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Chapter Overview

I Point estimate and point estimator
I Define point estimate and estimator
I Unbiased estimators
I Minimum variance estimators

I Finding the standard error of an estimator
I Deriving directly
I Bootstrapping

I Methods of point estimation
I The method of moments
I The method of maximum likelihood
I Estimating functions of parameters
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Point Estimate and Point Estimator

Example 6.1.1 Not in textbook. Suppose we want to find the
ratio p of FIV infected cats in a specific area.
Impossible to check all feral cats in the area. Maybe we can do the
following:

1. let X be the rv that: X = 1 if cat has FIV and X = 0 if not.

2. Distribution of X? Bernoulli, p unknown.

3. Now the question becomes: how to estimate the value of the
parameter p of a Bernoulli distribution?

RV =⇒ Distribution =⇒ Parameter of interest
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Point Estimate and Point Estimator

Example 6.1.1 continued... To estimate the value of p:

1. We go catch 25 feral cats randomly and check them. This is a
random sample of size n = 25 of the Bernoulli distribution
X1,X2, ...,X25.

2. Use statistic p̂ = X1+...+X25
25 . This statistic is a random

variable, its value could be used to estimate p, and this
statistic is called a point estimator of p.

3. Suppose we found that cat number 1,5,10,15,23 are infected
with FIV, then p̂ = 5

25 = 0.2 Now the actual value of p̂ is 0.2
and this is called the point estimate of p.

Random sample =⇒ Estimator =⇒ Estimate
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Definitions and Differences

Definition
A point estimate of a parameter θ is a single number that can be
regarded as a sensible value for θ. A point estimate is obtained by
selecing a suitable statistic and computing its value from given
sample data. The selected statistic is called the point estimator.

I Difference between point estimate and point estimator: point
estimate is a value, point estimator is a statistic.

I Usually we use θ̂ to denote the point estimator of a parameter
θ.

I Different statistic can be used to estimate the same
parameter, i.e., a parameter may have multiple point
estimators.
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Example 6.1.2
Example 6.1.2 Example 6.2 in textbook. Assume the dielectric
breakdown voltage for pieces of epoxy resin to be normally
distributed. Now we want to estimate the mean µ of the
breakdown voltage. We randomly check 20 breakdown voltages,
and denote them X1,X2, ...,X20. This is a random sample of size
20 from this normal distribution of interest. Suppose the observed
voltage values are:
{24.46, 25.61, 26.25, 26.42, 26.66, 27.15, 27.31, 27.54, 27.74, 27.94,
27.98, 28.04, 28.28, 28.49, 28.50, 28.87, 29.11, 29.13, 29.50, 30.88}
Which point estimators could be used to estimate µ?

1. Sample mean: µ̂ = X
2. Sample median: µ̂ = X̃
3. Average of the extremes: µ̂ = min(Xi )+max(Xi )

2
4. Trimmed mean, say, 10% trimmed mean (discard the smallest

and largest 10% of the sample data and then take an
average): µ̂ = X tr(10)
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Choosing an Optimal Estimator

I Multiple estimator θ̂’s exists for single parameter θ.

I Want to choose a good one: the one that’s ”closest” to the
true value of the parameter θ on average- Unbiased Estimator.

I A point estimator θ̂ is a random variable, it’s value varies from
sample to sample, so there are estimation errors:

θ̂ = θ + error of estimation

We want estimation error to be small - Minimum Variance
Estimator

I Accurate estimators are close to the true θ and have small
errors of estimation, an estimator with unbiasedness and
minimum variance will often be accurate estimators in this
sense - Minimum Variance Unbiased Estimator.
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Unbiased Estimator

Definition
A point estimator θ̂ is said to be an unbiased estimator of the
parameter θ if E (θ̂) = θ. If θ̂ is not unbiased, define bias:

bias = E (θ̂)− θ

I Example 6.2.1 For binomial(n, p), with p unknown, is the
estimator p̂ = X

n an unbiased estimator?

I Example 6.2.2 For normal distribution with mean µ and
variance σ2, given a random sample of size n, X1,X2, ...,Xn.
Is sample mean X = X1+...+Xn

n an unbiased estimator of µ?
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Some Unbiased Estimators

I Sample mean X = X1+X2...+Xn
n is the unbiased estimator of

the population mean µ.

I For continuous, symmetric distributions, sample median X̃
and and trimmed mean are also unbiased estimators of
population mean µ.

I Sample variance S2 =
∑

(Xi−X )2

n−1 is the unbiased estimator of

the population variance σ2.
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Principle of minimum variance unbiased estimator (MVUE)

Principle of Minimum Variance Unbiased Estimation Among
all estimators of θ that are unbiased, choose the one that has
minimum variance. The resulting θ̂ is called the minimum
variance unbiased estimator (MVUE) of θ. While comparing
several unbiased estimators, choose the one that has the smallest
variance.
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MVUE for Normal Mean

Theorem
Let X1,X2, ...,Xn be a random sample from a normal distribution
with parameters µ and σ. Then the estimator µ̂ = X is the MVUE
for µ. i.e., sample mean of a normal is the MVUE of µ.

i.e. Sample mean is a very good estimator of the normal mean µ.
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Standard Error of an Estimator
To denote the precision of the estimator, we may use its variance
or standard deviation as a measure. This is called the standard
error of the estimator.

Definition
The standard error of an estimator θ̂ is its standard deviation

σθ̂ =
√

Var(θ̂). If the standard error itself involves unknown
parameters whose values can be estimated, substitution of these
estimators into σθ̂ yields the estimated standard error of the
estimator. The estimated standard error can be denoted either by
σ̂θ̂ or by sθ̂.

To find the standard error of an estimator, we may:

I Derive the standard deviation directly.

I Use computer intensive methods such as bootstrapping.
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Reporting the Standard Error Directly
Example 6.3.1 Example 6.8 in textbook. Breakdown voltage is normally
distributed. Want to estimate the mean µ of the breakdown voltage.
Randomly check 20 breakdown voltages, and denote them by
X1,X2, ...,X20. Use estimator X to find an estimate of µ, and find the
standard error of the estimator when:

1. σ = 1.5 is known.

2. σ is not known.

The estimate: X = 24.26+....+30.88
20 = 27.793,

µ̂ = X ∼ N(µX = µ, σX = σ√
n

)

If σ = 1.5, standard error: σµ̂ = 1.5√
20

= 0.335

If σ unknown, use an estimate of σ to replace it. We may use sample std
dev:

s =
√

s2 =

√∑
x2
1 −

(
∑

xi )2

20

20− 1
= 1.462

So, standard error of estimator:sµ̂ = 1.462√
20

= 0.327
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Method of Moments

Definition (Population moment)

Let X follow a specific population distribution. The k-th moment
of the population distribution with pmf p(x) or pdf f (x) is: E (X k).

Definition (Sample moment)

Let X1,X2, ...,Xn be a random sample from a pmf p(x) or pdf

f (x). The k-th sample moment is:
∑n

i=1 X k
i

n

Sample moments can be used to estimate population moments.
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Examples

I Example 6.4.1 For Normal distribution with mean µ and
variance σ2. The first population moment is E (X ) = µ,
second population moment is E (X 2) = σ2 + µ2. Given a
random sample of size n: X1,X2, ...,Xn, the first sample
moment is: X1+...+Xn

n = X ; the second sample moment is
X 2

1 +X 2
2 +...+X 2

n

n . Etc.

I Example 6.4.2 For uniform distribution with parameters a
and b, a < b. f (x) = 1

b−a . The first population moment is

E (X ) = a+b
2 ; second population moment is

E (X 2) = a2+ab+b2

3 . Given a random sample of size n,

X1,X2, ...,Xn, the first sample moment is:X1+...+Xn
n = X ; the

second sample moment is
X 2

1 +X 2
2 +...+X 2

n

n . Etc.
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Method of Moments

Definition
Let X1,X2, ...,Xn be a random sample from a distribution with pmf
or pdf f (x ; θ1, ..., θm) where θ1, ..., θm are parameters whose values
are unknown. The moment estimators θ̂1, θ̂2, ..., θ̂m are obtained by
equating the first m sample moments to the corresponding first m
population moments and solving for θ1, θ2, ..., θm. This is called
method of moments.

For instance, if m = 2, we need to estimate two parameters θ1, θ2,
the population moments E (X ) and E (X 2) are then functions of
θ1, θ2; given the observed values x1, ..., xn of a random sample
X1, ...,Xn, we can estimate populations moments with sample

moments: E (X ) = X and E (X 2) =
∑

X 2
i

n . This gives two
equations of θ1 and θ2. Solve the equations, we get the estimates.

16



Chapter 6: Point Estimation

Examples

I Example 6.4.3 Example 6.11 in textbook. Estimate λ in an
exponential distribution f (x) = λe−λx using the moment
estimator, given a random sample of size n,X1,X2, ...,Xn.

I Example 6.4.4 Want to estimate the mean µ and standard
deviation σ of a normal distribution. Let X1, ...,X10 be a
random sample of size 10 of the normal. The observed values
of the random sample are:{3.92, 3.76, 4.01, 3.67, 3.89, 3.62,
4.09, 4.15, 3.58, 3.75}. Find the moment estimates of µ and
σ.

I Example 6.4.5 Want to estimate parameters a, b in a
uniform distribution f (x) = 1

b−a , a < b. Let X1, ...,X5 be a
random sample of the uniform. The observed values of the

random sample give X1+...+X5
5 = 2,

X 2
1 +...+X 2

5
5 = 13

3 . Find the
moment estimates of a and b.
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Maximum Likelihood Estimation
Example 6.4.6 General idea of maximum likelihood estimation:
Example 6.14 in textbook. A sample of ten new bike helmets
manufactured by a company is obtained. Let Xi = 1 if the ith helmet is
flawed, Xi = 0 if the ith is flawless. Xi ’s are independent. Let
p = P(a helmet is flawed) = P(Xi = 1), thus all Xi ’s follow the same
Bernoulli distribution with parameter p. The observed values xi ’s of Xi ’s
are: {1,0,1,0,0,0,0,0,0,1}. Now estimate p.
Given P(Xi = 1) = p, what is the probability that we will end up with
the current observed values? That is:

P(X1 = 1,X2 = 0,X3 = 1,X4 = ...X9 = 0,X10 = 1)

= P(X1 = 1)P(X2 = 0)....P(X10 = 1)

= p · p · p · (1− p).....p = p3(1− p)7 = f (p)

Maximum likelihood idea: we want to know, for what value of p is the
observed sample most likely to have occurred? This value of p is called
the maximum likelihood estimate of p.

This is equavalent to maximize: ln(f (p)) = 3 ln(p) + 7 ln (1− p)

we get p̂ = 3
10 18
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Maximum Likelihood Estimation

Definition
Let X1,X2, ...Xn have joint pmf or pdf

f (x1, x2, ..., xn; θ1, ..., θm)

where parameters θ1, θ2, ...θm have unknown values. When
x1, x2, ...xn are the observed values of X1, ...,Xn. Then
f (x1, x2, ..., xn; θ1, ..., θm) is called the likelihood function. The
maximum likelihood estimates (mle’s) of θi ’s θ̂1, θ̂2, ..., θ̂m are
those values of θi ’s that maximize the likelihood function.
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Examples
Example 6.5.1 Example 6.15 in textbook. X1,X2, ...,Xn is a random sample
from an exponential distribution with parameter λ. Given the observed values
x1, x2, ..., xn. Find the maximum likelihood estimate of λ.
Likelihood function:

f (x1, x2, ..., xn;λ) = λe−λx1λe−λx2 ...λe−λxn

f (x1, x2, ..., xn;λ) = λne−λ(x1+...+xn)

ln likelihood function:

ln(f (x1, x2, ..., xn, λ)) = n ln(λ)− λ(x1 + ....+ xn)

Example 6.5.2 Example 6.16 in textbook. Let X1,X2, ...,Xn be a random
sample from a normal distribution with mean µ and variance σ2. The observed
values are x1, x2, ..., xn. Find the likelihood estimates of µ and σ2.
Likelihood function:

f (x1, ..., xn;µ, σ
2) = (

1

2πσ2
)

n
2 e−

∑
(xi−µ)2/(2σ2)

ln likelihood function:

ln(f (x1, x2, ..., xn;µ, σ
2)) = −n

2
ln(2πσ2)− 1

2σ2

∑
(xi − µ)2
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Examples Continued

Example 6.5.3 Let X1,X2, ...,X5 be a random sample of size 5
from a Poisson with parameter λ with pmf p(x) = λxe−λ

x! . The
observed values of the random sample are:2, 4, 6, 9, 9. Find the mle
of λ.
Likelihood function:

f (λ) =
λ2e−λ

2!

λ4e−λ

4!

λ6e−λ

6!

λ9e−λ

9!

λ9e−λ

9!

f (λ) =
λ30e−5λ

2!4!6!9!9!

ln likelihood function:

ln(f (λ)) = 30 ln(λ)− 5λ− ln(2!4!6!9!9!)
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Estimating Functions of Parameters

Proposition (The invariance principle)

Let θ̂1, θ̂2, ..., θ̂m be the mle’s of the parameters θ1, θ2, ..., θm.
Then the mle of any function h(θ1, θ2..., θm) of these parameters is
the function h(θ̂1, θ̂2, ..., θ̂m).

Example 6.5.4 Example 6.19 in textbook. In the normal case,
what is the mle of standard deviation σ?

σ =
√
σ2 ⇒ σ̂ =

√
σ̂2
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Large Sample Behavior of MLE

Proposition

Under very general conditions on the joint distribution of the
sample, when the sample size n is large, the maximum likelihood
estimator of any parameter θ is approximately unbiased E (θ̂) = θ
and has variance that is nearly as small as can be achieved by any
estimator.

Short version:
i.e., when sample size is large enough, the mle approaches mvue.
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