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Stationary Processes

Brockwell and Davis: Chapter 2
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Forecasting

e Assume that you know X,, and need to predict X, . This task is called the

h-step ahead forecasting
e Terminology: n is the forecast origin and £ is the forecast horizon

e Remember that, for a bivariate normal X = (X1, X3) ~ N(u,X), the

conditional distribution of X'; given X9 = x5 is normal

N (1 + S1285 (22 — 1), Ti1 — L1255 Lo1) (1)
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e If the loss function involved in the definition of "best” is the squared error loss,

forecasting X, ;;, means finding the function m(X,,) such that it minimizes
E(Xpin —m(X,))?
e We know that this is m(X,,) = E(X,, 1| X,) = u+ p(h)(X,, — ) due to
(1)

e The corresponding mean squared error is E(X,, 1, — m(X,))* = ¢%(1 —
p(h))?

e Clearly, when |p(h)| — 1, the best linear predictor approaches 4 (X,, — )

while its mean squared error approaches 0.

Jan, 2007
Page 3



Statistics 520: Time Series and Applications Purdue University
Dr. Levine Spring 2006

Non-Gaussian case

e If we look for the best linear predictor only, we need to find a and b such that
I(X,) =aX, +0b
IS minimized

e Itis easy to find that

Jan, 2007
Page 4



Statistics 520: Time Series and Applications Purdue University
Dr. Levine Spring 2006

Basic properties of autocovariance function
e v(0) >0
o |[v(h)| < ~(0)forall h
e v(h) = v(—h) (i.e. the autocovariance function is even)

e All of these are also true for autocorrelation function p(-)
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Main property of the autocovariance function

e A real-valued function defined on the set of all integers Z is the autocovariance

function of a stationary time series iff it is even and nonnegative definite

e The function is nonnegative definite if

n
g a;k(t—j)a; >0
i,7=1
/
for all n and real-valued vectors a = (aq, . . ., a,)
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Example
e Let us define the function
k(h)=1,h=0
k(h)=p,h =+l

k(h) = 0 otherwise

e Itis easy to realize that this is an ACVF of an MA(1) process X; = Z;+6074;_4
and we only need to find § and o2 such that (1 + #*) = 1 and 020 = p

e Itis easy to see that the real solution for § exists iff |p| < 1
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Linear Processes

e The time series X; is a linear process if
o0
Xpo= Y iZ o)

where > 5~ [1;] < ooand Z; ~ WN(0, 0?)

e This is a generalization of the moving average concept; if zpj = (0forj <0

we have M A(oo) instead.
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e Note that the compact form of the linear process is
Xt — \P(B)Zt

where W(B) = > ;B

(B
e Input series (white noise) Z; (—>) X

U(B
e For any stationary process Y; (—>) X; where X} is also stationary
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Why is the idea of the linear process useful

e Every stationary process can be represented as a linear process plus a deter-

ministic component - Wold expansion; will be discussed later
e Both AR and MA processes can be represented in the form (2)

e Consider an AR(1) (autoregressive first order) process
Xy —oXi1 =24 (3)

where Z; ~ WN(0,0?),
s < 1.

¢| < 1 and Z; is uncorrelated with X, for each
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e |t is easy to verify that the linear process
©.@)
Xe=) 7
§=0
IS
1. A solution of (3)
2. Itis stationary with mean 0 and ACVF
o0 2 +h
_ joj+h 2 9 ¢
x(h) =) ¢¢/ "o = 5
7=0
3. ltis also the only stationary solution of (3)
Jan, 2007

Page 11



Statistics 520: Time Series and Applications

Purdue University

Dr. Levine Spring 2006
Forecasting
e Consider an AR(1) model
Tl = o + ¢17h + €nt1
e The optimum point forecast of .1 is then
rr(1) = E(rpglrn) = ¢o + @17y
and the associated forecast error is
en(l) = rpp — (1) = e
e The variance of the 1-step ahead forecast error is
Var(epyr) = o
€41 is referred to as a shock to the series 1, at atime i + 1
Jan, 2007

Page 12



Statistics 520: Time Series and Applications Purdue University
Dr. Levine Spring 2006

e For a more general AR(p) model, we have
p
Th1 = G0 + Z DiTh—i + €nt1
i=1
with the optimal forecast
"n(1) = E(ras|Fh) = o+z¢z7“h—z

e The forecast error is again €;,1 and its variance is o2,
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e Consider an AR(p) model

Th+2 = Q0+ Q1The1 + ... + QpTigo—p + €pgo

where the 2-step ahead forecast is
™ (2) = E(rhs2|Eh) = ¢o + G170(1) + Parn + ... + dpTira—p

e [ts erroris
€h(2) = Th4+2 — ’fh(Q) = €p42 T ¢1€h+1

with the variance Var ej,(2) = (1 + ¢?3)o? > Var e, (1)

e The forecast precision decreases as the forecast horizon increases!
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e In general, we have
Thal = @0+ G17ht1—1+ - . + OpThyi—p + €

e The [-step ahead forecast is
n
Pr(l) = ¢o + Z girn(l — 1)
i=1

e It can be shown that for a stationary AR(p) model, 7', (1) converges to F/(r) as
[ — o00. This is called the mean reversion property in the finance literature.
For an AR(1) model, the speed of mean reversion is measured by the half-life
defined as k& = log(%); the variance of the forecast error then approaches

the unconditional variance of 7.
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