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Abstract: Consider a testing problem for the null hypothesis Hp : § € ©q.
The standard frequentist practice is to reject the null hypothesis when the
p-value is smaller than a threshold value «, usually 0.05. We ask the ques-
tion how many of the null hypotheses a frequentist rejects are actually
true. Precisely, we look at the Bayesian false discovery rate §, = Pg(0 €
Op|p — value < a) under a proper prior density g(6). This depends on the
prior g, the sample size n, the threshold value « as well as the choice of the
test statistic. We show that the Benjamini-Hochberg FDR in fact converges
to 0y almost surely under g for any fixed n. For one-sided null hypothe-
ses, we derive a third order asymptotic expansion for d, in the continuous
exponential family when the test statistic is the MLE and in the location
family when the test statistic is the sample median. We also briefly men-
tion the expansion in the uniform family when the test statistic is the MLE.
The expansions are derived by putting together Edgeworth expansions for
the CDF, Cornish-Fisher expansions for the quantile function and various
Taylor expansions. Numerical results show that the expansions are very
accurate even for a small value of n (e.g., n = 10). We make many useful
conclusions from these expansions, and specifically that the frequentist is
not prone to false discoveries except when the prior g is too spiky. The
results are illustrated by many examples.

AMS 2000 subject classifications: Primary 62F05; secondary 62F03,
62F15.
Keywords and phrases: Cornish-Fisher expansions, Edgeworth expan-
sions, exponential families, false discovery rate, location families, MLE,
p-value.

1. Introduction

In a strikingly interesting short note, Sori¢ [19] raised the question of estab-
lishing upper bounds on the proportion of fictitious statistical discoveries in a
battery of independent experiments. Thus, if m null hypotheses are tested inde-
pendently,of which mg happen to be true, but V' among these mg are rejected
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at a significance level o, and another S among the false ones are also rejected,
Sori¢ essentially suggested E(V)/(V +.5) as a measure of the false discovery rate
in the chain of m independent experiments. Benjamini and Hochberg [3] then
looked at the question in much greater detail and gave a careful discussion for
what a correct formulation for the false discovery rate of a group of frequentists
should be, and provided a concrete procedure that actually physically controls
the groupwise false discovery rate. The problem is simultaneously theoretically
attractive,socially relevant, and practically important. The practical importance
comes from its obvious relation to statistical discoveries made in clinical trials,
and in modern microarray experiments. The continued importance of the prob-
lem is reflected in two recent articles, Efron [5], and Storey [21], who provide
serious Bayesian connections and advancements in the problem. See also Storey
[20], Storey, Taylor and Siegmund [23], Storey and Tibshirani [22], Genovese
and Wasserman [10], and Finner and Roters [9], among many others in this
currently active area.

Around the same time that Sorié¢ raised the issue of fictitious frequentist
discoveries made by a mechanical adoption of the use of p-values, a different
debate was brewing in the foundation literature. Berger and Sellke [2], in a
thought provoking article, gave analytical foundations to the thesis in Edwards,
Lindman and Savage [4] that the frequentist practice of rejecting a sharp null at
a traditional 5% level amounts to a rush to judgment against the null hypothesis.
By deriving lower bounds or exact values for the minimum value of the posterior
probability of a sharp null hypothesis over a variety of classes of priors, Berger
and Sellke [2] argued that p-values traditionally regarded as small understate
the plausibility of nulls, at least in some problems. Casella and Berger [7], gave
a collection of theorems that show that the discrepancy disappears under broad
conditions if the null hypothesis is composite one-sided. Since the articles of
Berger and Sellke [2] and Casella and Berger [7], there has been an avalanche of
activity in the foundation literature on the safety of use of p-values in testing
problems. See Hall and Sellinger [11], Sellke, Bayarri and Berger [18], Marden
[14] and Schervish [17] for a contemporary exposition.

It is conceptually clear that the frequentist FDR literature and the foundation
literature were both talking about a similar issue : is the frequentist practice of
rejecting nulls at traditional p-values an invitation to rampant false discoveries
? The structural difference was that the FDR literature did not introduce a
formal prior on the unknown parameters, while the foundation literature did
not go into multiple testing, as is the case in microarray or other emerging
interesting applications. The purpose of this article is to marry the two schools
together, while giving a new rigorous analysis of the interesting question : “how
many of the null hypotheses a frequentist rejects are actually true” and the flip
side of that question, namely, “how many of the null hypotheses a frequentist
accepts are actually false”. The calculations are completely different from what
the previous researchers have done, although we then demonstrate that our
formulation directly relates to both the traditional FDR calculations, and the
foundational effort in Berger and Sellke [2], and others. We have thus a dual goal;
providing a new approach, and integrating it with the two existing approaches.
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In Section 2, we demonstrate the connection in very great generality, without
practically any structural assumptions at all. This was comforting. As regards
concrete results, it seems appropriate that the one parameter exponential family
case be looked at, it being the first structured case one would want to investigate.
In Section 3, we do so, using the MLE as the test statistic. In Section 4, we look
at a general location parameter, but using the median as the test statistic. We
used the median for two reasons. First, for general location parameters, the
median is credible as a test statistic, while the mean obviously is not. Second,
it is important to investigate the extent to which the answers depend on the
choice of the test statistic; by studying the median, we get an opportunity to
compare the answers for the mean and the median in the special normal case.To
be specific, let us consider the one sided testing problem based on an i.i.d. sample
X1,-++, X, from a distribution family with parameter 6 in the parameter space
Q which is an interval of R. Without loss of generality, we assume Q = (,6)
with —oo < 8 < 8 < co. We consider the testing problem

H0:9§90VSH129>90,

where 6y € (0,0). Suppose the o, 0 < a < 1, level test rejects Hy if T, € C,
where T, is a test statistic. We study the behavior of the quantities,

on = P(0 < 00|T,, € C) = P(Hplp — value < )

and
€n = P(0 > 0o|T,, € C) = P(Hy|p — value > «).

Note that ¢, and €, are inherently Bayesian quantities. By an almost egregious
abuse of nomenclature, we will refer to §,, and €, as type I and type II errors in
this article. Our principal objective is to obtain third order asymptotic expan-
sions for é,, and €, assuming a Bayesian proper prior for §. Suppose g(f) is any
sufficiently smooth proper prior density of 6. In the regular case, the expansion
for §,, we obtain is like

_P(9§90,Tn60)_ Cc1

U T S
D V-ro iy S R L (1)

and the expansion for ¢, is like

PO >60y,T,¢C) di do ds )
n — - = o 3/2 ’ 2
€n P, 20) \/ﬁ+n+n3/2+0(n ) (2)

where the coefficients c1, o, c3, di, do, and d3 depend on the problem, the test
statistic T;,, the value of a and the prior density g(6). In the nonregular case,
the expansion differs qualitatively; for both ¢, and €, the successive terms are
in powers of 1/n instead of the powers of 1/y/n. Our ability to derive a third
order expansion results in a surprisingly accurate expansion, sometimes for n as
small as n = 4. The asymptotic expansions we derive are not just of theoretical
interest; the expansions let us conclude interesting things, as in Sections 3.2 and
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4.5, that would be impossible to conclude from the exact expressions for §,, and
€n-

The expansions of d,, and €, require the expansions of the numerators and
the denominators of (1) and (2) respectively. In the regular case, the expansion
of the numerator of (1) is like

a _
An:P(egeo,TneC):\/—%—i—;—i—m—i—O(n 2) (3)

and the expansion of the numerator of (2) is like

~ a a a
Anzp(9>90,Tn¢C)=\/—%+f+n3—‘j’2+0(n—2). (4)
Then, the expansion of the denominator of (1) is
= by by b3 9
B,=P(T,cC)=A4,+A-A,=A——=—-—— == +0(n"7), (5)

vnooon n3/2

where A\ = P(§ > 60y) = f:; g(0)df and assume 0 < A < 1, by = a1 — aq,
by = @ — ag and bs = as — a3, and the expansion of the denominator of (2) is

i by by b
Bn:P(TngZC):1an:17>\+\/—%+52+n3—?;2+0(n’2). (6)

Then, we have

oW b ar a3 abptah | aibf
1 — )\7 2 — AQ )\7 3_>\ )\2 )\3,
: : g G5 dgby + 3 D
N S N - aiby _ Gz agh +a1b2+ a1b?
1_1_)\, 2_1_,\ (1_)\)2, 3—1_>\ (1_/\)2 (1_)\)3.

We will frequently use the three notations in the expansions: the standard nor-
mal PDF ¢, the standard normal CDF & and the standard normal upper «
quantile z, = @7 1(1 — a).

The principal ingredients of our calculations are Edgeworth expansions, Cor-
nish Fisher expansions and Taylor expansions. The derivation of the expansions
got very complex. But at the end, we learn a number of interesting things. We
learn that typically the false discovery rate ¢, is small, and smaller than the
pre-experimental claim a for quite small n. We learn that typically €, > &,,
so that the frequentist is less vulnerable to false discovery than to false accep-
tance. We learn that only priors very spiky at the boundary between H, and
H, can cause large false discovery rates. We also learn that these phenomena
do not really change if the test statistic is changed. So while the article is tech-
nically complex and the calculations are long, the consequences are rewarding.
The analogous expansions are qualitatively different in the nonregular case. We
could not report them here due to shortage of space. We should also add that we
leave open the question of establishing these expansions for problems with nui-
sance parameters, multivariate problems, and dependent data. Results similar
to ours are expected in such problems.
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2. Connection to Benjamini and Hochberg, Storey and Efron’s Work

Suppose there are m groups of iid samples X;1,- -+, X;, fori =1,--+ m. Assume
X1, , Xy are iid with a common density f(z,0;), where 0; are assumed iid
with a CDF G(6) which does not need to have a density in this section. Then,
the prior G(6) connects our Bayesian false discovery rate d,, to the usual frequen-
tist false discovery rate. In the context of our hypothesis testing problem, the
frequentist false discovery rate, which has been recently discussed by Benjamini
and Hochberg [3], Efron [5] and Storey [21], is defined as

_ _ >imy It eco.<00 }

FDR FDR(Qla aem.) E@l,‘--ﬂm { (zln;l ITMGC) V1 ) (8)
where T,,; is the test statistic based on the samples X1, -+, X;n,. It will be
shown below that for any fixed n as m — oo, the frequentist false discovery rate
F DR goes to the Bayesian false discovery rate ¢§,, almost surely under the prior
distribution G(0).

We will compare the numerators and the denominators of FDR in (8) and
dn in (1) respectively. Since the comparisons are almost identical, we discuss
the comparison between the numerators only. We denote Ey(-) and Vp(-) as
the conditional mean and variance given the true parameter 6, and we denote
E() and V(-) as the marginal mean and variance under the prior G(6). Let ¥; =
It .cco,<0,- Thengiven6y,---,60,,,Y; (i =1,,---,m) are independent Bernoulli
random variables with mean values p; = p;(6;) = Ep,(Y;), and marginally p;
are iid with expected value A,, in (3). Let

m m

1 — 1 1
D, = E ZIITniec,eigeg — A, = E Zl(yé - ,Uz‘) + E 2(#1‘ - An)~

Note that we assume that 0q,---,0,, are iid with a common CDF G(#). The
second term goes to 0 almost surely by the Strong Law of Large Numbers
(SLLN) for iid random variables. Note that for any given 61,--,0,,, Y1,---,Y,,
are independent but not iid, with Ep,(Y;) = i, Vo, (Yi) = wi(1 — p;) and

T2V, (V) < 302 i7% < oo. The first term also goes to 0 almost surely
by a SLLN for independent but not iid random variables [15]. Therefore, D,,
goes to 0 almost surely. The comparison of denominators is handled similarly.

Therefore, for almost all sequences 61,605, - - -,

iy Imieco<o, 5
(2111 ITm‘EC) V1 "

as m — 0o.
Since Y7" It.co0.<00 < (Ooiey IT,,<c) V 1, their ratio is uniformly inte-
grable. And so, FDR as defined in (8) also converges to é,, as m — oo for almost
all sequences 64,05, - - -.
This gives a pleasant exact connection between our approach and the estab-
lished indices formulated by the previous researchers. Of course, for fixed m,
the frequentist FDR does not need to be close to our §,.
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6

3. Continuous One-Parameter Exponential Family

Assume the density of the i.i.d. sample Xi,---,X,, is in the form of a one-
parameter exponential family fo(x) = b(z)e?*= %) for x € X C R, where the
natural space  of § is an interval of R and a(f) = log [, b(z)e?*dz. Without
loss of generality, we can assume ) is open so that one can write Q = (8, 6) for
—00 < 6 < 0 < oo. All derivatives of a(0) exist at every § € ) and can be derived
by formally differentiating under the integral sign [6, pp 34]. This implies that
a'(0) = Ep(Xy), a’'(0) = Vare(Xy) for every 6 € €. Let us denote u(0) = a’(0),
a(0) = \/a"(0), xi(0) = a(0) and p;(0) = k;(0)/0?(0) for i > 3, where a¥) (0)
represents the i-th derivative of a(6). Then, u(6), o(8), x;(0) and p;(0) all exist
and are continuous at every 6 € Q [6, pp 36], and p(0) is non-decreasing in
since a”(0) = o2(0) > 0 for all 6.

Let po = p(6o), oo = a(p), Kkio = ki(6p) and pio = p;(fy) for i« > 3 and
assume og > 0 . The usual o (0 < & < 1) level UMP test [13, pp 80] for the
testing problem Hy : 0 < 6y vs Hy : 0 > 0 rejects Hy if X € C where

cz{X:\/ﬁX”‘O > kogn }s (9)

and kg, ,, is determined from Py, {v/n(X — o) /00 > koy.n} = ; limy, 00 kg
Za. Let

5a0) = 2o (VAT L > b ) (10

0

Then, using the transformation x = ogy/n(6 — 0y) — z, under the integral sign
below, we have
0o

T+ zZq T+ Zqo

An= [ B@a0a0 = o [ Bty g0+ e (1)

and

. 1 z T+ 24 T+ 2o
A, = 1= Bl +
oov/n _Za[ ﬁ(o oovn oo/

where z = gg\/n(0 — 0y) — 2o and T = ao/n(0 — 0p) — 24

Since for an interior parameter 6 all moments of the exponential family exist
and are continuous in @, we can find #; and 6, satisfying § < 6, < 6y and
0 < B9 < 0 such that for any 0 € [01,02], 02(0), k3(0), ka(0), r5(0), 9(8), ¢'(0),
g"(0) and g (0) are uniformly bounded in absolute values, and the minimum
value of 0%(#) is a positive number. After we pick 01 and 0, we partition each of
A,, and A,, into two parts so that one part is negligible in the expansion. Then,
the rest of the work in the expansion is to find the coefficients of the second
part.

—= )90 + ——=)du (12)
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To describe these partitions, we define 6y, = 6y + (61 — 6y)/n'/3, 63, =
00 + (92 — 90)/TL1/3, Lip = UO\/H(HM — 00) — Za and Xop — O’O\/ﬁ(agn — 90) — Za-
Let

~ T+ zZa T+ zq

1 TR
A =——
77/79171 O_O\/E /i;ln ﬁn(eo + O_O\/ﬁ )9(90“‘ O'O\/_

—=)dz (13)

1 Tin T+ 2o T+ zZo
R = (0 0 dz, 14
Ro = o [ Bttt + 5 ey (14)
~ 1 Fan . T+ Zq T+ zq
Ano, = 1— 8,06 0 dz, 1
0= o [ OBttt T+ T an, 15)
and
_ 1 T T+ Zg T+ zq
R0, = [1 = Bn(0 + —)]g(00 + —=)dux (16)

O’o\/— (70\/_

and A, = A, 05, + Rup,, - In the appendix, we
= lim,, oo n' Ry, 05, = 0. Therefore,

0'0\/5 Ton

Then, A, = Ap9,, + R
show that for any £ > 0, lim,_,.c 'R

=n .01,
21,01,
it is enough to compute the coeflicients of the expansions for A, ¢,, and Am@zn.
Among the steps for expansions, the key step is to compute the expansions of
BB+ (2+ 20)/(G0/n)) When & € [£1,1, —za] and 1 — B, (8 + (2 + 2a) /(G0/7))
when x € [—z,, Z2,] under the integral sign, since the expansion of g(6y + (z +
za)/(00y/n)) in (13) and (15) is easily obtained as

T+ 24 T+ 2o 4 g"(0o) (z + 2a)?

ooV/n 2 ain

9(6o + ) =9(6o) + g'(0o) +0(n™?).  (17)

After a lengthy calculation, we have

1 ~Za o(x)g1(z) . ¢(I)gz(x)]

Anﬂln = = [q)(x) +
v S v ) o + ) "
’ T Za 0 Zo
x [g(0o) + g'(6b) vo/n T 2 Jdz +O(n™?),
and
. 1 [ o(z)g1(z)  o(x)g2(x)
n,02y, = [1 - CI)(iL’) - ]
oovn J_. +ﬁ " (”+ » (19)
xl9(00) + o (00) 2 + F2 e e+ O(n ™).
where
g(z) = %xz n Zagsoz n 2(21?/))30 (20)
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and
ga(2) :P_go 5 ZaP30 4 4 (@ _ 1323 p30 _ 7P§O)x3 n (Zap40 _ 23030
72 12 8 72 24 6 6
2 2 7 4 2 13 2 2 4 2
B Zapso)xz + [(Z_a — D pao — “aP30 _ 19%aP30 P30]x (21)
12 4 24 18 72 9
3 3
o Fay, o (Fa  Zay o
+[( 3 24),040 ( 9 36)030]

The expressions for g1 (z) and go(x) are derived in the Appendix; the derivation
of these two formulae forms the dominant part of the penultimate expression
and involves use of Cornish-Fisher as well as Edgeworth expansions.

On using (18), (19), (20) and (21), we have the following expansions

ay ag as _
An,91n = % + E + n3/2 + O(?’l 2)a (22)
where
0
a1 =29 150 — 0z,
go
(0 (0
as =209 1 9022 926020 — L0 022 1) — za(z0)]
60 20§
1 0 ! 9 (6%
az =2 6( 30) [(22 + 2)¢(20) — (22 + 324)] + &;J)[ﬂ(z;’; + 224) (23)
o o 3
P30 , 2 g(0o) Zépgo 42’2030 P%o
_ 7Y 1 _ 730
522pa0 | Pao 520050  112ap3s | 23pao | Zapao
T o a9 talm— T - 5 s s )
Similarly,
Apgy, =L 4+ 24 B 1 om?), (24)

vnooon n3/?2

where a1 = [g(6o)/00][6(2a) + (1 — @)zal, 42 = [¢'(60)/(208)][(1 — @) (23 + 1) +
Za®(2a)]=[p30g(6o) / (600)][(1—0) (14223) +22a6(2a)); a3 = [9"(00)/ (607)][(25+
2)$(2a)+(1—a)(25+32a)] = [9'(60) p30/ (305)[(22 +1)$(2a) + (1 —a) (25 +22a)]+
[9(00) /0] [é(2a) (—2430/36 + 423 p50/9 + p3/36 — 523pa0/24 + pao/24) — (1 —
a) (=523 p3,/18 — 112,030/36 + 22 p10/8 + 2apa0/8)]- The details of the expan-
sions for A, g, and A, g, are given in the Appendix. Because the remainders
R, 4, and Ry.0,, are of smaller order than n=2 as we commented before, the
expansions in (22) and (24) are the expansions for A,, and A, in (3) and (4)
respectively.

The expansions of d,, and €, in (1) and (2) can now be obtained by letting

A= fjo g(9)d0, b1 = d1 — a, b2 = dg — ag and b3 = Zl3 — as in (7)
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Fic 1. True and estimated values of 6y, as functions of a for the standard normal prior and
the Cauchy prior.

3.1. Examples

Ezample 1: Let X3, -+, X, be i.i.d. N(6,1). Since 0 is a location parameter,
there is no loss of generality in letting §y = 0. Thus consider testing Hy : 6 <
0 vs Hy : 8 > 0. Clearly, we have u(0) =6, 0(8) = 1 and p;(0) = k;(0) = 0 for
all 7 > 3.

The a (0 < a < 1) level UMP test rejects Hy if /nX > z,. For a continuously
three times differentiable prior g(6) for 6, one can simply plug the values of g =
0, o0 = 1, p3o = pao = 0 into (23) and the coefficients of the expansion in (24)
to get the coefficients a1 = g(0)[®(24) — @24, a2 = —¢'(0)[a(22 — 1) — 24 9(24)],
as = g"(0)[(za + 2)6(za) — a3 + 32)1/6, @1 = g(O)b(za) + B(za)], G2 —
¢ (O)[(1-0) (22 +1)+206(2a)]/2, G = 9" (0) (0+2)6(20) +(1— ) (23 + 320 6.
Substituting a1, ae, as, a1, a2 and ag into (7), one derives the expansions of d,
and €, as given by (1) and (2) respectively.

If the prior density function is in addition assumed to be symmetric, then A\ =
1/2 and ¢’(0) = 0. In this case, the coefficients of the expansion of §,, in (1) are
given explicitly as follows: ¢; = 29(0)[d(24) — 24, c2 = 424[9(0)]?[d(24) — 2],
¢s = 20(2a) {422 [g(O)]° + 9”(0) (22 + 2)/6} — a{g"(0) (3 + 3z) /3 + 83 [g (O]},
and the coefficients of the expansions of €, in (2) are as d; = 2¢g(0)[(1 — @)z4 +
O(za)], d = —4za[g(O)[(1— ) 20 +0(z0)], ds — 26(20) {422[9(0) >+ (0)(z2 +
2)/6} + (1 — a){g"(0)(=5 + 320)/3 + 823[9 (0) ).

Two specific prior distributions for 6 are now considered for numerical illus-
tration. In the first one we choose § ~ N(0,72) and in the second example we
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Fic 2. True and estimated values of €y, as functions of a for the standard normal prior and
the Cauchy prior.

choose /7 ~ t,,, where 7 is a scale parameter. Clearly ¢(*) () is continuous in
0 in both cases.

If () is the density of § when § ~ N(0,72), then A = 1/2, g(0) = 1/[v/277],
g'(0) = 0 and ¢"(0) = —1/[v2r73].

We calculated the numerical values of ¢i, co, c3, d1, do and d3 as functions
of @ when 6 ~ N(0,1). We note that ¢; is a monotone increasing function and
dy is also a monotone decreasing function of «. However, ¢z, do and c3, d3 are
not monotone and in fact, dy is decreasing when « is close to 1 (not shown), c3
also takes negative values and dg takes positive values for larger values of a.

If g(0) is the density of § when 0/7’ ~ tm, then A = 1/2, ¢’(0) = 0, ¢g(0) =

P20 /fr/mal(2)] and ¢"(0) = —T(%2)/[r/maT(™£2)]. Putting those
values into the corresponding expressions, we get the coefficients ¢q, co, c3 and
dy,ds,ds of the expansions of d,, and €,. When m = 1, the results are exactly
for the Cauchy prior for 6.

Numerical results very similar to the normal prior are seen for the Cauchy
case. From Figure 1, we see that for each of the normal and the Cauchy prior,
only about 1% of those null hypotheses a frequentist rejects with a p-value of less
than 5% are true. Indeed quite typically, d,, < a for even very small values of
n. This is discussed in greater detail in Section 4.5. This finding seems to us to
be quite interesting.

The true values of J,, and ¢,, are computed by taking an average of the lower
and the upper Riemann sums in A,,, A,,, B, and B, with the exact formulae for
the standard normal pdf. The accuracy of the expansion for d,, is remarkable, as
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F1G 3. True and estimated values of n as functions of a under I'(2,1) and F(4,4) priors for
0 when X ~ Exp(0).

can be seen in Figure 1. Even for n = 4, the true value of §,, is almost identical
to the expansion in (1). The accuracy of the expansion for ¢, is very good (even
if it is not as good as that for d,). For n = 20, the true value of ¢, is almost
identical to the expansion in (2).

Ezample 2: Let Xq,---, X, be iid Exp(), with density fo(z) = fe=0% if
x> 0. Clearly, u(0) = 1/6, 02(0) = 1/62, p3(f) = 2 and p4(#) = 6. Let 6 = —0.
Then, one can write the dgznsity of X4 in the standard form of the exponential
family as f;(x) = ¢?r+og 6] The natural parameter space of § is Q = (—00,0).
If g(0) is a prior density for 6 on (0,00), then g(—6) is a prior density for 6 on
(—00,0). Since 0 is a scale parameter, it is enough to look at the case §p = —1. In
terms of 6, therefore the problem considered is to test Hy: 0 > 1 vs Hy : 6 < 1.
The o (0 < a < 1) level UMP test for this problem rejects Hy if X > Lann,
where I'y, , 5 is the upper a quantile of the Gamma distribution with parameters
r and s. If g(6) is continuous and three time differentiable, then we can simply
put the values po =1, o9 = 1, p3o = 2, pso = 6, and A\ = fol g(0)df into (23)
and the coefficients of the expansion in (24) to get the coefficients a1, as, as, a1,
ao and as, and then get the expansions of §,, and €, in (1) and (2) respectively.

Two priors are to be considered in this example. The first one is the Gamma
prior with prior density g(§) = s"0"~le=%¢/T'(r), where r and s are known
constants. It would be natural to have the mode of g(f) at 1, that is s =
r — 1. In this case, ¢’(1) = 0, g(1) = (r — 1)"e~"=V/T(r) and ¢"(1) = —(r —
Drtle= =D /1 (r).

Next, consider the F' prior with degrees of freedom 2r and 2s for 6/7 for
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a fixed 7 > 0. Then, the prior density for 6 is g(f) = %ﬁ(gﬁ)“l 1

(
g)_(’”“). To make the mode of g() equal to 1, we have to choose 7 = r(
1)/[s(r—1)]. Then /(1) = 0, g(1) = &L (21)7 (14 220)=+9), amd ¢"(1

s+
C(r+s) /r—1\r R
_F(T)F(s)(s+1) Hr+s)(1+ =) (r+s+2)

Exact and estimated values of 4,, are plotted in Figure 3. At n = 20, the
expansion is clearly extremely accurate and as in example 1, we see that the
false discovery rate 9,, is very small even for n = 10.

+ +

) =

3.2. The Frequentist is More Prone to Type II Error

Consider the two Bayesian error rates
0, = P(Hy| Frequentist rejects Hy)

and
€, = P(Hy| Frequentist accepts Hy).

Is there an inequality between d,, and €,? Rather interestingly, when 6 is the
normal mean and the testing problem is Hy : 6 < 0 versus Hy : 8 > 0, there
is an approximate inequality in the sense that if we consider the respective
coefficients ¢; and d; of the 1/4/n term, then for any symmetric prior (because
then ¢’(0) =0 and A =1— A = 1/2), we have

1 =29(0)[¢(2a) — aza] < di =29(0)[(1 — @)za + ¢(2a)]

for any o < 1/2. It is interesting that this inequality holds regardless of the
exact choice of g(-) and the value of a, as long as a < 1/2. Thus, to the first
order, the frequentist is less prone to type I error. Even the exact values of 4,
and e, satisfy this inequality, unless « is small, as can be seen, for example from
a scrutiny of Figures 1 and 2. This would suggest that a frequentist needs to be
more mindful of premature acceptance of Hy rather than its premature rejection
in the composite one sided problem. This is in contrast to the conclusion reached
in Berger and Sellke [2] under their formulation.

4. General Location Parameter Case

As we mentioned in Section 1, the quantities d,,, €, depend on the choice of the
test statistic. For location parameter problems, in general there is no reason
to use the sample mean as the test statistic. For many non-normal location
parameter densities, such as the double exponential, it is more natural to use
the sample median as the test statistic.

Assume the density of the i.i.d. sample Xy, -+, X, is f(z — 6) where the
median of f(-) is 0, and assume f(0) > 0. Then an asymptotic size « test for

Hy:0<0vsH:60>0
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rejects Hy if \/nT}, > z,/[2f(0)], where T, = X((z);1) is the sample median
[8, pp 89], since v/n(T;, — 0) = N(0,1/[4f2(0)]). We will derive the coefficients
1,2, c3 in (1) and dq,ds,ds in (2) given the prior density g(6) for 6. We as-
sume again that g(6) is three times differentiable with a bounded absolute third
derivative.

4.1. Expansion of Type I Error and Type II Error

To obtain the coefficients of the expansions of d,, in (1) and €, in (2), we have
to expand the A,, and A,, given by (3) and (4). Of these,

z 1 0 T
A,L:PHSO,\/HT,L>—“:—/ 1= Fylza — 22f(0)]}g(—=)da (25
( 55 = o= 1= Falea — 207(0)la(=)de (25
where F), is the CDF of 2f(0)y/n(T,, — ) if the true median is 6. Reiss [16] gives
the expansion of F), as

F,(t) = ®(t) + @Rl(t) + @Rz(t) + Tt (26)

v

where, with {2} denoting the fractional part of a real z, Ry(t) = f11t% + fio,
fin = f10)/[4f2(0)], frz = —(1 — 2{%}), and Ro(t) = fat® + foot® + fost,
Where for = —[/(0)/F2O)2/32, far = 1/4+ (1/2 — {B)[F(0)/(22(0))] 1
J7(0)/[24f3(0)], f2s = 1/4— (1 —2{%})?/2. The error term r1 4, can be written
as 71, = ¢(t)Rs(t)/n/? + O(n~2), where R3(t) is a polynomial.

By letting y = 22 f(0) — z, in (25), we have

B S e P P
A= o / 0w - TB R ) - SR~y
Y+za | 9'0) (W+za)? (Yt 2a)? .
2Ot 2 apom T spEmerd WO

where y* is between 0 and (y + z4)/[2f(0)/n].
Hence, assuming supg |¢®) (0)| < 0o, on exact integration of each product of
functions in (27) and on collapsing the terms, we get

(27)
x [9(0) 4 ¢'(0)

A, = %+%+%+O(n‘2>7 (28)
where
_ 90 Za) — Q2
a; = 2f(0)[¢( a) a]a (29)
02 = I oo — a4 )] = 0 (Fafead(ea) + ] + frza) (30
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and
a3 :42;2(22)) [(Zi + 2)¢(za) - 04(22 + Sza)]
g(0)
4f2( ){fn[aza —2¢(za)] + frz2[oza — ¢(2a)]} (31)
- Sl 42 £ 9)6(0)] + Fal (G +2)0(50)] + o))

We claim the error term in (28) is O(n~=2). To prove this, we need to look at its
exact form, namely,

0

)y + O(n~2) / 90 + y)dy

—00

_0@™?) Y+ Za
2f(0) 2f(0)vn

Since ¢(#) is an absolutely uniformly bounded, the first term above is bounded
by O(n~2). The second term is O(n~2) obviously. This shows that the error
term in (28) is O(n=2).

As regards A, given by (4), one can similarly obtain

(e>of_2f f/ Fylen =2/ Olo( =)
=%+%+—§+O(n_ ),
where y* is between 0 and (zo — y)/[2f(0)+v/n], a1 = [9(0)/(2
¢(za)l; a2 = [g'(o)/(SfQ(O))][(l—04)(23+1)+Za¢( o)l +19(0)/(2f(0){fr:[(1 -
0) = zad(za)] + fiz(1 — )}, ds = g (0)/ (483 (O)[(22 +2)(z) + (1 - ) (23 +
320)] + 19/ (0)/ (A2 O) (1 — @)z + 26(z0)] + frol(l — @)z + D20} —
19(0)/CFONIfor [(24 + 422 + 8)6(0)] + foal(22 + 2)6(20)] + fasb(za)}. The
error term in (32) is still O(n~2) and this proof is omitted.

Therefore, we have the the expansions of B,, given by (5) B, = A —by//n —
ba/n — bg,/n3/2 + O(n™2%) where \ = fooo g(0)do as before, by = a3 — a1 =
2 g(0)/20(O)], by = > — a2 = ¢/ (0)(22 + 1)/872(0)] + g(0) (fu1 + fua) /27 (O)],
by = a5 — a3 = g"(0)(28 + 322)/[4813(0)] + 209 (0) (f11 + f12)/[L(0)]. Substi-
tuting a1, ag, as, a1, as, as, by, ba and bs into (7), we get the expansions of d,,
and €, for the general location parameter case given by (1) and (2).

/_ () Re(—y)g(b0 +

(32)

FONIA —a)za +

4.2. Testing with Mean vs. Testing with Median

Suppose X1, ..., X, are i.i.d. observations from a N (6, 1) density and the statis-
tician tests Hyp : @ < 0 vs. Hy : § > 0 by using either the sample mean X or
the median T,,. It is natural to ask choice of which statistic makes him more
vulnerable to false discoveries. We can look at both false discovery rates §,, and
€, to make this comparison, but we will do so only for the type I error rate 4,
here.
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Fic 4. True and estimated values of d, when the test statistic is the median for the normal-
normal case.

We assume for algebraic simplicity that ¢ is symmetric, and so ¢’(0) = 0 and
A =1/2. Also, to keep track of the two statistics, we will denote the coefficients
c1,co by €1, %5 C1.T,» Co.X and cp 7, respectively. Then from our expansions in
section 3.1 and section 4.1, it follows that

c1m, —¢1x = 9(0)(0(2a) — @24) (V27 — 2) = asay),
and

C2,T,, — C2. X ZQQ(O)Za((b(ZOc) - aza)(Qﬂ- - 4) - g(o)mfIQO‘
>g%(0)za(d(2a) — aza)(2m — 4) = b(say) as fi12 < 0.

Hence, there exist positive constants a, b such that lim inf,,— oo v/n(v/n(0n,1, —
8,.%) —a) > b, i.e., the statistician is more vulnerable to a type I false discov-
ery by using the sample median as his test statistic. Now, of course, as a point
estimator, 7T}, is less efficient than the mean X in the normal case. Thus, the
statistician is more vulnerable to a false discovery if he uses the less efficient
point estimator as his test statistic. We find this neat connection between ef-
ficiency in estimation and false discovery rates in testing to be interesting. Of
course, similar connections are well known in the literature on Pitman efficien-
cies of tests; see, e.g., van der Vaart ([24] pp 201).

4.3. Examples
In this subsection, we are going to study the exact values and the expansions for

dp, and €, in two examples. One example is f(x) = ¢(x) and g(0) = ¢(0); for the
other example, f and g are both densities of the standard Cauchy. We will refer
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Fic 5. True and estimated values of 6, when the test statistic is the median for the Cauchy-
Cauchy case.

to them as normal-normal and Cauchy-Cauchy for convenience of reference. The
purpose of the first example is comparison with the normal-normal case when
the test statistic was the sample mean (Example 2 in Section 3); the second
example is an independent natural example.

For exact numerical evaluation of §,, and ¢,, the following formulae are nec-
essary. The pdf of the standardized median 2f(0)y/n(T;, — 0) is

‘/ﬁ([g]ill) t [2]-1 n—[2]
5 — 2

ST T ION T NPT ON L
We are now ready to present our examples.

Ezample 3: Suppose X1, X5, -+, X,, are i.i.d. N(0,1) and ¢g(f) = ¢(8). Then,
g(0) = f(0) = 1/v27, ¢'(0) = f'(0) = 0 and g"(0) = ["(0) = —1/v/3r.
Then, we have f11 = 0, f12 = —(1 — 2{%}), f21 = 0, f22 = 1/4 - 71'/12 and
f23 = 1/4 — (1/2 — {%})2 Plugglng these values for f11, flg,fgl,fgg,fgg into
(29), (30), (31) and (7), we obtain the expansions for d,, and similarly for €, in
the normal-normal case.

Next we consider the Cauchy-Cauchy case, i.e., X, -+, X,, are i.i.d. with
density function f(z) = 1/{n[l + (z — 0)?]} and g(0) = 1/[x(1 + 6?)]. Then,
f(0) =1/m, f'(0) = 0and f”(0) = —2/7. Therefore, f1; =0, fio = —(1-2{%}),
fo1 =0, fag =1/4—7%/12, and fo3 = 1/4—(1/2—{%})?. Plugging these values
for fi1, fi2, fo1, fo2, fos in (29), (30), (31), we obtain the expansions for ¢, and
similarly for €, in the Cauchy-Cauchy case.

The true and estimated values of §,, for selected n are given in Figure 4 and
Figure 5. As before, the true values of J,, and e are computed by taking an
average of the lower and the upper Riemann sums in A4, A,, B, and B,, with
the exact formulae for f, as in (33). It can be seen that the two values are

Fult) = t t
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almost identical when n = 30. By comparison with Figure 1, we see that the
expansion for median is not as precise as the expansion for the sample mean.

The most important thing we learn is how small §,, is for very moderate
values of n. For example, in Figure 4, d,, is only about 0.01 if o = 0.05, when
n = 20. Again we see that even though we have changed the test statistic to the
median, the frequentist’s false discovery rate is very small and, in particular,
smaller than a. More about this is said in Sections 4.4 and 4.5.

4.4. Spiky Priors and False Discovery Rates

We commented in Section 4.1 that if the prior density g(6p) is large, it increases
the leading term in the expansion for d,, (and also €,) and so it can be expected
that spiky priors cause higher false discovery rates. In this section, we address
the effect of spiky and flat priors a little more formally.

Consider the general testing problem Hy : 0 < 6y vs Hy : 8 > 6y, where the
natural parameter space Q = (6,0).

Suppose the a (0 < o < 1) level test rejects Hy if T;, € C, where T, is the
test statistic. Let P, (0) = Py(T,, € C). Let g(0) be any fixed density function
for 0 and let g,(0) = g(8/7)/7, 7 > 0. Then g, () is spiky at 0 for small 7 and
g-(0) is flat for large 7. When 6y = 0, under the prior g.(6),

0
On(1) = P(O <0|T, € C) = f%/ : P"(Ty)g(y)dy, (34)
/T
Jo/r Pu(Ty)9(y)dy
and
0 11— P, (T d
e(r) = P(0 > O[T, ¢ C) = Joy-l (ry)lg(y)dy -

ST = Pu(ry)lg(y)dy

0
noted by A,(7) and OoBZL(T) and the numerator and denominator of (35) be
denoted by A, (7) and B, (7). Then, we have the following results.

Proposition 1 If P, (6y) = limg_g,_ P.(0) and P} (0y) = limg_g,+ P, ()
both exist and are positive, then

Let as before A = [~ g(6)dd, the numerator and denominator of (34) be de-

. _ AP, (0)
Jim, 0n(7) = AP, (0) + (1= NP (0) (3)
and
. B (1-N[1—P7(0)]
limy en(r) = AL = Py (0)] + (1= \)[1 = P (0)] i

Proof: Because 0 < P,(ry) < 1 for all y, by simply applying the Lebesgue
Dominated Convergence Theorem, lim, g A,(7) = AP, (0), lim, o B,(7) =

imsart ver. 2006/01/04 file: pvaluerev.tex date: April 9, 2006



18

AP, (0)+ (1= AP (0), lim, g A, (1) = (1= \)[1— P} (0)] and lim, o B, (7) =
A1 —P;(0)] + (1 — N)[1 — PS(0)]. Substituting in (34) and (35), we get (36)
and (37).

Corollary 1 If0 < A< 1,lim, o Py(7y) =0 for ally <0, lim, .o P,(Ty) =
1 for all y > 0, then lim, _ o 6, (7) = lim, o €,(7) = 0.

Proof: Immediate from (36) and (37).

It can be seen that P, (0) = P (0) in most testing problems when the test
statistic T;, has a continuous power function. It is true for all the problems we
discussed in Sections 3 and 4. If moreover g(#) > 0 for all 8, then 0 < A < 1. As
a consequence, lim, g0, (7) = A\, im,_ge€,(7) = 1 — A, and lim, o, 6,(7) =
lim, o €,(7) = 0. If 0 is a location parameter, §p = 0 and ¢(f) is symmetric
about 0, then lim, g, (7) = lim,_ €,(7) = 1/2.

In other words, the false discovery rates are very small for any n for flat
priors and roughly 50% for any m for very spiky symmetric priors. This is a
qualitatively informative observation.

4.5. Pre-experimental Promise and Post-experimental Honesty

We noticed in our example in Section 4.4 that for quite small values of n, the
post-experimental error rate §, was smaller than the pre-experimental assur-
ance, namely «. For any given prior g, this is true for all large n; but clearly
we cannot achieve this uniformly over all g, or even large classes of g. In order
to remain honest, it seems reasonable to demand of a frequentist that §, be
smaller than «. The question is, typically for what sample sizes the frequentist
can assert his honesty.

Let us then consider the prior g,(6) = g(6/7)/7 with fixed g, and consider
the minimum value of the sample size n, denoted by n,(7), such that 4, < «.
It can be seen from (36) that no(7) goes to co as 7 goes to 0. This of course
was anticipated. What happens when 7 varies from small to large values?

Plots of n,(7) as functions of 7 when the population CDF is Fy(x) = ®(z—0),
g(0) = #(6) and the test statistic is X are given in the left window of Figure 6.
It is seen in the plot that n,(7) is non-increasing in 7 for the selected a-values
0.05 and 0.01. Plots of n,(7) when Fy(x) = C(z — ) and g(¢) = c(6), where
C(+) and ¢(+) are standard Cauchy CDF and PDF respectively, are given in the
right window of Figure 6.

In both examples, a modest sample size of n = 15 suffices for ensuring §,, < «
if 7 > 1. For somewhat more spiky priors with 7 = 0.5, in the Cauchy-Cauchy
case, a sample of size just below 30 will be required. In the normal-normal case,
even n = 8 still suffices.

The general conclusion is that unless the prior is very spiky, a sample of size
about 30 ought to ensure that §,, < « for traditional values of a.

Appendix: Detailed Expansions for The Exponential Family
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FI1G 6. Plots of no(T) as functions of T for normal-normal test by mean and Cauchy-Cauchy
test by median for selected o.

We now provide the details for the expansions of A, 4,, in (13) and App,, in
(15) and we also prove that R in (14) and R, g,, in (16) are smaller order
terms.

1,015

Suppose g(f) is a three times differentiable proper prior for 8. The expansions
are considered for those 6y so that the exponential family density has a positive
variance at 6g. Then, we can find two values 6, and 65 such that § < 6, < 6y <
6, < 0 and the minimum value of 0%(#) is positive when 6; < 6 < 6. That is if
we let mo = ming, <p<g, 72(#), then mq > 0. Since o2(6), k;(6), p;(0) and g(>) (0)
are all continuous in 6, each of them is uniformly bounded in absolute value for
0 € [01,02]. We denote M as the common upper bound of the absolute values
of 02(9)7 52(9) (Z =3,4, 5)7 pi(o) (Z =3,4, 5)’ 9(9)7 g/(e)’ g/,(e) and 9(3)<9)

In the rest of this section, we denote 6y, = 0 + (01 — ) /n'/3, O, = O +
(62 — 60)/n'/3, 21 = oo/n(br — 0) — za, T2 = oo/n(f2 — 00) — Za, T1n =
ao\/ﬁ(ﬁln — 00) — Za and Ton = UO\/E(QML — 00) — Za- As in (13), (14), (15)
and (16), we define A, 9,, = P01, <6 < 0o, X € O), R, g, = An— Ano,,,
An792n =Py <0 <03,,X ¢C) and Ry, p,, = A, — fln,@z”, where A,, and 4,
are given by (3) and (4) respectively. We write B,, 9, = P(0 > 61, X € C) and
Bn)ez =P < Oon, X & (). Then, one can also see that R = B, — Bn,
and R, g, = B, — Bn’gz from definition, where B,, and B,, are given by (5) and
(6) respectively.

The following Proposition and Corollary claim that R, 5 — and R,,, are
the smaller order terms. Therefore, the coefficients of the expansions of A,, and
A, are exactly the same as those of A, g, and flnﬂ%.

1,015

PI‘OpOSitiOl’l 2 Let 0177-7” = 90 + (91 — 00)/77,T and 92,7‘,n = 90 + (92 — 90 /nT.
If 0 < 7 < 1/2, then for any ¢ < oo, lim, nlﬂn(GLT,n) = lim,, oo n'[1 —
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Bn (92,7,n)] =0.

Proof: A proof of this can be obtained by simply using Markov’s inequality.
We omit it. &

Corollary 2 For any l > 0, lim,,_ nlﬁn’eln = lim,— oo annﬁzn =0.
Proof: Since Bn(e) is nondecreasing in 6, we have

O1n _ O1n _
”lﬁn,am =n' ] Bn(6)g(0)do < nlﬁvz(91,1/3,n)/a g(0)do < nlﬂn(ol,l/&n)

and similarly n'R,, ,, < n'[l - Bn(02,1/3,n)]. The conclusion is drawn by taking
7 = 1/3 in Proposition (2). O

In the rest of this section, we will only derive the expansion of 4, ¢, in detail
since the expansion of A,, 4, is obtained exactly similarly.

Using the transformation @ = g¢y/n(0 — y) — 2z, in the following integral, we
have

1 TR T+ 24 T+ 24
A, = (0 0 ——)dzx. 38
01 UO\/’E . 6 ( o + O'()\/ﬁ)g( o+ UO\/H) €z ( )
Note that
: X — u(fp + L2y
T+ 2q Y oov/n
b+ ——=)=P, , st:a 2 >k , 39
ﬂn( 0 Uoﬁ) 90_,_0:;_\/; <\/ﬁ 0_<90+§:_\;%) = Ny, z,n ( )
where
. po — p(fo + £2=)
koy zm = | V1 ov/n + koy.n 0701+z~ (40)
00 oo + W%)

We obtain the coefficients of the expansions of A,, g,, in the following steps:

1. The expansion of g(6y + i:r—z\/%) for any fixed z € [x1,, —24] is obtained by
using Taylor expansions.

2. The expansion of ]:Z@U’m’n for any fixed x € [21,,, —24] is obtained by jointly
considering the Cornish-Fisher expansion of kg, »,, the Taylor expansion of

vnlpo — u(6o + i:‘j%)]/ao and the Taylor expansion of gg/0 (0 + i:’—z\/%)

3. Write the CDF of X in the form of Py[y/n )‘(;(;ége) < u]. Formally substitute

0 =6y + i:—z\/% and u = ];go’x’n in the Edgeworth expansion of the CDF

of X. An expansion of /3’”(60 + %) is obtained by combining it with
Taylor expansions for a number of relevant functions (see (47)).

4. The expansion of A, g,, is obtained by considering the product of the
expansions of g(fy + i:‘—j/‘%) and (3, (0o + i;‘—zx/‘%) under the integral sign.

5. Finally prove that all the error terms in Steps 1, 2, 3 and 4 are smaller
order terms.
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We give the expansions in steps 1, 2, 3 and 4 in detail. For the error term
study in step 5, we omit the details due to the considerably tedious algebra.

Step 1: The expansion of g(fy + ”“\J;%"') is easily obtained by using a Taylor
expansion:

o0 + ) = gl60) + /()

where 74 5, is the error term.
Step 2: The Cornish-Fisher expansion of kg, ,, [1, pp 117] is given by

T+ 24 N g"(00) (x + z4)?
oov/n 2 ain

+ 7z (41)

(22 —Dpso 1 [(23 —320)pa0 (223 —524)p3
k n = (0% a— - . - - ny 42
bon =Fat e o 24 36 +rin, (42)

where 71 ,, is the error term.
The Taylor expansion of the first term inside the bracket of (40) is

_ pso(@+2a)® pao(a +2a)®

2\/n 6n

and the Taylor expansion of the term outside of the bracket of (40) is

—(z+ Za)

+ T2,z,n (43)

| po@tz) 1 <3P§o P40

W 5 - —) (z + za)2 + 730, (44)

8 4
where 3 ; ,, and 73, , are error terms.
Plugging (42), (43) and (44) into (40), we get the expansion of kg, ;. below:

~ 1 1
keo,m,n =—x+ %fl(x) + EfZ(w) + T42.m, (45)

where 74, ,, is the error term, fi(z) = fi1x + fio and fao(z) = foza® + fogz? +
fo12 + f20, and the coefficients for fi(z) and fa(z) are fio = —(222 + 1)p30/6,
i1 = —zaps30/2, fao = (23 + 220)030/9 — (23 + 2a)pao/8, far = (725/24 +
1/12)p30 — 22pa0/4, fa2 = 0, faz = pao/12 — p3o/8. B

Step 3: The Edgeworth expansion of the CDF of X is (Barndorff-Nielsen
and Cox [1, pp 91] and Hall [12, pp 45]) given below:

X — p(fy + 22

ogov/n

P0 +I+Za \/ﬁ g S u

E N o )

p(u) (u* —1) T+ za,  Pu) (u® - 3u) (46)
(u) Jn 6 p3(0+ao\/ﬁ) n [ Y
T+ 2o, (ud—10u3 + 15u) T+ zq
0 0 n

Xp4(0+00\/ﬁ)+ = Ps(o+ao\/ﬁ)]+7’5,

imsart ver. 2006/01/04 file: pvaluerev.tex date: April 9, 2006



22

where 75 ,, is an error term. If we take p = ];9079;7” in (46), then the left side is
1 — B, (6 + “t2=) and so

vn
= T+ 2q 7 d)(];O mn)(lzjg xnil) LC—I-Za
o = B(—Figy oz,n) Moo, o
5(04_0_0\/5) ( 90,,>+ \/ﬁ 6 P( UO\F)
- 3 -
+ Qb(kf)o,x,n)[(kao z,n 31{90’«’0,”)'04(0 I+Za) (47)
n 24 0'0\/_
(kgo r,n IOkO ,T,mn =+ 15];90 T n) T+ zq
— (% —T5.n-
+ 72 ( 0 + 0\/5 )] r57
Plug the Taylor expansion of p3(6y + i:—z\/%)
T+ 24 (4 z4) 3,
0, = - = - z,n 4
p3 (o + 00\/—) P30 + Jn <P40 2P30) + 76,2, (48)

n (47), where 76 5, is an error term, and then consider the Taylor expansions
of the three terms related to kg, 4. in (47) and also use the expansion (45). On
quite a bit of calculations, we obtain the following expansion:

Balto+ 252 = 0(a) — o) | 202 4 2O gy | 202 2

vn n Vvn
2D T2 (- S 0]+ 22(0) 0 — 300 )

¢(x) [(3733 —8z) (27 =107 +150) (49)

L o1 P40 ™ P30 + 17,2.m
—oa) + g1 0) 4 X ga(0) 4 17,

where 77 5, is an error term, g;(z) = 91272 + 9117 + g10, 92(T) = goo + g217 +
G222? + go3® + goaw* + gos2°, and the coefficients of g;(x) and go(z) are gio =
p30/6, 911 = Zap30/2, g0 = Zipgo/?), 925 = P30/72, Goa = —zapio/12, go3 =
p10/8 — 132’3/’%0/72 - 7P§0/24 g22 = Zapao/6 — Zaﬂso/6 - ZaP§0/12> g21 =
(23/4=7/24)pao — 24030/ 18 — 132393/ 72+ 4930/9, g20 = (23/8 — 2a/24) pao —
(23/9 — 2a/36) p3.

Step 4: The expansion of A,, g, is obtained by plugging the expansions of

B(0o + ;j‘—z\/%) and g(0 + ;j\;%) On careful calculations,

An,eln _f + - + 3/2 + TS,TL? (50)

where rg,, is an error term, a1 = (g(00)/00)[P(za) — @zal, a2 = p309(0o)[a

2022~ 220(20)]/(600)—g' (Bo)(22+1)— 20 (20} (202), and a5 = [h11¢(z) +
ahi2][(g" (60)/(608)]+[ha16(2a) +ahaz]lg' (60) /o] + [ha16(2a) +thaz][g(60) /0],
where hll = Zi + 2, h12 = —(Zg + 3ZQ) hgl = —(p30/3)(z§ + 1), h22 =
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(P30/3)(25 +22a), ha1 = —24,30/36 + 422 p30/9 + p30/36 — 522 pa0/24 + pao /24,
has = —523 p2y/18 — 1124p3,/36 + 23 p10/8 + zapao/8. These ay, az and ag are
the coefficients in the expansion of (23).

The computation of the coefficients of the expansions of A, g,, is now com-
plete. The rest of the work is to prove that all the error terms are smaller order
terms. But first we give the results for the expansion of flnﬂ%. The details for
the expansions of A,, 4, are omitted.

Expansion of fln,ng The expansion of Anvgzn can be obtained similarly by
simply repeating all the steps for A,, g,,. The results are given below:

An,Gzn = % + % + % + T9.n, (51>

where rg ,, is an error term, a; = g(0o)[¢(za) + (1 — &)24]/00, G2 = g’'(00)[(1 —
0)(22 + 1)+ 20 (20)]/(202) — paog(O0)[(1 — @) /6 (1 — )22 /3 + z0(20) /3]0,
and G5 = (9"(00)/608)[h110(z0) — (1 — a)haz] — (9 (90)/08) ~hor(za) + (1 —
Oé)hgg] — (9(9())/0'0)[—]131(;5(2:&) + (1 — a)h32]7 where h11, h12, h21, hgg, h31 and
hso are the same as defined in Step 3. These a1, as and agz are the coefficients
in the expansion of (24).

Remark: The coefficients of expansions of d,, and €, are obtained by simply
using formula (7) with a;, as and a3 in (23) and also the coefficient @, @ and
as in (24) respectively.

Step 5: (Error term study in the expansions of A, g, ). We only give the
main steps because the details are too long. Recall from equation (38) that the
range of integration corresponding to A, g,, is 1, < < —2,. In this case, we
have lim,, oo T1, = 0o and lim,, o T1,/v/N = —2z,. This fact is used when we
prove the error term is still a smaller order term when we move it out of the
integral sign.

(I) In (41), since ¢®®(6) is uniformly bounded in absolute values, 7y, , is
absolutely bounded by a constant times n=3/2(z + z,)?

(II) From Barndorff-Nielsen and Cox [1, pp 117], the error term 71 ,, in (42) is
absolutely uniformly bounded by a constant times n=3/2.

(III) In (43) and (44), since p;(0) and k;(0) (i = 3,4,5) are uniformly bounded
in absolute values, the error term 73 , 5, is absolutely bounded by a con-
stant times n_3/2(:r+za)4 and the error term r3 ; ,, is absolutely bounded
by a constant times n=3/2(z + z,)°.

(IV) The exact form of the error term 74 4, in (45) can be derived by consid-
ering the higher order terms and their products in (42), (43) and (44)
for the derivation of expression (45). The computation is complicated
but straightforward. However, still, since p;(€) and «;(0) (i = 3,4,5) are
uniformly bounded in absolute values, r4 ., is absolutely bounded by
n=3/2P;(|x|), where P;(|z]) is a seventh degree polynomial and its coeffi-
cients do not depend on n.

(V) Again, from Barndorff-Nielsen and Cox [1, pp 91], the error term rs,, in
(46) is absolutely bounded by a constant times n=3/2.
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(VI) The error term 765, in (48) is absolutely bounded by a constant times
n~ Yz + z4)? since p;(#) and ;(0) (i = 3,4,5) are uniformly bounded in
absolute values.

(VII) This is the critical step for the error term study since we need to prove
that the error term is still a smaller order term when it is moved out
of the integral in (50). We need to study the behaviors of ®(—kg, zn)
and ¢(kgy.zn) as n — oo for all & € [x1,, —24] uniformly (see (49) in
detail). This also explains why we choose 61,, = 6y + (81 — 6y)/n'/? and
21 = 00y/N(01n — 00) — 2o at the beginning of this section, since in this
case |k, ».n + | is uniformly bounded by |z|/2 + 1 for a sufficiently large
n. Then for sufficiently large n, the error term |r7 ;| in (49) is uniformly
bounded by |77 z.n| < ¢(x/241)Ps(|x|) where Ps(|z]) is a twelveth degree
polynomial of |z| and its coefficients do not depend on n.

(VIII) Finally, we can show that the error term rg, in (50) in O(n=2). This is
tedious but straightforward. It is proven by considering each of the ten
terms in rg separately.

Remark: We can similarly prove that the error term rg ,, in (51) correspond-
ing to /Img% is O(n=2). Since the steps are very similar, we do not mention
them.
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