conditions (F1) to (F3)pM and a stochastic
kernel p(s; t; y; x) satisfying hypotheses (H1) to (H8) and (H9)M . Then, there exists an
unique adapted random �eld u = fu(t; x); (t; x) 2 IT g in L2M (IT � 
) that is solution
of (4.1). Moreover,

13



(i) fu(t; �); t 2 [0; T ]g is continuous a.s. as a process with values in LpM (R) and

E
�
sup
0�t�T

Z
R
e�M jxj ju(t; x)jp dx)

�
� C; (4.2)

for some positive constant C depending only on T , p, M , C1;p, C2;p, Cf , �p, 
p
and CM .

(ii) If, moreover, u0 and h belong to L2(R), then u 2 L2(IT � 
).

Proof of existence and uniqueness. Suppose that u and v are two adapted solutions of
(4.1) in L2M (I

T � 
), for some M > 0. Then, for every t 2 [0; T ] we can writeZ
R
e�M jxjE ju(t; x)� v(t; x)j2 dx

=

Z
R
e�M jxjE

��� Z
It
p(s; t; y; x)

�
F (s; y; u(s; y))� F (s; y; v(s; y))

�
dWs;y

���2 dx :
By Theorem 3.4 and the Lipschitz condition on F we have thatZ
R
e�M jxjE ju(t; x)� v(t; x)j2 dx �

Z t

0
(t� s)�

3
4

� Z
R
e�M jyjE ju(s; y)� v(s; y)j2 dy

�
ds :

Appliying an iteration argument we obtain thatZ
R
e�M jxjE ju(t; x)� v(t; x)j2 dx � C

Z t

0

� Z
R
e�M jyjE ju(s; y)� v(s; y)j2 dy

�
ds ;

from where we deduce that
R
R e

�M jxjE ju(t; x) � v(t; x)j2 dx = 0. Consider now the
Picard approximations8><>:

u0(t; x) =

Z
R
p(0; t; y; x) u0(y) dy

un(t; x) =

Z
R
p(0; t; y; x) u0(y) dy +

Z
It
p(s; t; y; x) F (s; y; un�1(s; y)) dWs;y :

By hypothesis (H1), u0(t; x) is adapted. On the other hand, using hypotheses (H3) and
(H9)M we have that

E

 Z
R
e�M jxj

��� Z
R
p(0; t; y; x) u0(y) dy

���2 dx!

� E

 Z
R
ju0(y)j2

� Z
R
e�M jxjp(0; t; y; x) dx

�
dy

!

�
Z
R
e�M jyj ju0(y)j2 dy :

Now, using induction on n and Theorem 3.4 it is easy to show that un is adapted and
belongs to L2M (I

T � 
). Using a recurrence argument we can easily show that

1X
n=0

E

 Z
R
e�M jxj jun+1(t; x)� un(t; x)j2 dx

!
<1 ;
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and the limit u of the sequence un provides the solution.

Proof of (i) Using the same arguments as in the proof of the existence we can see that
the solution u belongs to LpM (I

T � 
). Now we have to show that the following two
terms are a.s. continuous in LpM (R):

A1(t) =

Z
R
p(0; t; y; x) u0(y) dy

A2(t) =

Z
It
p(s; t; y; x) F (s; y; u(s; y)) dWs;y :

In order to prove the continuity of A, note that hypothesis (H9)M implies that, for all
' and � in LpM (R)

E

 
sup
0�t�T

Z
R
e�M jxj

��� Z
R
p(0; t; y; x)

�
'(y)� �(y)

�
dy
���pdx!

� E

 
sup
0�t�T

Z
R
j'(y)� �(y)jp

� Z
R
e�M jxjp(0; t; y; x) dx

�
dy

!

�
Z
R
e�M jyj j'(y)� �(y)jp dy :

Hence, we can assume that u0 is a smooth function with compact support. In this caseZ
R
e�M jxj

��� Z
R

�
p(0; t+ "; y; x)� p(0; t; y; x)

�
u0(y) dy

���pdx
� 2p�1 jju0jj1

Z
R�K

e�M jxj jp(0; t+ "; y; x)� p(0; t; y; x)j dx dy ;

which tends to zero by hypotheses (H4) and (H9)M . The continuity of A2 is an imme-
diate consequence of Theorem 3.3. Finally, using a recurrence argument it is easy to
prove that the Picard aproximations un satisfy that

1X
n=0

E

 
sup
0�t�T

Z
R
e�M jxj jun+1(t; x)� un(t; x)jp dx

!
<1 ;

from where (4.2) follows. �
Proof of existence in L2(IT � 
). Using hypothesis (H7) we have that

E

Z
IT

��� Z
R
p(0; t; y; x) u0(y) dy

���2dt dx � E

Z
IT
ju0(y)j2

� Z
R
p(0; t; y; x) dx

�
dt dy

� T

Z
R
ju0(y)j2 dy :

Using now induction on n and Corollary 3.5 it is easy to show that
R
IT Ejun(t; x)j2 dt dx

<1 and that un is a Cauchy sequence in L2(IT � 
). This implies that u belongs to
L2(IT � 
).

For every p � 1; p � " > 0 and K > 0 we denote by W p;"(K) the set of continuous
functions f : [�K;K]! R such that

jjf jjpp;";K :=
Z
[�K;K]2

jf(x)� f(z)jp
jx� zj2+" dx dz <1 :
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Notice that if f 2W p;"(K), then f is H�lder continuous in [�K;K] with order "=p.
Now our purpose is to prove that, under some suitable hypotheses, the solution

u(t; �) belongs to W p;"(K), for some p � 1; p � " > 0 and all K > 0.

Theorem 4.2 Fix p > 4 and M > 0. Let u0 be a function in L
p
M (R). Consider an ad-

apted random �eld F (s; y; x) satisfying hypotheses (F1) to (F3)pM and a stochastic kernel
p(s; t; y; x) satisfying (H1) to (H8) and (H9)M . Then, the solution u(t; x) constructed
in Theorem 4.1 belongs a.s., as a function in x, to W p;"(K), for all p > 8; " < p

2 � 3
and K > 0.

Proof. We have to show that the following two terms belong to W p;"(K):

B1(x) =

Z
R
p(0; t; y; x) u0(y) dy

B2(x) =

Z
It
p(s; t; y; x) F

�
s; y; u(s; y)

�
dWs;y:

Using Minkowski�s inequality we have that

E

Z
[�K;K]2

jB1(x)�B1(z)jp
jx� zj2+" dx dz

=

Z
[�K;K]2

jx� zj�2�" E
��� Z
R
[p(0; t; y; x)� p(0; t; y; z)] u0(y) dy

���pdx dz ;
�
Z
[�K;K]2

jx� zj�2�"
� Z

R
kp(0; t; y; x)� p(0; t; y; z)kp ju0(y)j dy

�p
dx dz :

Taking into account estimate (5.10) and the same arguments as in [4], pg. 17 it is easy
to show that 8 0 � s < t � T ; x; y; z 2 R ; � 2 [0; 1] and p � 1 ;

kp(s; t; y; x)� p(s; t; y; z)kp

� K jx� zj�(t� s)�
1
2
(�+1)

h
exp

�
� jy � xj

2

c(t� s)
�
+ exp

�
� jy � zj

2

c(t� s)
�i
;

(4.3)

for some K; c > 0. This gives us that, taking � = 1

E

Z
[�K;K]2

jB1(x)�B1(z)jp
jx� zj2+" dx dz

� Ct�p
Z
[�K;K]2

jx� zjp�2�"
 Z

R
exp

�
� jy � xj

2

c t

�
ju0(y)j dy

!p
dx dz

� Ct�p
Z
[�K;K]

 Z
R
exp

�
� jy � xj

2

c t

�
ju0(y)j dy

!p
dx

� Ct�
p
2
� 1
2

Z
R
e�M jyj ju0(y)jp dy <1 ;

which gives us that B1(x) belongs a.s. to W p;"(K). On the other hand, as in the proof
of Theorem 3.3 we can write for � 2 (0; p�4

4p )

B2(x) = C�

Z
It
(t� r)��1p(r; t; u; x) Y (r; u) dr du ;
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where
Y (r; u) :=

Z
Ir
(r � s)�� p(s; r; y; u) F (s; y; u(s; y)) dWs;y :

This gives us that

E

Z
[�K;K]2

jB2(x)�B2(z)jp
jx� zj2+" dx dz

= C E

Z
[�K;K]2

jx� zj�2�"
��� Z
It
(t� r)��1[p(r; t; u; x)� p(r; t; u; z)] Y (r; u) dr du

���p dx dz :
Using Minkowski�s inequality and the estimate (4.3) we obtain that

E

Z
[�K;K]2

jB2(x)�B2(z)jp
jx� zj2+" dx dz

� C

Z
[�K;K]2

jx� zj�p�2�"
 Z

It
(t� r)��

3
2
��
2 exp

�
� ju� xj

2

c(t� r)
�
kY (r; u)kp dr du

!p
dx dz

� C

Z
[�K;K]

" Z t

0
(t� r)��

3
2
��
2

� Z
R
exp

�
� ju� xj

2

c(t� r)
�
kY (r; u)kp du

�
dr

#p
dx

= C

" Z t

0
(t� r)��

3
2
��
2

 Z
[�K;K]

� Z
R
exp

�
� ju� xj

2

c(t� r)
�
kY (r; u)kp du

�p
dx

!1
p

dr

#p
:

Using Holder�s inequality we obtain

E

Z
[�K;K]2

jB2(x)�B2(z)jp
jx� zj2+" dx dz

� C

 Z t

0
(t� r)��1�

�
2

� Z
R
e�M juj EjY (r; u)jp du

�1
p
dr

!p

� C tp���
p
2
�1

Z
It
e�M juj E jY (r; u)jp dr du ;

provided � > 1
p +

�
2 . Finally, from the proof of Theorem 3.2 and the facts that u0 2

Lp(R) and � < p�4
4p it is easy to show that

R
It e

�M juj E jY (r; u)jp dr du < 1, which
allows us to complete the proof. We have made use of the following conditions

p � > "+ 1; � >
1

p
+
�

2
; � <

p� 4
4p

:

We can easily check that thanks to the fact that p > 8 we can take � and � such that
these inequalities hold. �

5 Estimates for the heat kernel with white-noise drift

In this section, following the approach of [13] we construct and estimate the back-
ward heat kernel of the random operator d2

dx2
+ _v(t; x) d

dx , where v = fv(t; x); t 2
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[0; T ]; x 2 R)g is a zero mean Gaussian �eld which is Brownian in time. The di¤eren-
tial _v(t; x)dt := v(dt; x) is interpreted in the backward ItÙ sense. More precisely, we
assume that v can be represented as

v(t; x) =

Z
It
g(x; y) dWs;y ; (5.1)

where g : R2 ! R is a measurable function, di¤erentiable with respect to x, satisfying
the following condition

sup
x

Z
R

�
g(x; y)2 +

@g

@x
(x; y)2

�
dy <1 : (5.2)

Set G(x; y) =
R
R g(x; z) g(y; z) dz and let us introduce the following coercivity condition:

(C1)
P
(x) := 1� 1

2 G(x; x) � " > 0 ; for all x 2 R and for some " > 0.

Let b = fb(t); t 2 [0; T ]g be a Brownian motion with variance 2t de�ned on another
probability space (W;G; Q). Consider the following backward stochastic di¤erential
equation on the product probability space (
�W; F � G; P �Q):

't;s(x) = x�
Z t

s

Z
R
g('t;r(x); y) dWr;y +

Z t

s

q
�('t;r(x)) dbr : (5.3)

Applying Theorems 3.4.1 and 4.5.1 in [7] one can prove that (5.3) has a solution ' =
f't;s(x); 0 � s � t � T; x 2 Rg continuous in the three variables and verifying

'r;s

�
't;r(x)

�
= 't;s(x) ; (5.4)

for all s < r < t; x 2 R.
Then we have the following result

Proposition 5.1 Let v be a Gaussian random �eld of the form (5.1) where the function
g satis�es the coercivity condition (C1) and assume that g is three times continuously
di¤erentiable in x and satis�es

sup
x

3X
k=0

Z
R
jg(k) (x; y)j2 dy <1 :

Then there is a version of the density

p(s; t; y; x) =
Q('t;s(x) 2 dy)

dy

which satis�es conditions (H1) to (H8) and (H9)M for each M > 0.

Proof. Let us denote by �b and Db the divergence and derivative operators with respect
to the Brownian motion b. Applying the integration-by-parts formula of Malliavin
calculus with respect to the Brownian motion b we obtain

p(s; t; y; x) = EQ
�
l1f't;s(x)>yg Ht;s(x)

�
; (5.5)
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where

Ht;s(x) = �b
 

Db't;s(x)

kDb't;s(x)k2

!
:

Hypothesis (H1) follows easily from the expression (5.5) because 't;s(x) is Fs;t-measu-
rable. The fact that y 7! p(s; t; y; x) is the probability density of 't;s(x), which has a
continuous version in all the variables x; y 2 R; 0 � s < t � T , imply (H2), (H3) and
(H4). Hypothesis (H5) is a consequence of the �ow property (5.4).

Applying the derivative operator to (5.5) yields

Dr;z p(s; t; y; x) = EQ
�
l1f't;s(x)>yg Dr;z Ht;s(x)

�
+ EQ

�
l1f't;s(x)>yg 	t;s(x)

�
;

(5.6)

where

	t;s(x) = �b
 

Db 't;s(x)

kDb 't;s(x)k2
Dr;z 't;s(x) Ht;s(x)

!
:

Then hypothesis (H6) follows easily from Equation (5.6). Conditions (H7), (H8) and
(H9)M will be proved in the following lemmas. �

Lemma 5.2 The stochastic kernel p(s; t; y; x) satis�es condition (H7) with the constant
�p =

p
K , for any K < 1

4 .

Proof. By (5.5) the kernel p can be expressed as

p(s; t; y; x) = EQ
�
l1fBt;s(x)>y�xg Ht;s(x)

�
(5.7)

= EQ
�
l1f�Bt;s>x�yg Ht;s(x)

�
; (5.8)

where Bt;s(x) = 't;s(x)�x. Since B and �B have the same distribution, it is su¢ cient
to consider the expression in (5.7) and assume that x � y. Using the trivial bound

l1fB>ag � exp
(KB2)

p(t� s) exp �
(K a2)

p(t� s)

for any a � 0; k > 0 we obtain

p(s; t; y; x) � e
�K jx�yj2

p(t�s) Vp(s; t; x) ;

where

Vp(s; t; x) = EQ

 
exp

(K Bt;s(x)
2)

p(t� s) jHt;s(x)j
!
:

We only need to calculate E jVp(s; t; x)jp. By Schwartz�s inequality

E jVp(s; t; x)jp �
 
E exp

(2K Bt;s(x)
2)

(t� s) E jHt;s(x)j2p
!1
2

:

19



Note that, if we �x t and let s vary, Bt;s(x) becomes a backward martingale with
quadratic variation

hBt;�(x)is =
Z t

s

Z
R
g2('t;r(x); y) dy dr + 2

Z t

s
� ('t;r(x))dr

= (t� s):

This gives us that Bt;�(x) is a Brownian motion, and then, for any K < 1
4

E exp

�
2K

(t� s) Bt;s(x)
2
�
=

1p
1� 4K

: (5.9)

On the other hand, it is known (see [13], proof of Proposition 10, (5.5)) that

�
E jHt;s(x)j2p

�1
2 � Cp(t� s)�

p
2 ;

and now the proof is complete. �

Lemma 5.3 The stochastic kernel p(s; t; y; x) satis�es condition (H8) with the constant

p =

p
K , for any K < 1

4 .

Proof. We express D�
s;z p(s; t; y; x) as in [13] as

D�
s;z p(s; t; y; x) = �

@

@y

h
p(s; t; y; x) g(y; z)

i
= �@p

@y
(s; t; y; x) g(y; z)� p(s; t; y; x) @g

@y
(y; z) :

Since g and @g
@y satisfy condition (H8) (ii) and p satis�es the bound (H7), we only need

to show ���@p
@y

(s; t; y; x)
��� � Up(s; t; x) exp

�
� jx� yj2

p(t� s)

�
; (5.10)

where jjUp(s; t; x)jjLr(
) � Cp(t�s)�1. Now taking the derivative @
@y inside the formula

(5.5) for p and integrating by parts we obtain

@p

@y
(s; t; y; x) = EQ

�
l1fBt;s(x)>y�xg H

0
t;s(x)

�
;

where

H 0
t;s(x) = �b

 
Db 'b;s(x)

kDb 't;s(x)k2
Ht;s(x)

!
:

The proof of Proposition 11 in [13] indicates that kH 0
b;s(x)kq � Cq(t � s)�1 for all

q � 1. Therefore, the estimates on E exp
2KB2t;s(x)

(t�s) from the proof of Lemma 5.2 yield
the lemma. �

Lemma 5.4 The stochastic kernel p(s; t; y; x) satis�es condition (H9)M for all M > 0.
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Proof. By Equation (4.6) in [13] we know that

p(s; t; y; x) dx = q(s; t; y; x) dx

+

Z
Its

h Z
R
g(z; y)

@p

@z
(s; r; y; z) q(r; t; z; x) dz

i
dWr;y;

where q(s; t; y; x) := 1

2
p
�(t�s)

exp
�
� jy�xj2
4
p
t�s

�
: This gives us that

Z
R
e�M jxj p(s; t; y; x) dx =

Z
R
e�M jxj q(s; t; y; x) dx

+

Z
Its

h Z
R
g(z; y)

@p

@z
(s; r; y; z)

� Z
R
e�M jxj q(r; t; z; x) dx

�
dz
i
dWr;y

=: T1 + T2:

Notice thatZ
R
e�M jxj q(s; t; z; x) dx = e�M jzj +

Z t

r

� Z
R
e�M jxj @q

@�
(r; �; z; x) dx

�
d�

= e�M jzj +
M2

2

Z t

r

� Z
R
e�M jxj q(r; �; z; x) dx

�
d�

�M
Z t

r
q(r; �; z; 0) d� :

Fubini�s stochastic theorem allows us then to write

T2 =

Z
Its

" Z
R
g(z; y)

@p

@z
(s; r; y; z) e�M jzj dz

#
dWdr;dy

+

Z t

s

" Z
I�s

 Z
R
g(z; y)

@p

@z
(s; r; y; z)

� Z
R
e�M jxj q(r; �; z; x) dz

�
dWr;y

!#
d�

+

Z t

s

" Z
I�s

 Z
R
g(z; y)

@p

@z
(s; r; y; z) q(r; �; z; 0) dz

!
dWr;y

#
d� :

From (4.6) in [13] it follows that

T2 =

Z
Its

h Z
R
g(z; y)

@p

@z
(s; r; y; z) e�M jzj dz

i
dWr;y

+

Z t

s

� Z
R
e�M jxj

h
p(s; �; y; x)� q(s; �; y; x)

i
dx
�
d�

+

Z t

s

h
p(s; �; y; 0)� q(s; �; y; 0)

i
d� :
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Using integration-by-parts formula it follows that

T2 = �M
Z
Its

h Z
R
g(z; y) p(s; r; y; z) e�M jzj sg(z) dz

i
dWr;y

+

Z
Its

h Z
R

@g

@z
(z; y) p(s; r; y; z) e�M jzj dz

i
dWr;y

+

Z t

s

� Z
R
e�M jxj

h
p(s; �; y; x)� q(s; �; y; x)

i
dx
�
d�

+

Z t

s

h
p(s; �; y; 0)� q(s; �; y; 0)

i
d� :

It is easy to show that for all M > 0,

Z T

s
E jp(s; �; y; 0)j d� +

Z T

s
q(s; �; y; 0) d� +

 
E
��� Z
R
e�M jxj p(s; �; y; x) dx

���2!
1
2

� CM;T e
�M jyj:

Then it follows that

E

 
sup
0�t�T

Z
R
e�M jxj p(s; t; y; x) dx

!
� CM;T

(
e�M jyj

+

 
E

Z
ITs

� Z
R

@g

@z
(z; y) p(s; r; y; z) e�M jzj dz

�2
dr dy

!1
2

+

 
E

Z
ITs

� Z
R
g(z; y) p(s; r; y; z) e�M jzj sg(z) dz

�2
dr dy

!1
2
)

� CM;T

(
e�M jyj +

�
E

Z T

s

��� Z
R
p(s; r; y; z) e�M jzj dz

���2 dr�12)
� CM;T e

�M jyj;

which gives us (H9)M. Now the proof is complete. �

6 Equivalence of evolution and weak solutions

Assume the notations of Section 5. By (4.15) in [13] we know that p(s; t; y; x) is the
fundamental solution (in the variables t and x) of the equation

dut =
@2u

@x2
(t; x) dt+ v(dt; x)

@u

@x
(t; x) : (6.1)

Our purpose in this section is to study the following stochastic partial di¤erential
equation

d ut =
@2u

@x2
(t; x) dt+ v(dt; x)

@u

@x
(t; x) + F (t; x; u(t; x))

@2W

@t @x
; (6.2)

with initial condition u0 : R! R. Let us introduce the following de�nition.
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De�nition 6.1 Let u = fu(t; x); (t; x) 2 Itg be an adapted process. We say that u is
a weak solution of (6.2) if for every  2 C1K (R) and t 2 [0; T ] we haveZ

R
 (x) u(t; x) dx =

Z
R
 (x) u0(x) dx+

Z
It
 00(x) u(s; x) ds dx

�
Z
R
 (x)

� Z
It
u(s; x)

@g

@x
(x; y) dWs;y

�
dx

�
Z
R
 0(x)

� Z
It
u(s; x) g(x; y) dWs;y

�
dx

+

Z
It
 (x) u(s; x) dWs;x :

(6.3)

Now we have the following result.

Theorem 6.2 Under the hypotheses of Theorem 4.1-ii), the solution u = fu(t; x);
(t; x) 2 IT g of (1.1) is a weak solution of (6.2).

Proof. Suppose that u is the solution of (1.1). Let fek; k � 1g be a complete ortonormal
system in L2(R). For all m � 1 and (t; x) 2 IT we de�ne

um(t; x) =

Z
R
p(0; t; y; x) u0(y) dy

+
mX
k=1

Z
It

� Z
R
p(s; t; z; x) Fs(z) ek(z) dz

�
ek(y) dWs;y ;

(6.4)

where Fs(z) := F (s; z; u(s; z)). The stochastic process um(t; x) is well-de�ned becausen� R
R p(s; t; z; x)Fs(z) ek(z) dz

�
ek(y) l1It(s; y)

o
belongs to the domain of � for each

k � 1. This property can be proved by the arguments used in the proofs of Theorems 3.2
and 3.4. By (4.8) in [13] we know that for all 0 � s < t � T; x 2 R and f 2 L2(R)Z

R
p(s; t; y; x) f(y) dy = f(x) +

Z t

s

� Z
R

@2p

@x2
(s; r; y; x) f(y) dy

�
dr

+

Z t

s

� Z
R

@p

@x
(s; r; y; x) f(y) dy

�
v(dr; x) :

This gives us that

um(t;x) = u0(x) +

Z t

0

� Z
R

@2p

@x2
(0; r; y; x) u0(y) dy

�
dr

+

Z t

0

� Z
R

@p

@x
(0; r; y; x) u0(y) dy

�
v(dr; x)

+
mX
k=1

Z
It
�(s; x) ek(x) ek(y) dWs;y

+
mX
k=1

Z
It

h Z t

s

� Z
R

@2p

@x2
(s; r; z; x) Fs(z) ek(z) dz

�
dr
i
ek(y) dWs;y

+
mX
k=1

Z
It

h Z t

s

� Z
R

@p

@x
(s; r; z; x) Fs(z) ek(z) dz

�
v(dr; x)

i
ek(y) dWs;y :
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Let  be a test function in C1K (R). Using integration by parts formula and Fubini�s
theorem it is easy to obtain thatZ
R
um(t; x)  (x) dx =

Z
R
 (x) u0(x) dx

+

Z
It
 00(x)

� Z
R
p(0; r; y; x) u0(y) dy

�
dr dx

�
Z
It
 0(x)

� Z
R
p(0; r; y; x) u0(y) dy

�
v(dr; x) dx

�
Z
It
 (x)

� Z
R
p(0; r; y; x) u0(y) dy

�
div v(dr; x) dx

+
mX
k=1

Z
It

� Z
R
 (x) Fs(x) ek(x) dx

�
ek(y) dWs;y

+
mX
k=1

Z
R
 00(x)

" Z t

0

 Z
Ir

� Z
R
p(s; r; z; x) Fs(z) ek(z) dz

�
ek(y) dWs;y

!
dr

#
dx

�
mX
k=1

Z
R
 0(x)

" Z t

0

 Z
Ir

� Z
Rp(s;r;z;x) Fs(z) ek(z) dz

�
ek(y) dWs;y

!
v(dr;x)

#
dx

�
mX
k=1

Z
R
 (x)

" Z t

0

 Z
Ir

� Z
R
p(s; r; z; x) Fs(z) ek(z) dz

�
ek(y) dWs;y

!
div v(dr; x)

#
dx :

This gives us thatZ
R
um(t; x)  (x) dx =

Z
R
 (x) u0(x) dx

+
mX
k=1

Z
It

� Z
R
 (x) Fs(x) ek(x) dx

�
ek(y) dWs;y

+

Z
It
 00(x) um(r; x) dr dx

�
Z
R
 0(x)

� Z
It
um(r; x) g(x; y) dWr;y

�
dx

�
Z
R
 (x)

� Z
It
um(r; x)

@g

@x
(x; y) dWr;y

�
dx :

(6.5)

Notice that

lim
m

E
��� mX
k=1

Z
It

� Z
R
 (x) Fs(x) ek(x) dx

�
ek(y) dWs;y �

Z
It
 (y) Fs;y dWs;y

���2
= lim

m
E

Z t

0

1X
k=m+1

� Z
R
 (x) Fs(x) ek(x) dx

�2
ds = 0 :
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In order to complete the proof it su¢ ces to show that for any smooth and cylindrical
random variable G 2 S we have

lim
m

E
�
G

Z
R
um(t; x)  (x) dx

�
= E

�
_G

Z
R
u(t; x)  (x) dx

�
;

lim
m

E
�
G

Z
It
 00(x) um(r; x) dr dx

�
= E

�
G

Z
It
 00(x) u(r; x) dr dx

�
;

lim
m

E

 
G

Z
R
 0(x)

� Z
It
um(r; x) g(x; y) dWr;y

�
dx

!

= E

 
G

Z
R
 0(x)

� Z
It
u(r; x) g(x; y) dWr;y

�
dx

!
;

and

lim
m

E

 
G

Z
R
 (x)

� Z
It
um(r; x)

@g

@x
(x; y) dWr;y

�
dx

!

= E

 
G

Z
R
 (x)

� Z
It
u(r; x)

@g

@x
(x; y) dWr;y

�
dx

!
:

These convergences are easily checked using the duality relationship between the Skoro-
hod integral and the derivative operator. �
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