Qualifying Exam Solutions: Theoretical Statistics

1.

(a) For the first sampling plan, the expectation of any statistic W (X1, X, ..., X,,) is a poly-
nomial of 6 of degree less than n + 1. Hence 7(f) cannot have an unbiased estimator from
this plan. For the second plan, let Y be the number of X;’s observed. Then

P(Y =y) =61 —-0) " y=12,...;

and Fy(Y) = 1/6. Therefore, Y is an unbiased estimator of # and the second sampling plan
should be employed.

(b) Observe X;’s till you get two X;’s equal to 1. Let Y; be the the number of X;’s till the
first 1, and Y5 be the number of X;’s between the first and second ones. Then Y; and Y5 are
iid, and Ey(Y;) = 1/6 implies that Ey(Y,Ys) = 1/62.

2.

(a) The joint pmf is (1/N)"Ix,,<nlx,,>1 where X;’s are in {1,2,...,N, N +1,...} and X,
is the rth order statistic. By the Factorization Theorem, X, is sufficient. We show it is
complete.

P(X - P(X k
if1<k<N. And

P(Xgmy =k | N) = P(X() <k | N) = P(Xmy <k = 1| N) = ()" = (

Let h(X(,)) have Ex(h(X@) = o for any N = 1,2,.... Putting N =1, h(1) = 0; N =
h(l)P(X(n) = 1) + h(2)P(X(n) = 2) = h(2) = ( since P(X(n) =2 | N) > 0 for N >
Proceeding this way and by induction, h = 0 identically. Therefore, X,, is complete.
(b)An unbiased estimator of N is 2X; — 1. Hence the BUE of N is E(2X; — 1 | X(,)) =
2E(Xy | Xmy) — L.

(Suggestion from Professor Ghosh: it is already acceptable if a student stops
here)

Incidentally,

2,
2.

E(X1 | X(n) = x(n)) = :L‘(n)P(Xl = x(n) | X(n) = :L‘(n)) + Z I‘P(Xl =T | Xn = ZE(n))

1§m<x<n)

and
n

1 n—1Y\ (zm—-1\""
P(Xlzx(n)|X(n):x(n))zz<ﬁ>k(k_l)((;\7 )
k=1

] n—1 1 n—1 Ty — 1 n—k—1
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and
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from which E(X; | X(») = 2()) can be found.

3.
(a) It can be shown or known that 7" is the complete sufficient statistic of A. If we can find
f such that E[f(T)] = e*, then f(T) is the UMVUE. Consider f(u) = b*. Then

NI A (1) oA b”)‘ — o AbnA
E@")=)"b e = Z = .
Let b =1+ a/n. We have E[(1 + a/n)T] = e**. Therefore, (1 + a/n)? is the UMVUE of e®*.
(b) Note that
X1 KA
E(2 ZQ e =

So 2%1 is an unbiased estimator of e*. Because T is complete and sufficient, E(2%!|T) must
be the UMVUE of e*. Since UMVUE is unique, using the result in (a), we have

EQXT) =1+ %)T.

4.
(a) Use m,, = Beta(a,b) as the prior distribution. Then the posterior distribution of p is
Beta(a + x,n — x + b), and the Bayes estimator of p is

~

mtatb ntatdl Tntath

When a > 0, f < 0and o+ 5 < 1, we can let a = nf/a and b = n(1 — a — (3)/«, both of
which are positive, so that d(x) is a Bayes estimator and thus is admissible.
(More sophisticated proofs are possible, for example, by using Karlin’s Theorem,

which leads to stronger conclusions)
(b) The risk function of 6(z) is

R(8,p) =Ep[(ap+ 3 — p)?]
=Ep(ap—ap)® + 3 — (1 —a)p)?

N

a+x n a

Pabp =

(-0 = o [ - 2801 - )l 57

Setting



that is, setting
1
a= L5
L++/n 2(1++/n)

, R(0,p) becomes a constant. Therefore, the corresponding estimator
Vn 1
0(X) = X+
(X) 1++/n 2(1+/n)

is minimax. As a matter of factor, this §(X) is the Bayes estimator corresponding to the
prior distribution Beta(y/n/2, v/n/2).

5.
(a) Apply the Neyman-Pearson Lemma, the rejection region of a size o UMP test includes
1, To,...,T, such that

flxy, .. x| Hy) (2m0%) "2 exp(— 52 > (zi — 610)?)
f(zy,... zn|Hy) (2m02) /2 exp(— 52 > @)

1 1
= exp(; Z i0i0) exp(—@ Z 0%) > k,

or equivalently, Y x;60,0 > k', with P(>_ X;6,0 > k'|Ho) = «. Since X;’s are independent of
each other, the distribution of Y X6, is N(0,02 > 62%) under Hy. Therefore, we can choose
K = aza\/z 62, and the rejection region of the size & UMP test is

{9:1,..., ‘le Z0>JZM/Z€ }

(b). The MLE of 6; is §; = X; for 1 < i < n. So the LRT statistic is

B (2m0?) ™2 exp(— 52 > 27) B 1 P
= (27T0'2)_n/2 eXp(—L Z( é) ) —eXp( 2052 Z 1)

202

The reject region is A < ¢ for some constant ¢ such that 0 < ¢ < 1, or equivalently
S X? > ¢ for some constant . Let T = Y X?. Under Hy, T/oc* ~ x2. So Hy is re-
jected when T' = »°" | X7 > o*x2 . Using normal approximation, the rejection region is
ST a? > no? + ov2nz,.

(c). For the test obtained in (a), under H,, > X;0;0 = n~/3 3" X; follows a normal distribu-

tion with mean n'/? and variance n'/30%. So its power is
16 _ 1/3
TZah n
1—<I>( = >:1—<I>( — o n'%) S 1lasn —
onl/6

where @ is the cdf of the standard normal distribution.



For the test obtained in (b), under H,, Y X? approximately follows a normal distribution
with mean no? + n'/3 and variance 2no? + 4n'/3. So its power is, as n — oo,

) (I)<na2 +0vV2nz, — (no? + n1/3)> _1 q)<2a — n_1/6/(\/§0)> -
V2no? 4 4n1/3 V14 2n=2/35-2

6.
(a)
Method 1:
Let H= (lulnu2nu3nu4) and 1
11 2
— | 2
A= -1 -1
1 0
Then, the null hypothesis is
HO . At,u = O

Since the columns of A are not orthogonal, we need to write A as

1 _1

2 25

_1 _3_

A 2 25
A=|_1 5
2 2+/5

1 1
2 25"

Then, we can write Hy : Aty = 0. Let § = (41, -+, %). Note that the rank of A(A*A)~*A? is
2 and g ~ N(u, ‘%2[) Then under the null hypothesis, we have

NI T _ _ _ 1 _ _ _ _
g ANA)TAY =201 = 0> = s+ 00)" + 55 (01 + 30> — 305 — 5a)?
2
o
NgX%-
Let
Y= 2~ e~ e ) 5+ 3~ 3 — )’
T MSE'S Y1 — Y2. — Y3 T Ya 3 Y1 Yo. Y3 — Ya
where
| A
_ o 2
MSE = 1—522(% y.)~.
=1 j5=1
Then, under the null hypothesis
F* ~ Fy 5



and Hy is rejected if F'* > F, 915, where F, 215 is the upper o quantile of F; ;5 distribution.
Method 2:
Directly use the result that the F' statistic is

JATA(X'X) LA Afy2

F =
MSE

where X is the design matrix and gt = (91,92, U3, ¥s.)’. In fact,

3/2 —1/2 -2 1
~1/2 7/2 -1 =2
—2 =1 72 —1/)2
1 -2 —1/2 3/2

ATAX'X) A 1A =

(b)
Method 1
Directly use the result that

fira = i+ (X'X)ATACXX) 7 A A,

that is,
T 1. 3/2 —1/2 =2 1 1.
fizho | _ | B " =12 72 -1 =2 2.
[13,ho Us. 50 -2 -1 7/2 —-1/2| |y
f44,ho Ya. 1 -2 —=1/2 3)/2 a.

Other methods are also acceptable, including using lagrange multipliers, orthog-
onal projections, etc

(a) The density of X; is

1
1 — p?(2m)o109
1 (=) 2p(x1 — pa) (72 — po) i Mz)z]}.

X J—
exp{ 2(1 — p2)[ o2 0103 o3

f(xlva) =

The conditional density of X;o given Xj; is
1 1 02

Ixax: (T2|21) = N eXp{—m[(@ — pg) — Pa—l(ﬂﬁl —m)’}

Therefore, 72 = (1 — p?)o3.




Then, we have the moment estimator as ji; = Xy, fio = Xo, 67 = S?, 62 = 52, p =
812/(5152), and 7 (1 — AQ)O'%.
(b) Clearly, V(Xil) = 201, V(Xi2) = 205. Note that
o
Xio| X1 ~ N(PO—QXM, (1= p*)a3).
1
For the other terms, we need

E(Xi21Xi22) :E[X?IE(Xi22|Xi1)]
2
o
:E{Xz?l[(l - PQ>U§ + P2_§Xi21]}

(1= p*)ojoi +3p _U%

01

(1 + 2P )010

We also need p
2
E(X} X)) = EIX} E(Xs|Xa)] = —E(Xi) = poioy

and
E(XZSQXM) = 3p0'10'§.

Therefore, we have

V(X1 Xio) (1+p)0102
Cov(X3, Xjp) =2p°010;
)

)

CO’U(XZI, leX 2
COU(X127 XﬂXlz

20030y

2p01 05

Therefore, we have the covariance matrix of (X2, X3, X;1 X;») equal to

20 2p%0%02 0
¥ = | 2p%0%03 203 0
0 0 (14 p?)o?os
(c) To compute the limiting distribution of py;. We define g(x,y, 2) = z/,/zy. Then,

dg(z,y,2) z
Or  2/a%y

dg(z,y,2) z
2oy

dg(x,y,2)

1
0z VTY



Let * = 0}, y = 05 and z = poy0o. We have

Og(z,y,2) _ p
ox 202
dg(z,y,2) _ p
Ay 203

and
dg(w,y,z) 1

0z 0109

Then, we have the limiting variance of \/n(p — p) as

201  2p*ciol 2p030y e
_pr P 2 2 2 4 3 R 2)2
< 20% 20% 0102 2p 0-310-2 202 3 2;0(721022 ) 20-5 - (1 - P ) :
2poioy  2po10y (14 p°)oio; L

Therefore, we have
V(p = p) ~PT N(0, (1= p*)%).
To compute the limiting distribution of 72, we define g(z,y, 2) = y — 2%/x. Then, we have

g(x,y,z) 2°
ox a2
O9(,y,2) _,
Ay
og(x,y,z) 2z
9z oz

Let x = 0}, y = 03 and z = poi0e. We have

dg(x,y,z)  p’os

Ox o?
O9(z.y.2) _
Ay
and
Og(x,y,2) _ _ 2pos
0z o1
Then, we have
20.2
) 200 2p*cio? 2p0i0y paf’"
<p22—§ 1 —%) 2p°0%02 20, 200103 1
2p0%0y  2poios (1 + p*)oios _2po2



Thus, we have
Vi = )~ N(0,2(1 — o).



