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Abstract. We consider the stochastic heat equations on
Lie groups, that is, equations of the form du = A,u + b(u) +
F(u)W on R, x G, where G is a compact Lie group, A is the
Laplace-Beltrami operator on (G, b and F are Lipschitz coeffi-
cients, and where W is a Gaussian space-correlated noise, which
is white-noise in time. We find necessary and sufficient condi-
tions on the space correlation of W such that u is an L? or
Holder-continuous function in the spatial variable x, using some
basic tools of stochastic analysis and harmonic analysis on the
Lie group G.
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1 Introduction

This article proposes to study the weakest conditions under which a stochas-
tic parabolic partial differential equation on a compact Lie group has a unique
function-valued solution, and under which this solution is continuous. We
will study the evolution (or mild, or semigroup) form of the stochastic P.D.E.;
that is, we seek the solution to the stochastic evolution equation

u(t,r) = /Guo (y) Hy (x,y) dy+/0 /Gb(s,y,u(s,y))Hts (x,y) dsdy
[ @) P s ) W (ds. ). 1)

Here G is a compact Lie group, dy denotes Haar measure on G. H; (z,y)
is the heat kernel for the Laplace-Beltrami operator A on G (see Section
2.3), W is a real-valued centered Gaussian orthogonally scattered generalized
function on R, x GG. We assume that it is white-noise in time, and spatially
homogeneous, but it is not required even to be as regular as an L?-measure
in the variable y. In this sense it may be more spatially irregular than space-
time white noise (see Section 2.5 for the precise definition of W).

Under the assumption that W (s, dy) is a measure in the variable y with
a density with respect to Haar measure, denoted by W (s, ), if W is P-a.s.
of class C? in G and there exists a solution u to (1) that is P-a.s. of class C?
in GG, then it easy to show that it satisfies the following bona fide stochastic
P.D.E.:

u(t,x) = uo(x)—i-/o Aﬁu(s,x)d8+/0 F(s,z,u(s,z)) W (ds,z)
+/0 b(s,y,u(s,y))ds. (2)

It is in this sense that a solution to equation (1) is a weak form of the above
stochastic P.D.E. This being said, we will discuss the existence of a strong
solution to (2) no further.

Our work fits into the general project of stochastic evolution equations,
which have been studied in an abstract setting in the 1980’s (see [5] and refer-
ences therein). Recently, several authors ([19] for parabolic equations;.[4] and
[18] for the wave equation) have taken up giving explicit sufficient conditions



under which the evolution form of a stochastic P.D.E. in Euclidean space ad-
mits a function-valued solution. Their results also include explicit sufficient
conditions for spatial Holder-continuity of the solution. The conditions in
the latter two papers are formulated in the case of covariance functions Q
given by Q (dz,dy) = f (Jx — y|) dedy. The condition for existence is proved
to be sharp in [18].

Another popular approach to weakened forms of stochastic P.D.E.’s is
the so-called weak formulation, in which equation (2) is integrated by parts
against test functions: [22] (see also the references therein) reports the
existence, depending on the dimension of space, of distribution-valued or
function-valued weak solutions in the case of space-time white-noise [i.e.
EW (1,dz) W (1,dy) = 6 (dz,dy)]. The weak formulation has seen a recent
regain of interest in the setting of measure-valued solutions, as in [16], [13].
Although in principle, evolution and weak formulations are morally equiv-
alent (as evidenced for example by the fact that the construction of weak
solutions in [22] uses the semigroup techniques of evolution equations), the
techniques employed in [16] and [13] show that the weak formulation is not as
well-tailored to telling when a function-valued solution (i.e. a measure with
a density) exists. Note however the very successful treatment of solutions in
Sobolev and Hélder spaces in [14] by means of an analytic approach to weak
solutions.

Some of our techniques and goals are similar to those followed in [18].
However we have tried to delve deeper in the understanding of the condi-
tions we impose. We consider all compact Lie groups in order to illustrate
that despite the technical difficulties that non-commutativity entails, the phe-
nomenon observed in [19], [4], [18] is not specific to Euclidean space. The use
of compact Lie groups actually has two advantages: the lack of any bound-
ary conditions in space, and the compactness, which implies that harmonic
analysis in G takes the form of Fourier series. In order to make efficient use
of stochastic calculus, we seek L?(G)-valued solutions to (1). Instead of a
condition of the form Q (dz,dy) = f (|x — y|) dzdy, which may be labelled
as isotropy, we use the more general assumption of spatial homogeneity of
W, ie. that Q (dr,dy) depends only on the product zy~!. Since Q need
not be a measure, but merely a generalized bilinear function, we define a
generalized notion of homogeneity. This alone is enough to exploit the the-
ory of Fourier series. Thanks to necessary and sufficient conditions for the
continuity of homogeneous Gaussian processes, we establish the sharpness
of all the conditions we impose, and interpret them in terms of almost-sure
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spatial regularity for W.

We have received some preprints ([20], [12]) which deal with the wave
and heat equation in flat space and uses a general spatially homogeneous
noise, exploiting harmonic analysis on R? and 7%, much like we have done
in non-commutative space, including the consideration of a general (pos-
itive definite) distribution covariance. We have just been made aware of
ongoing work by P.L. Chow ([2])regarding the regularity of the stochastic
wave equation, examining general (non-Gaussian) sufficient conditions under
which Holder continuity may be obtained.

This paper is organized as follows. A detailed review of relevant ma-
terial from Lie Groups, including harmonic analysis and properties of the
heat kernel H, is given in section II. Section III is devoted to proving exis-
tence and uniqueness of a function-valued solution under a sharp condition
on the Fourier coefficients of ). Holder continuity of the solution is estab-
lished in section IV. In section V, we interpret the condition for existence
as the existence of a pathwise spatial “antiderivative” of W the condition
for Holder-continuity is interpreted as the fact that W’s “antiderivative” be
almost-surely Holder-continuous. All conditions are proved to be sharp in-
sofar as they are necessary in the linear additive case (F'=1,b = 0).

2 Preliminaries on compact Lie groups

2.1 General notations

We shall consider here a connected compact Lie group G, that is a group
with a C'*°-manifold structure, such that the multiplication (resp. the inverse
operation) is a C* function from G x G to G (resp. from G to G). Let us
denote by e the identity element of G as a group. Then the Lie algebra
of GG, that is the set of left-invariant vector fields on G, is in one-to-one
correspondence with T,G (the tangent space of G at ), and we shall denote
both of them by G. We set d = dim(G) = dim(G). Recall also that in the
case of compact connected Lie group, the exponential map is defined on all
of G, and is onto from G to G.

For any C"*°-manifolds M and N, and for any differentiable function f :
M — N, we shall denote by (df), the differential of f at a point € M. For
a given g € G, set

I,:G — G
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h — ghgt

Then (dl,). : G — G is an automorphism of G, called the adjoint representa-
tion of g, and denoted by Ad(g).

A Riemannian structure can be given to G by the definition of a scalar
product (.;.) on G. In the case of a compact Lie group, this scalar product
can be chosen to be Ad-invariant, which means that for every X,Y € G and
every g € GG, we have

(Ad(g)X;Ad(g9)Y) = (X;Y).

On the Riemannian manifold obtained, we can construct a unique volume
element, called the Haar measure and denoted by dx, such that the following
properties are satisfied:

1. For any f € L'(G,dx) and any g € G,

/f dx—/fg:cdx—/fxgd:v—/f -1 (3)

2. The total volume of GG is one, that is

/ldle.
e

We shall denote the Haar measure of any Borel subset A of G by |A].

Moreover, for this specific Riemannian metric, the geodesics are the one-
dimensional subgroups, and the manifold G is complete. Let us call p :
G x G — R, the metric associated to the scalar product we have just defined.
Then p satisfies

1. For any x,y € G,
p(x,y) = ple,y 'z).
2. If z = exp(X) for a X € G, then
ple.a) = [X|g = (X; X)'2.
3. There exist constants ¢; and ¢y such that for all » > 0, the Haar measure
|B, (e, r)| of the p-ball of radius r centered at the identity is estimated

as:
ar® < |B, (e, )] < cor. (4)



In the remainder of the paper, we shall also denote p(e, ) by p(x) and |.|g
by |.| when this is not an ambiguous notation. Let us call Dg the diameter
of G, Rc the real part of a complex number ¢, and ¢ its imaginary part.
For a given function ¢ : G — R, we shall also call ¢ the function defined on

G by
o(g) = ¢(g7"). (5)

2.2 Representation theory

We only give here a brief survey of this subject. We refer to [8], [10] and [21]
for further details. We shall recall first the following fundamental definitions:

Definition 2.1 Let G be a compact connected Lie group.

1. A unitary representation of G is a strongly continuous homomorphism
7 from G into the group U(H,) of unitary operators of some Hilbert
space H.

2. Two unitary representations w1 and wo of G are called equivalent, de-
noted by m >~ 7, if there exists an isometry A of H., onto H, satis-
fying

Ami(g) = m2(g)A

for every g € G. The relation ~ is in fact an equivalence relation.

3. A unitary representation 7 is called irreducible if H, # 0 and if the
only invariant closed subspaces of Hy by m are H, and {0}.

It is known that the irreducible representations of a compact Lie group
G are finite-dimensional, and that any unitary representation of G is the
direct sum of irreducible representations. The set of all equivalence classes
of irreducible unitary representations of G is denoted by G and is called the
dual of G. Within this set of equivalence classes, we denote by 1 the class
of constant representation 1 : G — R defined by 1(z) = 1 for all z € G.
We shall put again 7 for the generic representative of an equivalence class
in G, and set d; = dim(H,), x,(g) = tr(x(g)) for any ¢ € G. The function
X, is called the character of the representation m. Note that an irreducible
representation m can be seen as a d, X dr-matrix-valued function defined
on GG. The generic element of that matrix will be designated by m;;. We



will usually omit the words “irreducible” an “unitary” when referring to a
representation in G.

Let dm. be the differential of 7 at e, so that for X € G, dn.(X) is a d, X d,
square matrix. Let T be a maximal torus of GG, denote by 7 its Lie algebra,
and by 7* the dual of 7. For the sake of simplicity, the duality relation
between 7 and 7* will be denoted by (.,.), just like the scalar product in
7. The image of T by dm is a commutative set of skeW—Hermltlan matrices,
and hence, for any 7 in G, there is a set of d, vectors {,uTr ck=1,---,d; }
on 7* such that for some unitary matrix U,

Udr (V)U™' = iDiag({ut”; V), ..., (ul%); V),

for all V'€ T. The vectors (linear forms) sy, ..,y are called the weights
of m. The lattice of all weights for all the representations 7 € G will be
denoted by P. One of the fundamental theorem of representation theory is
the following: there is a region delimited by hyperplanes in 7* called the
dominant chamber and denoted by D such that each point of P N D is in
one-to-one correspondance with an element 7 € G. Let us call h, such an
element. Then h, is called the highest weight of w. It is shown in [10] that
h, is of maximal norm among the weights of 7.

For each element v of the maximal torus 7', a more explicit expression
can be given for the character y,.(v), for a given representation 7 € G:

Ry, (o ZmM%,. (6)

In particular, the next proposition easily follows.

Proposition 2.2 For any 7 € G, and any v € G,

dﬂ' - §RX7r<U> S

Proof:

VeTandv=expV €T, since 1 — cos(u) < u?/2, we get

dr

dy d
R (o WV) < EPIVE = Flhe P (o),

[\')lH

T
k=1



We then get the general result for v € G noticing that v is always the
conjugate of a point of the maximal torus 7', since the conjugation is an
isometry on G. |

Notice that in the remainder of the paper, when this does not lead to any
confusion, we shall write y, instead of Jx,.

2.3 Harmonic analysis on compact Lie groups

This quick overview is taken mainly from [8]. The main result concerning
harmonic analysis on compact Lie groups is given by the following proposi-
tion.

Proposition 2.3 Let G be a compact Lie group. Let L* (G) be the Hilbert
space of all square integrable functions on G against the Haar measure. Let
ZL*(G) be the subspace of L* (G) formed of the central functions, i.e., those
functions f such that f (xy) = f (yz) for all x,y € G. Then

1. {d}rﬂmj; i,j=1,...,d;, m€ G} is an orthonormal basis for L*(G).
2. The characters {Xﬂ T E G} form an orthonormal basis for ZL* (G)

The functions m;; and the characters x, are also related to the Laplace
operator on G: let Xi,..., Xy be an orthonormal basis of G. The Laplacian
on G is given by

A=y xE )

Note that A is a self-adjoint operator on L?*(G), and that the expression (7) is
independent of the chosen orthonormal basis. The eigenvalue decomposition
of A is as follows:

Proposition 2.4 There is a fized vector § in T such that for any represen-
tation m in G, and any i,j € {1,...,d,}, the function m;; and the character
X, are eigenfunctions of A, associated with the eigenvalue

Ar = (has he + &),



The vector £ in this proposition is known as the “half-sum of the positive
roots of G”. This proposition shows that for large |h,|, A; is of the order of
|hx|”>. The integer k is the “number of positive roots of G”. Note that this
asymptotics is relevant since the set {|hr|}, . is unbounded. In fact, it has
no accumulation point other than infinity.

2.4 Heat kernel on compact Lie groups

We shall give here some estimations for the heat kernel H on compact Lie
groups, taken from [3], and show a basic property of H we shall use all along
the remainder of the paper.

Let G be a connected compact Lie group. The heat kernel H on G is
defined as the fundamental solution of the heat equation on G, which means
that for any function f in L?*(G) and a given T > 0, the solution of the
equation

Owu(t,x) = Aul(t, z) , (t,z) € [0,T] x G,

with initial condition f, is given by

ult,z) = Hof(z) = / Hi(x,y) () dy.

By left invariance of the Laplacian on G, it easily seen that H; admits in fact
a convolution kernel, called again H;, such that H; € L?(G) and

H,f(x) = /G Hy(ay™")f(y) dy.

Moreover, the symmetries of the Laplacian in GG imply that for any ¢ > 0
and any z,y € G, we have

Hy(2™') = H(x),  Hf(xy) = Hyyz). (8)
Note that the semi-group property of H; can be written
[ Huoy D HL () dy = Hiaoz ) )
a

for any t,s > 0 and =,z € G.
It is shown in [3] that the following estimates for H hold:



Proposition 2.5 Let G be a compact connected Lie group, and T > 0.
Then, for every t € (0,T], v € G and every i € {1,...,d}, we have, for

some constants c1,...,cy >0 and dy,...,dy > 0,
2
—p*(z)
Hi(x) > ex
) > o exp(—o)
2
C2 —p*(z)
H, < —
t(x) — td/Q eXp( th )
2
3 —p*(z)
O Hy(z) < RS exp( it )
2
C4 —p*(x)
X, Hy(z) < @ exp( it )

where X1, ..., Xq is an orthonormal basis of G.
We shall need the following property in the remainder of the paper.

Proposition 2.6 Let V € L*(G), and R € ZL*(G). For at € (0,T], and
any x,a,b € G, set H(y) = Hy(xy™* and

%AW=//W@ (579) HE (5) dydy
Kiap(R //Ht a'zy) Hy (b7'y) R (2) dydz

Jt,x(V)—/GHQt(v)V(v) dv

Kiap(R) = /GHQt (Ua_lb) R (v) dv

Then

Proof:

1

e change of variable y 'z = v and 'z = 9. Then

Joa(V //Ht “UYH,(8) dvdb.
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Using equalities (3) and (8), we hence get

/GHt(U)V(@v_l)dU = Hy (v 1)V (v) dv

Since relation (9) holds, we get

Ja(V) = / oV (v) / i H, (6-) H, ()

a a
= Hy(v)V (v) dv,
e}
which ends the proof of the first equality. The second is proved using a
similar computation: first use the change of variable z = az’, then use the
fact that R is central, then change the variable again using v = z’'a, and
finally use the semigroup property (9). |

2.5 Random Fourier Series in H_,

Throughout this paper, we are going to make heavy use of the Fourier repre-
sentation of the Gaussian noise W. The purpose of this section is to establish
this representation, thereby showing that the random Fourier series we use
for W cover a wide class of generalized Gaussian noises, those which are
spatially translation- and inverse-invariant in law.

One may define the Fourier expansion in G for all functions in the space of
tempered distributions &’ (G). However, theorems 3.1 and 3.6 show that the
class of noises W which lead to a function-valued solution to (1) is included
in the class of noises whose spatial covariance is in H_, for some p < 2
(see definition below). We thus only develop the corresponding harmonic
analysis.

The material here is presumably fairly standard, and some of the ideas
presented below are similar to those found in [17]. For the sake of complete-
ness, we have chosen to give a detailed treatment of this topic, as we could
not find any existing works that clearly contain the results we need. The
proof of this section’s main result is in the Appendix.
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The matrix elements 7y (z) of the irreducible unitary representations of
G, their characters x, (z) = trm (x), and the eigenvalues A, of the Laplace
operator, are as defined in Subsections 2.2 and 2.3.

Definition 2.7 Let p € R,. Let H, be the Sobolev space
WP(G)={f: Xy Xi, - Xi, f € L*(G); k=0, ,pyij=1,---,d}.
Let H_,, be its dual, i.e. the space of all continuous linear functionals on H,.

The reader will verify that these spaces can also be defined by their Fourier
series expansion as follows.

Proposition 2.8 Let p € R. A sequence f = <f7":ivj)7r€é’~ij:1 ..q. 0f complex
numbers defines a Fourier series f in G by the formula

dn
=) &lmifris

TeG hI=1

H, is the set of all Fourier series f whose coefficients satisfy

dr
SN frisl (L4 M) < o0,

G =l

A Fourier series Q = (qﬂ7i7j)neé-ij=1 ..q. defines a linear functional if the
action of Q) on the Fourier series f is given by the formula

dr
Q (f) = Z Z Qﬂ',i,jfﬂ,i,j'

G ig=1

H_, is the set of all such linear functionals with coefficients satisfying

dr
DY grigl (14 20) 77 < o0,

G =1

Let B (R, ) denote the set of Borel sets of R, . For the remainder of the
paper, we shall consider a complete stochastic basis (Q, F, F;, P).
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Definition 2.9 Let p € N. Let H_, be the class of real-valued centered
Gaussian random fields W linearly indexed by H,. Ile. “H_, is formed
of every centered Gaussian field W whose generalized covariance function
Q (¢,1) = E[W (¢) W ()] is a real-valued symmetric bilinear functional on
H, such that 0 < Q (¢,0) < 0o for all ¢ € H,.

Such a random field is called homogeneous if its distribution is invariant
under shifts, i.e. if W and {W (¢(h-)) : ¢ € Hp} have the same distribu-
tion for any fired h € G. It is called inverse-invariant if W has the same
distribution as {W (¢ (()_1)) 1€ Hpy} .

A Gaussian random field indexed by B (R.) x H, is said to be spatially
H_, and white-noise in time if its covariance has the following tensor-product
form: given any two times s,t € Ry and any two test functions ¢, € H,

E[W (ds, ¢) W (dt,y)] = 6 (ds, dt) Q (¢,)

where § is Lebesgue measure concentrated on the diagonal of Ry, {s,t) : s
=t }, and the spatial covariance Q is as above. Such a random field is called
spatially homogeneous and/or inverse-invariant if it has those properties in
the space variable.

From now on we assume W to be spatially H_,, and white-noise in time as
defined above. The notation [, f(f W (ds,dy) a(s,y), used to define equation
(1), is an abusive notation. Indeed it suggests that W is an L2?-measure
in both parameters s,¢. This need not be the case: the class of spatial
covariance functions identified in Theorem 3.1 may be larger than M (G).
For example, in the case of the circle goupe S*, the proof of Remark 3.3 in the
next section (see the Appendix) shows that the the covariance @ := > \/nx
satisfies the existence and uniqueness conditions of Theorem 3.1. However,
@ is not a measure, as it can be thought of as a fractional (half) derivative
of the distribution ) x,, which is the Dirac mass at the origin. The proper
way to understand equation (1) is as follows:

u(t,x) = /uo( ) Hy (z,y) dy+/ W (ds, Hy—s (z,-) F'(s,-,u(s,)))
// (5,9, u(s,9)) His (v,y) dsdy. (10)

Indeed, for any ¢ € Hy,, s — W ([0,s],¢) is a standard scalar Brownian
motion. The stochastlc 1ntegral on the right-hand side is of It6 type, or more
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precisely, is the L? (©)-limit of its Riemann sums; moreover, we can and will
assume that filtration (F;),., is common to all Brownian motions, so that
one should expect to find a solution that is (F),-,-adapted.

The assumption of spatial homogeneity of W is made in order to use the
harmonic analysis on H_,. Although we believe that this assumption is not
necessary to solve equation (1), it is the only way we (and others, see [4],
(18], [19], [20]) have found to formulate sharp conditions. The same is true
for W’s inverse-invariance, which follows from homogeneity in the case of
an Abelian group. Recall from (5) that for any function f on G we denote

f=Fo()
Definition 2.10 For a p > 0, consider QQ € H_,, and ¢, € H,.

1. The convolution of ¢ and 1 is defined by
050 ) = [ ol (i) v
2. Qs called positive or of positive type if for all ¢ € H,
0 (¢ « @) > 0.
3. Q is called central if for all 6,4 € H,
Q(6+1) = Q+9).

The following proposition is elementary.

Proposition 2.11 A centered Gaussian field in 'H_, is homogeneous if and
only if its covariance is given by

Q(¢,¢) =Q (¢ 1) (11)
for some Q € H_,,.
Theorem 2.12 Let p > 0. Assume W is a real-valued Gaussian field lin-

early indexed by H, with possibly infinite covariance Q. The following four
conditions are equivalent.
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(i) W is a homogeneous and inverse-invariant centered Gaussian field in

M,

(ii) Q is given by (11) and there exists a sequence of non-negative numbers
(qr) e Such that

@21+ A) 7 < o0, (12)

el

and for all ¢ € H,

Q)= a /G xo () 6 (2) d. (13)

re@

(iii) There exists a sequence of non-negative numbers (qx),.cc such that (12)

holds and a family of standard normal real or complex random variables

(Wﬁl);rfi,...,dﬁ such that for all ¢ € H,, we have the equality in L? ()

W) =Y a3 W, / 6 (2) o (2) d. (14)

reG ki=1

W, is real-valued iff m >~ 7, v.e. iff T can be chosen real-valued. More-
! .

over W[, and W[, are independent unless k = k', 1 =1" and 7’ ~ 7 or

w. When n’ ~ T, these variables are conjugate.

(iv) Q is given by (11) and Q is central and of positive type in H_,.

Proof:

See the appendix. ]
We have the immediate

Corollary 2.13 Let p > 0. Assume that W is a real-valued Gaussian ran-
dom field indexed by B(R,) x H, that is white-noise in the time variable,
such that W([0,t], ¢) is Fy-measurable, with possibly infinite spatial covari-
ance Q. The previous proposition holds, if we replace statement (i) and (iii)

by

(1)’ W is spatially H_, and white-noise in time, and is spatially homogeneous
and inverse-invariant.
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(iii)> There exists a sequence of non-negative numbers (qx),.cc such that (12)
holds and a family of standard real- or complex-valued Brownian mo-

tions {W[, (t) - t > O}ZiG o such that we have the equality in L*(Q)

qu i Wi (ds)/Gf(S,x) T () do. (15)

el k=17 R+

for all f : Ry x G — R in L*(Ry; Hy). Wi, (t) is real-valued iff
7~ 7, d.e. iff T can be chosen real-valued. Independence of W[, (t)
and W,;E/’l, (t) holds unless k = k', l =1" and 7' ~ 7 or 7; when 1’ ~ 7,
these Brownian motions are conjugate.

The fact that W is real-valued implies that the purely imaginary terms
in the series (14) or (15) vanish. In fact, we have the following real-valued
equivalent form of (14). Let Gy be the subset of all 7 in G such that 7 ~ 7.
Since conjugation is an involution, G — Go can be partitioned into non-
equivalent couples {7, 7'} such that 7’ ~ 7. Let then Gy be a subset obtained
by choosing one element of each couple.

Corollary 2.14 Let ¢ € H,,.

W = % q;/22/¢ (UF Ry (2) + VS (2)) da

TeG—Go k=1
X W [ o
WEGO k‘l 1

.. reG-G reG-G €@
for some fized families {Ulgl}k,l - A kl}kl . ’ nd{Wkl}kl f , of

real-valued centered Gaussian vamables with variances equal to 1/2, 1 / 2 “and
1 respectively. Wi, and WT/,Z/ are independent unless the indices are equal.
Ui, and Vk’f:l, are always independent. Uf, and U,g,il, are independent unless
k=FK,l=1 and 7" =~ 7 or T, in which case they are equal. Vi, and V,g,r:l,
are independent unless k = k', =1 and ' ~ 7 or 7, in which case they are
opposite. A similar real expansion can be given instead of (15).
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3 Existence and Uniqueness

We assume that W, defined on B(R,) x H,, is spatially-H_,, white-noise
in time, and is spatially homogeneous and inverse-invariant. The last result
shows we can assume that W is in the Fourier series form (15). We first prove
existence and uniqueness of the solution to (1) (or rather (10)) in the case of
linear additive noise, in which a complete characterization of the admissible
W’s is obtained. The general case requires an additional assumption on W
of a technical nature, which does not appear to be necessary. In fact the
result we present for general noise is included in the general theory of [5]; we
only present enough details to show what the condition on the covariance of
the cylindrical Brownian motion in [5] translates to in our setting.

3.1 Additive noise

Theorem 3.1 Let W be spatially-H_,, white-noise in time, and spatially
homogeneous and inverse invariant. Let Q = Y __aqrX, be its spatial co-
variance, as in (11). The following three conditions are equivalent.

(a) ;
qrnlx
. |
T, (16)

TeG

(b) Let F =1 and b= 0. For any bounded function uy in G, for any T > 0,
there is a unique adapted solution u to equation (10) in [0,T] x G

satisfying
sup F|u(t,z)|” < oc. (17)
2€GI<T
(c) ForallT >0,
T
/ Q (Hy) dt < oo. (18)
0

Proof:
Since F' =1 and b = 0, the solution to (10) is given explicitly by the right-

hand side of (10), in which u is absent. So we only need to prove that (a)
and (c) are equivalent to (b) with

u(t,x) = /Ht (y ') uo (y) dy + /0 W (ds, Hy_s (z,-)) .

17



With bounded wg, since H;(z,-)dy is a probability measure for any z,t,
the supremum in ¢, x of the first term in u, which is non-random, is always
finite regardless of (). Recall that we denote by H? the function H (z,-)
for € G, t > 0, and that H®* = H. Using the representation (15), the
isometry property of Brownian motion, as well as the identities of subsection
2.4 (including Proposition 2.6) and the fact that x, is central, we calculate

[ w sz ]

- / tQ (Hf = HY ) ds (19)
0

= Y. /0 t ( /G /G vo (=) Hiy (+71y) Hy (-2 dydz) s

WGG

= qu /Ot/GXw (v) Hyq—s) (v) duds

TeG

_ /D O (Hy) ds.

E

This shows that sup,eq <7 E [u (t,2)|” is finite if and only if fOT Q (H; () dt
is finite, so (b)<(c).

To finish the proof, we use the fact that, by definition, the linear operator
¢ — [, H(v"'z) ¢ (v)dv can be written as e**¢, so that since y, is an
eigenfunction of A with eigenvalue —\,, we get

/GHt (v'2) Xx (v) dv = X (x) exp (—tA;) -

Therefore
T T
[ et = g [ exp-on)d (20)
0 TFGG 0
— adT+ Y qﬂdﬂ/\%r(l—exp(—T)\ﬂ)).
reC\{1}

Since —A is a positive operator and has a spectral gap, the set of values
(Ar), 21 has a strictly positive lower bound, so that the above series converges
if and only if > & ¢xdr/ (1 4+ A;) converges. n
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Corollary 3.2 The three conditions in Theorem 3.1 are equivalent to

(d) Let F =1 and b = 0. For any function uy € L?(GQ), for any T > 0,
there is a unique solution u to equation (10) in [0,T] x G satisfying

sup E [|u (£)]|72() < 00
t<T

Proof:

We only need to show (d)<(c), which is established by the immediate cal-
culation (see proof of Theorem 3.1)

E/G /OtW(ds,th_s) dr = /UQ (Hf = H})) ds} dx
_ /(/Q ) d )dxz/omHQs)ds

2

We now record some remarks and examples regarding the equivalent con-
ditions of Theorem 3.1. Proofs may be found in the appendix. Denote by
H the set of all formal series ) = > & GrX, such that Y~ qrd:/ (1 + Ar)
converges. Denote by M (G) the set of all finite signed measures on G.

Remark 3.3 Arguably the most important and/or basic example of a Lie
group is the circle S*. In this case, not only is H not included in M (S'),
it is not even included in H_y. However, it is included in H_5. In fact, no
matter what G is, H C H_,.

Remark 3.4 Nevertheless, the case of S' is somewhat exotic, since it is

possible to show that for many NON-commutative compact Lie groups, and
for all the tori (1), d > 2, H is included in M (G).

Remark 3.5 Generally speaking, the reqularity of H s determined by the
relationship between A\, which is of order |h7r|2, and d,, which, according to
the Weyl dimension formula (see appendiz) is a polynomial of degree k in h,,
and should therefore be expected to be of order ]hﬂ\k. The higher the value of
k, the more reqular the elements in H are required to be. Modest values of

k already command relatively strict reqularity, since it can be shown that if
k>2, any Q in H will be a function in L* (G).
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3.2 General case

To show that equation (10) has a unique solution under condition (16) in the
general nonlinear case, we need to make the additional assumption that () is
a non-negative measure. We hope to be able to weaken, or even remove, this
condition, although none of the work to date ([4], [18], [19], [20]) shows any
evidence that this may be done in a general setting even in flat space.
Although @ is a measure and W (ds,-) is an L? ({2)-measure, we con-
tinue to use the notation @ (f) and W (ds, f) for the integrals | fd@ and

[ f(x) W (ds,dz).

Theorem 3.6 Let W be spatially-H_,, white-noise in time, and spatially
homogeneous and inverse invariant, with covariance Q = Y & QrXy- As-
sume condition (a). Assume moreover that Q) is a non-negative measure. Let
F (s,y,7) and b(s,y,r) be Fi-adapted functions that are globally Lipschitz in
r uniformly in the other variables (including the random one). Assume that
ug is a random field on G, independent of W, and with E [ dzx |ug (:U)]2 < 00.
Then there is a unique Fy-adapted random field v on Ry x G satisfying
equation (10) and which is bounded on compacts as a function from R to
L? (G x Q) , and there is a constant A such that for all T

sup/ Elu(t,z)]? de < Ae'TE ||u0||i2(G) :
G

t<T

Proof:

The proof follows the standard use of the Banach fixed point theorem, as in
[5]. We outline the proof to show where condition (a) comes in. Using the
isometry property of Brownian motion, the definition of @), the properties
of the heat kernel and the Hélder’s and Jensen’s inequalities for the positive
measure (), we obtain that, defining the map Ly by

Lr(o)(t,x) = /0 W (ds, F (s,-,04(:)) Hi—_s (x,-))
+ /0 dS/Gb(S,y,Us (v)) Hi—s (z,y) dy

for all adapted random fields o on R, x GG, Lr is a Lipschitz map in the
Banach space A7 defined by its norm

2 2
||U||XT =sup E ||Us||L2(G) :
s<T
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1/2
with Lipschitz constant c ( fOT dsQ (Has) + T2> . To show that for 7" small

enough, L7 is a contraction, we only need to prove that fOT ds@ (Has) con-
verges to 0 as T' goes to 0. This follows from condition (c), which is equivalent
to assumption (a). The fixed point theorem then guarantees the existence
of a unique solution to equation (10) for all ¢ < 7" as soon as we remark
that this equation can be written as v = Ly (u) + Uy where Uy (t,x) =
[ H; (z,y)uo (y) dy, and that it is immediate to check that Uy € Xp. The
construction of the fixed point solution shows that it is adapted, and that the
estimate of the theorem is satisfied. In order to obtain a solution defined for
all ¢ > 0, the usual piecing procedure applies, and yields a unique adapted
solution. [ ]

Corollary 3.7 If @ is a non-negative measure, then condition (c) is equiv-
alent to:

(e) Q(h) < oo, where for d >3, h(z) = p~*2(z), and for d =2, h(x) =
log p~! ().

Consequently, Theorem 3.6 remains true if condition (a) is replaced by
condition (e).

Proof:
Set

JE/OTQ(Ht)dt:Q (/OTtht).

Here, Fubini’s theorem is justified by @’s o-finiteness. For any u € G, > 0,
we have, by Proposition 2.5,

2
Hi(z) > et exp (_p (I))
dqt

for some constant c¢;,d; > 0. Hence, for u € G and a constant K; > 0,

’ ! ()
/ Hy(u) dt > o / 2 ep (22O s Kby, (21)
where h is defined in condition (e). Thus J > K;Q(h). The upper bounds
of Proposition 2.5 allow to reverse the inequalities in (21), so we also get

J < K3Q(h) for a constant Ky > 0, which ends the proof. [ ]
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This last result shows that our conditions coincide with the conditions
given in [4] and [18] (resp. [19] and [20]) for existence and uniqueness of
the stochastic wave solution in compact flat space for d = 2 (resp. for the
stochastic heat and wave equation in R?).

Theorem 3.8 Theorem 3.6 and its corollary remain true if we replace the
L*(G)-norm by the L (G)-norm for any q > 1, and we assume that E|
||u0||qu(G)] is finite. Assuming that ug is a bounded function on G, we also
have
sup El|u(t,z)]?] < oc.
t<T,xeG

Proof:

We use the same argument as in the proof of Theorem 3.6, and make use of
Burkholder’s inequality and the Jensen inequality for Q). ]

4 Holder continuity

We still assume here that W has the form given by (15). In this section, we
state some general sufficient assumptions on the correlation ) under which
the solution u to equation (10) is almost surely Holder-continuous; the conti-
nuity exponent depends on the regularity of (). In Section 5, we will interpret
these assumptions, and show that, in the case of additive noise, they are nec-
essary.

Theorem 4.1 Let W be spatially H_,, white noise in time, and spatially
homogeneous and inverse invariant. Assume W'’s covariance function @Q =
Y el Ux Xy 15 a non-negative measure. Let T > 0 and F,b: [0, T]xGxR — R
two Lipschitz functions in the last variable, uniformly in the other ones.
Suppose that for an e > 0, Q) satisfies

(f) For any v € (0,¢),
Z q71'd71' < 00
< (1+ M) )

TeG

Assume also that ug is y-Holder continuous on G for any v < €. Then
there exists a version of the solution u = {u(t,x); (t,x) € [0,T] x G} to (10)
which is (v/2,~y)-Hélder continuous on [0, T| X G, for any exponent vy € (0, ¢€).
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Proof:

We shall use the Kolmogorov criterion. We shall show that for any p > 2,
and any (t1, 1), (t2, x2) € [0,T] X G, we have, for a constant ¢, > 0, and for
all v < ¢

Ellu(ty, z1) — u(ts, 22)|"] < cpl|ta — 11| + p7 (22, 21)).

Then, since G is locally diffeomorphic to R?, the Kolmogorov criterion (e.g.
[11], Problem 2.2.9) would imply that u has a version which is («, 3)-Holder
continuous in (¢, x) for all @ < (py/2 — (d+1)) /p and for all g < (py —(d
+1))/p. Since p is arbitrarily large and ~ is arbitrarily close to e, the con-
clusion of the theorem would follow.

In the remainder of the proof, we shall denote all constants by ¢, although
they may change from line to line. For any (¢,x) € [0,7] x G, F(t,z,u(t, x))
will be denoted by o.(z), b(t,z,u(t,z)) by 8,(z), and the function Hy(x,.)
by H}, like in the proof of theorem 3.1. Since () is a measure, the notation
Q (f) means again [ fdQ, and likewise for W (ds, f). We shall divide the

proof into several steps.

Step 1: for 0 < t; <ty <T and = € G, let us study the quantity u(ts, z) —

u(ty, ). We have
5

u(te, ) — u(ty, z) = Z J;

i=1
with

lekéwwmm@—ﬂywwy

to

Jo = W (ds, HY.

to— SU)

t1

J3 = / st t2 S_Hzi s] )

Ji = / / t2 o y) dsdy

%:A%J)@MWM%
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Then, for every p > 2,

Eflu(ty, z) — u(te, )"l < ¢ (IJllp + ZE[IJiIP]> :

Step 2: on a probability space (Q,]} , p), let us consider the left-invariant
Brownian motion p starting at x € GG, that is the solution to the Stratonovich
differential equation

d
dps = Z Xi(pe) o déf
i=1

with initial condition py = z, where B is a R%valued Brownian motion and
X1,...,Xq an orthonormal basis of G. Denote by E the expectation on
(Q, F, P). Then it is well known that for any ¢ > 0,

/G H (y)uo(y) dy = Eluolp)],

and since g is y-Holder continuous for any v < €, we have for any § < 1/2,
Jy < cE[|p" (pry pe)|) < elta — 1 ]°,

where we have used some classical estimates on the modulus of continuity of

the left invariant Brownian motion. Since 74 is arbitrarily close to £/2, we
ap

get | 1P < c|ta — t1| 2 for any v < e.

Step 3: suppose F' = 1. Using Burkholder’s inequality for our noise W (see
22]), we have

t2 . 5
E[| )] < ¢ (/ Q (Hf_,«H} ) ds) :
t1

Just like in the series of equalities (19) and (20), we get, for all v < ¢,

to . to
| et ) ds = Q) ds
t1

t1
to
t1

= Z Q7Td7r/ €Xp (_2>‘7F(t2 - 8)) ds

WEC’
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Qrdr
<
= S 7

TeG

[]_ — exXp (—2)\7T(t2 — tl))]

Irdr
<ty —t]? Z (SN 0, (Ar(ta — 1)),
reG 7

where ¢ : R — R is defined by ¢, () = r77(1 — exp(—r)) for any v € (0,¢).
Since ¢, is a bounded function on R, for v <,

to
T # g Q7rd7r
/ Q(Hy,  +H} ) ds < clllo > mm — " < clta — 1]
“ re@ T
Therefore,

E[|J2|P] S C|t2 — t1|§.

Step 4: suppose now F' satisfies our general assumptions, and let us show
that this case can be reduced easily to the case F' = 1. By Burkholder’s
inequalities,

E[|J5P] < cE

/t Q ((HE_ o) (HE_5,)) ds

Note that, for any y € G,
[(H ) + (T _,6)] () = /G Hiy (2, 52)0(92) iy, 2)0(2) d
= [z o R o R (2)ou(2)d
where R, denotes the right translation by z. Let us write then

(2)o4(2) dz,

to—s~' S to—s to—s

(Hy _jo0) x (Hf _5,) = /G [HE o R.][o,0 R.]H}

and note that by Fubini’s theorem,

(NS

E[|J5P] < cE

/t 2 / Q (020 RHE_, o RIHE_(2)04(2)) dzds

] |

25



/

Then Holder’s inequality for ¢ = £, ¢’ = 1% gives

p—2

2

ef] <

tQ S ] tz s( )) dZdS

<] // (lowo Rilou(F 17, o RJHE (=) dzds]

2

t2 ;o R.JH t2 s(z )) dzds

. / / Q (Elo. o RiJou(2)

As stated in Theorem 3.6, sup{E[|os(z)[P]; (s,z) € [0,7] x G} is finite.
Therefore,

[Nl

JH:,

to—s

o RJHE (= )) dzds.

E[|J2|p] < RJHE_(2)) dzds :

tQS

— c(/ Q(Htgﬁ2 S*Ht’i 8) ds)z,
t1

which is the quantity studied in Step 3.

Step 5: let us give an estimate for E[|J3|P]. Using the same trick as in Step
4, we can suppose F' = 1. Thus,

M}

E[|J3|p} <c

t1
/OQ((Hés—HE ) * (5 — H2_)) ds

But
t1
t1
= / Q (HQ(tQ S + H2(t1—$) - 2Ht1+t2728) dS
= Zqﬁ Tr/ ds [exp(—2A;(ta — s)) + exp(—2XA:(t1 — s))
re@

—2exp(—2A:(t1 +t2 — 25))]
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<

<

where ¢,

1 7rd7r
045 > BT —exp(-Aclta — )1 - exp(-20,t1)
reG—{1}
rdx
cldy ol mﬁz — |
el T
Cth - tl”y:

has been defined in Step 3. Hence

E[|J5]) < clts — t:] 7.

Step 6: in order to give an estimate for E[|J4|P], let us first use Jensen’s
inequality for the finite measure H;(u)dtdu:

to
Bllp] <l —ap [ Ho-uoy E(S,P] dyds.
t1 G

and since sup{ E[|5,(x)|?]; (s,x) € [0,T] x G} is finite,

E

to
[|J4’p] < clty — fl’pl/ / Hy,—s(y) dyds = clty — t;]P7".
t1 G

Using again Holder’s inequality, the computation of E[|J5|P] can be reduced
to the case § = 1, for which

B[] < ([ 1o = Hoatoy ) duts )

= ([ [t - )

But for z € G — {e},

/Otl |Hey—ty 40 (2) — Ho(2)] dr < (/Otl |Hyy—t, 10 (2) — Ho(2)] dr)

v

1—y

([ e+ ) )
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Using the results of Proposition 2.5, we get

/ot1 (Hiy—t,40(2) + Hy(2)) dr < C/Ot1 r¥? exp <—p2c(f)> dr < c(p(z))~4=2,
and
/Otl |Hiyoty () = Ho(2)] dr - < / /tQ “” ‘9H ()| dsar
< /0 (ta — 1) aaz (2 )‘ ds
< oty —t) / ! s~ (@24) oy (_p2<2)) ds
0 CS

< e(ta—t) (p(2) ™"

Thus
t1
/ |Ht2—t1+7"(z) - Hr(z)| d?“ S C(t2 — tl)’y (p(z))i(d72(17’y)) .
0
The function p~? being integrable on G for ¢ < d, we get for any v < 1

E[| 5[] < clta = t2 .

Step 7: for at € [0,T] and 1,22 € G, let us give now some estimates for
u(t, z2) — u(t, z1). We shall write again

ut, o) —ult,z) = Y K
with
Ki o= [ 1) = 1 ) dy
K, / W(ds, [, — HE o)
Ky / [ ) = HE )18, dus,
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and for every p > 2,

Effu(t, 1) — u(t, z1)["] < ¢ (IKllp + ZE[IKz’I”O :

Moreover, using again the probabilistic representation of H;(ug) as in step 2,
it is easily seen that, if ug is y-Holder for any v < ¢, then also for any 7 < ¢

K [P < clp(1, 22)].

Step 8: we can assume F' =1 for the estimation of E[|K3|P], using the same
kind of computations as in Step 4. In that case,

E||Kl| < ( / QU — H) « (2 — ) ds)g- (22)

By relations (19), we have

t t t
/ Q (H « H™) ds :/ Q (HZ  H™) ds :/ Q (Hss) ds.
0 0 0
Moreover, using the second part of Proposition 2.6, for s € [0, 77,
[ @z B =[x (2) Ha (s ) dz
G G

= eXp(—zs)\ﬂ—>X7r(Il_ll’2>,

where we use the fact that y,. is an eigenvector of A associated to the eigen-
value —\,. Hence, since Q = Y & ¢xX,, for any s € [0, 7],

[z = my = ) s
= [ (@ (e 3 @ (o= 1) s

- 9 {0 + % > i—” (1 —exp (=2tAr)) (dx — X <$51x1))}

m#l &

< CZ . j_ﬂ)\ﬂ (1 — exp(—2tA,)) (de — xp (73 '21)) -

TeG
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Notice that, using Proposition 2.2 and 2.4, we have
dr = X2 (v) < cdrhZ[p(v)]* < edrdelp(v)]?,
and moreover, d, — x.(v) < d.. We thus get , for all v € (0,1),
dr = Xz (v) < edx A [p(v)]"

and
t
/ Q ((H?* — H™) + (B — H™)) ds
0

7rd7r
< elplaz e Y BTN

T#£l &
Grllx
< clp(ar;za)]” Z At < clp(ar; x9)]*
el

since {\, : m # 1} is bounded away from zero. Plugging into (22), this yields

B[] < clp(wy, w2)™

Step 9: the computation of E[|K3/P] can be reduced by Holder’s inequality,
as in Step 6, to the case b = 1, and hence

Blr] < o[ [ it - o) o)
= <//!H yz) )!dy)p,

where we have set x = 7 25. Let v be a geodesic joining e and z, determined
by the unit vector X € G, of length p(x). Then

/ |H,(yz) ()| dy < /G /Opm X H,(yy(r))| drdy
N /Op(x)/G|XHs(m(r))| dydr
_ p(a:)/G\XHS(y)’ dy.
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and by Proposition 2.5,

[ [0 - avts < o) [ [ 1500 v

< / / Y (p(y) ) dsdy
< enlo) [ Do)V ay
< cp(w),

which gives
E[|Ks[") < clp(2)]".
|

Corollary 4.2 The previous theorem holds in the case F' =1, b = 0, even
if Q 1s not a measure.

Proof:

Parts 3,5, and 8 of the previous proof do not need the assumption that @)
is a measure because Holder’s, Jensen’s and Fubini’s theorems on @) are not
invoked there if F =1, b = 0. [

5 Interpretation of the existence and conti-
nuity conditions

5.1 The results

We first note that, for any function f = > & Z” 1 Jrimiy in H_p,, the
operator (I — A) apphed to f can be written as

(I—A)YV2f= ZZfWHA 2

re@G bi=1

Proposition 5.1 Let W be given by (15). The equivalent conditions (a) -
(e) for existence and uniqueness of an adapted solution to (10) are equivalent
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to requiring that the Gaussian field Y = (I — A)_1/2 W be function-valued,
i.e. that

T) =) Vi (1+ ) 1/227% ) Wiy (1)

WGG 7] 1

1s an a.s. finite random variable.
Proof:

Since Y (¢, x) is a centered Gaussian random variable, it will exist if and only
if its variance is finite. This variance calculates out to be ¢~ ¢-d,(1 +
Ar)~1, and the finiteness of this is exactly condition (a). |

This proposition shows that the conditions for existence and uniqueness
can be expressed intrinsically as a spatial regularity condition on W, and
more specifically, as the existence of a functional “antiderivative” Y for W.

We now turn to a characterization of condition (f) for Hélder-continuity,
which is also expressed intrinsically in terms of Y. Referring to Section 2.2,
for any w € G, we let {,u}r, e ,,ui’f} be the set of all d, weights of 7, which
are vectors in the dual of the maximal torus algebra 7*, and we let h, be
the maximal one. For any real numbers K,7n > 0, let us call G Ky the set of
irreducible representations 7 such that K < |h,| < (1+n)K.

Theorem 5.2 Let W be given by (15). Condition (f) for (v/2,~)-Hélder-
continuity of the solution to (10) for any v < e, implies that the Gaussian
field Y = (I — A)_1/2 W is almost-surely ~y-Holder-continuous in the space
variable for all v < €.

The converse also is true, i.e. (f) follows from the a.s. ~y-Hélder conti-
nuity of Y for all v < €, assuming the following structural hypotheses on the
group G:

[G] There is an integer Ko and constants c1,§ € (0,1) such that for any
7 € G satisfying |h.| > K,

C’ard{k:kzl,---,dﬂ;

] > € Ihl} = xds

[H] Let {h(n)},~, be a numbering of {h.} .o in order of increasing |hx|.
Then {|h(n+1)|/|h(n)|},~, is bounded.
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We shall verify in the appendix that conditions [G] and [H] are satisfied
for the classical compact and connected Lie groups:

Proposition 5.3 Hypotheses [G] and [H] are satisfied for the following Lie
groups: (S1)4, SU(n) and SO(n) for d,n > 1.

In order to prove Theorem 5.2, we shall use the following technical as-
sumption implied by condition [G].

Proposition 5.4 Under condition [G], the following condition [G] holds:

[G] There are integers m, Ko and constants c1,co,a € (0,1), n > 0 such that

L1

1. < 3.

2. For any K > Ky, there are m weights vk, ..., U7 belonging to the
representations in G, satisfying V| > oK, fori=1,...,m.

3. For any m € GAKJ,,
Card{k:k:1,~~,dﬂ;

J1<i<m s.t. ‘<,ufr,VZK>’ >a

12
Vi } > c1d,.

The proof of the last proposition is also left to the appendix.
The following theorem shows that Condition (f) is optimal.

Theorem 5.5 Under Hypotheses [G] and [H], Condition (f) is equivalent
to:

(g) Let F=1and b=0. If uy is y-Hélder-continuous in G for all v < ¢,
the unique adapted solution u to equation (10) in Ry x G is a.s. -
Holder-continuous in the space variable for all v < €.

Proof:

That (f) is sufficient for (g), even without Hypotheses [G] or [H], is the result
of Theorem 4.1. When F' = 1 and b = 0, the solution to (10) is given
explicitly as the sum of a deterministic Holder-continuous function and of
the following random field:

Ult,z) = /0 W(ds, Hy_s (z,-)) .
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This random field is Gaussian, since W is Gaussian and H is deterministic.
We can calculate its covariance just as we calculated the variances in (19)
and (20), or in the proof of Theorem 4.1:

E[U(t,z)U (s,2)] = q (s At) + Z ;Tﬂ [e7ltmsihn — e (F=] (2271

m#l &

This proves that, in the space variable, U is an inverse-invariant homoge-
neous Gaussian field on G. Thus the same is true for {U (1,z) : v € G}. If
U is a.s 7-Holder-continuous in z, then so is U (1,-). Let R =Y __a7xx, be
the homogeneous covariance function of U (1,-). The “converse” portion of
Theorem 5.2 asserts that condition (f) holds for the coefficients of the covari-
ance function of (1 — A)Y2U (1,-): as pointed out in the proof of Theorem
5.2, this is equivalent to condition (23), i.e. we must have for all v < ¢,
Y rec Tadr (14 Az)7 < co. The covariance of U yields that

ry = 2q/<; [1—exp(—2X\:)];r1 = ¢1.

Since the infemum of all eigenvalues A\, for m # 1 is a value ¢ > 0, we get

d
o > q;)\ﬂ [1—exp (=2X)] (1 4+ A\;)”
reG-{1}y "
rlr
> (I —exp(—2c P E— g
1 —en(-20) Y G55
which finishes the proof. [

5.2 Proof of Theorem 5.2

In order to illustrate the difference between the proof of (f)=“Y Holder”
and the proof of “Y Hélder”=(f), we will use a straightforward application
of the Kolmogorov lemma to show the first implication, while for the second
one, we will need to use specifically Gaussian tools for characterizing the
boundedness and continuity of a Gaussian field (see [1]). It should be noted
that such tools can also be used to show the first implication; however, doing
so would arguably be an overkill.
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5.2.1 Proof of (f)=“Y Holder”.

For the homogeneous spatial covariance R = ) __»7:x, of the process Y =
(I — A)"Y2W, condition (f) translates into: for all v < &

K := Zrﬂd7T (1+ X)) <o0. (23)
e

We calculate
E[(Y (t,2) =Y (t,y))°] = 2t(R(e) = R(zy™"))

= 27521”7r (dr = Xx (2y7")) -

reC

Using Propositions 2.2 and 2.4, and the fact that 0 < d, — x.. (z) < 2d,,

Dra(de—xe (ay7™)) < 3o [dedap® (o, y)] (]

el meC

< ey rade (14 M) [p (2, 9)]7.

WGG

This implies that for any integer p > 2, there is a constant C' depending on
¢, K, p such that

< OtPp ()™,
which, by Kolmogorov’s lemma, implies that Y has a version which is spa-

tially a.s.-Holder continuous with any exponent v/ < (py — d) /p. Since y can
be arbitrarily close to &, so can 7'.

5.2.2 Using characterizations for boundedness and continuity of
Gaussian processes.

As a tool to prove “Y Holder”=(f), we use the intermediate step provided
by the following general proposition. Only the direct implication part of this
proposition is needed for our purposes.
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Proposition 5.6 Let {Y (z):x € G} be a homogeneous Gaussian process
indezed by a compact Lie group G. The metric on G is denoted by p. The
canonical metric of Y is the pseudo-metric defined by

0(a,y) =B [(Y (2) =Y ()] -
Then Y is almost-surely v-Holder-continuous for all v < ¢ if and only if
Vy <e,Jag >0:Vr e G, plx,e) <ay=0(x,e) <p(x,e). (24)
Proof:

(i) Proof that “Y Holder”=-(24).
Let C’(G) be the space of §-Holder continuous functions on G. For any
0 € (0,1), @ < D¢, and any function f defined on G, set

Au(f)= sup [f(x) = f(y)l,  No(f)= sup

0
p(x,y)ga aSDG «

where D¢ designates the diameter of G. Then, following Fernique’s notations
[7, Definition 1.2.1], Ny is a gauge on C%(G). For any 0 < 6 < ¢, we have
supposed that P(Y € CY%G)) = 1. Then, using a lemma of Fernique |7,
Lemma 1.2.3], we have E[Ny(Y)] < ¢y, and hence E[A,(Y)] < cpa? for any
a < Dg. Take now 0 < v < 6 < e. Then

E[Ao(Y)] < (coa” ) a7,
and choosing o small enough, we get
E[A,(Y)] <a”. (25)

Now assume that (24) is not satisfied. Therefore, there exists a v, < ¢
and there exists a sequence {x,} in G that converges to e, such that

§ (zp,e) > p(zn,e).

Suppose moreover that x € S with S = {z € G;p(e,x) < a}. Let §, :=
8 (zn,e). In particular, 8, > 0, and p (z,,e) < 7, so that z, is in the set

{m € S;p(x,e) < 6711/70}. Since Y (z,)—Y (e) is a centered Gaussian variable
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with standard deviation 3,,, we have the exact formula E'|Y (z,) — Y (e)| =
¢, where the universal constant ¢ = (7/2) /2. This proves that

EAIB}I/’YO > Cﬂn

Let oy, = 6}/ 70 > (0. By almost-sure continuity of Y at e, and since
sup,, |Y (z,,) — Y (e)| is integrable (Theorem 2.1 and Lemma 3.1 in [1]), dom-
inated convergence implies that (3,, and consequently «,,, converge to zero.
Since EA,, > ca;’, this contradicts (25), and part (i) of this proof is com-
pleted.

(i) Proof that “Y Holder” «(24).

Let Bs (x,3) be the ball {y € G : § (z,y) < }. For any probability mea-
sure m on G, define

n 1
)= | \/ 8 e B )

A measure m such that ,, (c0) is finite is called a majorizing measure for Y.
It turns out that for any bounded homogeneous Gaussian process, the Haar
measure is a majorizing measure (Theorem 4.4 in [1], which also holds for non-
abelian compact groups). A result of Talagrand (Corollary 4.7 in [1]) states
that there is a universal constant K such that, for any a.s. bounded Gaussian
process Y with canonical metric d, the function K+,, serves as an a.s. uniform
modulus of continuity for Y relatively to o, if m is a majorizing measure.
This yields in our homogeneous situation that there exists an almost-surely
positive random number 7, such that if n <,

sup [V (@)=Y ()] <K [\ og By e, 0)| 76 = Ko ).

z,y:6(z,y)<n
If we assume (24) holds, for fixed v < ¢, for o small enough, it follows that

sup [V (2) =Y (y)| < Kw(a?).

z,y:p(z,y)<a

We now estimate w using (24) and Property (4) that for some constant ¢; > 0,
|B, (e,7)| > c1r?: for small enough 7,

win) < /077 \/log (Bp (e,ﬁw)
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IN

/77 Jlog (i)dﬁ.
0 ﬁd/w
< " g5 ap

where ¢, ¢ are constants depending on ¢; and d/v. We have the following
elementary inequality

7
/ Viega=tda <n (\/7_T—i- \/logn—1> ,
0

whose proof is left to the reader. This shows that w () = o (n'~%) for any
0 € (0,1), proving part (ii), and the proposition. [ ]

It is remarkable to note that in the proof of (i), the notion of majorizing
measures is not needed. Such measures provide lower bounds (the Fernique-
Talagrand lower bound in Theorem 4.1 in [1]) which do go in the direction of
the second part of the proof of (i), but the much weaker fact that F | N,| = co
for a Gaussian r.v. with variance o2 is the only quantitative “lower bound”
we need.

5.2.3 Proof of “Y Holder”=(f)

According to the last proposition, we only need to show that (f) holds under
assumptions [G], [H]|, and the assumption that for all v < ¢, if z is close
enough to e, § (z,e) < p(x,e)”. Under these two assumptions, we have the
following;:

Lemma 5.7 If K is large enough,

L
Z Tﬂ'd’ﬂ' S ﬁ)

ﬂEGK,n

-1 =2 —1 . .
where L = mcy'c; " (1 —cosa)™ and m,n,ci,co,a are as in Assumption
[G]-

Proof:

38



For i = 1,...,m, set o% = v%|vi|72. Then o’ is an element of 7* that
can be identified with an element of 7" by usual techniques. Set then z% =

exp(0 ).
Since E[Y ()Y (e)] = > cé xXx, We have

§(x,e)’ = ZTW (dr — X (7)) -

e

Moreover, formula (6) yields for any x = expo in T :

dr
= Z [1 — COos <,u,(f); aﬂ .
k=1

Let m € CA?K,U. For each fixed i in {1,---,m}, let A; ; be the set of ks, given
in assumption [G], for which ‘<,u7T 7 K>’ > a|vi|*. Therefore for k € A x,

(i o5)| > a.

(k)

Also, since |px’| < (1+n) K and || > o K we get
i i |—1 l+n m
(i) < (L+n) K [vi] ™ < <3
Co 2
Therefore

coS <u7(f); O'Zk> <cosa < 1,

and using condition [G]

Do lde—xa (@) = D Y [1—cos (uiol)]
i=1 i=1 k€A;
> Z (1 —cosa)Card (A;ir)

i=1

> ¢ (1 —cosa)d,.

Using this and the fact that § (z,e) < p(x,e)” near e, we obtain that for K

large enough,
> rads

TI‘GC;'KJ]
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=1

= m XG: Twi 7))
1—cosa ZZ )}

<
=1 re@
1 ;1\ 2
- = NT6(eat
¢1 (1 —cosa) ; (e,2k)
< S
~ a(l—cosa) = K
m
e (1 —cosa) K20
and the lemma follows. [ ]

Therefore we have proved that for K large enough,

oo
E dew = E E rﬂdT(
[P |> K =0 K(14n)!<|hx|<K(14n)*t

= M
—2v =29 _
1=0
where M is a constant depending only on m,a, c,n,vy. Now let {m,,}~_, be
a numbering of G in order of increasing |h,, |. This is possible because the
maximal weights’ moduli do not accumulate before infinity in a compact Lie
group. Therefore we have, for K = |h7rn|

ZT 2M
o ”"‘—|h 5= )

7rn|

since, by Proposition 2.4, A\, and |h,T] are equivalent when they tend to
infinity. This proposition also implies that A, is increasing for large n.
Assumption [H] and the following lemma immediately yield condition (f),
which finishes the proof of Theorem 5.2.

Lemma 5.8 Let f,, and A\, be positive numerical sequences. Assume that A
is increasing, and that there is a v € (0,1) such that for all n large enough,

S <A
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Then, for all 0 < =, the series Y ~_, fmﬂ)\fn converges.
Proof:

It is convenient to introduce the following functions defined on [0, 00): f (x) =
fiz) and A (z) is the function that is linear on each [n,n 4 1] and coincides
with A, for z = m. Since, by concavity of X (z)’, f:“ fx+1) Xx)? dz
>fn+1)[A(n)+A(n+1)) /2% > f(n+1)(\(n))?, we also have

7 fuaN, < /Oo Fle+1)A () de.
m=0 0

With the notation F (x) = fxB f, we have by hypothesis, for integer n and
ze€nn+1), Flz+1) <AX(n+1)7 < X(z)". We get

/ fx+1D) () do
A

_ F(A+1))\(A)9+/ Fla+ )N (@) (@) da
A

< AA+DT A + / N () A (2) 07 da.
A

By the change of variable y = A (x) in the last integral on the intervals on
which X is strictly increasing, that integral can be written as a telescoping
sum which converges as B — oo, proving the lemma. ]

6 Appendix

We are going to prove here those results in our paper requiring some knowl-
edge of representation theory of Lie groups, that is, Remarks 3.3, 3.4 and
3.5, and Propositions 5.3 and 5.4. We also include the proof of the random
Fourier structure theorem 2.12. Let us recall first some basic notations of
representation theory: for a compact and connex Lie group G with maximal
torus T  having a Lie algebra 7", we shall call D the dominant chamber, P the
lattice of weights, @ the lattice of roots and Q% the lattice of positive roots,
all those objects being included in 7%, the dual space of 7 (see e.g. [6] or
[10] for the exact definition of those notions). Set also § = 53 .o+ a. The
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Weyl dimension formula gives the dimension of an irreducible representation
in terms of its highest weight:

d. = H <h7r+£;a>.

veor (&)

6.1 Proof of Remark 3.3

For the abelian group S, we have G = Z, d,, = 1, and A, = n?. Therefore,
with g, = n'/2, we have 3 ¢,(1 + \,)~' < oo, which means Q@ = 3" ¢.x,,
is in H. However . ¢2 (14 \,)”" diverges, which means @ is not in H_;.

More generally, however, we can prove that H C H_s in all cases as
follows. Order the elements of G in the order of increasing ¢.d, /(14 Ar).
Then for ), ndy/ (1 4+ Ay) < 0o we must have ¢, = o ((1+ \,) /nd,) and
therefore ¢2/ (14 A,)* = o(n~2d;?), which is summable since d,, is always
> 1.

6.2 Proof of Remark 3.4

Let GG be any non-abelian compact Lie group, so that all d, are greater than
1. Weyl’s dimension formula implies that d is a polynomial in h, of degree
> 1, which suggests that for some constant ¢, numbering h,, d, and A, in
order of increasing |h.|, we have d,, > c|hy,|. We assume this inequality
holds; it does in all classical examples. We also have A, < ¢ |hn\2 for some
constant ¢, by Proposition 2.4. Therefore, for Q = ¢,x,, in H,

Qndn dn
°O>;1+An ZCﬂglhnl

and thus, g, |h,|”" is bounded.

To prove that () is a measure, it is sufficient to show that it is finite on
all bounded functions. If f is bounded, it is in L? (G), and can be written as
Don i fmm\/@m,j. Since [, TkiX, = 0 unless 7 = 7 and k = [, in which
case it equals d_1, we get

dr
Q(f) = Z Z Qe frii

re@ =1
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Since f is bounded, f (e) is finite. Moreover, 7 (e) = Id, so f(e) = >__;
fm’i\/dw < o0. In the previous paragraph we showed that ¢,d! is bounded.

Therefore ¢,dx 1/2

¢|hy| holds.
We leave it to the reader to check that H C M ((Sl)d) for d > 2.

fr.ii 1s summable, proving () is a measure, as long as d,, >

6.3 Proof of Remark 3.5

Assume that G is a group such that asymptotically, for |h,| numbered in
increasing order, d,, > ¢|h,|* for some constant ¢. Then for Q@ =3 ¢,x,, in
‘H, by Proposition 2.4,

oo > andn (1+ /\n)_1 > chn.

In particular, ) ¢2 < co, which means @ is a function in L? (G).

It is worth mentioning that the mere fact that d, is a polynimial of
degree k > 2 does not always imply that d,, > ¢|h,|>. In the case of SO(4)
for example, we have k = 2 but d, only of order |h,|.

6.4 Proof of Proposition 5.3

Condition [G] is trivially satisfied in the case of (S1)¢, since each irreducible
representation is of dimension 1. We shall concentrate now on the case of
SO(2n) for n > 1, the cases of SU(n) and SO(2n + 1) being very similar.

Let us verify that condition [G] is satisfied in the case of SO(2n). The
maximal torus 7" is then composed of all 2n x 2n matrices that can be divided
in 2 x 2 blocks By, ..., B, around the diagonal, with

= (ot o),

The algebra 7 of the torus 7' can be identified then with R™, and we shall
denote by 61, ...,0, an element of 7. Let (67,...,6,) be the canonical basis
of T*. The lattices @, QT, P and D are defined by (see e.g. [6] for more
details) : P =7Z" and

Q = {20273(0:i9;)761,j EZ}

1,j=1
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QF = { Z Ci,j(ejie;);C@jGN}

1<i<j<n

=1

For a given 7 € D, there is a unique 7w € G such that 7 = h,, and inversly,
cach representation € G is determined by an element 7 € D. It is known
that all the weights of m which are also elements of D can be obtained from
7 descending along the lattice —Q*. If p € D is a weight of 7, denote by n,,
the multiplicity of u as an eigenvalue of dr.. The Freudenthal multiplicity
formula (see e.g. [10, Prop. 25.1 p. 416] gives an iterative formula, starting
from 7, for the different values n,,:

c(p)n, =2 Z Z (u+ ko ) nysga, (26)
acQt k>1
with c(p) = |7+ & — |[n+ £]°.
Notice that, starting from 7 € D, it is always possible to construct a
succession 70, ..., 71 gsuch that

1. 7" =7and 7 € D for every i € {1,...,n(n —1)},

2. 7' =771 — @ for an element a; € QF, with a; # «; if i # j.

Then, fori = {1,...,n(n—1)}, we have ¢(7) < v/2n(n—1), and therefore,
according to (26), '
n. > Ky <7'Z*1; ozi> Nyi-1,

where K| = n(fl)' Using this iterative relation, and the fact that d, <

K [Taeq+ (1 + (7, a)) for a constant Ky > 0, it is easily seen that

n(n—1)

Z Ny > c1dy,

i=1
for a constant ¢; > 0. Moreover, for any i € {1,...,n(n — 1)}, we have
71| > |7| —v/2n(n—1), and for any constant ¢ € (0, 1), if |7 is large enough,
we get |7¢| > £|7|, which shows that condition [G] is satisfied.

As far as hypothesis [H] is concerned, it is known that if {h (n)},~, is a

numbering of {|h,|} . in order of increasing value, then h(n) is a function
of n with polynomial growth, which gives the boundedness of {h(n+1)/

h(n) 1oy
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6.5 Proof of Proposition 5.4

We shall prove here that condition [G] is implied by condition [G]. Consider a
constant ¢ € (0, 1) and the set P of weights 7 of the representations 7 € G Ko
such that 7 € D and (1 — ()K < |7| < (1 +n)K. The chamber D can be
split into m disjoint subsets Dy, ..., D,, such that, for any i = 1,...,m,

(i) P: N D; is not empty.
(i) For any pair of vectors (vy,v9) € DZ, we have (vy;ve) > k|vy||va],

for a fixed constant x € (0,1) (in fact this can be done for any region of
the vector space 7, splitting for example by a finite number of hyperplanes).
Pick a certain representative v of the sub-lattice P, N D;. By definition, for
any 7 € Pr, we have, for ai € {1,...,m},

1-¢

(7, Vi) = wITl[Vicl 2 K7 +nlv3<|2-
Hence, setting a = /{%f], we get, for any 7w € CA?K,,],

Card{k k=1, ds31 <i<mst (i) > a il }
ZCard{k‘:kzl,---,dﬂ;Mi GPC}'

But using assumption [G], and since the global geometric distribution of the

~

weights p* of any m € G is obtained with a finite number of symmetries with
respect to the boundaries of the Weyl chambers, we have

Card{k k=1, d it € PC} > c1|dy|,

which ends the proof.

6.6 Proof of Theorem 2.12 and corollaries 2.13 and
2.14

(iii)=-(ii). The fact that under condition (iii), W is real valued, is easily
established using the same argument as in the proof of Corollary 2.14 (see
below). Then, condition (ii) is a consequence of the following calculation,
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. T
which uses the fact that each 7 in G is a representation, so that = () 7 (y) =

m(zy~t):

EW@W @) = Y [ / 5(@) 6 (5) S s () P oy

ro 2
_ %%// ¢(x ;lm (2) o (v ddy
S RCT) eI

. %qw/ @ W) xy (o) dudy

- qu/ [ 0G0y, () dyis

- gq’r/gw*{ﬂ (2) X, (2) dz.

(ii)=(i). For this implication, we only need to check that the @ defined
by (13) is indeed finite on all test functions in H,, which is trivial by the
integrability of the coefficients ¢,.

(i)=(iii). Note that by compactness, the constant functions are in H;
they are the functions whose coefficients f, in Proposition 2.8 are all zero

except the one corresponding to the trivial representation m = 1. Therefore,
since W is defined on all of H),

Q(9)=1Q (¢ 1) = [E[W (¢) W(1)]| < EV*[[W ()] EV W (1)]"] < c0.

which proves that ) is in H_,,. Thus () has a representation as in Proposition

2.8: ;
= Z Z qﬂ,i,jd,lrﬂm,j (),

WEG’ iv.jzl

dr
Z Z q72r7z‘,j (1 + )\ﬂ)ip < 0. (27)

re@ =1

with
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By assumption, W is real valued. Therefore, W (¢) = (a) Using this fact
and a calculation similar to that of the proof of ( i)=(ii), one then checks

that ¢rrx = d°E (W (drmis)]> >0
We now consider the Gaussian family of complex variables B, := W

<d71r/27rk,l). We can compute
EB—E:JBZ:I—IJI

do
= > D dnagds” / 01 (2271) dY2d )" (2) The y (2) dadz

oeG h=1

da
= > > geiydy? / Oin (2) dY %70 (2) dz / Tiom () Py () d

oeG him=1

—1/2
= QW,k,k’dﬂ- / 5l,l’57r,7r’-

Call B the same family corresponding to W = W (-0 (~)_1). A similar
computation shows that B satisfies

pT T —1/2
EBIZ,ZBk’,l’ = qﬂ'Jal'ék,k’dw / 67r,7r’

Therefore, since by assumption W and W have the same distribution, we get
that ¢-x; = 0 unless k = [, and for all k,{, ¢z r = Gr10- We call s, this
common value.

We can calculate the covariances of the real and imaginary parts of By ;.
We will use the Schur orthogonality relations, which imply that the com-
ponents of non equilavent 7,7 in G are orthogonal in L?(G), and that
{d}/%rk’l : k,l = 1,---,d;} is an orthonormal set. We will show how to
calculate F [%BQ’I%B,@:Z,] when neither 7 nor 7’ are real-valued. The other
calculations are similar.

Since W is real-valued, RBf, = W <§Rd71r/ 27rk,l>. Thus

E[RB} RBY,| (28)
_1 1/2 1/2 1 T (71/2 /2
= JEW (d3/*m) W (d 2t V) + S EW (dY2m) W <d7r, 7 ,,)

™

1 y _
+ 3 EW () W (4 m) + TEW (d/2m0) W (7).
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Now calculate:
EW (d}r/Qﬂ'kJ) %74 <d71r{2ﬂ-;€/,l’)
= d}r/der{QQ (77']{;’1 * ﬁ;€17l/)

dﬂ'
= d}rﬂd}r{QQ (Z/Wk,j () 41 (y) W;a,l/ (y) dy)
j=1

= Q (ﬂ-k,j) 5j,k’5l,l’5[ﬂ-]7[?}

= d;l/ZSﬂ-ék’kldl,l/(s[WL[F] .
This shows that if 7 is not equivalent to 7 or 7/, all terms in 28 drop out,
while if 7' ~ 7, the first two terms add up 27 'd, Y ?s, and the last two are
still zero, and if 7’ ~ 7, the last two terms ad up to 2_1al7?1/2$,r and the first
two are zero.

This proves that, modulo the trivial fact that B}, = RBJ, and SB}; =

—SBf,, the family {RB[,,SB] ;7 € Gkl=1,-- ,dr} is formed of inde-
pendent real centered Gaussian variables, with variances dr 1 %s. and zero
when 7 ~ 7, and variances 2-1d-Y2s_ and 2-'d; %5, otherwise. It is now
easy to check that W can be written as

dn
W) =>_ > d’mi;(¢) Bf;

reG =1
indeed call X (¢) the right-hand side; then a direct computation shows that
_ 1/2
E|W ()]> = EW (¢) X (¢). If we rewrite d71r/2BZ?fj as (d,lr/2s7r> W, the

1,77
previous computation shows that modulo the fact that W/, = W—fj, {wr
e G i, j=1,---,d.} is a family of independent standard Gaussian variable
which are real when 7 ~ 7 and complex otherwise. [Such variables are of the
form x 4 ¢y where x and y are independent real centered Gaussian variables
with variances 1 and 0, or 1/2 and 1/2].

Finally, it is easy to check that the class of elements of H_, that is iden-
tified in equation (13) coincides with the subspace of positive and central
generalized functions as defined above. This shows that (ii)<(iv), and fin-
ishes the proof of Theorem 2.12.

Corollary 2.13 is obvious. Corollary 2.14 can be proved as follows. From
formula (14) and the above calculations we obtain, setting No = > & /Gx
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dr

k=1 lel fﬂ'k,l¢>

dr
W) = Z\/q_wZ(Wgz/Wk,léf?-l-W_&/ﬂ—mcﬁ)ﬂLNo

reCGy k=1
dr
— Z \/qu Z (QRWJZ/%Wk,ZQs_ QQWIQZ/%WR,Z¢) + Ny
rel k=1
dr
— Z \/quz (Uﬁl/%wk,lgb—i—‘/k’fl/%m,lqﬁ) +N0
rel k=1

where, by the independence properties of the families ®W and SW, the
families U and V are as prescribed in the Corollary, finishing its proof.
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